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Abstract. In this paper, we introduce and develop a new definitions for Katugampola derivative and
Katugampola integral. In particular, we defined a (left) fractional derivative starting from a of a
function f of order & € (m — 1, m] and a (right) fractional derivative terminating at b, where m € N.
Then, we give some proprieties in relation to these operators such as linearity, product rule, quotient

rule, power rule, chain rule, and vanishing derivatives for constant functions.

1. Introduction

The fractional calculus [1-3] attracted many researches in the last and present centuries. The
impact of this fractional calculus in both pure and applied branches of science and engineering started
to increase substantially during the last two decades apparently [4-9]. Most of the fractional derivatives

are defined via fractional integral, see [10-13]. Two of which are the most popular ones, that is,

(1) Riemann-Liouville definition [3,14]. For a € [n — 1, n) such that n € N, the derivative of the

function f is given by

RLDg(f)(t):r(rf_a):tnn/ f(x)(t—x)"*1dx.
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(2) Caputo definition [3,14]. For a € [n — 1, n) such that n € N, the derivative of the function f
is given by ,
D3 () (1) = F(nl—a)/a F (x) (£ = x)"" %t dx.

Recently, the authors in [15,16] defined a new well-behaved simple fractional derivative called “the
conformable fractional derivative” and “the Katugampola fractional derivative” depending just on the
basic limit definition of the derivative. They then defined the fractional derivative of higher order
(i.e. of order a > 1) as we will see below in next sections. They also defined the fractional integral
of order 0 < a < 1 only. The authors in [17, 18] introduced Katugampola Fourier and Laplace
transforms by using these definitions, and they used these transforms to solve some fractional partial
differential equations as in [19]. In [20], Abedaljwad proceed on to develop the definitions of left
and right conformable fractional derivatives, and also Left and right conformable fractional integrals,
see the references [21-25] to get a further overview about some schemes related to the fractional
integro-differential operators.

In this paper, we have organized and generalized the basic definition and concepts of the Katugam-
pola fractional derivatives and integrals. We define the left fractional derivative starting from a of a
function f of order @ € (m — 1, m], and the right fractional derivative terminating at b, where m € N.
As a consequence, we give then some new results. This article is organized as follows: In Section 2,
necessary preliminaries of the Katugampola fractional calculus are recalled. In Section 3 and Section
4, the left and right Katugampola fractional derivatives and fractional integrals of higher orders are
defined, the fractional chain rule and some proprieties are obtained, and the action of fractional deriva-
tives and integrals to each other are discussed. Finally, Section 5 summarizes the whole contributions

of this work.

2. Preliminaries

In this section, we review some necessary definitions and essential results in relation to the Katugam-

pola fractional calculus theory.

Definition 2.1. Let f : [0,00) — R and t > 0. Then the "Katugampola fractional derivative" of the

function f of order o is defined by

D& (F)(t) = lim fte )~ F(6),

e—0 £
fort > 0 and a € (0, 1]. If f is an a-differentiable in some (0, a), a > 0 and Iirg+ D*f(t) exists, then
t—
D:*f(0) = lim D¢f(t).
t—0+

(2.1)

Definition 2.2. /fa € (n,n+ 1] and f is an n-differentiable at t > 0, for some n € N. Then, the
a-fractional derivative of f is defined by
F(m) (t.ef-f”’a) —f) (¢)

DF(t) = lim . : (2.2)
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if the limit exists.

Lemma 2.1. /fa € (n,n+ 1] and f is an (n+ 1)-differentiable at t > 0, for some n € N. Then, we

have

Def(t) = tMHimaf(ntl) (), (2.3)

Also, for a € (0,1] and t > 0, we have
df

D*f(t) = tl_aa(t).

Lemma 2.2. Let a € (0,1] and f, g be two a-differentiable functions at a point t > 0. Then, we
have

(1) D*(af(t) + bg(t)) = aD*f(t) + bD*g(t), for all a,b € R,

(2) D*(fg) = fD*g + gD*f,

(3) D* (g) = 4Dr£fD

(4) D*(fog)(t)=1"(g(t)).D*g(t) for f differentiable at g (t).

Definition 2.3. Let f be a function defined on (s, t] such thats > 0 and t > s. Then, the a-fractional
integral of the function f is defined by

t
1o () (t) = / F(x). ()t dx, (2.4)
S
if the Riemann improper integral exists.

Lemma 2.3. Let s >0 and o € (0,1). Let f be a continuous function such that I5f exists. Then

D%lo® () (t) = £(t). (2.5)

3. Left and right Katugampola derivatives

In this section, we define left and right Katugampola fractional derivatives for o € (0, 1], and in
general for o € (m—1, m|, where m € N. Consequently, we obtain several results. We prove that
the left and right fractional derivatives satisfy the product rule, quotient rule and chain rule. Also, we

give the relation between them and the usual derivative.

Definition 3.1. The left Katugampola fractional derivative starting from a of the function f : [a, c0) —
R of order o € (0, 1] is defined by
f(test= ") — £(t)

(Da”f)(t) = lim - : (3.1)

When a = 0, we write (D, f)(t). If (Dif)(t) exists on (a, b), then

(Dif)(a) Iim+(Dgf)(t). (3.2)

t—
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The right Katugampola fractional derivative of order a € (0, 1] terminating at b is defined by

(W2DF)(t) = —lim TV D= (D)

e—0 £

(3.3)
If (5DF)(t) exists on (a, b), then
(bEDFY(b) = tlirgi(ng)(t). (3.4)

The following lemma gives some properties for the left and the right fractional derivative such as

the product rule, quotient rule, and also gives the relation between them and the usual derivative.

Lemma 3.1. Let o € (0, 1] and f, g are defined on [a, o0). Then, we have

(1) Dg(fg) = fD3g + gD3f,

(2) &D(fg) = f{Dg + g3 Df .
D3 f+fD3

(3) Dg(é) _9g a;; ad

(4) 3D (§) = ZELEfLs,
(5) Daf(t)=t(t—a) *f (1),

(6) EDF(t) = —t(b—t)"*f'(t).

Theorem 3.1. Assume f : [a,00) — R is the left a-differentiable function, where 0 < o < 1. Let
h(t) = f(g(t)). Then, h(t) is the left a-differentiable and for all t with t # a and g(t) # 0, we
have

(9(t) —a)®

D3 (fog) (t) = (Daf) (9 (1)) - (Dgg) (¢). 0

(3.5)

Proof. By setting u=t+et(t—a) *+ ﬁ (t —a)?*+4...in (3.1) and using the continuity of g,

we can have

im F9(W) —flg(®) ,

—Q
u—t u—t (t a)

_ o flg(w)—f(g(t) . g(u)—g(t) —a
_Lll[pt g(u)—g(t) :ljlg]t u—t te-a)

(Daf)(t) =

This consequently implies

(g(t)—a)®
g(t)

= (Daf) (9 (1)) . (Da?9) (1)

(DE)(t) = (Da"f) (9 (1)) - (Da’9) (1)

(9(t) —a)®
g(t)

In a similar manner, we can prove the following theorem for the right a-differentiable functions.
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Theorem 3.2. Assume f : (—o0, a] — R is a right a-differentiable function, where 0 < o < 1. Let
h(t) =f(g(t)). Then, h(t) is a right a-up differentiable and for all t with t # a and g (t) # 0, we

have
(g(t) —a)*
g(t)

Next, we consider the possibility of a € (m — 1, m], where m € N. We have the following definition.

aD (fog)(t) = (a"Drf) (9(t)).(a"Dg) (1) (3.0)

Definition 3.2. A left fractional derivative starting from a of a function f : [a,00) — R of order

ae(m—1,m], meN, is defined by

F(m=1) (tee(t—a)m_a_:L) _ f(m_l)(t)
(Do) () = lim

e—0 £

, t>a, (3.7)

(Da’f)(a) = lim (Da’F)(2). (3.8)

provided the limits exist and f(t) is (m — 1)-differentiable at t > a.
The right fractional derivative starting from a of a function f : (—oo,b] — R of order a €

(m—1,m], where m € N, is defined by

F(m=1) (tes(b —g)ym-as 1) — Fm=1)(4)

t .
, b >t (3.9)

(a"DF)(t) = (=17 lim

(«"DF)(b) = lim o DF(t). (3.10)

provided the limits exist and f(t) is (m — 1)-differentiable at b > t.

Note that if & = m, then the fractional derivative of f becomes f(™)(t). Also, when m = 1, then

a € (0, 1] and the definition coincides with those in Definition 3.1.

Lemma 3.2. Let o € (m— 1, m] such that f(t) and g(t) are (m)-differentiable at t > a and b > t.
Then, we have

(1) Da?(f(t) +9(t)) = Da?f(t) + Da?9(t).

(2) o”D(f(t) + 9(t)) = o”Df(t) +o "D g(t).

(3) Do?(Af(t)) = ADy?f(t), where X\ is a constant.

(4) «°D(Af(t)) = AoPDf(t), where X is a constant.

(5) Do2f(t) = t(t—a)" L Fim (1),

(6) o”DF(t) = (1)t (b— )™ >~ £ (1),

(7) Dt —ay = {II75 t(y— k) (t=a)" ™ v ¢ {0,1,2,- . m—1}}.

(8) 5D(t— by = {TI7 t(y =) (b= ", y ¢ {0, 1,2, m—1}}.

Proof. e By Definition 3.2, we can proof parts (1) to (4).
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e To prove part (5), wa have

F(m=-1) (teg(t—a)m*a*) — fm=1) ()

D&f(t) = lim _
E—r
f(m=1) [t (1 +e(t—a)"* 140 (32))} — F(m=1)(¢)
= lim
e—0 £
I Al LR R A )
N e—0 h

t(t—a)™ I [1+o(e)]
=t(t—a)" M (y).

e Part (6) is similar to part (5).
e We can use parts (5) and (6) to prove parts (7) and (8).
O

Lemma 3.3. Let f : [a,00) — R be twice differentiable function on (a,o0) and 0 < a, 8 < 1 be such
thatl < a+ B < 2. Then

t
(DaDg?f) (t) = - Darpf () +(t - a) Pl (t(1-pB)—a)DAf (). (3.11)
Proof. Sincel <a+pB8<2and 0 < a,B <1, we have

(D2DGfF) (t) =t (t —a) ™ a4 [t(t— a) 53’1

t(t—a)® [t(t—a) 5Zt§+<(t—a)_ﬁ—5t(t a)h- 1) Z’;]

_ 42 —aﬁdf —a—0 2 a—f-1 df
R R (1 - (R R
_ —a-pr1 &°F 6 L df
_(t_a)(t—a) dt2+[(t—a) —Bt(t—a) P }t(t—a) o
= LDy pf (0 + (- a) P (t(1 - B) — 2) DRF (1),
which completes the proof. [l

It should be mentioned here that due to we have
DAf(t)=t(t—a)" LM (), ae(m—1m],
then we can observe regarding (3.11) that when a =0 and o, 3 — 1, we obtain
(Da?Dgp?f) (t) = D3F (t) = £ (t).
Also, it must be noted regarding the same equation that when o € (0, %] and a < t, we have

(Da?Dg’f) (t) = ?ta Dif(t)+(t—a) > (t(1—a)—a)Dif(t). (3.12)
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4. Left and right Katugampola integrals

In this section, we define the left and right Katugampola fractional integral for a € (0, 1] and for

a € (m—1,m], where m € N. As a consequence, we obtain several results.

Definition 4.1. (Left fractional integral) Let a >0, o € (0,1] and t > a. Let f be a function defined
on (a, t] such that a € R. Then, the a-fractional integral of the function f is defined by

1o (F) (£) = /t . x—2)° (i =2 4

Definition 4.2. (Right Fractional Integral) Let b > t and o € (0, 1]. Also, let f be a function defined
on (t, b] and b € R. Then, the a-fractional integral of the function f is defined by

LI(F) (t) = /tbf(x)'(i’_x)adx. (4.2)

Lemma 4.1. Assume that f : [a,00) — R is continuous and 0 < o« < 1. Then, for all t > a, we have

(4.1)

Da?1a° () (t) = £(2). (4.3)

Proof.

Da?lo? () (t) = Do® Uat W dx]

:t(t_a)ad[/t’wdx}

dt X

— t(t* a)—a.f(t)'(i_ a)a

= f(t).

In a similar manner, we can prove the following lemma in the right case.

Lemma 4.2. Assume that f : (—oo, b] — R is continuous and 0 < a < 1. Then, for all t < b, we
have
o«"Da”l (F) (1) = f(1). (4.4)

In what follows, we state a certain that could work as a generalization for definitions 4.1 and 4.2.

Definition 4.3. A left fractional integral starting from a of a function f : [a,00) — R of order

ae(m—1,m], meN, is defined by

15(F) () = (mil)!/ o). (£ =)

m_l.(X—

a)a—m-l-l

= dx, a> 0, t> a, (4.5)

with
1o (F) (1) = f (x). (4.6)
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In the same regard, we can define the right fractional integral terminating at b of a function f :

(—o0, b] = R of order o € (m— 1, m], m € N, as follows

RIGIOEY il)' /b FO0. b= t)m_i'(b_x)a_mﬂ dx. a> 0, b>t (47
with
C1(F) (1) =f(x). (4.8)

Lemma 4.3. Ifae€ (m—1,m], meN, and f : [a,00) — R is (m — 1)-differentiable. Then for all

t > a, we have
(1) Dq?14° (f) (t) = f(t),
(2) 1a?Da? (F) (1) = (1) — =g £0) (). 52"

Proof. (1) Herein, we can have

1 FR(X). (t=x)""1 (x — )M
i ), dX]

DaI3 () (t) = Da’ .

=t(t— a)mfozfl jtn; [ 1 /t f(x).(t— X)m—l (x — a)a—m_H_ dX]

(m—1)! X
a1 d | [EF(x). (x —a)* ™!
=t(t—a) 16“[/3 . dx]
_p(t— gyma-t [0 _ta)a_mﬂ — (1),
(2) To prove this result, we obtain
m 1 _ oa— m+l
22 (0 =ty [ 0 (1 0. o

m 1 X — a—m-+1 m
(m_l)l/ (t ( a) x. (x—a)m_a_l ﬂ

dxm
1 d
:(m_l)!/a (6= o

Now, by integral by parts, we have

m—1 . k
205 (R (1) = F(1) — Y 79 () L 20
k=0

Similarly, we can proof the following lemma in the right case.

Lemma 4.4. Ifa e (m—1,m], meN, and f : (—oo, b] = R is (m — 1)-differentiable. Then, for all
b > t, we have
(1) «"Da”If (t) = f(t)

(2) allabDF (£) = F(£) = St (—1)F (0 () 02
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Lemma 4.5. Let f : [0,00) — R be a function and 0 < a, u < 1 be such that 1 < a4+ p < 2. Then

(ol F) (1) = t:(/af) (1) + i () (6) - /O S*H2F(s) ds.

Proof. Since0 <a+u—1<land0<a,u<1, wehave

(asuf) (1) = [ £00x2 dx

In addition, we can observe

(lalyf) (t) = /Ot (/OX f(s)so‘_lds> x*dx
_ /Ot Fs)s*! </:x“1dx> ds
= /Ot f(s)s* ! (t: - 5:) ds

th [t

1 t t
= — | f(s)s* tds — = [t/ sHTe=2f(5)ds / s“+°‘_2f(s)}
K Jo 28 0 0

w t
= L (laf) (t) + ; (loruf) (1) — ;/O SOHET2f(s) ds.

5. Conclusion

In this paper, we have organized and generalized the basic definition and concepts of the Katugam-
pola fractional derivatives and integrals. We have defined the left fractional derivatives starting from
a of a function f of orderac € (m — 1, m], the right fractional derivatives terminating at b, and conse-
quently we have provided some useful results in relation to these operators.
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