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Abstract. We consider a stochastic partial differential equation driven by a Lévy type noise (SPDE).
Particular attention is given to the correlation function which measures the moments of the solution.
Using the Feynman graph formalism, the solution of the SPDE as well as its truncated moments are
given as a sum over specific graphs that are evaluated according to some rules. A remark on some

applications will be given at the end of this work.

1. Introduction

The dynamics of many phenomena studied in sciences, engineering and economy are described in
many cases by stochastic differential equations (SDEs), see for example [1, 2, 6]. Stochastic partial
differential equations (SPDE) is an interesting class of SDEs with numerous applications in different
fields, which received a lot of attention during the last 50 years. SPDEs driven by Gaussian noise are
intensively studied and they have found many applications in different areas from physics to biology
and mathematical finance, see e.g. [4,17].

The extensions to Lévy type noise (in the sense that random variables with Lévy distribution ex-
tended Gaussian random variable) are less studied, particularly when we consider nonlinear SPDEs
driven by a Lévy noise, since the complex behaviour of their solutions is behind any further study com-
pared to SPDEs driven by Gaussian noise. Moreover, in many cases there is no explicit distribution of

the Lévy process.
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In [4], the authors have studied the asymptotic expansion for SPDEs driven by Lévy noise, and as
a particular case, they considered Fitz-Hugh-Nagumo equations due to their impact in neurobiology,
see e.g. [3]. Asymptotic expansions of the solution of a class of SDEs or SPDEs are also studied
in [4,6,7,25].

Another important class of SPDEs driven by Gaussian noise are the Kardar-Parisi-Zhang equations
which describe physical and probabilistic models (interacting particle systems, polymers in random
environments, etc.), see e.g. [19]. An extension of the KPZ equation to SPDEs driven by Lévy noise
is studied in [17], where the authors have adopted a new approach of the solution using the Feynman
graphs and rules, see also [25].

A suitable way to take care of stochastic influence, complexity and randomness is to generalize such
class of SPDEs by adding more factors that describe models in financial market, weather forecast,
climatic changes, neurobiological process. It is therefore the aim of this paper to study a class of
nonlinear SPDEs driven by Lévy noise, which is more general than the previous studied models in [17]
and [25,26]. We shall adopt methods based on Feynman graphs and rules to represent the solution
of a given class of a nonlinear SPDE, as well as its truncated moments.

Before describing the contents of the different sections of the present paper, let us mention that
to the best of our knowledge the current results seem to be new and not studied before.

The contents of this paper are described as follows:

Section 2 will be reserved to the motivation and description of the problem.In section 3, the analytic
solution of the SPDE will be given. Section 4 will be dedicated to the main results of this paper, where
we will define new type of Feynman graphs and rules to simplify the analytic solution provided in the
previous section. In Section 5, the truncated moments of the solution will be graphically represented.

Section 6 is reserved to a remark on some applications.

2. Preliminaries

Consider the stochastic partial differential equation (SPDE):

é;—);(t,x) = APX(t,x) — uX(t, x) — N\|VX(t, x)]? +n(t, x),

X(0,x)=f(x); (t,x) € N=]0,+oo[xLs, &, X >0

(2.1)

where Ls = {0z, z € Z} is the lattice on Z9, n is a general space-time white noise of Lévy type

and f is a given initial function. VX is the discrete gradiant defined by

VX(x) =6 (X(x toer) — X(x), ... X(x+deq) — X(x)), (2.2)
while the p-discrete Laplacian APX is defined as AP = A(AP~1X) and
AX(x) = 5*2( —2dX(x)+ Y X(y)), (2.3)
ly—x|=6

where (e1,--- , eg) is the canonical basis of RY.
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Note that VX and APX can be formulated using a random walk on Ls. Indeed, let (ZX), be a

random walk on L starting at Z§ = x. More precisely, we have

1
P{Zi — 2= b} =B{Z3 - Zy = be | = 5, (2.4)
fori=1,..., d. Then, the discrete Laplacian can be written as
AX(x) =2d6°E[X (Z7) — X (Z¥)], (2.5)

where E is the expectation with respect to the distribution of (ZX),>0. By induction on p, we have

p
APX(x) = (2d672)°E | (p> (-1)"X(Z¥)| . (2.6)
n=0 n
Let Y be a random variable given by the distribution
1
P(Y =de) =~ (2.7)
fori=1,..., d. Then, [VX(t, x)|? can be written as
d
IVX(t,x)|? =62 (X(t. x + de;) — X(t, x))?
i=1 (2.8)

= d572E [(X(t.x+Y) = X(t.x))?] .
where E is the expectation with respect to the distribution of Y.

The main idea is to solve perturbatively the SDPE (2.1) by letting the solution X having the

following form:

X(t,x) =>_(=N)'X(t,x). (2.9)
/=0

3. Analytic Solution of the SPDEs

In this section, we will first introduce Green’s functions associated to the linear operators of equation
(2.1). Such class of Green functions will be used to determine the form of the solution.

Denote by S(A) the Schwartz space of all rapidly decreasing functions on A occupied with the
Schwartz topology and define the Fourier transform F : S(A) — R X [O, %’r}d by

FOF)(tx) = / ¢SV XF(s, y)dsdy. (3.1)
RxLs
where
/ g(s,y)dyds = Z 5d/ g(s,y)ds. (3.2)
Rx Lg yels R

The inverse Fourier transform of F denoted by F~1 is given by

FLHA)(t, x) = (QW;dH/R/[o,ng]d e eV Xf (s, y)dsdy. (3.3)
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Similarly, we define the Fourier transform on S(Lg) as

F(F)(x) = / eV % F(y)dy, (3.4)

Ls

where [, f(y)dy =3 ¢, 37 (y).

Note that its inverse Fourier transform is

~ 1 .
F L) (x :/ e YV Xf(y)dy. 3.5
() = Gy iy ys® W) (35)

Finally, we define the convolution products on S(A) and S(Lg) by
f+g(t,x)= / f(s,x)g(t —s,x —y)dsdy, for f,g € S(N\) (3.6)
A
and
fxg(x)= / f(x)g(x —y)dy, for f,g € S(Ls). (3.7)
Ls

Using the definitions of the p-Laplacian and the Fourier transform given by Equations (2.6) and

(3.1) respectively, we have
F(APX) (t,x) = / etV XAPX (s, y)dyds
RxLs
LI - o
— (2d5_2)pz< >(—1)p_”E / e't*eY*X(s, Z¥)dyds
n=0 n L/RXLs

- (a3 (P) ay e [ £ 00 e

n=0

(3.8)

P

d
= (2672)P !Z cos (be,.x) —d| F(X)(t, x).
n=1

Here, we have used the characteristic function of Z,? given by

d n
E [e”zﬂ'x} = (ClIZcos(éek.x)) . (3.9)
k=1

Consider the Green's function G, which is nothing else than the kernel of the linear part of the

SPDE (2.1),
{ (& — AP+ 1) G(t, x) = 6(t, x), (3.10)
G(t,x) =0, fort <0,
Here, 6(t,x) is the Dirac distribution defined by 6(t, x) = 6(t)6~%¢ x, where §(t) is the Dirac
distribution on R, 8y, = [/ 8x.,, and 8, is the Kronecker symbol.
Applying the Fourier transform to equation (3.10) and using equation (3.8), we obtain

1

f(G) (t,X) = m,

(3.11)
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where
d p
Cou(x) = — (2072)P [Z cos (den.x) — d] . (3.12)
n=1
Lemma 3.1. For m > 0, we have
/OO e’ ds = 2mh(t)e ", (3.13)
oo M+ IS

where (t) =1 ift >0 and 6(t) =0 ift <O0.

Proof. For t >0 and Cp = {m+is: —-R<s< R}U{m+Re*:% <s< 37”} oriented on the

counter-clockwise direction, applying Residue theorem yields

etZ
/ —dz = 2im. (3.14)
Cz <
This is equivalent to
R At(m+is) 3n Rels t(m+Re's)
2i7r—i/ ° ds+/2l € 4 (3.15)
_r M-+is ™ m + Re's
Since
I'Reiset(m+.Rels) _ Ret(m+RCOSS) < etm
m+ Re's vVm2+R2 T '
Ret(m+Rcoss)
and Rlinoo W = 0, Lebesgue's dominated convergence theorem gives
z iReis ot(m+Re')
lim / ——ds=0.
R—o0 Jx m+ Re's

Thus, the limit of equation (3.15) is

o] eits

ds = 2mwe ", (3.16)

—o M+1Is

For t < 0, following the previous steps with Cg ={m+is: —R<s<RYU{m+ Re's: -5 <

s < Z} oriented on the clockwise direction, we have

o0 eits
/ £ —ds=0 (3.17)
o

By Equation (3.11) and lemma 3.1, we get

G(t, x) = (2’7'[':;-61"_1/[0'2;]‘1 </Z is—i—eri(t;(y)ds> ™Y dy

(D)
- e )

(3.18)
eiy.xe—trgv“(y) dy.
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Lemma 3.2. For any integer N, there exists a constant Cy such that

e
et

G (¢, x))| SCN(I—HXZP)N’ (3.19)

for any (t,x) € N =)0, +o0[x L;.

Proof. Let A1 be the Laplacian on [0, 27"](1. Then, we have

6(t) VX
G(t,x) = eV Xe~tTon¥) gy,
@M o)’
o(t) N iy.x] o—tT
~ 2md(1 + X[V /[o ) (1= apNe”~] e ol ay
T
_ Q(t) / eiy.x |:(1 —A )Ne—tré,u(.‘/)} dy (320)
@CmI(L+ [xP)V Jo 22 '
8(t)e % - Nt ()
= L EAFDL /[0,25“]" eV [(1 —A)%e 02 } dy.
Note that
(1—a)Ve ot = pN(p 5 yye ot W) (3.21)
where PN(t, 8, y) is a polynomial function with respect to t. Thus, we obtain
1 _
Cn = 571 sup A)Ve Mot 0| < oo, (3.22)
te(0,00).y€[0,27]°
This means that
e‘% e_t%
1G(t,x)| < / §9Cydy = Cy———. (3.23)
ML+ XN Jjo 2 L+ )"
U

Lemma 3.3. Let C be the set of all measurable functions f : AN — R such that for any k € N, 4N € N

£ (X)X < oo
//\(1—|—|X|2)Nd <00

Then, C is an algebra under multiplication. In addition, if f € C, then G xf € C.

and

Proof. Cauchy Schwartz inequality

1Fgl*(x |2k (x 9|2k (x
/(r+w| ¢/ LHH ¢/ r+w| (3:24)

guarantees that C is an algebra under multiplication.

Moreover, suppose that f € C. For any k € N, dN, € N such that

ol
/A(H‘XP)de < 00, (3.25)



Int. J. Anal. Appl. (2023), 21:132 7

The triangular inequality leads to
T4 [y <142y = x[P+2x> <201+ [x[*)(1 + Iy — x[?). (3.26)

Using the last inequality and lemma 3.2, we have

17 ()l
= — <
621100 = | [ 10160 - v)ay| <, [ P ay
[f(y)l 3907
< 2MCy (1+|x2)’vk/dy (3.27)
‘ A (1 Jy[2)™
< A (1+ [xP)M,
f
where Ay, = 2NkCy, f%dy < co. Then,
|G * f¥(x) K / 1
— 7 _dx<A —_— 3.28
(T + Py S A | oy < o (5:2¢)
which shows that G % f € C. Il
Similarly, let G; be the Green's function satisfying the equation
9600 — APGy(x) — G
Go(x) = d(x).
Applying the Fourier transform to the last equation, we obtain
O7(C) — 15, (x)F(G
F(Go)(x) =1,
which has
F(Gr)(x) = e~ tTan) (3.31)
as a solution. Equivalently we get
A 1 .
Ge(x) = —— / eV Xe=thaul¥) gy 3.32
t( ) (27r)d [Oy%]d ( )
Equation (3.32) is nothing else than
G(t,x) = 0(t)G:(x), (3.33)

for (t,x) € A =]0, +oo[x Ls.

Proposition 3.1. Let X = Y_7°,(—=X\)'X)(t, x). Assume that G xn € C. The perturbative solution of
the SPDE (2.1) is given by:

{ Xo(t,x) = G *n(t,x) + Ge = f(x), (3.34)

Xi(t,x) =G« F_1(t,x), 1 >1,
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where

/
Fi(t,x) =d6 23" [xj(t, X)X_i(t, %) + E [X;(t, x + V)X _j(t. x + Y)]
=0 (3.35)

—2X(t, X)E [Xi_j(t. x + Y)] }

and'Y is the random variable given in Equation (2.7).

Proof. Let X = Y_7°,(=X)'X)(t, x). Substituting it into equation (2.8), we get

IVX(t, x)[> =d6~2 i (=)t [X,l(t, X)X, (t,x) + E [Xy (£, x + V)X, (£, x +Y)]
I, h=0

—2X, (£, ) E [X, (£, x + V)]

=D (=N'F(t ). (3.36)

Hence, the solution of equation (2.1) satisfies

o
D (=N Xt x) = =AG « [VX (£, x)|* + G xn(t, x) + Ge * F(x)
=0 N (3.37)
= Z(—A)’HG * Fi(t, x) 4+ G xn(t, x) + Gp = £(x).
I=0
Equating the coefficients of X in both sides of equation (3.37), we obtain:
{ Xo(t, x) = G +n(t, x) + G * f(x), (3.38)
Xi(t,x) =G« F_1(t,x), 1 >1.
Notice that Fj_7 is given in terms of Xg, Xi,..., X—1, which means that X, is given recursively in
terms of Xg, X1, ..., Xi—1. O

Remark 3.1. The analytic solution of the SPDE (2.1) given by equation (3.34) remains complicated
and therefore we cannot extract information about the different coefficients of the equation, mainly
the noise n(t, x). The aim of the next section is to introduce a new approach through the Feynman

graph formalism to represent graphically the solution as well as its truncated moments.

4. Graphical Representation of the Solution

The main goal of this section is to introduce a new graph approach to represent the solution of the
SPDE (2.1). We define a tree T with root x € A, n inner vertices and m leaves as a graph without
cycles. If we cut the tree T from any vertices (including the root of T), the result are subtrees of T.
Let T(n), n > 1, be the set of all rooted trees T with root x, four types of leaves and n inner vertices.
T(0) is defined to be the set of all rooted trees with 0 inner vertex and two type of leaves 1 and 2.

Such a graph is called a tree of order n > 0.
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The following table resumes all types of edges and leaves of a tree T € T(n):

G Leaf of type | leaf of type | Leaf of type | leaf of type Root of a Inner vertex
1 n(t, x) 2 f(x) 3n(t,x+Y)| 4f(x+Y) tree T
- © @ © ® X °

For the reader convenience, the representation of a tree of order 0 and 1 are given below:

0

Tree of order O Tree of order 1

Figure 1

For each tree T € T(n), n > 0, we associate an analytical value R given by the following definition:

Definition 1. For T € T(n), n > 0, the random variable R(T,n, x) is defined as follows.

(1) Assign x € N\ to the root of T, where N\ is given in Equation (2.1).
(a) Assign xi, ..., Xn € N\ to the inner vertices.
(b) Assignyi, ..., vy € N\ to the leaves of type 1 and z4, . . ., zx € L to the leaves of type 2,
where I, k € N.
(c) Assign uq, ..., ug € N\ to the leaves of type 3 and vq, ..., Vm € Ls to the leaves of type
4, where g, m € N.

(2) For every edge e, assign a value G(e) if e is connected to a leaf of type 1 or 3, or G¢(e) if
it is connected to a leaf of type 2 or 4. Here, G and Gt are the Green functions defined in
(3.10) and (3.29). If a vertex vy is connected to two leaves one of type 1 or 2 and the other
of type 3 or 4, multiply the result by (—2).

(3) For the j-th leaf, multiply its corresponding value by n(y;), f(z;), n(u;) or f(v;) if this leaf is
of type 1, 2, 3 or 4, respectively.

(4) Multiply the result by a constant dé—2.

(5) Integrate with respect to the Lebesgue measure dxi - -+ dxpdyy - - dy,dzy - - - dz.

The following examples clarify to the reader, how we get the analytic value of a given graph using
Definition 1. For instance, the analytic values of the graphs given in Figure 1 for the tree of order O

and order 1 are respectively given by:

R(To,m, x) —/G(xl —x)n(x1)dxy, x,x3 € A (4.1)
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and

R(T1,m, x) = /G(xl —x)G(x2 — x1)G(x3 — x1)N(x2)f(x3) dx1dxadX3, X, X1, X2 € N, X3 € Ly.
(4.2)
For T € T(n), ne N and v € V(T) be a given vertex of the tree T, let

C(M)={T,.T,): T,eT()and T, €T(n—j), j=0,1,..., n}. (4.3)

Clearly there is a one-to-one correspondence between T(n) and C(T). For instance, given a rooted
tree T € T(n) with root x and let x; be the first inner vertex of T and e; = {x, x1} the first edge of
T. If we cut the tree T at xq, we obtain two rooted subtrees T, 7N’X1 with root x; and j and n—

inner vertices, respectively. The converse of this process gives the tree T € T(n).

Lemma 1. Let T € T(n) and x; the vertex connected to the root x. Then, we have

R(T,m, x) =G % H R(S,m. )|, (4.4)
SeS(T)

where S(T) is the set of all subtrees of T.

Proof. Let E(S), L1, Lo, L3, L4 be the sets of all edges, leaves of type 1, leaves of type 2, leaves of

type 3, leaves of type 4 respectively. From Definition 1, we have

RTmx) = [66c=x) 1 | I 6@ T[n0 TL#o) IT o1 T #(7)| dx

SeS(T) | ecE(S) leLy leL, Tels Tel,

=G| [[ RGSn)|. (4.5)
Ses(T)
O
Theorem 4.1. The solution of the SPDE (2.1) in the sense of formal power series is given by the sum

over all rooted trees T € T (), | > 0, that are evaluated according to the rules fixed in Definition 1.

More precisely, we have

Xixm)= Y R(T.x,n).

TETW)

Proof. We will proceed the proof by induction on /. For / = 0, we have

Xo(t, x) = G« n(t, x) + G * f(x).
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Clearly, this is a sum of the evaluation of the two trees in T(0). Suppose the result true for all
k=0,..., I — 1 and show it for /. Using Equation (3.34), Definition 1 and Lemma 1 yield

/-1
Xi(t,x) =G * Z ds—? [Xj(t, X)Xi—j(t, x) + EXi(t, x + Y)Xi_j(t, x + Y)] — 2X;(t, x)E [Xi—j(t, x +Y)]
J=0

-1
ZZ Z R(T1, T2, x.m)

J=0 T1eT(). T2 (I—))

= 3" R(T.x.m). (4.6)

TeT()

In the following, we give graphical representations of the solutions Xy and Xi:

Xo(t, x) = G +n(t,x) + G * f(x)

(4.7)
0+ 0
and
Xl(t,X) =G x* Fo(t,X)
= do2G * [xo(t,x)2 + E (Xo(t, x +Y)?) —2Xo(t, x)E (Xo(t, x +Y)) (4.8)
= - + 2
O
- - + 2
O
—2 —2 -2 —2

5. Truncated Moments of the Solution

The aim of this section is to represent graphically the moments as well as the truncated moments
of the solution of the SPDE (1) given in Theorem 4.1.

Proposition 5.1. Let T; € T(h),..., Tn € T(in), n,..., in € N, be n rooted trees with roots

X1, ..., Xn, respectively. Then, in the sense of formal power series, we have
n [ee]
(TIXCam)=>(=n" > (RTuxwn-R(Tnxnm)). (5.1)
=1 m=0 T1E€Y(i1).... TnEY (in)

i1+ tin=m
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Proof. The proof is a trivial consequence of Theorem 4.1 as

<ﬁ><<x,-,n>> = <i(—x>’lxh<xl,n> - i(—x>’ﬂx,n<xn,n>>
i=1 h=0 Ih=0

=N Y (Xubam X, 0m.m) (52)
m=0 I1,....In€N
A+ AIp=m
=3 Y (RTuam) - R(Tamm).
m=0 T1€T(i1).... TnE€Y (in)
i1+ tin=m

Definition 2. Let xq,..., xk €N, keN,and | ={l,..., Ik} be a partition of the set {1,..., n}.

The truncated moment functions (n(x1)---n(xx)) are recursively defined by

K K
<H TI(X/)> = > I’ (5.3)
i=1

I={ly,.. Ik} i=1
where
k T
[T’ = <H77(Xi)> :
i=1 iel,
Now, It is natural to define a new graph G(m, n) as a combination of n rooted trees Tq, ..., Th

with 4 types of leaves and m inner vertices, the leaves of types 1 and 3 will be connected by empty

vertices O . The set of such graphs is denoted by G(m, n).

(1) (a) Assign the values x1, . . ., Xn € N\ to the roots of the trees Ty, ..., Th.
(b) Assign the values X1, . . ., Xp € N\ to the inner vertices.
(c) Assign yq, ..., v € N\ to the leaves of type 1 and z1, . . ., zy € L to the leaves of type 2,

where I, k € N.

(d) Assign uy, ..., ug to the leaves of type 3 and vy, .. ., v, € Ls to the leaves of type 4, .

(2) For every edge e, assign a value G(e) to this edge if it is connected to a leaf of type 1 or 3,
or Gt(e) if it is connected to a leaf of type 2 or 4. Here, G and G; are the Green functions
defined in (3.10) and (3.29)

(3) For each empty vertex with i legs connected to the leaves 1 and 3 with arguments ry, . .., ri,
multiply with (n(ry)---n(r))".

(4) For the leaves of type 2 or 4, multiply with f(y;) or f(zs), respectively, where j =1, ..., k
ands=1,..., r.

(5) Integrate with respect to the Lebesgue measure dy; ---dy,dzy - - - dz.
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For the reader convenience, we represent a graph G € G(2,2)

O

its analytic value is

AG) = /G(Xl —x)G(x2 — x1)G(xs — x1)G(y1 — ¥)G(v2 — y1)G(y3 — y1) (n(x3)n(y2))"
X f(y3) f(xo+Y)dxy---dxzdy;---dys, x1,---y3 €N, y3,% € Ls. (5.4)
Theorem b.1. Let T, ..., Th, be n rooted trees with roots xq, . . ., Xn, respectively. The moment of

the solution is given by a sum over all graphs G € G(m, n) of m-th order that are evaluated according

the rule described in Definition 3, that is

n o
(TIXCam) =3 (=N" 3 A@Ca, .. x). (5.5)
=1 m=0 GeG(m,n)
Proof. The proof is straightforward by using Proposition 5.1 and Definition 3. O

Using Lévy Khinchine theorem, we know that the characteristic function of a Lévy noise 7 satisfies
Cy(t) = / estdn(s) = e for t € R,
R

where ¥ : R — C is the Lévy characteristic function represented by

_ o%t? ot ist

P(t) —/at—2+/R\{O} <e —-1- 1+52> dM(s), (5.6)

Vt € R, where 3€ R, 02 > 0, and M is a Lévy measure on R\ {0} satisfying
/ min{1, s>}dM(s) < oo. (5.7)

R\{0}
In addition, if all moments of M exist, we have
ot? :
Y(t) =iat — —— + Z/ (et — 1) dr(s), (5.8)
2 R\{0}

where a =3 — [o\ 10y T2 AM(S), 2 = [ 1oy AM(s) and r = y.

The following theorem due to [5] gives a relationship between the truncated moments and the
moments of the noise 1. This is very useful for our work since it will simplify the statement 3) in
Definition (3).

Theorem 5.2. Let xq,..., Xn € N and m be the general space-time Lévy noise. Then the following
holds

<f[n(x/)>T :Cn/5(x—x1)---(5(x—x1)dx, (5.9)
=1
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where
d"y(t)
datn

Co=(=1)" o 6n1a— 6n20° + / s"dr(s) (5.10)

R—{0}
and 6, m Is the Kronecker symbol.

Using the previous theorem, the coefficient of statement 3 in Definition 3 can be replaced by
Chn [6(x —x1) -+ 8(x — x1)dx and we get new simplified values A of the graphs G € G(m, n) as it is

shown by the following theorem:

Theorem 5.3. Let T4, ..., T,, be n rooted trees with roots x1, . .., Xn, respectively. The moments of

the solution are given by

n o0
(TIXCam) =3 (=0" 3 A@)Ca, . ...x). (5.11)
=1 m=0 GeG(m,n)
Proof. The proof is immediate from Definition (3), and Theorems (5.1) and (5.2). O

6. A Remark on Some Applications

By taking p =1 and u = 0, equation (1) becomes:

%—)t((t,x) = AX(t,x) = A|VX(t, x)]* + n(t, ),

X(0,x)=f(x); (t,x) €N,

(6.1)

which is nothing else then the KPZ equation studied in [19]. Using the so called Cole-Hopf transfor-
mation given by:

Tt x) = exp ( - >\X(t,x)>, (6.2)
one can transform equation (6.1) into a linear SPDE called Burger equations. The solution as well

as the truncated moments of the solution can be graphically represented as done in this work.

Another application helds by taking p = 1, A = 0 and d = 1. This is the first part of the
FitzHugh-Nagumo equation

{ Xe(t, x) = Xux(t, %) + X(t,x) +m1(t, x) =, (6.3)
Yi(t, x) = o X(t, x) —yY(t, x) + na(t, x).
This is a simple representation of a class of excitable-oscillatory systems (e.g. a neuron). It describes
the physiological state of a nerve which can be resting, active, refractory, enhanced, depressed etc.
For more details see FitzHugh [13]. This model deals with neural networks which can be considered as
a graph with m edges and n vertices. Again our graph formalism in the current work can be applied.
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