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Abstract. We introduce the notions of left pure, lateral pure, right pure and quasi-pure ordered ideals of ordered ternary

semirings and characterize several regularity conditions on ordered ternary semirings using the purities of their ordered

ideals.

1. Introduction

A semiring is a notable generalization of a ring and appears in applications to automata the-

ory, formal languages, optimization theory, and other branches of applied mathematics. Clearly,

we are always able to construct a ternary semiring from a given semiring but there is a ternary

semiring such that it cannot be considered a semiring. Similarly, we can consider a given ternary

semiring as an ordered ternary semiring together with the equality relation. For ordered semi-

groups, Changphas and Sanborisoot [1] defined the notions of left pure and right pure ideals and

characterized left weakly regular and right weakly regular ordered semigroups in terms of left

pure and right pure ideals, respectively. They also studied these concepts in the context of ternary

semigroups in [5]. Moreover, the concepts of pure fuzzy ideals and weakly pure fuzzy ideals in or-

dered ternary semigroups were introduced in [6]. Palakawong na Ayutthaya and Pibaljommee [3]

defined the notions of left pure, right pure, quasi-pure, and bi-pure ordered ideals and used them

to characterize several kinds of regularities on ordered semirings.

Motivated by [1, 3, 5], we introduce the notions of left pure, lateral pure, right pure and quasi-

pure ordered ideals in ordered ternary semirings and characterize several regularity conditions by

means of these purities.
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2. Preliminaries

A semiring is an algebraic system (S,+, ·) such that (S,+) and (S, ·) are semigroups satisfying

the distributive property, i.e., (a + b) · c = a · c + b · c and c · (a + b) = c · a + c · b for all a, b, c ∈ S.

A nonempty set S together with a ternary operation f : S × S × S → S is called a ternary
groupoid. If a ternary groupoid (S, f ) satisfies the associative property, i.e., f ( f (a, b, c), d, e) =

f (a, f (b, c, d), e) = f (a, b, f (c, d, e)) for all a, b, c, d, e ∈ S, then it is called a ternary semigroup.

An algebraic system (S,+, f ) is said to be a ternary semiring if (S,+) is a semigroup, (S, f ) is a

ternary semigroup and the following conditions are satisfied: f (x + y, a, b) = f (x, a, b) + f (y, a, b),
f (a, x + y, b) = f (a, x, b) + f (a, y, b), and f (a, b, x + y) = f (a, b, x) + f (a, b, y) for all a, b, x, y ∈ S.

It is easy to construct a ternary semiring (S,+, f ) from the given semiring (S,+, ·) by defining

f (a, b, c) = (a · b) · c for all a, b, c ∈ S. However, there is a ternary semiring such that it cannot be

considered as a semiring.

Example 2.1. Let Z− be the set of all negative integers. Then (Z−,+, ·) is a ternary semiring where + is
the usual addition and · is the usual multiplication. However, (Z−,+, ·) is not a semiring because a · b < Z−

for any a, b ∈ Z−.

An ordered ternary semiring is an algebraic structure (S,+, f ,≤) such that (S,+, f ) is a ternary

semiring and (S,≤) is a partially ordered set satisfying the following properties; for any a, b, x, y ∈ S,

if a ≤ b, then a + x ≤ b + x, x + a ≤ x + b, f (a, x, y) ≤ f (b, x, y), f (x, a, y) ≤ f (x, b, y), and

f (x, y, a) ≤ f (x, y, b).
An ordered ternary semiring (S,+, f ,≤) is called additively commutative if a + b = b + a for all

a, b ∈ S. An element 0 of (S,+, f ,≤) is said to be an absorbing zero if x + 0 = x = 0 + x and

f (0, x, y) = f (x, 0, y) = f (x, y, 0) = 0 for all x, y ∈ S.

Throughout this work, we simply write S instead of an ordered ternary semiring (S,+, f ,≤)

and always assume that it is additively commutative and contains an absorbing zero. For the

convenience of writing, we also shortly write the juxtaposition abc instead of f (a, b, c) for any

a, b, c ∈ S.

Let A, B, and C be nonempty subsets of an ordered ternary semiring S. We define the following

notations:

A + B = {a + b | a ∈ A, b ∈ B}, (2.1)

ABC = {abc | a ∈ A, b ∈ B, c ∈ C}, (2.2)

ΣA =

⎧⎪⎪⎨⎪⎪⎩∑︂
i∈I

ai | ai ∈ A and I is a finite set

⎫⎪⎪⎬⎪⎪⎭ , and (2.3)

(A] = {x ∈ S | x ≤ a for some a ∈ A}. (2.4)

In a particular case of a ∈ S, we write aAB, AaB, ABa, Σa, and (a] instead of {a}AB, A{a}B, AB{a},
Σ{a}, and ({a}], respectively.

If I = ∅, then we set
∑︁

i∈I ai = 0 where 0 is an absorbing zero of S for all ai ∈ S.
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The following lemma contains some basic properties of the finite sums and the operator ( ] of

nonempty subsets of an ordered ternary semiring and their proofs are routine.

Lemma 2.1. Let A, B, and C be nonempty subsets of an ordered ternary semiring S. Then the following
statements hold.

(1) A ⊆ ΣA and ΣA = Σ(ΣA).
(2) If A ⊆ B, then ΣA ⊆ ΣB.
(3) Σ(A + B) ⊆ ΣA + ΣB.
(4) (ΣA)BC ⊆ ΣABC, A(ΣB)C ⊆ ΣABC, and AB(ΣC) ⊆ ΣABC.
(5) Σ(A∩ B) ⊆ ΣA∩ ΣB.
(6) ΣA∪ ΣB ⊆ Σ(A∪ B).
(7) Σ(A] ⊆ (ΣA].
(8) A ⊆ (A] and (A] = ((A]].
(9) If A ⊆ B, then (A] ⊆ (B].

(10) (A] + (B] ⊆ (A + B].
(11) (A]BC ⊆ (ABC], A(B]C ⊆ (ABC], and AB(C] ⊆ (ABC].
(12) (A∩ B] ⊆ (A]∩ (B].
(13) (A∪ B] = (A]∪ (B].

3. Ordered ideals of ordered ternary semirings

A nonempty set T of an ordered ternary semiring S is called a ternary subsemiring of S if T +T ⊆ T
and TTT ⊆ T. The following definition contains several special kinds of ternary subsemirings of

an ordered ternary semiring.

Definition 3.1. A nonempty subset A of an ordered ternary semiring S is called an ordered left ideal

(resp. ordered lateral ideal, ordered right ideal) of S if A + A ⊆ A, A = (A], and SSA ⊆ A (resp.
SAS ⊆ A, ASS ⊆ A). If A is an ordered left ideal, an ordered lateral ideal, and an ordered right ideal of S,
then it is called an ordered ideal of S.

Example 3.1. The set 2Z−0 = {0,−2,−4,−6, . . .} is an ordered ideal of the ordered ternary semiring
(Z−0 ,+, ·,≤), where Z−0 is the set of all negative integers together with zero, + is the usual addition, · is the
usual multiplication, and ≤ denotes the equality relation.

Example 3.2. Let S = {0, a, b, c}. Define a binary operation + on S as the following table.

+ 0 a b c

0 0 a b c
a a a b b
b b b b b
c c b b c
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Define a ternary operation f on S by

f (0, x, y) = f (x, 0, y) = f (x, y, 0) = 0 for all x, y ∈ S,

f (a, a, a) = a, f (a, b, a) = f (a, c, a) = b,

f (b, x, a) = f (c, x, a) = b for all x ∈ S \ {0},

f (x, y, b) = b, and f (x, y, c) = c for all x, y ∈ S \ {0}.

Define a binary relation on S by ≤:= {(0, 0), (a, a), (b, b), (c, c), (b, c)}. Then (S,+, f ,≤) is an ordered
ternary semiring. Since {0, b}+ {0, b} ⊆ {0, b}, {0, b} = ({0, b}], and SS{0, b} ⊆ {0, b}, we get that {0, b} is
an ordered left ideal of S. However, {0, b} is not an ordered right ideal and not an ordered lateral ideal of S
because S{0, b}S = {0, b}SS = {0, b, c} ⊈ {0, b}.

Let a be an element of an ordered ternary semiring S. The ordered left ideal (resp. ordered lateral
ideal, ordered right ideal, ordered ideal) of S generated by a is the smallest ordered left ideal (resp.

ordered lateral ideal, ordered right ideal, ordered ideal) of S containing a denoted by L(a) (resp.

M(a), R(a), J(a)).

Theorem 3.1. Let a be an element of an ordered ternary semiring S. The following statements hold.

(i) L(a) = (Σa + ΣSSa].
(ii) M(a) = (Σa + ΣSaS + ΣSSaSS].

(iii) R(a) = (Σa + ΣaSS].
(iv) J(a) = (Σa + ΣSSa + ΣaSS + ΣSaS + ΣSSaSS].

Proof. Let a ∈ S. The proofs of (i), (ii), and (iii) can be obtained similarly as special cases of (iv).
(iv) Let J = (Σa + ΣSSa + ΣaSS + ΣSaS + ΣSSaSS]. Clearly, J + J ⊆ J, J = (J], and a =

a + 0 + 0 + 0 + 0 ∈ J. Next, we obtain

SSJ = SS(Σa + ΣSSa + ΣaSS + ΣSaS + ΣSSaSS]

⊆ (ΣSSa + ΣSaS + ΣSSaSS]

= ({0}+ ΣSSa + {0}+ ΣSaS + ΣSSaSS]

⊆ J.

Analogously, we get JSS ⊆ J. Consider

SJS = S(Σa + ΣSSa + ΣaSS + ΣSaS + ΣSSaSS]S

⊆ (ΣSaS + ΣSSaSS]

= ({0}+ {0}+ {0}+ ΣSaS + ΣSSaSS]

⊆ J.

Now, J is an ordered ideal of S containing a. Let K be an ordered ideal of S containing a. Then

J = (Σa + ΣSSa + ΣaSS + ΣSaS + ΣSSaSS] ⊆ (ΣK + ΣSSK + ΣKSS + ΣSKS + ΣSSKSS] ⊆ (ΣK +

ΣK + ΣK + ΣK + ΣK] = (ΣK] = K. Therefore, J is the smallest ordered ideal of S containing a. □
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Now, we introduce the notion of an ordered quasi-ideal of an ordered ternary semiring as a

generalization of an ordered left ideal, an ordered lateral ideal, and an ordered right ideal as the

following definition.

Definition 3.2. A nonempty subset A of an ordered ternary semiring S is called an ordered quasi-ideal

of S if A + A ⊆ A, A = (A] and (ΣSSA]∩ (ΣSAS + ΣSSASS]∩ (ΣASS] ⊆ A.

It is obvious that if A is an ordered left ideal, an ordered lateral ideal, or an ordered right ideal

of an ordered ternary semiring S, then A is an ordered quasi-ideal of S.

The following example is an example of an ordered quasi-ideal of an ordered ternary semiring

which is not an ordered left ideal and not an ordered lateral ideal.

Example 3.3. Let S = {0, a, b, c}. Define a binary operation + on S by the following table.

+ 0 a b c

0 0 a b c
a a a a a
b b a b c
c c a c c

Define a ternary operation f on S by

f (0, x, y) = f (x, 0, y) = f (x, y, 0) = 0 for all x, y ∈ S,

f (a, x, y) = f (c, x, y) = a, and f (b, x, y) = b for all x, y ∈ S \ {0}.

Then (S,+, f ,=) is an ordered ternary semiring where = is the relation {(x, x) ∈ S × S}. Let A = {0, a}.
Observe that A + A ⊆ A, A = (A], and

SSA = SAS = {0, a, b}, ASS = {0, a}, SSASS = {0, a, b}.

Hence,
(ΣSSA] ∩ (ΣSAS + ΣSSASS]∩ (ΣASS] = {0, a, b} ∩ {0, a, b} ∩ {0, a} = {0, a}.

Therefore, A is an ordered quasi-ideal of S. However, A is not an ordered left ideal and not an ordered lateral
ideal of S because SAS = SSA = {0, a, b} ⊈ A.

Let a be an element of an ordered ternary semiring S. The ordered quasi-ideal of S generated by a is

the smallest ordered quasi-ideal of S containing a, denoted by Q(a).

Theorem 3.2. Let a be an element of an ordered ternary semiring S. Then

Q(a) = (Σa + ((ΣSSa]∩ (ΣSaS + ΣSSaSS]∩ (ΣaSS])].

Proof. Let a ∈ S and Q = (Σa + ((ΣSSa] ∩ (ΣSaS + ΣSSaSS] ∩ (ΣaSS])]. Clearly, Q + Q ⊆ Q and

a = a + 0 ∈ Q. We obtain that

(ΣSSQ] = (ΣSS(Σa + ((ΣSSa]∩ (ΣSaS + ΣSSaSS] ∩ (ΣaSS])])]

⊆ (ΣSS(Σa + (ΣSSa]]
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⊆ ((ΣSSa + ΣSSSSa]]

⊆ (ΣSSa + ΣSSa]

= (ΣSSa].

Similarly, we can prove that (ΣQSS] ⊆ (ΣaSS]. We get that

(ΣSQS + ΣSSQSS]

= (ΣS(Σa + ((ΣSSa] ∩ (ΣSaS + ΣSSaSS]∩ (ΣaSS])]S

+ ΣSS(Σa + ((ΣSSa]∩ (ΣSaS + ΣSSaSS]∩ (ΣaSS])]SS]

= (ΣS(Σa + (ΣSaS + ΣSSaSS]]S

+ ΣSS(Σa + (ΣSaS + ΣSSaSS]]SS]

⊆ (ΣSaS + ΣSSaSS].

It follows that

(ΣSSQ] ∩ (ΣSQS + ΣSSQSS]∩ (ΣQSS] ⊆ (ΣSSa]∩ (ΣSaS + ΣSSaSS]∩ (ΣaSS]

= {0}+ ((ΣSSa]∩ (ΣSaS + ΣSSaSS]∩ (ΣaSS])

⊆ Q.

Now, Q is an ordered quasi-ideal of S containing a. Let K be an ordered quasi-ideal of S containing

a. Then Q = (Σa+ ((ΣSSa]∩ (ΣSaS+ ΣSSaSS]∩ (ΣaSS])] ⊆ (ΣK + ((ΣSSK]∩ (ΣSKS+ ΣSSKSS]∩
(ΣKSS])] ⊆ (ΣK] = K. Therefore, Q is the smallest ordered quasi-ideal of S containing a. □

Remark 3.1. The intersection of an ordered left ideal, an ordered lateral ideal, and an ordered right ideal of
an ordered ternary semiring is an ordered quasi-ideal.

Proof. Let L, M, and R be an ordered left ideal, an ordered lateral ideal, and an ordered right ideal

of S. It is not difficult to show that L∩M∩R is closed under addition. We consider

(ΣSS(L∩M∩R)] ∩ ((ΣS(L∩M∩R)S

+ ΣSS(L∩M∩R)SS)] ∩ (Σ(L∩M∩R)SS]

⊆ (ΣSSL]∩ (ΣSMS + ΣSSMSS] ∩ (ΣRSS]

⊆ (ΣL]∩ (ΣM + ΣM] ∩ (ΣR]

= (ΣL] ∩ (ΣM]∩ (ΣR]

= L∩M∩R.

Hence, L∩M∩R is an ordered quasi-ideal of S. □

Definition 3.3. An ordered ternary semiring S is called regular if a ∈ (ΣaSaSa] for all a ∈ S.

The following remark follows directly from Definition 3.3.
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Remark 3.2. An ordered ternary semiring S is regular if and only if A ⊆ (ΣASASA] for all ∅ , A ⊆ S.

Let A be a nonempty subset of an ordered ternary semiring S. The ordered left ideal (resp. ordered
lateral ideal, ordered right ideal) of S generated by A is the smallest ordered left ideal (resp. ordered

lateral ideal, ordered right ideal) of S containing A, denoted by L(A) (resp. M(A), R(A)). The

following lemma can be obtained analogously to Theorem 3.1.

Lemma 3.1. Let A be a nonempty subset of an ordered ternary semiring S. The following statements hold.

(i) L(A) = (ΣA + ΣSSA].
(ii) M(A) = (ΣA + ΣSAS + ΣSSASS].

(iii) R(A) = (ΣA + ΣASS].

Lemma 3.2. Let A be a nonempty subset of a regular ordered ternary semiring S. The following statements
hold.

(i) L(A) = (ΣSSA].
(ii) M(A) = (ΣSAS + ΣSSASS].

(iii) R(A) = (ΣASS].

Proof. Let ∅ , A ⊆ S. Assume that S is regular.

(i) Using Remark 3.2, we get that

ΣA ⊆ Σ(ΣASASA] ⊆ (ΣASASA] ⊆ (ΣSSSSA] ⊆ (ΣSSA].

By Lemma 3.1 it turns out that

L(A) = (ΣA + ΣSSA] ⊆ ((ΣSSA] + ΣSSA] ⊆ (ΣSSA + ΣSSA] = (ΣSSA] = ({0}+ ΣSSA] ⊆ L(A).

Hence, L(A) = (ΣSSA].

(ii) Using Remark 3.2, we get

ΣA ⊆ Σ(ΣASASA] ⊆ (ΣASASA] ⊆ (ΣSSASS].

By Lemma 3.1, it turns out that

M(A) = (ΣA + ΣSAS + ΣSSASS]

⊆ ((ΣSSASS] + ΣSAS + ΣSSASS]

⊆ (ΣSAS + ΣSSASS]

= ({0}+ ΣSAS + ΣSSASS]

⊆M(A).

Hence, M(A) = (ΣSAS + ΣSSASS].
(iii) It can be proved in a similar way to (i). □
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Theorem 3.3. Let S be a regular ordered ternary semiring. Every ordered quasi-ideal Q of S can be written
in the form

Q = L∩M∩R,

where L, M, and R are an ordered left ideal, an ordered lateral ideal, and an ordered right ideal of S,
respectively.

Proof. Let Q be an ordered quasi-ideal of S. It is clear that Q ⊆ L(Q)∩M(Q)∩R(Q). Using Lemma

3.2, we get that L(Q) ∩M(Q) ∩ R(Q) = (ΣSSQ] ∩ (ΣSQS + ΣSSQSS] ∩ (ΣQSS] ⊆ Q. Therefore,

Q = L(Q)∩M(Q)∩R(Q). □

4. Pure ordered ideals of ordered ternary semirings

In this section, we give the notions of several kinds of pure ordered ideals on ordered ternary

semirings and use them to characterize regularities of ordered ternary semirings.

Definition 4.1. An ordered ideal A of an ordered ternary semiring S is called left pure (resp. lateral pure,
right pure) if for each x ∈ A, x ∈ (ΣAAx] (resp. x ∈ (ΣAxA + ΣAAxAA], x ∈ (ΣxAA]).

We describe a connection between a left pure ordered ideal (resp. lateral pure ordered ideal,

right pure ordered ideal) and an ordered left ideal (resp. an ordered lateral ideal, an ordered right

ideal) of an ordered ternary semiring as the following theorem.

Theorem 4.1. Let A be an ordered ideal of an ordered ternary semiring S. The following statements hold.

(i) A is left pure if and only if A∩ L = (ΣAAL] for each ordered left ideal L of S.
(ii) A is lateral pure if and only if A∩M = (ΣAAMAA] for each ordered lateral ideal M of S.

(iii) A is right pure if and only if A∩R = (ΣRAA] for each ordered right ideal R of S.

Proof. Let A be an ordered ideal of S.

(i) Let L be an ordered left ideal of S. Assume that A is left pure. If x ∈ A∩ L, then x ∈ (ΣAAx] ⊆
(ΣAAL]. So, A ∩ L ⊆ (ΣAAL]. Clearly, (ΣAAL] ⊆ (ΣA] = A and (ΣAAL] ⊆ (ΣL] = L. Thus,

(ΣAAL] ⊆ A∩ L. Hence, A∩ L = (ΣAAL].
Conversely, let a ∈ A. Using Theorem 3.1(i), we get that

a ∈ A∩ L(a) = (ΣAAL(a)] = (ΣAA(Σa + ΣSSa)]

⊆ (ΣAAa + ΣAASSa] ⊆ (ΣAAa + ΣAAa] = (ΣAAa].

Therefore, A is left pure.

(ii) Let M be an ordered lateral ideal of S. Assume that A is lateral pure. If x ∈ A∩M, then

x ∈ (ΣAxA + ΣAAxAA]

⊆ (ΣA(ΣAxA + ΣAAxAA]A + ΣAAxAA]

⊆ ((ΣAAxAA + ΣAAAxAAA] + ΣAAxAA]

⊆ (ΣAAxAA + ΣAAAxAAA + ΣAAxAA]
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= (ΣAAxAA + ΣAAAxAAA]

⊆ (ΣAAMAA + ΣAAAMAAA]

⊆ (ΣAAMAA + ΣAAMAA]

= (ΣAAMAA].

So, A ∩M ⊆ (ΣAAMAA]. Clearly, (ΣAAMAA] ⊆ (ΣAAA] ⊆ (ΣA] = A and (ΣAAMAA] ⊆

(ΣAMA] ⊆ (ΣM] = M. Thus, (ΣAAMAA] ⊆ A∩M. Hence, A∩M = (ΣAAMAA].

Conversely, let a ∈ A. Using Theorem 3.1(ii), we get that

a ∈ A∩M(a) = (ΣAAM(a)AA]

= (ΣAA(Σa + ΣSaS + ΣSSaSS]AA]

⊆ (ΣAAaAAA + ΣAASaSAA + ΣAASSaSSAA]

⊆ (ΣAaA + ΣAAaAA].

Therefore, A is lateral pure.

(iii) It can be proved similarly to (i). □

Definition 4.2. An ordered ideal A of an ordered ternary semiring S is called quasi-pure if A is left pure,
lateral pure, and right pure.

The following remark follows directly from Definition 4.2.

Remark 4.1. An ordered ideal A of an ordered ternary semiring S is quasi-pure if and only if for each x ∈ A,
x ∈ (ΣAAx]∩ (ΣAxA + ΣAAxAA]∩ (ΣxAA].

We define the notion of a left (resp. right) lightly regular ordered ternary semiring in a similar

way to that of a left (resp. right) lightly regular ordered ternary semigroup [4] as follows.

Definition 4.3. An ordered ternary semiring S is said to be left lightly regular (resp. right lightly

regular) if a ∈ (ΣSSaSa] (resp. a ∈ (ΣaSaSS]) for all a ∈ S.

The following theorem is a characterization of a left (resp. right) lightly regular ordered ternary

semiring by its left (resp. right) pure ideals.

Theorem 4.2. An ordered ternary semiring S is left lightly regular (resp. right lightly regular) if and only
if every ordered ideal of S is left pure (resp. right pure).

Proof. Assume that S is left lightly regular. Let A be an ordered ideal of S and a ∈ A. By assumption,

we get that a ∈ (ΣSSaSa] ⊆ (ΣSSaS(ΣSSaSa]] ⊆ (ΣSSaSSSaSa] ⊆ (ΣSSASSSASa] ⊆ (ΣAAa]. Hence,

A is left pure.

Conversely, let a ∈ S. Assume that every ordered ideal of S is left pure. Using Theorem 3.1 and

4.1, we obtain that

a ∈ J(a)∩ L(a)
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= (ΣJ(a)J(a)L(a)]

⊆ (ΣJ(a)SL(a)]

= (Σ(Σa + ΣSSa + ΣaSS + ΣSaS + ΣSSaSS]S(Σa + ΣSSa]]

⊆ (ΣaSa + ΣSSaSa].

Using a ∈ (ΣaSa + ΣSSaSa], it turns out that

a ∈ (ΣaSa + ΣSSaSa]

⊆ (ΣaS(ΣaSa + ΣSSaSa] + ΣSSaSa]

⊆ ((ΣSSaSa] + ΣSSaSa]

⊆ (ΣSSaSa].

Therefore, S is left lightly regular. □

We define the notion of a softly intra-regular ordered ternary semiring in a similar way to that

of a softly intra-regular n-ary semigroup [2], where n = 3.

Definition 4.4. An ordered ternary semiring S is said to be softly intra-regular if a ∈ (ΣSSaSaSS] for all
a ∈ S.

The following theorem is a characterization of a softly intra-regular ordered ternary semiring

by its lateral pure ordered ideals.

Theorem 4.3. An ordered ternary semiring S is softly intra-regular if and only if every ordered ideal of S
is lateral pure.

Proof. Assume that S is softly intra-regular. Let A be an ordered ideal of S and a ∈ A. By assumption,

we get that

a ∈ (ΣSSaSaSS]

⊆ (ΣSS(ΣSSaSaSS]S(ΣSSaSaSS]SS]

⊆ (ΣSSSSaSaSSSSSaSaSSSS]

⊆ (ΣSSaSaSaSaSS]

⊆ (ΣSSaSaS(ΣSSaSaSS]SaSS]

⊆ (ΣSSaSaSSSaSaSSSaSS]

⊆ (ΣSSASASSSASASSSASS]

⊆ (ΣAAaAA]

= ({0}+ ΣAAaAA]

⊆ (ΣAaA + ΣAAaAA].

Hence, A is lateral pure.
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Conversely, let a ∈ S. Assume that every ordered ideal of S is lateral pure. Using Theorem 3.1

and 4.1, we obtain that

a ∈ J(a)∩M(a)

= (ΣJ(a)J(a)M(a)J(a)J(a)]

⊆ (ΣJ(a)SM(a)SS]

= (Σ(Σa + ΣSSa + ΣaSS + ΣSaS + ΣSSaSS)

S(Σa + ΣSaS + ΣSSaSS)SS]

⊆ (ΣaSaSS + ΣSSaSaSS].

Using a ∈ (ΣaSaSS + ΣSSaSaSS], it turns out that

a ∈ (ΣaSaSS + ΣSSaSaSS]

⊆ (Σ(ΣaSaSS + ΣSSaSaSS]SaSS + ΣSSaSaSS]

⊆ ((ΣSSaSaSS] + ΣSSaSaSS]

⊆ (ΣSSaSaSS].

Therefore, S is softly intra-regular. □

The following corollary follows immediately from Definition 4.2, Theorem 4.2, and Theorem

4.3.

Corollary 4.1. An ordered ternary semiring S is left lightly regular, right lightly regular, and softly
intra-regular if and only if every ordered ideal of S is quasi-pure.
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