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PRESIC-BOYD-WONG TYPE RESULTS IN ORDERED METRIC
SPACES

SATISH SHUKLAL* AND STOJAN RADENOVI(?2

ABSTRACT. The purpose of this paper is to prove some Presi¢-Boyd-Wong
type fixed point theorems in ordered metric spaces. The results of this paper
generalize the famous results of Presi¢ and Boyd-Wong in ordered metric s-
paces. We also initiate the homotopy result in product spaces. Some examples
are provided which illustrate the results proved herein.

1. INTRODUCTION AND PRELIMINARIES

In 1922 Banach [26] proved the following theorem known as Banach contraction
mapping theorem.

Theorem 1. Let (X,d) be a complete metric space and f : X — X be a mapping
such that

(1) d(fz, fy) < Ad(z,y)

for all x;y € X, where 0 < X\ < 1, then there exists a unique v € X such that
fx = x. This point x is called the fized point of mapping f.

Due to simplicity and usefulness, several authors generalized the Banach contrac-
tion mapping theorem. One such generalization is given by Presi¢ [24,25]. Presié
generalized the Banach contraction mapping theorem in product spaces and proved
the following theorem.

Theorem 2. Let (X,d) be a complete metric space, k a positive integer and f :
X* — X be a mapping satisfying the following contractive type condition:

k

(2) d(f(l’l, To, ... ,ack), f(.’[?z, I3, ... ,£Ck+1)) S Z qid(xi, a)‘i+1),

i=1
for every x1,x9,..., Tk, Trr1 € X, where q1,q2,...,qk are nonnegative constants
such that g1 + q2 + -+ + qx < 1. Then there exists a unique point © € X such
that f(z,x,...,x) = x. Moreover if x1,xa, ...,z are arbitrary points in X and for
ne€N, pir = f(Tn, Togl, -, Tnrk—1), then the sequence {x,} is convergent and
limz, = f(limz,,limz,,...,lim,).
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Condition (2) in the case k = 1 reduces to the condition (1). So, Theorem 1 is a
generalization of the Banach fixed point theorem. The results of Presi¢ is useful in
proving the convergence of some particular sequences and in proving the existence
of solutions of differences equations, for example, see [15,24,25,40]. For more on the
generalizations of Presi¢ type operators the reader is referred to [12,16-19,21,28-36].

On the other hand Boyd and Wong [4] generalized the Banach contraction map-
ping theorem and proved the following theorem.

Theorem 3. Let (X, d) be a complete metric space and f : X — X a mapping that
satisfies

(3) d(fz, fy) < ¢(d(z,y)) for all z,y € X,

where 1 : Ry — Ry is upper semi-continuous function from the right (i.e., A\; |
A >0 = lim sup (A;) < ¢(N)) such that ¢(t) <t for each t > 0. Then f has a

11— 00
unique fized point u € X. Moreover, for each x € X, lim f"x = u.
n—oo

Note that the condition (3) in the case ¢ (t) = At reduces to condition (1). So,
Theorem 3 is a generalization of the Banach fixed point theorem. Some generaliza-
tion of the Boyd-Wong theorem can be found in [9,10,13,14, 20,23, 38].

The existence of fixed point in partially ordered sets was investigated by Ran and
Reurings [1] and then by Nieto and Lopez [7,8]. Some applications of fixed point
theorems in ordered metric spaces to differential equations can be seen in [7,8].
Several authors generalized the results of these papers in different directions for
example, see [2,3,5,6,22,27,37,39,41]. The following version of the fixed point
theorem was proved, among others, in these papers.

Theorem 4. Let (X,=) be a partially ordered set and d be a metric on X such
that (X,d) is a complete metric space. Let f : X — X be a nondecreasing map
with respect to <. Suppose that the following conditions hold:

(i) there exists k € (0,1) such that d(fz, fy) < kd(x,y) for all x,y € X with
y 2
(ii) there exists xg € X such that xo < fxo;
(iii) if @ nondecreasing sequence {x,} in X converges to x € X, then x, < x,
for all n € N.

Then f has a fized point x* € X.

Recently, in [36] Malhotra et al. defined the ordered Presié¢ type contraction
mappings the setting of cone metric spaces (see also [19,33]) and generalized the
result of Presié¢ in ordered case. In the present paper, we generalize the results of
Presi¢, Boyd and Wong, Theorem 4 and several known results in and prove some
Presi¢-Boyd-Wong type fixed point theorems in ordered metric spaces. A homotopy
result in the product spaces is also proved. Examples are included which illustrate
the results.

Following definitions will be needed in sequel.

Definition 1. Let X be any nonempty set, k a positive integer and f : X* — X
be a mapping. An element x € X is called a fized point of f if f(x,x,...,x) = z.
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Definition 2. Let X be a nonempty set, k a positive integer, f : X¥ — X and
g: X — X be mappings.

(i) An element © € X said to be a coincidence point of f and g if gv =

fla,z, ..., x).

(ii) Ifw =gz = f(z,x,...,x), then w is called a point of coincidence of f and
g.

(i) If x = gx = f(x,x,...,x), then x is called a common fized point of [ and
g.

(iv) Mappings f and g are said to be commuting if g(f(z, x,...,x)) = f(g9z, gz, ...

forallxz € X.
(v) Mappings [ and g are said to be weakly compatible if they commute at their
coincidence points.

Definition 3. Let X be a nonempty set equipped with a partial order relation “ <7,
k a positive integer and f : X¥ — X be a mapping. A sequence {x,} in X is said
to be nondecreasing with respect to “ 27, if xp, 2 xpy1 for alln € N. The mapping
f is said to be nondecreasing with respect to “ <7 if for any finite nondecreasing

sequence {xn}ﬁzll we have f(x1,z2,...,25) 3 f(zo,x3,...,p11). Let g : X — X
be a mapping. f is said to be g-nondecreasing with respect to “ <7 if for any finite
nondecreasing sequence {gxn}ﬁzll we have f(x1,x9,...,2%) 2 f(T2,23,. .., Tt1)-

Note that for k = 1, above definitions reduce to usual definitions of nondecreasing
and g-nondecreasing mappings.

Definition 4. Let X be a nonempty set equipped with a partial order relation “ <7,
and g : X — X be a mapping. A nonempty subset A of X is said to be well ordered
if every two elements of A are comparable. The elements a,b € A are called g-
comparable if ga and gb are comparable. The set A is called g-well ordered if for
all a,b € A, a and b are g-comparable i.e. ga and gb are comparable.

Example 1. Let X =[0,00), A= [0,1] and define a relation “ <7 on X by
1
z=y<{(z=y) or(z,y €0, 5] with x < y)}.

Then = is a partial order relation on X. Define g : X — X by gr = 3 for all
z,y € X.

Note that A is not well ordered. Indeed if x,y € (%7 o00),x # y then neither x <y
nory < z. But g(A) = [0, 3], therefore A is g-well ordered.

Let (X,d) be a metric space equipped with partial order relation “ < 7, then
(X, =,d) is called an ordered metric space. Let k be a positive integer and f :
X* — X be a mapping. f is called ordered Presi¢ contraction if

k
(4) d(f(w1, @0 wk), (X, w3, we1)) < Y ond(wi, wig1),
i=1
for all x1,z9,..., 2k, 241 € X with 27 = 29 2 -+ =2 x =< zpy1, where a; are
k
nonnegative constants such that Z a; < 1.
i=1
If (5) is satisfied for all 1, xa, ..., zk, xx+1 € X, then f is called Presi¢ contraction.
Note that in ordered metric spaces a Pre§i¢ contraction is necessarily an ordered

,9)
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Presi¢ contraction, but converse may not be true (see examples 3.1 and 3.2 of [36]).

Let ¢ : R’i — R, be a function satisfying the following conditions:
(1) for t, € Ry, n € Nand t, | t > 0 implies lim sup ¥ (tn,tn,...,tn) <

n—roo
W(t,t,. .. t);
(2) ¥(t,t,...,t) <t for each t > 0;
(3) ¥(t,0,...,0) +(0,¢,0,...,0) + - +9(0,...,0,t) < (L, t,...,t) for each
t e R+.
We denote the class of all such functions by W, i.e., ¢ € ¥ if and only if ¢ satisfies
the all above conditions.

M=

Example 2. Let 9 : Rﬁ — Ry be defined by ¥(ty,ta, ... tk) = ' 1aiti, where «;

k
are nonnegative constants such that > a; < 1. Then ¢ € U.

i=1

Mapping f : X* — X is said to be an ordered Presi¢-Boyd-Wong contraction if
(5)
d(f(xla T2,... ,l’k), f(an T3, .. 7xk+1)) < ¢(d($17$2)7 d(l’g,xg), ceey d<kak+1))

for all x1,29,..., 25, 241 € X with 21 229 2 -+ 2 2 X T41, where ¢ € U. If
(5) is satisfied for all x1,xa, ..., zk, xx+1 € X, then f is called Presi¢-Boyd-Wong
contraction.

Now we can state our main results.

2. MAIN RESULTS

Theorem 5. Let (X, <X,d) be a complete ordered metric space, k a positive integer.
Let f: XF — X, g: X — X be two mappings such that f(X*) C g(X) and g(X)
is a closed subspace of X. Suppose following conditions hold:
@
(6)
d(f(xla T2, Th)s f(:Eg, T3,y Tht1)) < ¢(d(9$17 gz2), d(gxz, 9z3), - - ., d(gzy, gmk+1))7
forallxy,xo, ... xp, xpyr1 € X with gr1 =X gre = -+ X gr) = gTi41, where
NS\
(IT) there exist x1 € X such that gz1 X f(x1,21,...,21);
(II1) f is g-nondecreasing;
(IV) if a nondecreasing sequence {gx,} converges to gu € X, then gx, =< gu for
alln € N and gu = ggu.
Then f and g have a point of coincidence. If in addition f and g are weakly
compatible, then f and g have a common fized point v € X. Moreover, the set of
common fixed points of f and g is g-well ordered if and only if f and g have a
unique common fixed point.

Proof. Starting with given z; € X, we define a sequence {y,} as follows: let
y1 = gx1, as f(X*) C g(X) and gzy < f21,21,...,21), define ypy1 = grpqy =
f(xn,Zny ... 2n), n € N. Then gzy < gas ie. y1 Xy and f is g-nondecreasing, so
y2 = flay,z1,...,21) 2 flag,z,. .0 21, 22) = f(21,21, ..., 21, 22, T2)
= 2 flrn e, x2) 2 (2,22, ,22) = gT3 = Y3
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ie. Yo = gro X ys = gx3.
Continuing this procedure, we obtain

gr1 2 gry 2o 2 gy X GTpg1 2000,
ie.
Y1232 =2 2 Yn DYngr X0

Thus {y,} = {gx,} is a nondecreasing sequence with respect to “ < 7.

For simplicity set d,, = d(yn,¥Yn+1),n € N. We may assume that d,, > 0 for all
n € N, otherwise coincidence point and point of coincidence of f and g exist trivially.
‘We shall show that nh—>nolo d, =0.

Note that
dnt1 = d(Yn+1,Ynt2)
= d(f(xn;zna---7$n)7f(xn+1733n+1;---axn+1))
S d(f(xnaxna-~-axn)7f(xn7~--;xnamn-l-l))
+d(f(xn7 ceey Ty $n+1)7 f(xna vy Ty T, $n+1))

+ooo+d(f (@, Trng1s e Tng1), [(Tnty oy Trg))

and gz, = gTpy1, ¥ € ¥, so it follows from (6) that

dny1 < ¥(0,...,0,d(gxn, gTnt1)) + ¥(0,...,0,d(gxn, gTni1),0)
+ -+ Y(d(gxn, gTn+1),0,...,0)

»(0,...,0,dn) +(0,...,0,d,,0) + - +(dp,0,...,0)
V(dp,dp, ..., dy)

d’n7

ARVAN

for all n € N. Therefore {d,} is a monotonic nondecreasing sequence and bounded
below, so lim d, exists. Let lim d, = § > 0. Assume § > 0, then as ¢ € U we
n—oo n— oo

obtain

0= 1 dpiy < lim §(dn,dn,... dn) < P(6,6,...,6) <4,

a contradiction, so § = 0. We shall show that {y,} is Cauchy sequence.
Assume that {y,} is not Cauchy, then there exists e > 0 and integers m;, n;,l € N
such that m; > n; > 1 and

d(YnyYm,) > € for 1 €N.
Also, choosing m; as small as possible, it may be assumed that
A(Ymy—1,Yn,) < €.
So for each [ € N, we have

d(ymz ) ymzfl) + d(ymz*h ym)

€ < d(Ym; yn,) <
S dml—l +6



PRESIC-BOYD-WONG TYPE RESULTS 159

and it follows from the fact ILm d,, = 0 that llim d(Ymy Yn,) = €. Observe that
n—oo — 00

€< d(ymzaym) < d(ymnyml-‘rl) + d(yml-l—l,ym—&-l) + d(ym-l-l’ym)
= dp, +dn, FA(f(@ny, oy Zny), [ @y o e oy Ty )

< dpy A+ dn, FAd(f(@nyy o Z0y)y [ @y ooy Ty Ty )
+d(f($nlv~-';xnlaxml)af(xnm-“axn”zmlaxml))
+ o +d(f(xn17x'ml)"'amml)?f(xmz7"'7x7nl))'

As m; > n; and {y,} is nondecreasing with respect to “ < 7, 80 yn, =< Ym, i.e.,
JTn, = GTm,, therefore it follows from (6) and the above inequality that

= d(ym“ym) < dml +dnl +¢(0""70ad(ym?ymz))+w(0;...70ad(ym>ymz)a0)
+ te + w(d(yn“yml),o, PPN ,O)
< dml + dnl + Z/J(d(ym,yml), c.. 7d(ym , yml))

Letting | — oo and using the facts that lim d, =0 and ¥ € ¥, we have
n—oo

€= ll—1>I?o d(ymuym) S lli:ilo T/J(d(ym“ym)v A 7d(ymz ) ynl)) S Q/J(Ga cet 6) < €,

which is a contradiction. Therefore {y,} = {gz,} is a Cauchy sequence in g(X).
As g(X) is closed, there exist u,v € X such that v = gu and

(7) lim y, = hm JTn = gu = v.

n—oo

We shall show that w is a coincidence point and v is a point of coincidence of f and
g. Note that

d(v, flu,u,...,u)) < d,Ynt1) + d(Yn+1, f(u,u,. .. u))

d(v,yn+1) +d(f (@n, Tn, -, Tn), flu,u, ... w))
AW, Ynt1) +A(f(@n, Ty ooy Tn), (@, Ty )
+d(f(Tny -y Tn, ), f(@n, .oy Tpyu,w))
+ooHd(f(xn,u, .. u), fu,. .. u)).

If v # f(u,u,...,u), then by (IV) we have gz, = gu,gu = ggu, so using (6) it
follows from the above inequality that

IA

d(v, f(u,u,...,u)) < (v yn+1) Y(0,...,0,d(gzn, gu)) +¥(0,...,0,d(gz,, gu),0)
Y(d(gzn, gu),0,...,0)
< (v yn+1) Y(d(gzn, gu), . .., d(gzy,, gu))
< d(v,Yn+1) + d(gTn, gu),

letting n — oo and using (7) we obtain
d(v, f(u,u,...,u)) =0 ie. fluu,...,u)=gu=n.

Thus u is a coincidence point and v is a point of coincidence of f and g.
Suppose f and g are weakly compatible, so

flo,v,...,0) = f(gu, gu,...,gu) = g(f(u,u,...,u)) = gv.
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Again if d(gu, gv) > 0 then as gu < ggu = gv we obtain from (6) that
d(U,f(U,U,...,U)) d(f(u7u7"'7u)7f(v7v7"'7U))

< d(f(uyuy...,uw), flu,..o u,0) +d(f(u, ..o u,0), flu,...,u,0,0))
+-+d(f(u,v, ... ), flu,...,0))
< ¥(0,...,0,d(gu, gv)) +(0,...,0,d(gu, gv),0)

+ e +w(d(gu7gv)50750)
S 1/)(d(gU,9U)a cee 7d(gu’ gU)) < d(gu7 gU) = d(U, f(va V,y... ’U))7
a contradiction, therefore v = gv = f(v,v,...,v). Thus v is the common fixed point
of f and g.
Suppose the set of common fixed points of f and g is g-well ordered. We shall show
that common fixed point is unique. Assume on contrary that v’ is another common
fixed point of f and g ie. v/ = gv’ = f(v,0',...,v") and v # v'. As v and v’ are
g-comparable, let e.g. gv =< gv’. From (6), it follows that
dv,v") = d(f(v,v,...,v), f(',0,...,0"))

S d(f(UVUV‘"71])7.](.(/07"’71]71]/)) +d(f(U,...,'U,’U/),f('l),...,’U,’UI,U/))
+- er(f(v,v',...,v’),f(v’,v',...,v’))
»(0,...,0,d(gv,gv")) + (0, ...,0,d(gv, gv"),0)
+-+ d}(d(gvmgv/)a 07 ERE 0)

< Y(d(gv,gv'),. .., d(gv,gv")) < d(v,0)
a contradiction. Therefore, v = ', i.e., the common fixed point is unique. For

converse, if common fixed point of f and g is unique then the set of common fixed
points of f and g being singleton therefore g-well ordered. O

IN

Remark 1. For k =1 the above theorem is a generalization and extension of result
of Boyd and Wong in ordered metric spaces.

Following is a simple example which illustrate the above result.

Example 3. Let X = [0,00) with the usual metric and partial order <= {(z,y) :
v,y € X,y <ax}. Fork=2, define f: X?> - X andg: X — X by

X1 + X9
Flay,@2) = 34+ 21+ 20

Define 1 : Rf_ — R by

for all 1,20 € X and gxr =z for oll x € X.

l1+ 1t
ti o) = ———2 forall ti,ts € R,.
P(t, ta) 3+|t1—t2\f 1,ts € Ry
Then it easy to see that all the conditions of Theorem & are satisfied and 0 is the
unique common fixed point of f and g in X.

Taking g = Ix i.e. identity mapping of X in Theorem 5, we get the following
fixed point result for ordered Presi¢-Boyd-Wong contraction.

Corollary 6. Let (X, <,d) be a complete ordered metric space, k a positive integer.
Let f: X* — X be a mapping such that the following conditions hold:
(I) f is ordered Presié-Boyd-Wong contraction;
(I1) there exist x1 € X such that x1 <X f(z1,21,...,21);
(II1) f is nondecreasing;
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(IV) if a nondecreasing sequence {x,} converges to u € X, then x, < u for all
n € N.

Then f has a fixed point v € X. Moreover, the set of fized points of f is well
ordered if and only if f has a unique fixed point.

The following example illustrate the case when the known results are not appli-
cable but the Corollary 6 of this paper is applicable.

Example 4. Let X = [0,2] and d is the usual metric on X, then (X,d) is a
complete metric space. For k =2, define a mapping f: X2 — X by

, if (z,y) €0,1) x [0,1)U[1,2] x [0,1);

1+z

flay) =4 L if (@) €[0,1) x [1,2];
T @) e 0.1) x (1.2
0, otherwise,

and a function : Rﬁ — Ry by

w(tth) = 1+ |t1/2 — t2| fO?" all t1,t5 € R+.
Let < be a partial order define on X by
= = {l@y): (z,y) €10,1) x[0,1) withy <z} U{(z,y): (z,y) € [1,2] x (0,1)}

U{(z,z): z € X},

then v € W. Now by careful calculations one can see that all the conditions of
Corollary 6 are satisfied and 0 is the unique fixed point of f. Note that, f is not an
ordered Presic type contraction, therefore it is not a Presic¢ type contraction. To see
this, take arbitrary values x,y = z € [0,1) and then condition (5) is not satisfied.

Following theorem is a generalization of the result of Presi¢ and Boyd and Wong
in metric spaces.

Theorem 7. Let (X,d) be a complete metric space, k a positive integer. Let
f:X* = X g:X — X be two mappings such that f(X*) C g(X) and g(X) is a
closed subspace of X. Suppose following conditions hold:

(8)

d(f($1,$27 oo vl.k)v f(an T3,... 7xk+1)) < w(d(gxlang)vd(ngagx3)v cey d(gxkvgkarl))?

for all x1,29,..., 25,241 € X, where ¥ € V. Then f and g have a point of
coincidence. If in addition f and g are weakly compatible, then f and g have a
unique common fized point v € X.

Proof. We note that the inequality (8) is true for all xy,za,..., 25, 2p11 € X,
therefore the proof of theorem follows from similar process as used in the proof of
Theorem 5. ([

Taking g = Ix i.e. identity mapping of X in Theorem 7, we get the following
fixed point result for Presié-Boyd-Wong contraction.

Corollary 8. Let (X,d) be a complete metric space, k a positive integer. Let
f:X* = X be a Presié-Boyd-Wong contraction. Then f has a unique fized point
veX.



162 SHUKLA AND RADENOVIC

a;t;, where «; are monnegative

-

Remark 2. Note that, for (ti,ta,...,t;) =

=1

k
constants such that > a; < 1, Corollary 8 reduces to the Presi¢ theorem.
i=1

3. A HOMOTOPY RESULT

In this section we prove a homotopy result for Presi¢ type mapping on product
space.

Theorem 9. Let (X,d) be any complete metric space, U an open subset of X.
Suppose H : (U)* x [0,1] — X be a function such that the following conditions
hold:
(i) for every x € OU (here OU is the boundary of U) and A € [0,1], x #
H(z,z,...,x,\);
(i) for all x1,w2,..., 2%, 2x+1 € U and X € [0,1]

k
(9) d(H(IlanQv <oy Ty A)’ H($2,$37 sy Tk, )‘)) < Z aid(xiaxi-‘rl)a
i=1

k
where «; are nonnegative constants such that Y a; < %;

i=1
(iii) for all z1,7a,...,2, € U and X\, u € [0,1] there exists M > 0 such that
(10) d(H(z1,22,. .., 25, N), H(z1,22, ..., 2, 1)) < MIX — pl.

If Hy—» has a fized point in U for at least one X' € [0, 1], then Hy has a fized point
in U for all X € [0,1]. Furthermore, for any fized X € [0, 1], the fized point of Hy is
unique.

Proof. Define
F={)el0,1]: 2= H(z,x,...,z,\) for some z € U}.

As Hy_) for at least one X' € [0, 1], has a fixed point in U, i.e., there exists x € U
such that H(z,z,...,x,\) =z, s0 N € F and F, # (). We shall show that F is
both open and closed in [0, 1] and therefore by connectedness F = [0, 1].

(I) F is closed: Let {\,} be any sequence in F and nh—>né<> A =X € [0,1]. As

An € F for all n € N so there exists x,, € U such that z,, = H(zp, Ty, ..., Tn, A\n)
for all n € N.
Note that, for all n,m € N with m > n we have

d(@n, m) = dH(ZnyTny -y Ty An), H( Xy Tiny o+ Ty Am))
< d(H(Xpy o Tny An)y H(Tpy ooy Ty Ty An))
+d(H(xna vy Ty Tomyy )\n)v H(i[,’n, s Ty Ty Tmys )\n))
+o A d(H (T Ty - -+ s Ty A )y H(Zny -+ o5 Ty A))
+d(H(Zmy s Ty An)y H( Xy o oo Ty A ))-
Using (9) and (10) it follows that
d(xp, ) < agpd(Tn,Tm) + ap—1d(Tp, Tm) + -+ a1d(Tp, Tm) + M| Ay — Al

k
[Z a;ld(xn, Tm) + M| Ay — Al

i=1
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ie.
M
d(Tpn, Tm) < - A — Al
1-— Z (67
i=1
Letting n — oo and using the fact that lim A, = X it follows from the above

n—oo
inequality that lim d(zy, ) = 0, therefore {z,} is a Cauchy sequence. As X is
n—roo

complete, there exists u € U such that

lim z, = u.
n—oo

Now for any n € N we obtain

d(xpn, H(u,u,...,u, ) = d(H(Xp,Tn,y -y Tny An), H(u,u, ..o u, X))
A(H(zp, .. Tn, An), H(Zp, oo T, Uy Ay))
+d(H(Zpny ooy Ty Uy Ap)y H(Xy ooy Ty Uy 1, Ay))
4+ d(H(xp, . yuy Ay Hu, oo uy Ay))
+d(H (u,uy ... yu, Ap), H(u,u, .oy A)),

IN

using (9) and (10) it follows that

Az, Hu,u, ... u,\) < apd(@n, ) + ap_1d(z,,u) + - - + ard(xp, u) + M|A, — Al
k
> aild(wn,u) + MA, — Al

i=1

As lim A, = X and lim z,, = u, we obtain
n— o0 n— oo

lim d(xn, H(u,u,...,u,\)) = d(u, H(u,u,...,u,\)) =0

n— oo

ie. u= H(u,u,...,u,\) and u € U. As (i) holds, therefore u € U so A € F. Thus
F is closed.

(IT) F is open: Let A\ € F, then there exists ug € U such that ug = H(ug, .. ., ug, Ao)-
As U is open, there exists § > 0 such that B(ug,d) = {r € X : d(z,up) < d} C U.
Fix € > 0 with

1—]620&1'

=1

Let A € (A9 — €, Ao + €), then for all z1,2a,..., 2, € B(ug,0) = {z € X : d(x,up) <
0}, we have

d(ug, H(z1,22,...,Tk, A))

d(H (ug, ug, - .., ug, M), H(x1, 21, ., Tk, \))

d(H (ug, ug, - .., ug, No), H(ug, .., ug, 1, Ao))

+d(H (ug, . - -y U0, 1, o), H (Ug, - - - , g, 1, T2, X))
+--+d(H(up, z1, oy Tp—1,X0), H(T1, ..., Ty o))
+d(H(x1,x2,...,2k, No), H(z1,2Z2, ..., Tk, \)).

IN
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It follows from (9), (10) and the above inequality that

k k
d(ug, H(z1, T2, ., Tk, N)) < [Zai]d(uo,xl)—F[Zai]d(xl,xg)—k---

1
k
+[ Z ild(Tr—2, Tr—1) + d(r—1, 1) + M|Ao — A|
i=k—1
k
< [k ai]d + Me.

=1

Using (11) in the above inequality we obtain

k k
d(ug, H(z1, 23, .. a6, N) < (kY ald+[1—kY ol
=1 =1

= 4.
Therefore
d(ug, H(x1, 22, ..., 25, A)) <0 le. H(xy,za,...,25, A) € B(ug,?).

Thus, for each fixed A € (A9 — €, \g + €), H) is a self map of B(up,d), so we can
apply Corollary 8 and Remark 2, to deduce that Hy has a fixed point in U, and
as (i) holds, this fixed point must be in U. Thus A € F for all A € (A\g — €, \g + €).
Therefore F is open in [0, 1] i.e. F = [0,1]. Thus H) has a fixed point in U for all
A €0,1].
For uniqueness, let A € [0,1] be fixed and for this fixed A, u and v be two fixed
points of Hy in U ie. u = H(u,u,...,u,\) and v = H(v,v,...,v,A) and u # v.
Then it follows from (9) that
d(u,v) = d(H(u,u,...,u,A),H(v,v,...,0,A))

< d(H(u,...,u,A),H(u,...,u,v,\)) +d(H(u,...,u,v,\), H(u,...,u,v,0,))

+---+d(H(u,v,...,v,\), Hw,v,...,v,\))

< apd(u,v) + ag—1d(u,v) + - - - + ard(u, v)
k
= > addu,o)
i=1
< d(u,v),
a contradiction. Thus fixed point is unique. O

For k =1 in the above theorem, we obtain following Homotopy result.

Corollary 10. Let (X,d) be any complete metric space, U an open subset of X.
Suppose H : U x [0,1] — X be a function such that the following conditions hold:
(i) for every x € AU (here AU is the boundary of U) and X € [0,1], x # H(xz, \);
(i) for all x,y € U and X € [0,1]
d(H(z,\), H(y,\)) < ad(x,y),
where 0 < a < 1;
(iii) for all x € U and A\, € [0,1] there exists M > 0 such that

d(H(z,A), H(z,p)) < M|X — pl.
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If Hyx—x has a fized point in U for at least one X' € [0, 1], then Hy has a fized point
in U for all X € [0, 1]. Furthermore, for any fized A € [0, 1], the fized point of Hy is
UNLqUE.
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