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Abstract. In this paper, we exhibit a detailed analysis of non-associativity and non-commutativity of the binary operation
o in a semi-Brouwerian almost distributive lattice and characterize the algebraic structure in terms of the different

associative types.

1. INTRODUCTION

1.1. Background and Motivation. The idea of an almost distributive lattice [12] emerged as a
generalization of the more restrictive concept of a distributive lattice [1,2,10,11]. While distributive
lattices have well-defined properties and are widely studied, they impose strong conditions on
the relationships between lattice operations. In a distributive lattice, the meet A and join ¥
operations satisfy the distributive properties. However, in certain applications or contexts, it is
desirable to relax this strict requirement and consider structures where the distributive property
only approximately holds or holds with some exceptions. This relaxation led to the introduction

of almost distributive lattices. In an almost distributive lattice, the distributive property is not
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strictly required to hold for all elements. Instead, it is allowed to hold approximately or with some
exceptions. In other words, an almost distributive lattice satisfies the distributive property "almost
everywhere" but may have some specific elements or combinations of elements where the property
does not hold. The relaxation of the distributive property in almost distributive lattices allows
for more flexible and diverse mathematical structures that can capture real-world phenomena
or scenarios that do not adhere strictly to distributivity. It provides a broader framework for
modelling and analyzing situations where there might be exceptions or variations in the behaviour
of lattice operations. On this almost distributive lattice, many authors [13-15] explored the pseudo-
complementation, stone representation, Birkhoff center and many more, on this algebra with the
two binary operations ¥ and A.

In 2010 by introducing another binary operation g on almost distributive lattices, Heyting almost
distributive lattices [5] was introduced, which captures the essence of both almost distributive
lattices and Heyting algebras [3]. The o operation represents implication or logical implication
within the lattice structure. It allows for a more expressive and powerful algebraic structure that
can model reasoning and logical relationships between elements. Further, in 2014, semi-Heyting
almost distributive lattices [6] and almost semi-Heyting algebra [7] extend the concept of Heyting
almost distributive lattices by allowing a more flexible notion of implication, which is known as a
semi-Heyting implication. The semi-Heyting implication captures a weaker form of implication,
often referred to as repudiation.

Up to date, all authors have studied various algebras on almost distributive lattices with both
least element 0 and maximal element m, in 2022 semi-Brouwerian almost distributive lattice [9]
were studied with only a maximal element m, by having only a maximal element, provide a
simplified structure that focuses on the properties and relationships associated with the maximal
element. This simplicity can aid in analyzing and understanding the behaviour and implications
of a single dominating element within the lattice. By excluding the least element, semi-Brouwerian
almost distributive lattices possess specific properties and characteristics distinct from those found
in semi-Heyting almost distributive lattices.

The major observation in an almost distributive lattice is that it fails to satisfy the one of distribu-
tive law according to the definition given in [12]. Later, it was observed that the associativity with
respect to A holds in an almost distributive lattice, but the associativity of V is still not known. It
was an open problem given by Rao and Swamy in 1980. As the associativity of the binary operation
with respect to V failed, it gave us the idea to check the associativity of the binary operation g, the
failure of commutativity with respect to ¥ and A in an almost distributive lattices lead us the way

to discuss the commutativity of g in semi-Brouwerian almost distributive lattices.

1.2. Objective and Overview. The main objective is to study the failure of the associative and
commutative binary operation g in semi-Brouwerian almost distributive lattices; we can recall that
an associative identity contains three variables that are distinct and can occur in any order which

are grouped in and around 14 different ways. We aim to identify specific elements or combinations
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of elements within the lattice where the 14 identities of associativity do not hold, providing a clear
explanation and illustration of this failure along with the commutative property of ¢.

In this overview, we will briefly introduce the notation of a semi-Brouwerian almost distributive
lattice and its defining properties. We will then outline the significance of studying the failure of
associativity and commutativity within this lattice structure and also study the peculiar behaviour
of the 14 identities in associativity and how they can be obtained by considering any one of
the 14 identities of associative and considering the commutative identity on semi-Brouwerian
almost distributive lattices. Finally, observe that the first associative identity, the fourth associative
identity and the commutative identity are distinct.

2. PRELIMINARIES

Let us recall useful, necessary results on almost distributive lattices and semi-Brouwerian almost

distributive lattices, frequently required in the sequel.

Definition 2.1. [12] An algebra (S,¥, A) of type (2,2) is referred to as an almost distributive lattice if it
meets the conditions listed below:

(i) (x¥y)Az=(xAz)¥(yAz)
(i)) x A (y¥z) = (xAy) Y (xAz
(iii) (x¥y)Ay=1y
(iv) (xYy)Ax=x
(v) x¥ (xAy) =x

forallx,y,z € S.

Example 2.1. [12] If S is a non-empty set, then for any x,y € S. Definex ANy = y,x Yy = x. Then
(S,Y,A)isan ADL, and it is classified as a discrete ADL.

Throughout the preliminaries section, by S, we mean an almost distributive lattice (S, Y, A),
until otherwise mentioned. Given x,y € S, we say that x is less than or equal to y if and only if
x = x Ay; or equivalently x ¥V y = y, and it is denoted by x < y. Therefore < is a partial ordering

on S. An element m is considered maximal if no element x exists, such as m < x.

Theorem 2.1. [12] For any m € S, the below conditions are interchangeable,

(i) m is a maximal element
(i) m¥x =m, forall x € S
(iii) m Ax = x, forall x € S.

Theorem 2.2. [12] Forany x,y,z € S,
(i) xYy=xoxAy=x
(i) xYy=yoxAy=x
(iii) x Ny = y Ax = x whenever x <y

(iv) A is associative in L
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(V) xAyAz=yAxAz
(i) (x¥y)Az=(y¥Yx
(vii) x ANy <yandx <xYy

Az

~—

(viii)) x Ax =xand x ¥ x = x

(ix) ifx<zand y <z, thenx ANy =yAxandxNVy=yVx

Definition 2.2. [9] S with m as its maximal element is considered as a semi-Brouwerian almost distributive
lattice (SBADL) if there is a binary operation o on S with the following identities:

(N1) (xox)Am=m

(N2) xA(xpy) =xAyAm

(No) xR (y 02) = xR [(xRAy) o (x 7 2)]
(Na) (xoy)Am=[(xAm)o(yAm)

forallx,y,z € S.

Theorem 2.3. [9]If S is an SBADL, then these are equivalent to one another:

(i) (xoy)Am= (yox)Am
(ii) (xom)Am=xAm
(iii) yA(xoy) Am=xAyAm

forallx,y €S.

3. IDENTITIES OF ASSOCIATIVE TYPE

In this section, we provide a good number of counter-examples for an SBADL in which the
binary operation g is not associative as well as commutative. We present different identities of
associative types of length three with respect to the binary operation ¢ and characterize SBADLs
through these identities.

Lemma 3.1. If S is an SBADL, with m as its maximal element then, for any x,y € S,

(i) (xoy) Am=m=>xAm<yAm
(ii) xAm<yAm=xAm<xpoy

(iii) mox = x Am.

Proof. Let x, y be any two elements in an SBADL S with a maximal element m.
(i) Assume that (x o y) Am = m. Then x A (x o y) Am = x A m. Now,
(xAm)A(yAm) = xAyAmAm
= xA(xoy)Am (by Ny of Definition 2.2)
= xAm.
Therefore, x Am < y A m.
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(if) Assume that x Am < y Am. Thenx Am = x Am Ay Am. Now,

(xAm)A(xpoy) = xA(xpy) (sincem ismaximal)
= xAyAm (by Ny of Definition 2.2)
= xAm. (by our assumption)

Therefore, x Am < (x g ).
(iii) Consider,
mox = mA(mox)
= mAxAm  (by N of Definition 2.2) m]
= xAm.
In the following, we give a counter-example for an SBADL in which the binary operation g does

not satisfy commutative and associative identities.

Example 3.1. Consider a five-element chain S = {w, x, y, z, m} in which the binary operation o is given as
follows:

olw x y z m
w|m m m m m
X |w my z m
yilx x m z m
z|\y y y mm
miw x Yy z m

Clearly, (S,Y, A, o,m) isan SBADL. Forw, x,y € S, it is straight forward to observe that [(w ox) o y] Am #
[wo (xoy)] Am,and also [(w o x)] Am # [(x ow)] A m. Therefore, o is not associative and commutative

inS.

If S is an SBADL, m; is a maximal element, and ¢ is the binary operation, then let us state and
name around 14 identities of length 3 of an associative kind with respect to the binary operation

o, as follows: for any x,y,z € S,

(SA1) [(xoy) oz] Am =[x o (y 0z)] Am (Associative law)
(SA2) [xo(yoz)]Am=[xp(zoy)]Am
(843) [xo(yoz)]Am={[(x0z) oyl Am
(SA4) [xo(yoz)]Am=[yo(xoz)]Am
(S4s) [xo(yoz)]Am=[(yox)oz]Am
(S46) [xo(yoz)]Am=[yo(zox)]Am
(SA7) [xo(yeoz)]Am=1[(yoz) ox] Am
(S4s) [xo(yvoz)]Am=[(zox)oy]Am
(SA9) [xo(yoz)]Am=[zo(yox)]Am
(SAw) [xo(yoz)|Am={[(zoy) ox] Am
(SAn) [(xoy) oz Am=[(x0z) oy] Am
(SA1) [(xoy) oz] Am=[(yox)oz] Am
(SAws) [(xoy) oz] Am=[(yoz) ox] Am
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(SAwu) [(xoy) oz] Am=[(zoy) ox] Am.

Throughout this section, by S, we mean that (S, Y, A, g, m) is an SBADL in which m is a maximal

element and o is the binary operation.
Definition 3.1. S is said to be associative with respect to the binary operation o if it satisfies SA;.

Definition 3.2. S said to be commutative with respect to the binary operation g, if it holds the property
(xoy)Am= (yox)Am,forallx,y €S.

It can be easily observed that the following Theorem 3.1 follows from Definitions 3.1, 3.2 and
2.2.

Theorem 3.1. If S is commutative and associative with regard to the binary operation o, then SA; if and
only if SAj, foralli,j € {1,2,3,...,14}.

Lemma 3.2. If S is associative, then p Am = (p o m) Am, forall p € S.

Proof. Suppose S is an associative SBADL, with m as its maximal element. Then, we have

[(xoy) oz]Am =[x 0 (y 0z)] Am, for all x,y,z € S. Replacing x, y,z with p in above, we

get
[(pop)eplAm=Ipolpop)]Am
= (mop)Am=(pom)Am (by Nj of Definition 2.2)
= mA(mop)Am=(pom)Am
= mApAm= (pom)Am (by Ny of Definition 2.2)
= pAm=(pom)Am. (by (v) of Theorem 2.2)
Therefore, pAm = (p om) Am mi

We provide a counter-example for an SBADL in which the identity in Lemma 3.2 does not hold
in the paragraphs that follow. In the following, we give a counter-example for an SBADL in which
the identity in Lemma 3.2 does not hold.

Example 3.2. Consider a three-element chain S = {x, y, m}, in which the binary operation o is given as
follows:

SR
8 3| v
I R |<
I ®R|3

m|x y m
Then (S,Y, A, 0,m) is a semi-Brouwerian almost distributive lattice. Moreover yAm = y # m =

(y om) Am.

Lemma 3.3. If S satisfies identities SAs or SAg or SA1g or SA1z or SA13 0r SA1s, thenp Am = (pom) Am,
forallp € S.
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Proof. Suppose that S satisfies SAs. Then
(pom)Am = [(pAm)o(pop) Am] (byNjand Ny of Definition 2.2)
= [po(pop)Am (by Ny of Definition 2.2)
= [(pop) op]Am (by 5As)
= (mop)Am (by N of Definition 2.2)
= pAm. (by (iii) of Lemma 3.1)
SAs:

pAm = pAmAm
(by (iii) of Lemma 3.1)
(by N of Definition 2.2)
(by SAg)
Am  (by (iii) of Lemma 3.1)

SAloi
(pom)Am = [po(mom)] by N; of Definition 2.2)
[ by SAl())
by N of Definition 2.2)

by (iii) of Lemma 3.1)

I
B
S
=
>
S

(
(
(
(

SAq,:
From Lemma 3.1 (ii), since p A m < m, we have p Am < (p o m) A m. On the other hand, consider
[(pom)op]Am = [(mop)op]Am (by SA1)
= [(pAm)op]Am (by (iii) of Lemma 3.1)
= (pop)Am (by Ny of Definition 2.2)
= m.
Hence (p o m) Am < p Am from (i) of Lemma 3.1.
Therefore p Am = (p o m) Am.

SA13Z
aAm = pAmAm
= (mop)Am (by (iii) of Lemma 3.1)
= [(mom)op] Am (by N of Definition 2.2)
= [(mop)om Am (by SA)
= (pom)Am. (by (iii) of Lemma 3.1)
SA14Z
(pom)Am = (pom)A(pom)AmAm
= (pom)A[(pAm)om]Am (by Ny of Definition 2.2)
= (pom)A[(mop)om|Am (by (iii) of Lemma 3.1)
= (pom)A[(mom)op]Am (by SAu)
= (pom)A(mop)Am (by N of Definition 2.2)
= (pom)ApAmAm. (by (iii) of Lemma 3.1)
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Therefore (p o m) Am < p Am. On the other hand, we know that p Am < (p ¢ m) A m. Thus
pAm= (pom)Am. m]

Remark 3.1. If S satisfies SA3 or SA4 or SA7 or SAg or SA1, then S need not satisfies the identity in
Lemma 3.2. For, see Example 3.2, we have y Am # (y o m) A m.

Remark 3.2. If S satisfies SAy, then S need not satisfy the identity in Lemma 3.2. For, take the example
below.

Example 3.3. Let S = {x,y, m}, with ¥, A and o defined as follows:

M‘x y m Q‘X y m
X |x y m x |m m m
yi\v vy y|x m-m
mim m m mix x m

It is evident that (S, Y, A, g,m) is an SBADL which satisfies SA,. It is clear to observe that
xAm# (x om)Am.

Recall the following lemma from [9].

Lemma 3.4. The following are equivalent in S:

(i) (xoy)Am=(yox)Am,forallx,y€S
(i) (xom)Am=xAm,forallx €S
(iii) yA(xoy) Am=xAyAm,forallx,y €S.

We establish a sufficient condition for an SBADL to satisfy condition Lemma 3.4(i) in the results
that follow.

Theorem 3.2. If S satisfies the identities SA; or SAs or SAg or SA1g or SA1p or SA13 or SA1a, then S is

commutative.
Proof. 1t is easy to prove the result from Lemmas 3.2, 3.3 and 3.4. m]
Theorem 3.3. If S satisfies the identities SAp or SAz or SAg or SA7 or SAg or SA11, then S is commutative.

Proof. Consider an SBADL with

SA,:
(xoy)Am = mo(xoy)Am (sincex AyAm =y AxAm)
= mo[(xAm)o(yAm)] (by N4 of Definition 2.2)
= mo[(yAm)o(xAm)] (bySAz)
= mol[(yox)Am] (by Ny of Definition 2.2)
= (yox)Am. (by (iii) of Lemma 3.1)

SA3Z
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(xoy)Am = mol[(xoy)Am] (by (iii) of Lemma 3.1)
= mo[(xAm)o(yAm)] (by Ny of Definition 2.2)
= [mo(yAm)]o(xAm) (bySAs)
= (yAm)o(xAm) (by (iii) of Lemma 3.1)
= (yox)Am (by Ny of Definition 2.2)

SA6Z

(xoy)Am = (xAm)o(yAm) (by Ny ofDefinition 2.2)
= (xAm)po(moy) (by (iii) of Lemma 3.1)
= molyo(xAm)] (by SAe)
= [yo(xAm)]Am (by (iii) of Lemma 3.1)
= (yAm)o(xAm) (by Ny of Definition 2.2)
= (yox)Am (by Ny of Definition 2.2)

SA72

(xoy)Am = (xAm)o(yAm) (by Ny ofDefinition 2.2)
= (xAm)o(moy) (by (iii) of Lemma 3.1)
= (moy)o(xAm) (bySA7)
= (yAm)o(xAm) (by (iii) of Lemma 3.1)
= (yox)Am (by Ny of Definition 2.2)

SAgZ

(xoy)Am = (xoy)AmAm
= [(xAm)o(yAm)]Am (by Ny of Definition 2.2)
= [(xAm)o(moy)] Am (by (iii) of Lemma 3.1)
= (xAm)o[mo(yAm)] (by Ny of Definition 2.2)
= (yAm)o[meo(xAm)] (by SAg)
= (yAm)o(xAm) (by (iii) of Lemma 3.1)
= (yox)Am. (by Ny of Definition 2.2)

SA11 :

(xoy)Am = (xAm)o(yAm) (by Ny of Definition 2.2)
= (mox)o(yAm) (by (iii) of Lemma 3.1)
= [mo(yAm)]o(xAm) (by SAn)
= (yAm)o(xAm) (by (iii) of Lemma 3.1)
= (yox)Am (by Ny of Definition 2.2)

O

Remark 3.3. Every SBADL with SA4 may not be commutative. For, see Example 3.2, (moy) Am = y #

m= (yom)Am.
Theorem 3.4. If S satisfies the identities SA3 or SAs or SAe or SAg or SAg or SA11 or SA13 or SA1a, then
[(xoy)oz]Am=|xo(yoz)| Am,forall x,y,z€S.

Proof. Consider an SBADL with
SA3 .
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xo(yoz)|]Am = (xAm)o[(yoz)Am] (by (iii) of Lemma 3.1)
= (xAm)ol[(zoy) Am] (by Theorem 3.3)
= (xAm)o[(zAm) o (yAm)] (by Ny of Definition 2.2)
= [(xAm)o(yAm)]o(zAm) (bySAs)
= [(xoy)Am]o(zAm) (by Ny of Definition 2.2)
(xoy) oz] Am. (by Ny of Definition 2.2).
SA5 :
xo(yoz)]Am = (xAm)o[(yoz)Am] (by Ny of Definition 2.2)
= (xAm)o[(yAm)o(zAm)] (by Ny of Definition 2.2)
= [(yAm)o(xAm)]o(zAm) (bySAs)
= [(yox)Am]o(zAm (by Ny of Definition 2.2)
= [(xoy)Am]o(zAm) (by Theorem 3.2)
= [(xoy)oz] Am. (by Ny of Definition 2.2)
SA6 .
xo(yoz)]Am = (xAm)o[(yoz)Am] (by Ny of Definition 2.2)
= (xAm)ol[(zoy) Am] (by Theorem 3.3)
= (xAm)o[(zAm) o (yAm)] (by Ny of Definition 2.2)
— (zAm) ol(yRm) o (xRAm)] (by SAe)
= (zAm)o[(yox)Am] (by Ny of Definition 2.2)
= (zAm)o[(xoy)Am] (by Theorem 3.3)
= [zo(xoy)]Am (by Ny of Definition 2.2)
[(xoy)oz]|Am (by Theorem 3.3)
SAg :
[(xo(yoz)]Am = (xAm)o[(yoz)Am] (by Ny of Definition 2.2)
= (xAm)ol(zoy) Am] (by Theorem 3.2)
= (xAm)o[(zAm)p(yAm)] (by Ny of Definition 2.2)
— [(yRm)o(xAm)]o(zAm) (bySAs)
= [(yox)Am]o(zAm) (by Ny of Definition 2.2)
= [(xoy)Am]o(zAm) (by Theorem 3.2)
= [(xoy) oz] Am. (by Ny of Definition 2.2)
SAQ .
[(xo(yoz)]Am = (xAm)o[(yAm)o(zAm)] (by Ny of Definition 2.2)
— (zAm) ol(yRm) o (xAm)] (by SAs)
= (zAm)o[(yox)Am] (by Ny of Definition 2.2)
= (zAm)o[(xoy)Am] (by Theorem 3.3)
= [zo(xoy)]Am (by Ny of Definition 2.2)
= [(xoy)oz]Am (by Theorem 3.3)

SAH .
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[(xoy)oz]Am = [(xoy)Am]o(zAm) (by Ny ofDefinition 2.2)
= [(yox)Am]o(zAm) (by Theorem 3.3)
= [(yox)oz]Am (by Ny of Definition 2.2)
= [(yoz)ox]Am (by SA11)
= [xo(yoz)|Am (by Theorem 3.3)
SA13 :
[(xoy) oz] Am [(yoz) ox] Am  (by SAs3)
= [xo(yoz)]Am. (byTheorem 3.2)
SA14 :
[(xoy) oz Am [(zoy) ox] Am (by SA1s)
= [xo(zoy)]Am (by Theorem 3.2)
= (xAm)o[(zoy) Am] (by Ny of Definition 2.2) m]
= (xAm)o[(yoz) Am] (by Theorem 3.2)
= [xo(yoz)Am (by Ny of Definition 2.2)
Theorem 3.5. Every commutative SBADL satisfies the identities SAy, SA7, SA19 and SA1».
Proof. Suppose that S satisfies the property [(x ¢ y)] Am = [(y 0 x)] A m. Now, consider
xo(yoz)]Am = (xAm)o[(yoz) Am] (by Ny of Definition 2.2)
= (xAm)o[(zoy) Am] (by Definition 3.2)
= [xo(zoy)]Am (by Ny of Definition 2.2)
which is SA».
SA7 is clear from the commutative property.
Consider
xo(yen)Am = [(yoz)ox]Am
= [(yoz)Am]o[xAm] (by Ny of Definition 2.2)
= [(zoy)Am]p[xAm] (by Definition 3.2)
= [(zoy)ox]Am (by Ny of Definition 2.2)
which is SAqp.
Consider
[(xoy)oz]Am = [(xoy)Am]po(zAm) (by Ny ofDefinition 2.2)
= [(yox)Am]o(zAm) (byDefinition 3.2)
= [(yox)oz]Am (by Ny of Definition 2.2)
which is SA1,. m]

Corollary 3.1. In an associative SBADL, we have SAz = SAs = SA¢ = SAg = SAg = SA11 = SA13 =

SA14.

Proof. The proof follows directly from Theorems 3.1, 3.2, 3.3 and 3.4.
Corollary 3.2. In a commutative SBADL, we have SA; = SAy = SA19 = SA1».

Proof. Theorems 3.3, 3.4 and 3.5 all directly lead to the proof.
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Theorem 3.6. Every commutative SBADL with the identity SA4 is associative.

Proof. Letx,y,z € S. Then

xo(yoz)]Am = [xpo(zoy)]Am (by Definition 3.2)
= [zo(xoy]Am (bySA)
= [(xoy)oz] Am. (by Definition 3.2)
Therefore, S is associative. O

4. CONCLUSION

This paper extensively studied the associativity and commutativity properties of ¢ in a semi-
Brouwerian almost distributive lattice. We provided a good number of counter-examples to
demonstrate that associativity and commutativity can fail in a semi-Brouwerian almost distribu-
tive lattice, to highlight the non-trivial nature of this algebraic structure. Overall, the paper’s
contributions lie in characterising semi-Brouwerian almost distributive lattices as a novel class of
almost distributive lattices.
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