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Abstract. We introduce the notions of left pure, lateral pure, right pure and quasi-pure ordered ideals of ordered ternary
semirings and characterize several regularity conditions on ordered ternary semirings using the purities of their ordered

ideals.

1. INTRODUCTION

A semiring is a notable generalization of a ring and appears in applications to automata the-
ory, formal languages, optimization theory, and other branches of applied mathematics. Clearly,
we are always able to construct a ternary semiring from a given semiring but there is a ternary
semiring such that it cannot be considered a semiring. Similarly, we can consider a given ternary
semiring as an ordered ternary semiring together with the equality relation. For ordered semi-
groups, Changphas and Sanborisoot [1] defined the notions of left pure and right pure ideals and
characterized left weakly regular and right weakly regular ordered semigroups in terms of left
pure and right pure ideals, respectively. They also studied these concepts in the context of ternary
semigroups in [5]. Moreover, the concepts of pure fuzzy ideals and weakly pure fuzzy ideals in or-
dered ternary semigroups were introduced in [6]. Palakawong na Ayutthaya and Pibaljommee [3]
defined the notions of left pure, right pure, quasi-pure, and bi-pure ordered ideals and used them
to characterize several kinds of regularities on ordered semirings.

Motivated by [1, 3, 5], we introduce the notions of left pure, lateral pure, right pure and quasi-
pure ordered ideals in ordered ternary semirings and characterize several regularity conditions by

means of these purities.
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2. PRELIMINARIES

A semiring is an algebraic system (S, +, ) such that (S, +) and (S, ) are semigroups satisfying
the distributive property, i.e., (1+b) -c=a-c+b-candc-(a+b) =c-a+c-bforalla,b,ceS.

A nonempty set S together with a ternary operation f : SXSxXS — S is called a ternary
groupoid. If a ternary groupoid (S, f) satisfies the associative property, i.e., f(f(a,b,c),de) =
f(a, f(b,c,d),e) = f(ab,f(c,d,e)) foralla,b,c,deecS,thenitis called a ternary semigroup.

An algebraic system (S, +, f) is said to be a ternary semiring if (S, +) is a semigroup, (S, f) is a
ternary semigroup and the following conditions are satisfied: f(x + y,a,b) = f(x,a,b) + f(y,a,b),
f(a,x+y,b) = f(a,x,b) + f(a,y,b),and f(a,b,x+vy) = f(a,b,x) + f(a,b,y) foralla,b,x,y € S.

It is easy to construct a ternary semiring (S, +, f) from the given semiring (S, +, -) by defining
f(a,b,c) = (a-b)-cforalla,b,c €S However, there is a ternary semiring such that it cannot be

considered as a semiring.

Example 2.1. Let Z~ be the set of all negative integers. Then (Z~,+,-) is a ternary semiring where + is
the usual addition and - is the usual multiplication. However, (Z.~,+, ) is not a semiring becausea-b ¢ 7.~
foranya,beZ".

An ordered ternary semiring is an algebraic structure (S, +, f, <) such that (S, +, f) is a ternary
semiring and (S, <) is a partially ordered set satisfying the following properties; foranya, b, x, y € S,
ifa <b thena+x <b+x, x+a < x+b, flaxy) < f(bxy), f(x,a,y) < f(x,b,y), and
f(xy,a) < f(x,y,b).

An ordered ternary semiring (S, +, f, <) is called additively commutative if a +b = b+ a for all
a,b € S. An element 0 of (S,+, f,<) is said to be an absorbing zero if x +0 = x = 0+ x and
f(0,x,y) = f(x,0,y) = f(x,y,0) =0forallx,y €S.

Throughout this work, we simply write S instead of an ordered ternary semiring (S, +, f, <)
and always assume that it is additively commutative and contains an absorbing zero. For the
convenience of writing, we also shortly write the juxtaposition abc instead of f(a,b,c) for any
a,b,ceSs.

Let A, B, and C be nonempty subsets of an ordered ternary semiring S. We define the following

notations:
A+B = {a+blacAbeB)} (2.1)
ABC = {abclae€e A,beB,ceC}, (2.2)
YA = Z a; | a; € A and [ is a finite set} , and (2.3)
(A] = {xZEEI S|x <aforsomeac Al (2.4)

In a particular case of a € S, we write aAB, AaB, ABa, Xa, and (a] instead of {a}AB, A{a}B, AB{a},
X{a}, and ({a}], respectively.

If I = 0, then we set ) ;;a; = 0 where 0 is an absorbing zero of S for all 4; € S.
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The following lemma contains some basic properties of the finite sums and the operator (] of

nonempty subsets of an ordered ternary semiring and their proofs are routine.

Lemma 2.1. Let A, B, and C be nonempty subsets of an ordered ternary semiring S. Then the following

statements hold.

(1) ACXAand LA = X(ZA).

(2) If A C B, then ZA C ¥B.

(3) Z(A+B) CXZA+3XB.

(4) (XA)BC C XABC, A(XB)C C XABC, and AB(XC) C £ABC.
(5) Z(ANB) CXANXB.

(6) TAUXBC X(AUB).

(7) £(A] € (2A].

(8) A C (A] and (A] = ((A])

(9) IfA C B, then (A] C (B].
(10) (A]+ (B] < (A + B].
(11) (A]BC ¢ (ABC], A(B|C ¢ (ABC], and AB(C] € (ABC].
(12) (ANB| < (4] N (B.

(13) (AUB] = (A] U (B].

3. ORDERED IDEALS OF ORDERED TERNARY SEMIRINGS

A nonempty set T of an ordered ternary semiring S is called a ternary subsemiringof Sit T+ T C T
and TTT C T. The following definition contains several special kinds of ternary subsemirings of

an ordered ternary semiring.

Definition 3.1. A nonempty subset A of an ordered ternary semiring S is called an ordered left ideal
(resp. ordered lateral ideal, ordered right ideal) of Sif A+ A C A, A = (A], and SSA C A (resp.
SAS C A, ASS C A). If A is an ordered left ideal, an ordered lateral ideal, and an ordered right ideal of S,
then it is called an ordered ideal of S.

Example 3.1. The set 27, = {0,-2,-4,-6,...} is an ordered ideal of the ordered ternary semiring
(Z +,-,<), where Z;is the set of all negative integers together with zero, + is the usual addition, - is the
usual multiplication, and < denotes the equality relation.

Example 3.2. Let S = {0,a,b, c}. Define a binary operation + on S as the following table.

+10 a b ¢
0|0 a b c
ala a b b
b|b bbb
clc b b ¢
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Define a ternary operation f on S by

fO,x,y) = f(x,0,y)=f(x,y,0) =0forallx,yeS,
f(a,a,a) = a,f(aba)= f(aca) =D,

f(b,x,a) = f(c,x,a) =Dbforallx € S\{0},

f(x,y,b) = b, and f(x,y,c) =cforall x,y € S\ {0}.

Define a binary relation on S by <:= {(0,0), (a,a), (b,b), (c,c), (b,c)}. Then (S,+, f,<) is an ordered
ternary semiring. Since {0,b} +{0,b} C {0, b}, {0, b} = ({0, b}], and SS{0, b} C {0, b}, we get that {0, b} is
an ordered left ideal of S. However, {0, b} is not an ordered right ideal and not an ordered lateral ideal of S
because S{0,b}S = {0,b}SS = {0, b,c} € {0, b}.

,a

Let a be an element of an ordered ternary semiring S. The ordered left ideal (vesp. ordered lateral
ideal, ordered right ideal, ordered ideal) of S generated by a is the smallest ordered left ideal (resp.
ordered lateral ideal, ordered right ideal, ordered ideal) of S containing a denoted by L(a) (resp.
M(a), R(a), ] (a))-

Theorem 3.1. Let a be an element of an ordered ternary semiring S. The following statements hold.
(i) L(a) = (Xa+ XSSal.
(i) M(a) = (Xa+ XSaS + XSSaSS)|.
(iii) R(a) = (Xa+ XaSS|.
(iv) J(a) = (Xa+ £SSa+ XaSS + X5aS + %5SaSS)|.

Proof. Leta € S. The proofs of (i), (ii), and (iii) can be obtained similarly as special cases of (iv).
(iv) Let | = (Xa+ XSSa + XaSS + £SaS + £55aSS]. Clearly, J[+]J € J, ] = (J], and a =
a+04+0+0+0 € ]. Next, we obtain

SS] = SS(Xa+ XSSa+ XaSS + X.SaS 4 X£.55aSS]
C (XSSa+ XSaS+ £S55aSS|
= ({0} +XSSa + {0} 4 XSaS + X£55aSS|
c J

Analogously, we get J|SS C J. Consider

SJS = S(Xa+XxSSa+ XaSS+ XSaS + x55aSS|S
C (XSaS +X55aSS]
= ({0} + {0} + {0} 4 XSaS + X£55aSS]
c J

Now, | is an ordered ideal of S containing a. Let K be an ordered ideal of S containing a. Then
J = (Xa + XSSa + XaSS + £5aS + £55aSS| € (XK + XSSK + XKSS + X.SKS + £SSKSS| € (XK +
YK + XK + XK + XK] = (XK] = K. Therefore, | is the smallest ordered ideal of S containing a. O
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Now, we introduce the notion of an ordered quasi-ideal of an ordered ternary semiring as a
generalization of an ordered left ideal, an ordered lateral ideal, and an ordered right ideal as the
following definition.

Definition 3.2. A nonempty subset A of an ordered ternary semiring S is called an ordered quasi-ideal
of SfA+ACA, A= (Al and (2SSA] N (XSAS + XSSASS| N (XASS] C A.

It is obvious that if A is an ordered left ideal, an ordered lateral ideal, or an ordered right ideal
of an ordered ternary semiring S, then A is an ordered quasi-ideal of S.
The following example is an example of an ordered quasi-ideal of an ordered ternary semiring

which is not an ordered left ideal and not an ordered lateral ideal.

Example 3.3. Let S = {0,a,b, c}. Define a binary operation + on S by the following table.

+10 a b c
0/0 a b c
ala a a a
b|b a b c
clc a c c

Define a ternary operation f on S by
fO0,x,y) = f(x,0,y)=f(x,y,0) =0forallx,y€S,
fla,x,y) = f(c,x,y)=a, and f(b,x,y) =bforallx,y € S\ {0}.

Then (S,+, f,=) is an ordered ternary semiring where = is the relation {(x,x) € S x S}. Let A = {0, a}.
Observe that A+ A C A, A= (A],and

SSA = SAS =1{0,a,b}, ASS ={0,a}, SSASS ={0,a,b}.

Hence,
(XSSA] N (XSAS + XSSASS] N (XASS] = {0,a,b} N {0,a,b} N {0, a} = {0, a}.

Therefore, A is an ordered quasi-ideal of S. However, A is not an ordered left ideal and not an ordered lateral
ideal of S because SAS = SSA = {0,a,b} £ A.

Let a be an element of an ordered ternary semiring S. The ordered quasi-ideal of S generated by a is

the smallest ordered quasi-ideal of S containing a, denoted by Q(a).

Theorem 3.2. Let a be an element of an ordered ternary semiring S. Then

Q(a) = (Za+ ((XSSa] N (£SaS + £5S5aSS| N (XaSS))].

Proof. Leta € S and Q = (Xa + ((XSSa] N (XSaS + £55aSS| N (XaSS])]. Clearly, Q4+ Q € Q and
a =a—+ 0 € Q. We obtain that

(£SSQ] = (2S5(Za + ((£8Sa] N (£SaS + £S5SaSS] N (£aSS))])]
C (£SS(Za + (£5Sa]]
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(£SSa + £5555a]]
2.55a + %.5S5a]
¥.5Sa].

c (
< (

(
Similarly, we can prove that (£QSS] C (XaSS]. We get that
(£5QS + £55Q8SS]
— (Z5(Za + ((T55a] N (TSaS + £55aSS] N (£aSS])]S
+355(Za + ((£8Sa] N (2S4S + £55a88] N (2aSS])]SS]
— (25(Za + (5aS + £55a58]]S
 T55(a + (£5aS + £55a5S]]SS]
C (a8 + £58aSS).

It follows that
(2SSQ] N (ESQS + XSSQSS] N (2QSS] € (£SSa] N (XSaS + £55aSS]) N (XaSS|
= {0} + ((£SSa] N (XSaS + £55aSS| N (XaSS])
cO.

Now, Q is an ordered quasi-ideal of S containing a. Let K be an ordered quasi-ideal of S containing
a. Then Q = (Xa+ ((XSSa] N (XSaS + £55aSS]) N (XaSS])] € (EK+ ((XSSK] N (XSKS 4 XSSKSS| N
(XKSS])] € (£K] = K. Therefore, Q is the smallest ordered quasi-ideal of S containing a. o

Remark 3.1. The intersection of an ordered left ideal, an ordered lateral ideal, and an ordered right ideal of
an ordered ternary semiring is an ordered quasi-ideal.

Proof. Let L, M, and R be an ordered left ideal, an ordered lateral ideal, and an ordered right ideal
of S. It is not difficult to show that L N M N R is closed under addition. We consider

(ZSS(LNMNR)|N((ES(LNMNR)S
+XSS(LNMNR)SS)|N(Z(LNMNR)SS]
C (ZSSL] N (ESMS + £SSMSS] N (ZRSS]
C (L) N (M +ZM] N (ZR]
= (ZL] N (ZM] N (ZR]
=LNMnNR.

Hence, LN M N R is an ordered quasi-ideal of S. m]
Definition 3.3. An ordered ternary semiring S is called regular if a € (XaSaSa] for all a € S.

The following remark follows directly from Definition 3.3.
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Remark 3.2. An ordered ternary semiring S is reqular if and only if A € (ZASASA] forall @ + A C S.

Let A be a nonempty subset of an ordered ternary semiring S. The ordered left ideal (resp. ordered
lateral ideal, ordered right ideal) of S generated by A is the smallest ordered left ideal (resp. ordered
lateral ideal, ordered right ideal) of S containing A, denoted by L(A) (resp. M(A), R(A)). The

following lemma can be obtained analogously to Theorem 3.1.

Lemma 3.1. Let A be a nonempty subset of an ordered ternary semiring S. The following statements hold.

(i) L(A) = (ZA + XSSA.
(ii) M(A) = (ZA + £SAS + £SSASS].
(iii) R(A) = (ZA + ZASS].

Lemma 3.2. Let A be a nonempty subset of a reqular ordered ternary semiring S. The following statements
hold.
(i) L(A) = (XSSA].
(ii) M(A) = (XSAS + XSSASS].
(ili) R(A) = (ZASS].

Proof. Let® # A C S. Assume that S is regular.
(i) Using Remark 3.2, we get that

YA CY(XASASA] C (ZASASA] C (LSSSSA| C (XSSA].
By Lemma 3.1 it turns out that
L(A) = (XA + XSSA] C ((XSSA] + LSSA] C (XSSA + LSSA] = (XSSA] = ({0} + XSSA] C L(A).

Hence, L(A) = (XSSA].
(ii) Using Remark 3.2, we get

YA C X(ELASASA] C (XASASA] C (XSSASS].
By Lemma 3.1, it turns out that

M(A) = (SA + £SAS + £SSASS)
C ((ZSSASS] + £SAS + £SSASS]
C (ZSAS + £SSASS]
= ({0} + £SAS + £SSASS]
c M(A).
Hence, M(A) = (ESAS + ZSSASS].

(iii) It can be proved in a similar way to (i). o
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Theorem 3.3. Let S be a reqular ordered ternary semiring. Every ordered quasi-ideal Q of S can be written
in the form
Q=LNMnNR,

where L, M, and R are an ordered left ideal, an ordered lateral ideal, and an ordered right ideal of S,

respectively.

Proof. Let Q be an ordered quasi-ideal of S. Itis clear that Q € L(Q) N M(Q) NR(Q). Using Lemma
3.2, we get that L(Q) N M(Q) NR(Q) = (£SSQ] N (XSQS + £SSQSS| N (£QSS| € Q. Therefore,
Q = L(Q) N M(Q) NR(Q). O

4. PURE ORDERED IDEALS OF ORDERED TERNARY SEMIRINGS

In this section, we give the notions of several kinds of pure ordered ideals on ordered ternary

semirings and use them to characterize regularities of ordered ternary semirings.

Definition 4.1. An ordered ideal A of an ordered ternary semiring S is called left pure (resp. lateral pure,
right pure) if for each x € A, x € (LAAx] (resp. x € (LAxA + LAAxAA], x € (XxAA)).

We describe a connection between a left pure ordered ideal (resp. lateral pure ordered ideal,
right pure ordered ideal) and an ordered left ideal (resp. an ordered lateral ideal, an ordered right

ideal) of an ordered ternary semiring as the following theorem.

Theorem 4.1. Let A be an ordered ideal of an ordered ternary semiring S. The following statements hold.

(i) Ais left pure if and only if ANL = (EAAL)| for each ordered left ideal L of S.
(ii) A is lateral pure if and only if ANM = (XAAMAA] for each ordered lateral ideal M of S.
(iii) A is right pure if and only if AN R = (XRAA] for each ordered right ideal R of S.

Proof. Let A be an ordered ideal of S.

(i) Let L be an ordered left ideal of S. Assume that A is left pure. If x €e ANL, then x € (£XAAx] C
(ZAAL]. So, ANL C (XAAL]. Clearly, (XAAL] C (XA] = A and (XAAL] C (XL] = L. Thus,
(ZAAL] C ANL. Hence, ANL = (ZAAL).

Conversely, let a € A. Using Theorem 3.1(i), we get that

a€ ANL(a) = (XAAL(a)] = (XAA(Xa+ £SSa)]
C (ZAAa + TAASSa) C (SAAa + SAAa) = (SAAq).

Therefore, A is left pure.
(ii) Let M be an ordered lateral ideal of S. Assume that A is lateral pure. If x € A N M, then

x € (XAxA + XAAxAA]

(ZA(ZAXA + TAAYAA|A + TAAxAA]
(ZAAXAA + SAAAXAAA] + TAAXAA]
YAAxAA + ZAAAXAAA + L AAxXAA]

N

c (
< (
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(ZAAXAA + LAAAXAAA]
(ZAAMAA + SAAAMAAA]
(ZAAMAA + SAAMAA]
(ZAAMAA].

N 1N

So, ANM C (SAAMAA]. Clearly, (SAAMAA] C (ZAAA] € (SZA] = A and (SAAMAA] C

(ZAMA] C (EM] = M. Thus, (SAAMAA] € AN M. Hence, ANM = (ZAAMAA].
Conversely, let a € A. Using Theorem 3.1(ii), we get that

1€ ANM(a) = (SAAM(a)AA]
= (SAA(Sa + £5aS + £SSaSS]AA]

C (XAAaAAA + 2AASaSAA + LAASSaSSAA]
C (ZAaA + XAAaAA].
Therefore, A is lateral pure.
(iif) It can be proved similarly to (7). ]

Definition 4.2. An ordered ideal A of an ordered ternary semiring S is called quasi-pure if A is left pure,
lateral pure, and right pure.

The following remark follows directly from Definition 4.2.

Remark 4.1. An ordered ideal A of an ordered ternary semiring S is quasi-pure if and only if for each x € A,
x € (XAAx] N (ZAxA + ZAAxXAA] N (XxAA].

We define the notion of a left (resp. right) lightly regular ordered ternary semiring in a similar
way to that of a left (resp. right) lightly regular ordered ternary semigroup [4] as follows.

Definition 4.3. An ordered ternary semiring S is said to be left lightly regular (resp. right lightly
regular) if a € (£5SaSa] (resp. a € (£aSaSS]) foralla € S.

The following theorem is a characterization of a left (resp. right) lightly regular ordered ternary

semiring by its left (resp. right) pure ideals.

Theorem 4.2. An ordered ternary semiring S is left lightly reqular (resp. right lightly reqular) if and only
if every ordered ideal of S is left pure (resp. right pure).

Proof. Assume that Sis left lightly regular. Let A be an ordered ideal of S and 2 € A. By assumption,
we get thata € (X£55aSa] C (X55a5(X5SaSa]] € (£55a55SaSa| € (XSSASSSASa| C (£AAa|. Hence,
A is left pure.

Conversely, let a € S. Assume that every ordered ideal of S is left pure. Using Theorem 3.1 and
4.1, we obtain that

a€J(a)NnL(a)
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= (ZJ(a)](a)L(a)]

(2](a)SL(a)]

= (X(Xa + XS5Sa + XaSS + £SaS + £55aSS]S(Xa + XS5S5a||
C (XaSa+ XSSaSa].

N

Using a € (XaSa + £5SaSa], it turns out that
a € (XaSa + X5SaSal
(ZaS(ZaSa + £SSaSa] + £SSasa]
C ((XSSaSa] + £SSaSa]
C (X55aSa).

N

Therefore, S is left lightly regular. m]

We define the notion of a softly intra-regular ordered ternary semiring in a similar way to that

of a softly intra-regular n-ary semigroup [2], where n = 3.

Definition 4.4. An ordered ternary semiring S is said to be softly intra-regular if a € (£55aSaSS] for all
aes.

The following theorem is a characterization of a softly intra-regular ordered ternary semiring

by its lateral pure ordered ideals.

Theorem 4.3. An ordered ternary semiring S is softly intra-regular if and only if every ordered ideal of S

is lateral pure.

Proof. Assume that S is softly intra-regular. Let A be an ordered ideal of Sand a € A. By assumption,
we get that

a € (£55a5aS8]
%.55(£5545aSS]S(£5525a58]SS]
¥.5555a5a55555a5a5SSS|
(X55aSaSaSaSS|
(£554SaS(£552SaSS]SaSS]
(25545a555a5a555aSS]
(XSSASASSSASASSSASS]
(ZAARAA]

({0} + ZAAGAA]

C (SAaA + LAAAA].

N

(
(

N N 1IN NN iN

Hence, A is lateral pure.
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Conversely, let 2 € S. Assume that every ordered ideal of S is lateral pure. Using Theorem 3.1
and 4.1, we obtain that

a € J(a)NM(a)
= (Z](a)] (a)M(a)](a)] ()]
C (XJ(a)SM(a)SS]
= (X(Xa+ XS55a + XaSS + £SaS + £55aSS)
S(Xa + X.5aS + £55aSS)SS]
C (XaSaSS + %55a5aSS].

Using a € (XaSaSS + £55a5aSS], it turns out that

a € (XaSaSS + £55a5aSS]
C (X(XaSaSS + £55a5aSS|SaSS + %.55a5aSS]
C ((X55a5aSS] + £55aS5aSS|
C (X5SaSaSS].

Therefore, S is softly intra-regular. O

The following corollary follows immediately from Definition 4.2, Theorem 4.2, and Theorem
43.

Corollary 4.1. An ordered ternary semiring S is left lightly regqular, right lightly reqular, and softly
intra-regular if and only if every ordered ideal of S is quasi-pure.

Acknowledgments: This research project was financially supported by Mahasarakham Univer-
sity.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.

REFERENCES

[1] T. Changphas, J. Sanborisoot, Pure Ideals in Ordered Semigroups, Kyungpook Math. J. 54 (2014), 123-129. https:
//doi.org/10.5666/KM].2014.54.1.123.

[2] J. Daengsaen, S. Leeratanavalee, B. Davvaz, On Minimal and Maximal Hyperidealsin N-Ary Semihypergroups,
Mathematics 8 (2020), 1656. https://doi.org/10.3390/math8101656.

[3] PPN. Ayutthaya, B. Pibaljommee, Purities of Ordered Ideals of Ordered Semirings, Kyungpook Math. J. 60 (2020),
455-465. https://doi.org/10.5666/KM].2020.60.3.455.

[4] Patchara Pornsurat, Pakorn Palakawong Na Ayutthaya, Bundit Pibaljommee, Linear Inequations with 5-Digit
and Regularity Conditionson Ordered Ternary Semigroups, Songklanakarin J. Sci. Technol. 43 (2021), 1550-1555.
https://doi.org/10.14456/sjst-psu.2021.202.

[5] J. Sanborisoot, T. Changphas, On Pure Ideals in Ordered Ternary Semigroups, Thai J. Math. 12 (2014), 455-464.

[6] J. Sanborisoot, On Pure Fuzzy Ideals in Ordered Ternary Semigroups, ICIC Express Lett. 16 (2022), 1279-1286.


https://doi.org/10.5666/KMJ.2014.54.1.123
https://doi.org/10.5666/KMJ.2014.54.1.123
https://doi.org/10.3390/math8101656
https://doi.org/10.5666/KMJ.2020.60.3.455
https://doi.org/10.14456/sjst-psu.2021.202

	1. Introduction
	2. Preliminaries
	3. Ordered ideals of ordered ternary semirings
	4. Pure ordered ideals of ordered ternary semirings
	Acknowledgments:
	Conflicts of Interest:

	References

