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Abstract. We obtain symmetries of a family of difference equations and we prove a relationship between
these symmetries and similarity variables. We proceed with reduction and eventually derive formula
solutions of the difference equations. Furthermore, we discuss the periodic nature of the solutions and
analyze the stability of the fixed points. We use Lie point symmetry analysis as our tool in obtaining
the solutions. Though we have analyzed a specific family of difference equations in this paper, the

algorithmic techniques presented can be utilized to tackle many other difference equations.

1. Introduction

The study of differential and difference equations is of a great importance because they describe
real life phenomena when the variable involved (usually time) is continuous and discrete, respectively.
There are various mathematical methods for solving differential equations. One of the mathematical
tools is Lie symmetry analysis. Lie symmetry analysis has recently been applied to difference equations
and much progress has been made (see [4,6,11]). The idea behind Lie symmetry analysis is to find the
group of transformations that leave the difference equation invariant. When the equation is of lower
order, the calculations are not as tedious as compared to the case when the equation has a higher
order. A common observation in many papers is that authors present the formula solutions and, then
prove generally by induction that the results are correct. Frequently, they use proof by induction as
their tool to show that their results are correct. The beauty of Lie symmetry method is that it exhibits
the algorithm that leads one to the invariants and similarity variables necessary for the obtention of

the solutions. The method was first proposed by Maeda in [9] where the author showed, for first
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order difference equations, that symmetries give analytic expressions of solutions of one-dimensional
equations.

Recently, Hydon proposed a systematic algorithm for solving difference equations of any order but
mainly applied it to relatively lower order difference equations. Later, some authors successfully
derived solutions of higher order using this method [3, 10].

In this paper, we performed an invariance analysis of the recurrence equation

XnXn+kXn+2k
Xnt-akXn+5k(An + BnXnXntkXnt2k)
where A, and B, are random sequences; and x;, i = 0,1,...,6k — 1 are the initial conditions.

Eventually, symmetries are derived and formula solutions are obtained. We also investigate the periodic
nature of these solutions and discuss the stability of the fixed points admitted by the equation in
concern. Finally, we explain how one can use our results to deduce the solutions to the equivalent

difference equation

X B Xn—6k+1Xn—5k+1Xn—4k+1 (1.2)
n+1 — ’ .
Xpn—2k+1Xn—k+1(an + bpXn—6k-+1Xn—5k+1Xn—4k+1)

a form preferred by some authors. For similar work on difference equations from different approaches,
refer to [1,2,7,8,12].

2. Groundwork

The notation and definitions used in this section are from [6] and [5]. Consider the equation

E(x) = 0 where x = (x1, ..., xy) are the continuous variables. The group transformations
O 1 x = X(x;€) (2.1)

are said to be a one-parameter (local) Lie group of transformations provided that the following three

conditions are satisfied:

(1) ©g is the identity map, so that X = x when € = 0.
2) ©,0, = ©,,, for every 7y, € sufficiently close to 0.
¥ v+

(3) Every Xj can be represented as a Taylor series in g, that is,
%i(x;€) = x; + €€j(x) + O(g?), j=0,1,..., N.

Definition 2.1. The infinitesimal generator of the one-parameter Lie group of point transformations

(2.1) is the operator
7 0
X = X(x) _g(X)'A_;g’(X)ax,-’ (2.2)
and A is the gradient operator.

Theorem 2.1. F(x) is invariant under the Lie group of transformations (2.1) if and only if XF(x) = 0.
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Given a 6kth-order difference equation of the form

Xn+6k = W(N, Xn, Xntks Xn+2k, Xn+4k» Xn+5k) (2.3)

for some function w with the condition that dw/dx, # 0, we look for a one-parameter Lie group of

point transformations
Xn = Xn + €Q(n, xn) (2.4)
where € is the group parameter and Q = Q(n, x,) is the characteristic function. Let
0 0 0 0 0
+ 5%%Q(n, xy) =——
Oxp Oxntk Oxny2k OXntak ( ) OXny5k

be the prolonged generator admitted by the group of point transformations (2.4), where the operator

X =Q(n, xn) =— + S*Q(n, x,) + 5%%Q(n, x») + S*Q(n, x»)

S’ n—=n+i

is referred to as the forward shift operator. Then, the infinitesimal condition for invariance is given
by S°%Q(n, x,) — Xw = 0, that is,
Ow Ow Ow Ow

Ow
SGkQ_ S5kQ_ S4kQ_ SZkQ_ SkQ_
OXn 15k OXntak OXpyok OXnyk Oxp

R=0 (2.5)

as long as (2.3) is satisfied. The functional equation (2.5) is solvable via a proper differential operator
and a number of derivations. Next, we introduce the following definitions and theorems indispensable

for the study of stability of equilibrium points.

Definition 2.2. The equilibrium point X of (2.3) is locally stable if, for any ¢ > 0 such that if
{xn}°2 is a solution of (2.3) with |xo — X| + |x1 — X| + -+ + |Xek—2 — X| + |Xek—1 — X| < 0, then

|x, — X| <€ forall n>0.

Definition 2.3. The equilibrium point X of (2.3) is a global attractor if, for any solution {x,}7, of

(2.3), the limit of x, is X as n approaches infinity.

Definition 2.4. The equilibrium point X of (2.3) is globally asymptotically stable if X is locally stable
and is a global attractor of (2.3).

Letting
ow ,_ .
pi = (X,....%), i =0k, 2k, 4k, 5k, (2.6)
OXnyi
we obtain the equation
NOK — P N3 — py A — po A — p A — pg =0 (2.7)

known as the characteristic equation of (2.3) about the fixed point X.

Theorem 2.2. Suppose w is a smooth function defined on some open neighborhood of equilibrium

point X. Then the following statements are true:



4 Int. J. Anal. Appl. (2023), 21:122

X

(i) X is locally asymptotically stable if all the roots of (2.7) have absolute value less than one.

(i)

XI

is unstable if at least one root of (2.7) has absolute value greater than one.

Definition 2.5. The equilibrium point X of (2.3) is called non-hyperbolic if there exists a root of (2.7)

with absolute value equal to one.

Theorem 2.3. Suppose that pg, Pk, Pok. Pak and psy are real numbers such that
lpol + |pkl + | P2kl + | pak| + |psk| < 1.

Then, the roots of (2.7) lie inside the open unit disk |\| < 1.

3. Symmetries and solutions

In this section, we consider the difference equation

XnXn4+kXn+2k
Kook = = Xn+4an+5k(An++ B:Xan+an+2k)' 3-1)
Imposing the invariance criterion (2.5) to (3.1) yields
Qn + 6k, w) + Xan;an+2kQ (n+ 5k, Xp15k) 2Xan+an+2kQ (n+ 4k, Xptak)
Xn+akXyysi (BaXnXnskXnt2k + An) X arXntsk (BnXaXntkXn+ok + An)
An XnXntkQ (N =+ 2K, Xny2ok) | XnXnr2kQ (N + K, Xnyk) X kXnt2k@ (1 x0) | 0
XntakXnt5k | (BpxoXnskXnsok + An)>  (BuxoXnskXniok + An)>  (BrXoXntkXntok + An)? .
(3.2)

Applying the differential operator %Tn + AnXn 4k o to (3.2) and multiplying the

Xn(An+BnxnXnykXnt2k) OXntak

resulting equation by (A + BaXoXntkXnt2k)> / (AnXntkXnt2kXn+4kXay 5 ), We get

Xntak(An + BnXnXntkXnt2k) Q' (N + 4k, xptak) — (An + BnXnXntkXnt2k)Q(N + 4k, Xptak)

+ BoxnXnskXnrakQ(n + 2k, Xni2k) + BnXnXnt2kXntak@(N + K, Xp k) —

A
Xpak (An + BanXn+an+2k)Q/(”r Xn) + Xntak (Xn + 2Brvxn—i-erv—+-2k) Q(n, xx) = 0. (3.3)

n
The notation ’ stands for the derivative with respect to the continuous variable. The derivation of
(3.3) with respect to x, twice yields
kX 2k Boxn Q@ (1, Xa) + An <—Q”’(n, x0) + Xan"(n, %) — 5@ (n,30) + = Q(n, xn)> —o.
’ ’ (3.4)

Remembering that the function Q(n, x,) is independent of the shifts of x,, we apply the method of

separation to get the system of determining equations
XpakXniok terms : —Buxa,Q"(n, x,) =0 (3.5)

2An0 2A,
2 Q'(n, xn) + X—I%Q(n, xp) =0 (3.6)

A
1 terms: —A,Q"(n, x,) + X—”Q”(n, Xp) —
n
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that leads to the differential equation
x2Q" (0, xn) = 2x,Q" (N, xp) +2Q (n, x,) =0 (3.7)
whose solution is

Q (n, up) = Bnln + YnUn® (3.8)

for some functions B, and -y, which depend on n and are arbitrary. Substituting (3.8) and its shifts
in (3.2), and then replacing the expression of u, gk given in (3.1) in the resulting equation with some
bit of simplification leads to

X X4 kXn-+2k X4 Xn+5k BoYn-+ak + XoXot kXt 2k Xn+4k X5 Bn Y5k & XnXn+kXn+2k X4k Xn+5k Bn (Bnak

+ 5n+5k + 6n+6k) + Xn+4an2+5kAn('Yn+4k + ’Yn+5k) - Xan+4an+5kAn’Yn - Xn+an+4an+5kAn’Yn+k_

X2k Xn+akXn+5kAnYnt2k — Xnt+akXnt5kAn(Bn + Bntk + Bnvak — Bvak — Bnvsk — Bnvek)

+ Xan+an+2kAn’Yn+6k =0. (39)

Equating the coefficients of all products of powers of shifts of x, to zero leads to the reduced

constraints

Yn = 0,
.Bn +Bn+k + ,Bn—i-2k =0. (3.10)

The solutions of the (2k)th-order linear difference equation above are given by

P +1
ﬁn:exp{””m;l:)}, p=01,. . k-1, (3.11)

and the characteristics are given by

p=01,... k—1. (3.12)

QU 1) = sy = xperp { 2T EDY,

Thus, the 2k symmetry generators are:

i2mn(3p + 1) i2mn(3p — 1)
X1p =Xn €Xp <3k> Ox,  Xop = XpexXp <3k Oy,, P=
(3.13)

The reduction is done using the characteristic Q(n, x,) = Bnx, given in (3.12) together with the
canonical coordinate
dx, 1

= = —In|xy|. 3.14
BnXn n | n| ( )

We come up with the invariant function V,, obtained as follows:

Sn

Vn = Snﬁn + 5n+k5n+k + 5n+2k5n+2k- (3-15)
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It is easy to verify that le\7n = sz\7n = 0. For the sake of convenience, we introduce the compatible

variable
Vol = exp{—V,}. (3.16)

That is to say, Vj, = £1/(XnXpsrkXns2k). Using the plus sign, we have that

1
V= ——— (3.17)
XnXn+kXn+2k
and one can show that
Vitak = ApVi + By (3.18)
and
Vv,
Xni3k = V—”x,,. (3.19)
n+k

Furthermore, by simple iterations, equations (3.18) and (3.19) take the forms

Vaknej =V HA4kk1+j +Z B4km+J H Askiop+j | J=0,1,..., 4k —1,  (3.20)

=m+1
and
n—1
Vaks+j :
Xaknij =X] (H ﬁ . j=0,1,..., 3k—1, (3.21)
s=0 StTk+
respectively. It follows from (3.21) that
4n—1
V3ks+j
X12kn+j =Xj VA
SR (sE[o Vaks+ktj
n—1

_X’H Viokstj Vioksi3k+j Viokstek+i Viokstok+j
)
5 Vizks kot Viokst3k+k+j Vi2kst6k+k+s Vizks+oktk+j

—y; ﬁ ﬁ Moksy3krt)
6 0 Vi2ks 3Ktk
—x nl—[l 3 4k(35+L3k’*JJ)+T(3kr+J) (3.22)
=0 r=0 4k(3s+L3“*kﬂJ)+T(3kr+k+1)
Jj=0,1,..., 12k — 1. Note that |-] is the floor function and T(a) represents the remainder when a

is divided by 4k. Obviously, 0 < 7(a) < 4k — 1. Invoking (3.20) in (3.22), we get
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3s—1+ 3s—1+ 3s—1+4
L3kr+JJ L3kr+fj L3kr+JJ
Vi (3kr ) HA4kk1+'r(3kr+j) + Z Bakm+r(3kr+) H Atk +1(3kr+)
n—1 3 k1=0 ko=m+1
X12kn+j =Xj H H 3s—1+ 3s—1+ 3s—1+
s=0 r=0 L3kr+k+jj L3kr+k+JJ LBkH—k-HJ

Vi (3kr+k+j) HA4kk1+'r(3kr+k+j) +Zo Bakm+r(3kr+k+) H Alkkotr(3kr+k-+)
ki=0 = ko=m+1

(3.23)

where V; = 1/(xiXj1kXi+2k). Thus, our solution to the difference equation (1.2) is given by the

equation (3.23) as long as the denominators are non-zero.

3.1. The case A, and B, are 1-periodic sequences. In the special case where the sequences A,
and By, are 1-periodic sequences, in other words, A, = A and B, = B, the formula solution (3.23)
simplifies considerably to:

3s + 3s+

P |E3K |y
n—1 VTO)A3S+L“J7J + B ZA VTU+3k)A3S+Lth I+B SAT
m=0
X12kn+j = Xj H 3$+ 35112 |
ey 3|4 |41 3
\/(J+/<)A35+L’ 4B ZAm Ve A¥ a1 1 B ZAm
m=0
35+ 3s+
. j+2kj Ljrkkj+1
\/7_0+2k)A3s+V +1 B ZA V 0+k)A3S+[J K142 +B ZAm
m=0
g el (3.24)
Lj+3kJ » LJ+2kJ+1
Z (J+3k)A3SHH3kH1 +B ZA Voo AT+ 4 B Z AT
m=0

forj=0,1,...,12k—1. It can be shown that j =0, 1,...,12k—1 can be written as j = 4kr+pk+1
with r=0,1,2; p=0,1,2,3: j; =0,1, ..., k —1. So,

—1 3s+r—1
1 \/ A3s+r + B ZA +3kA3S+r + B Z Am

o ) m=0 m=0
X12kn+akr+jy =Xakr+j H 3s+r—1 3s5+r

s=0 \/J,1+kA3s+r +B Y A7 \/J.1A3s+r+1 + B> A™
m=0 m=0

3 1 3s+r 3 5 3s+r+1
Virak AT B YL AT VAT 4 B3 AT
m=0 m=
3s+4r 3s+r+1 ! (3'25a)

\/ +3}(/43s+r+1 + B ZA +2kA3s+r+2 + B Z Am

3s+r—1 3s4r
1 Vk+le3s+r + B ZAm \/J_1A3s+r+1 + B ZAm
m=0 m=0
X12kn+dkr+k+j —Xbkr+k+j H 3s+r—1
s= \/ Jr2kA3s+r + B Z Am \/ +kA3s+r+1 + B ZOAm
m=0 m=
5 L 3s5+r 3 5 3s+r+1
le+3kA s+r+ + B EA +2kA s+r+ + B ZOAm
m=0 m=
354+r+1 3s+r+1 ! (3'25b)

\/ A3s+r+2+5 Z Am +3kA35+r+2+B Z AM

m=0 m=0
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3s+r—1 35+4r
1 le+2kA3s+r + B ZAm le+kA3$+r+l + B EAm
m=0 =0
3s+r—1
s= \/ Jr3kA3s+r + B ZA +2kA3s+r+1 + B ZAm

m=0 m=0

3s+r+1

A3s+r+2+8 Z A +3kA3s+r+2+B Z AMm
m=0 m=0
\/ kA3s+r+2 + B 26+1Am \/ A3str+3 L B zr:JrZAm

m=0 m=0

X12kn+akr4+2k+j; =Xakr+2k+j;

(3.25¢)

3s+r—1
_1 le+3kA35+r +B ZA J1+2kA3s+r+1 +B ZAm

m=0 m=0

X12kn+akr+3k+j; —Xakr4+3k+j H
s=0 \/ A3s+r+l + B ZA Jl+3kA3s+r+1 + B ZAm
m=0 m=0
+r+1 +r+2
V+kA3S+r+2+ B E AMm V A35+r+3+ B E AM

mes — . (3.25d)
\/+2kA3s+r+2_|_ B Z A kA3s+r+3+ B Z Am

m=0 m=0

for 1 =0,1,..., k=1 with V; = 1/(x;xjskXj+2k). The above solutions are expressed in terms of
xi, i =0,1,...,12k — 1 where the first 6k terms are the initial conditions. The other 6k terms are
readily obtained using (3.1) and are given as follows:

Xj Xis+kXji+2k
)91+4k)91+5k(A + BXJ'1XJ'1+/<XJ'1+2/<)

Xok+jp =
. X3kt X +ak (A + BXj X kX +2k)
J1 T
X1 (A + B><J'1+k)<]1+2k)<11+3k)

ok _ Xakjy Xjy+5k (A + BXkjy Xy 424X +3k)
i1
X (A + BXj 424X+ 3k X1 +4k)

1

Xy Xjy +k (A + BXjy 42k 13k X +4k)
Xy +ak (A + BX Xjy kX +26) (A + BXjy 43k 44k +5k)
XJ'1+kXJ'1+2k(A + BXJ:L-I—3/<XJ'1+4I<XJ'1+5I<)(A + 8)91)91+k)91+2k)
Xjy 15k (A + BXjy 11X 426X, 13k ) (A2 + B(A + 1)X;, Xjy 14X +2k) |
— _ Xy +3kX 44k X 45k (A 1 By 410G 42106 +31) (A2 + BIA + 1) X, 410 +2k)
Xjy Xjy 4k (A + BXjy 4 26Xy 13k X, +4k) (A2 + B(A + 1) 14X, 42k, +3k)

Xok+j; =

X10k+j; —

, (3.26)
Jj1=0,1,... k—1. We further split the above equations into various cases.

3.1.1. The case when A # 1. By substitution, one obtains the solution given by the equations:

X12kn+akr+j; =

_ 3s+r 1-A3sH 3s+r 1-A3str
1A +B><J'1Xj1+kal+2k( | ) A +B)9'1+3k>9'1+4k)9‘1+5k( )

—A3s+r 1—A3s+r+1
s=0 A3+ BXj) 4 kX, +2kXj; +3k ( A ) AT - BXj X, kX 42k (W)

Xakr+jy

1—A3s+r+1 A3str+2

3s+r+1 3s+r+2 1—
A + BXjy 42k Xjy +3k Xy +4k (W> A + BXjy+ kX1 +2k X +3k (W)

(3.27)

1—A3s+r+1 1-A3s+r+2) |
ASSHIHL + BXj) 3k X, +4k Xy +5k (W) A3SHH2 1 BX 4ok Xy 43k X, +4k (W)
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9
X12kn+akr+k+j; —
X, .
o s=0 A3+ BXj 421Xy +3k X +4k (%ﬁ\ﬂ) ASSTIHL 4 BXi 4 kX, 42k Xy +3K (#)
AP BXjy 43X, 14k, 15k (%) AP 4 BXjy 42k 43k X, +ak (%)
' 3.28
A3s+r+2 + 5)91)9'1+k>91+2k (%) A3st+r+2 4 BXJ1+3kal+4kal+5k (%) ( )
X12kn+4kr+2k+j; =
T AT Bt (175:“) AFHHL L BXjy 4y 2k Xy 43k (kﬁiszw)
X, .
Gk 42K+ s=0 A3t + BXj 34X}, +4Kk Xy +5k (171{3:#) A 4 B oo r e nen (%)
AR L B Xy kX 42k (%) ABF2 L B o X (%)
' 3.29
A3sHr+2 4 B)9v1+kXJ'1+2ka1+3k (%) A3s+r+3 BXhXJiJrkal+2k (#) ( )

X12kn+4kr+3k+j; =

_1 A3s+r 1-A3str 3s+r+1 1-A3strHl
LA +B>9'1+3k>9'1+4k>9‘1+5k( i ) A + BXjy 2k Xjy 43k Xy +ak ( 14—

1-A
1—A3s+r+1
s=0 A3s+r+1 + B><j'1le+k)<jl+2k (7

3s+4r+1 ) ) ) 1-A3stril
T ) A + BXj 13k X, +4kXj, +5k ( A

Xakr+3k+j,

A3s+r+2

_ A3s+r+2 _ A3s5+r+3
+ BXjy kX, 12k X, +3k (71 £ ) ASTTS 1 B X, kX, 2k (71 2 ) ( )
. 3.30
_A3s+r+2 _ A3s+r+3
ABSTH2 b BXi 40Xy 43k X, + 4k (%) A3 L BX kX 42k Xy 43k (%)
The case A= —1: In this case, one obtains the solution defined by the following solution equations

X12kn+4kr+j; =

Xj,+akr 1f nis even

Xakr+jy ((ﬂ)%% (%)) (1) 42— (%) (—1) g B (ﬂ)

J1+3k i1 +2k 2 . .

if nis odd
_1yrtiy B (=Dt _1ytlp B (1=(=prfl _qyry_ B (1=CD7
-1 +le< 2 ) D +le+3k< 2 ) ( )+le+2¢<< 2 )

X12kn+4kr+k+j1 =

Xj,+akr+k 1f nis even

A~y B (12D _qyt1iy B (=D gy, B (1-(=prtl
Xakr+k+j (( ) +le+k ( 2 ) ( 1) +\/j1 ( 2 ) ( 1) +V11+3k< 2 If n iS Odd
1yl B (1=(Drtt _1{yry B (=D _q{yry B (1D
(=1 +le+k< 2 ) =1 +le ( 2 > (=1 +le+3k< 2 )

X12kn+4kr4+2k+j; =

Xj,+akr4+2k If nis even

1y B (=D g1, B (1=(=DrtT _qyry B (1=(=D
X4kf+2’<+11(( 1 +le+2k< 2 ))( DT < ) -1 +VJ1< 2

Vi 1k 2 . .

if nis odd
_1)r+1 B 1—(=1)r+1 _1yre B (1=(=D" _1y+14 B (=Dt
=1) +‘/11+2k( 2 ) 1) +le+¢<< 2 ) (=1) +le ( 2 )
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X12kn+4kr+3k+j; =

Xj,+akr4+3k 1T nis even
Xakr+3k-+i; [( 1)+ ﬁ(%)} {(_1)#14_??2,((%)} [(_l)r—hf%k(%)] o (3.31)
{( D Vi +3k (ﬂ)} [( 1)r+‘61+2k (17(27 )] {( Dy Viy +k (%)}

More explicitly, for ; = 0,1, ...,k — 1, we have:

B
X3k Xjy+4k(—1 + Wl)

Xokonjy = X Xjr+kXjr +2k - ok ko = = ,
Xy +akXj+5k(—1 + Wl) X (=1 +y +l<)
_X4/<+11XJ'1+5/<(—1 + VJ’1+k) X X +k(—1 + +2k)
Xok+2k+j1 = Xok(—L 1+ leik) , X6k-+3k+j1 = X rak(—1 + & B )(_ JlE;k)’
Xy +kXjy +2k (—1 + +3k)( I+ B) Xj1+3k s +4kXj1+5k (= mG)
Xok+4ktj, = (=14 M) + X6k+5k+j; = X; X, 1k (—1 + +2k) ’
X12k+jy = Xh(;l - Vflik )B , X12k+k+j1 = a1 o) )( T ik),
(~14+ )(-1+ M) (1570
) ) B x3k+h( 1—|— +2k)
12k+2k+jy = —1+ +2k)( 1 T B ) 12k+3k+j1 (1 J1+3k),
Xak+j, (=1 + +3k)(—1+%) B X5k+11(—1 =)
X12k+ak+j; = 1+ leﬁk) , X12k+5k+j1 = 1+ %)( 1+ \/ik)’
X12k+6k-+j1 :X6k+h(_1 . Vhﬂklg)(_l . %), X12k+Tk+j1 = el Vjﬁks)( o VJIW ),
(-1+ \/J'1+k) (=1+ Vn+2k)71

X12k4+8k+j1 = X12k+j1 1 X12k4+9k+j; = X12k+k+ji» X12k+10k+j1 = X12k4+2k4j1+ X12k+11k+j; = X12k4+3k+ji

X122mk+i =X, 1=0,1,...,12k = 1, X12(2n41)k4jy = X12k+i» 1 =10,1,...,12k — 1.

(3.32)

3.1.2. The case when A= 1. Using (3.25) and (3.26), the solution equations are as follows:

Xkt = Xy Xjy 4k Xj1+2k
J1 T f
XJ'1+4kXJ'1+5k(1 + BXhXthth+2k)
o X3k Xy +4ak (1 + BXjy X 16X +2k)
i = '
XJ'1(1 + BXJ'1+I<XJ'1+21<XJ'1+3k)
_ Xakjy X5k (1 + BXj 41X 42k +3k)
X8k+ji — ,

Xjy+k (1 + BXj 426Xy +3kXjy +4k)
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Xjy Xja+k (1 + BXjy 426X, +36X +4k)

Xok+j, = :
)91+4k(1 + B)gl)gl+kle+2k)(1 + B)g1+3k)91+4k)91+5k)
X10k+ _>91+k)91+2k(1 + BXJ'1+3kXJ'1+4kXJ'1+5k)(1 + BXJ'1XJ'1+I<XJ'1+2K)
J1 T
>91+5k(1 + B>91+k)91+2k>91+3k)(1 + 2BXJ.1XJ.1+kXJ'1+2k)
X11k+j _ X3k 4k X 15k (1 B 120G 436 (1 + 2B X 6% +2k)
J1 T

Xjy Xk (1 By 42X 436X +4k) (1 + 2B, 110Xy 426X 43k)

n—1
% —x 1+ 8(35 + r)XJ'1XJ'1+kXJ'1+2k 1+ 8(35 + r))91+3k)91+4k)91+5k
12kn+4kr+j1 —X4kr+j H
' o L BBs + )X swXirokXj43k 1+ B(3s 41 4 1)X5, X 44, 42k

1+ 5(35 +r+ 1)>91+2k>91+3k)91+4k 1+ 5(35 +r+ 2)XJ'1+kXJ'1+2kXJ1+3k
1+ B(3s + r + 1)Xj,43kXj;, +4kXj+5k L+ B(3S + r + 2)Xj; 4ok X 436X +4k |

n—1
_ I+ 8(35 + r)leJrka1+2ka1+3k 1+ 8(35 +r+ 1))91)91+k)91+2k
X12kn+akr+k+j =Xakr+k+ji H

s=0 1+ 5(35 + r))91+2k)91+3k)91+4k) 1+ 5(35 +r+ 1))91+k)91+2k)91+3k

1+ B(3s + r + 1)Xj, 43k X +4k X 45k L+ B(35 + 1+ 2) X 1ok Xj; +3k X, 14k
1+ B(3s+ r+ 2)X; Xj,+kXj+2k L+ B(3s 4+ r + 2)Xj, +3kX), +4kXjs+5k

n—1
ok akr o —=Xakr s H 1+ B(35 + r)Xj, 4ok Xj 43k X +4k 1+ B(35 + 1+ 1)Xj 4 kX 12k X, 3k
n+4kr+2k-+j; r+2k+ji 4 14 B(3s + r)xj+3kXj+4kXj,+5k 1 + B(35 + r 4 1)Xj 10k X, +3kX]; +4k

14+ B(3s+r+ 2)x;Xjy+kXj,+2k 1+ B(35 + 1 + 2)Xj, 13k X, +4kXj; +5k
1+ B(3s+ r 4 2)Xj, +kXj +2kXj+3k 1+ B(3s 4+ r 4 3)Xj, Xj, + kXj, +2k

n—1
ok e Ak —Xakr A H 1+ B(35 + r)Xj,+3kXj, 44k Xj,+5k 1 + B(3s + 1 + 1)Xj 4 2k Xj 43k X, +4k
ntakrtSktn rt3ktn =0 14+ 5(35 +r+ 1)XJ‘1XJ‘1+/<XJ'1+2/< 1+ 8(35 +r+ 1)le+3kle+4kle+5k

1+ B(3s + r+2)x 1xXj 126X 43k 1+ B(3s + r + 3) X Xj, 1+ kX, +2k
1+ 8(35 +r+ 2))9'1+2k)91+3kxh+4k 1+ 8(35 +r+ 3))91+k>91+2k>91+3k'

forjy=0,1,..., k—1.

(3.33)

4. Periodic nature and behavior of the solutions

In this section, we show the existence of periodic solutions and we analyze the stability of the
equilibrium points.

Theorem 4.1. Let x, be a solution of

XnXn+kXn+2k
XnakXnt5k(—1 + BXpXn4-kXnt2k)

Xnt+6k = (4-1)
with initial conditions x;, i =0,...,6k — 1. Then, the solution to (4.1) is periodic with period 24k.

Proof. The proof follows from (3.32). O
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x(n)

i
Nigiv i
NN RVART!

TRAl

. XnXp4kXn .
Figure 1. Graph of x, 6k = Xn+4kxn+5k(—ﬁ-B;i;nHXsz)' with xo =1/2,x1 = 1/3,x0 = —1/4,x3 = —1/2,x4 =

2,X5 = —1/2,X6 = 1/4,X7 = —5,X8 = 1,X9 = 1/2,)(10 = —1/4,X11 = —1/2.

Figure 1 demonstrates Theorem 4.1. As expected, we have a 48-periodic solution, regardless of the

value of B.

Theorem 4.2. Let x, be a solution of

XnXn+kXn+2k
XpakXnt5k (A + BXnXntkXnt2k)

where A # 1 and B are real constants. Assume that the initial conditions x; and X;ysx satisfy

Xn+6k = (4.2)

Xi = Xjt3k, Xi 7 Xj+k, and xiXjrxXit2k = (1 — A)/B. Then, the solution to (4.2) is 3k-periodic.

Proof. Assuming that the initial conditions satisfy X; = Xj13k, Xj # Xj+k; and xixjsxXj1oxk = (1—A)/B.
It follows from (3.26) and (3.27)-(3.30) that
Xek+i = Xi»  X12kn+i = Xi, (4.3)

foralli=0,1,..., 12k — 1. The condition x; = x;j13x together with (4.3) imply that the solution is
3k-periodic. ]
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Figure 3. Graph of  Xpyex

Figure 2. Graph of X6k =
XnXn+kXn+2k H — XnXn+kXn+2k H —
Xn+-akXn+5k (3+H2Xn X+ kXnt2k) ' with xp = Xt 4k Xt 5k BH8XnXns kXnt2k) ' with xp =
1/4,X1 = 1/3,X2 = 1/2,X3 = 1,X4 = 1/4,X1 = 1/3,X2 = 1/2,X3 = 1,X4 =
—8,X5 = —3,X6 = 1/4,X7 = 1/3,X8 =

—8,X5 = —3,X6 = 1/4,X7 = 1/3,X8 =
1/2,X9 = 1,X10 = 78,X11 = —3.

1/2,X9 = 1,X10 = 78,X11 = 73

Figure 2 demonstrates Theorem 4.2, as expected, we have a 6-periodic solution. Remark that the
initial conditions in Figure 3 do not satisfy the condition xjxjyxXj1ok = (1 — A)/B. We note that
in Theorem 4.2, the restriction x; = Xj+3x IS not sufficient for the solution to be 3k-periodic. If the

restriction x;xj1xXj+2k = (1 — A)B on the initial conditions x; is not added, the solution may not be
3k-periodic. We illustrate this with Figure 3.
Theorem 4.3. Consider the equation

% _ Xan+an+2k (4 4)
n+6k — i .
Xnt-a4kXnt+5k (1 4 BXnXnpkXnt2k)

where B # 0 is a constant. The only equilibrium point X = 0 is non hyperbolic.

Proof. It is easy to check that the equilibrium point of (4.4) is x = 0. Invoking (2.7), the characteristic

equation of (4.4) about 0 is given by A6k 4 X3k - \#k — X2k _ Xk — 1 = 0. Obviously, A\ = 1 is a
]

solution of this equation. So, the fixed point zero is non-hyperbolic.

Theorem 4.4. Assuming that |A| > 5, the equilibrium point X = 0 of (4.2) is locally asymptotically

stable. Moreover, the non zero equilibrium points of (4.2) are non-hyperbolic for all A # 1.

Proof. One obtains the equilibrium points of (4.2) by solving X3(A+ Bx® — 1) = 0.

For the first part of the proof, we consider the characteristic equation of (4.2) about X = 0 given by
1 1 1 1 1

6k 5k 4k 2k k

+ T =0. 4.
A A A A>\ A y 0 (4.5)
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We have that

1 1 1 1 1 5
R RS R S A (R (49)

for |A| > 5. By Theorem 2.3, the roots of (4.5) have magnitude less than 1. Consequently, the zero

equilibrium point is locally asymptotically stable if [A| > 5.
For the second part, recall that the non-zero equilibrium points X satisfy A+ Bx> —1 = 0.

We now consider the characteristic equation of (4.2) about a non-zero equilibrium point given by
AOK LA LA AN — AN - A= (O 4 AR+ 1) (A — A) =0. (4.7)

The solutions A\, = ex(E5H20m) - 01, k—1, of A2 + XK+ 1 = 0 are such that |X;| = 1.

Hence, any equilibrium point obtained from the equation A+ Bx3 — 1 = 0 is non-hyperbolic. [l

The case where k=1, A= -1 and B=1:

Employing the equations in (3.32), the solution of the sixth order difference equation

XnXn+1Xn+4-2
Xpn+6 = , 4.8
nt Xn+4Xn+5(*1 + Xan+1Xn+2) ( )
with initial conditions xp, x1, X2, X3, X4, X5, Will be given by:
B XoX1X2 _ x3xq(—1+ xox1x0)
X = , X7 = ,
x4x5(—1 + xpx1%2) Xo(—1 + x1x2x3)
-« — X4x5(—1 + x1X2X3) o = xox1(—1 + xox3x4)
T (-1 +xoxsx) x4(—1 + xox1x2) (=1 + BxzxaXs)'
o x1Xo(—1 + x3x3x5 ) (—1 + Xox1X2) . x3x4x5(—1 + X1x0X3)
10 X5(—1 + x1x2x3) T oa (-1 ooxsx)
iy — Xo(—l + X2X3X4) Xia = X1(—1 + XOX1X2)(—1 + X3X4X5)

12 (—1 +X0X1X2)(—1 +X3X4X5)’ 13 (—1 —|-X1X2X3)
o xo(—1 + x1x2x3) e — x3(—1 + xox3x4)

M T o) (L xoxe)’ T (F1 4 xaxexs) (<1 + xaxaxs)

v Xa(—1 + xzxax5)(—1 + xox1%2) o x5(—1 + x1x0X3)

0 (—1 + xox3x4) T (F1 4 o) (<1 + xaxaxs)

o — Xox1x2(—1 + x2X3X4) e — xa3xa(—1 + Xox1x0) (=1 + X3X4%5)

18 xax5(—1 + x1X0x3) 19 xo(—1 4 xox3%4) '

X20 = X12, X21 = X13, X22 = X14, X23 = Xi5,

X12(2n)+,' = X, l = O, 1,..., 11,

X122n41)+i = X124 1=0,1,..., 11 (4.9)

We can see that we have a 24 periodic solution, confirming Theorem 4.1. If we force the conditions in

Theorem 4.2, that is, xg = X3, X1 = X3, X>o = X5 and xgx3x> = 2, then we have the following 3-periodic
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solution {Xp}n>0 = {X0, X1, X2, X0, X1, X2, ..., X0, X1, X2, ... }. Note that the solution will still be

24-periodic if xgx1x2 # 2, even though xg = X3, X1 = X3, X0 = X5.

5. Concluding remarks

Certain authors prefer the equivalent form

Xn—5Xn—4Xpn—3
Xn—lxn(_ 1+ Xn—5Xn—4Xn—3)

Xn+1 = (5.1)

of (4.8). It is noteworthy that the solution of (5.1) is derived from those of (4.8) by back shifting
the solution of (4.8) five times. Hence, thanks to (4.9), the 24-periodic solution of (5.1) is given by

X_5X_4X_3 X_pX—1(—1 4+ X_5x_4x_3)

Xn}p>—5 = { X5, X_4, X_3, X_2, X1, X0, .
bdnz—s { x_1X0(—1+ x-sx-4x-3)"  x_5(—1+ x_4Xx_3x_2)

X—1X0(—1 + X_4x_3X_2) X—5X_4(—1+ X_3X_2x_1) X—4X-3(—=1 4+ x_2x_1x0)(—1 + X_5x_4X_3)
xoa(=14x3xox1) " x_1(—=14 x_sx4x3)(—14 x_2Xx_1X0) x0(—1+ x_4x_3x_2)
x_ox-1X0(=1 + x_4x_3x-2) xo5(—=1+ x_3x_2x-1) x_4(—=1+ x_5x_4x-3)(=1 + x_2X_1x0)
X_sx_gq(—1+ x_3x_ox_1) = (=14 x_sx_4x-3)(—1 + x_2x_1x0) (=1 4 x—4x-3%x_2)
Xx-3(—1 + x_4x_3x-2) x_2(—=14 x_3x_2Xx_1) Xx-1(=14 x_2x_1x0)(—1 4 X_5X_4X_3)
(=14 x_3x_ox-1)(—1 4+ xosx_ax—3) " (=14 x_gx_3x_2)(—1+ x_2x_1x0) (=14 x_3x_2x-1)
Xo(—1+ Xx_ax_3x_2) X_pX_axX—3(—1 4+ x_3x_ox—1)  xooxo1(—1 4+ xsx_ax—3)(—1 + x_2x_1X0)
(=14 xos5xax-3)(—=1+ x—2x-1x0) " x—1x0(—1+ x_gx_3x_2) x_5(—1+ x_3X_2x_1)
X15 = X7, X17 = X0, X18=X10,"'}- (5.2)

This important remark is applicable to (1.1) and (1.2) in the sense that one obtains the solution of
(1.2) by back shifting the solutions of (1.1) 6k — 1 times.
Conflicts of Interest: The author declares that there are no conflicts of interest regarding the publi-

cation of this paper.
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