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Abstract. In this article we obtain the best possible estimates, Fekete Szegd inequality and bounds of

second Hankel determinant for the function belonging to the new subclass of reciprocal order.

1. Introduction

Let A denote the family of functions f normalized by
f(z)zz—i—Za,-z’, zeé& (1.1)
=2

which are analytic in the open unit disk € = {z € C: |z] < 1} . We denote by S the subclass of A
consisting of all functions in A which are univalent in £.

Let 0 < X\ < 1 the function f € A is called starlike function of order A and convex function of
order A are denoted by S*(\) and C(\) respectively, if

R (ié?) SN ze€
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and

R (1 + Z:((ZZ))) >\ z€eE.

The class of all such starlike and convex functions were introduced by Robertson [14]. and we let
s*(0)=sS and Cc(0) =C.

Now, let S.(X) and C.(\) be the classes of starlike and convex functions of reciprocal order A

for 0 < X < 1 respectively if

f(z)
R (zf’(z)) >, zef. (1.2)
and
f(2)

By seeing literature, it is the fact that

R[p(z)]>O:>R<1> :R< P(2) >>0.

p(z) p(2)[?

In 2008, Nunokawa et al. [11] proved that every starlike function of reciprocal order X is starlike and

hence univalent in £.

When 0 < A < 1/2, for f(z) € S«(X) if and only if

1

zf'(z) 1
— < N

f(z) 2

Example 1.1. [15] Let f € A and 0 < X\ < 1 satisfy the inequality

Zf/(Z)
2) -1 <1-—X
then

zf(z) 2-X < Zf(z)_l_{_i'
f(2) 2 f(2) 2
A 2—)
1-x+2=2""2
< >\+2 >

and therefore such functions are starlike of reciprocal order ﬁ

Miller, Mocanu and others studied extensively (see [6,8-10]) the class of a-convex functions My,

o be real, defined as

/\/laZ{fe.A: R((l—a)z:éz))—ka<1+Z:,/;(ZZ))>>>O, ZES}.

Taking note of these results, we now define the following subclass of reciprocal order,
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Definition 1.1. For 0 < a <1 and b € C\ {0}, a function f € A is in the class M(a) satisfying the

1 f(z) f'(z)
Re{1+b ((l—a)zf,(z) +azf”(z)+ )~ 1>} >0 zef. (1.4)

inequality

The Hankel determinant Hgy(n) of Taylor's coefficients of function f € A of the form(1.1),is defined
by

an an+1 anJrqf].
dn+1 an42 ... dn+q
Hq(n) = ' ' ' ' , (ngeN=1,23.). (1.5)
dn+qg—1 dn+q -+ Int42(g-1)

The Hankel determinant is useful,in showing that a function of bounded characteristic in &, i.e.,
a function which is a ratio of two bounded analytic functions with its Laurent series around the origin
having integral coefficients, is rational [1]. Pommerenke [12] proved that the Hankel determinants
of univalent functions satisfy |Hq(n)| < KKn=G+0)at3 | where B > 1/4000 and K depends only on
q. Later Hayman [4] proved that |H,(n)] < An'/? (A is an absolute constant) for a really mean
univalent functions.

A classical theorem of Fekete-Szegd [2] considered the second Hankel determinant |Ha(1)| =
las — a§| for univalent functions. They made an early study for the estimate of well known Fekete-
Szegd functional |as — pa3| when p is real. Janteng [5] investigated the sharp upper bound for second
Hankel determinant |Ha(2)| = |asas — a3| for univalent functions whose derivative has positive real
part.

In this present paper, we estimate the coefficient bounds, classical Fekete-Szego function and
second Hankel determinant for the function f € A belonging to the new defined sublass.

For understanding the concept of this article, it is now neccessary to review the following funda-

mental lemmas.

2. Preliminary Results
Lemma 2.1. [13] Let P denote the class of functions
p(z) =1+ crz+ 3+ (2.1)
which are regular in £ and satisfy R [p(z)] >0, z € &
lcnl <2, n>1.
Lemma 2.2. [3] If p(z) is of the form (2.1) with positive real part then,

2o = ¢ + x(4 — c}) (2.2)
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and
beg = 24 2xc1(4— 2) — xPci(4— ) +22(1 — |x|?)(4 — D) (2.3)

for some x, z such that |x| <1 and |z| < 1.

Lemma 2.3. [7] If p(z) is of the form (2.1) with positive real part then the following inequality holds,

leo —ve?| < 2max{1,|2v — 1|}, where veC.

3. Main Results

The most important aspect of this study is that we are simultaneously examining the charac-
teristics of the defined class of analytic functions with respect to the reciprocal order. Taking the
aforementioned importance of Hankel determinant into consideration, we now proving the following
result.

—_—~—

Theorem 3.1. If f € A is in the class M(a),then

o] < 2121
1+«

|b| [ 4|b\(1—|—3a)]
1+ 2a) (14 a)?

laz| <
(

and for any real number i we have,

las — pa3| < (1_||_b|2a) max {1, ‘(111904)2[(1 +3a) — u(l +2a)] — 1)} (3.1)

Proof. From definition (1.1) we have,

1 f(z) f'(z)
1+ b 1- Oé)zf’(z) azf”(z) + f(2) B

and p(z) is analytic in € with p(0) = 1 and Re[p(z)] > 0.

Simple calculation yields,

1]:p(z), for 0<a<l1 (3.2)

1 1
1-— 5(1 +a)arz + 5[2(1 + 3a)a3 — 2(1 + 2a)as]z?

1
- 5[4(1 +7a)a3 — 7(1 + 5a)azas + 3(1 + 3a)as] 2>

(3.3)
1 2
+ 5[10(1 + 7a)azas —4(1+4a)as — 20(1 + 1la)asas
+6(1+8a)as +8(1+15a)as|z* + - =1+ crz+ oz + 2>, ...
Now equating the coefficients on both sides, we obtain
bCl
=— 3.4
a2 14+« (3.4)
and
b 2b(1+43a) ,
- _ it Sl 3.5
BT 0120 |7 Qrar @ (3.5)
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For any real u, we can derive

bj 2b
BT L B PO v — (1 +2a)] 2
95— a8 < 5 Lo 02— e (14 32) — (1 + 2]
where
= 2P 14 30) w1+ 20)
Pt a2 T
O
By lemma 2.3 we obtain our desired results.
Corollary 3.1. /fa =0 and b=1— X, then the class S)/J‘TZ&/) reduced to Sy(\) and we will get
las] <2(1—=X) and |as] < (1—=X)(5—4N).
Corollary 3.2. Ifa =1 and b=1— X, then the class SJ/TZ&/) reduced to C.(X\) and we will get
1—-X
ol <(1-3) and |l < TN 60
Remark 3.1. [16] Ifa =0 and b =1, then the class D/ﬁ?o?) reduced to ST and we will get
1

a=—c and az= —E(Q — 2c12).

Remark 3.2. [16] Ifa =1 and b =1, then the class D/ﬁ?oa/) reduced to CV and we will get
C1 1

a = 5 and a3 = —6(C2 — 2C12).

Theorem 3.2. /f f € A is in the class m,then
4 M, M3, M4
s g o)
323 = 35| < 3 A T 13y T2 T2 T
Proof. Let f € SJ/TZa/), from (3.3) we have
. —b o 7b(1 4 5a) .
Y731 +3a0) |7 20+ a)(1+2a) T2 (36)

7(1+3a)(14+5a) 4(1+7a) 23
<(1+a)3(1+2a) - (1+a)3> Cl]

From equation (3.4), (3.5) and (3.6), we obtain
p2

12(1 4+ o)*(1 + 20)?(1 + 3a)

—2b(1 + a)?[7(1 + 2a)(1 + 5a) — 6(1 + 3a)?] 2

|apaq — a3| = {41+ )’ (1 +2a)%cic3

+ 4b%[7(1 + 20)(1 4 3a)(1 + 5a) — 4(1 + 2a)?(1 + 7o) — 3(1 + 3a)3] ¢}

—3(1+a)(1+3a)c}.
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Replacing the values of ¢, and ¢3 from Lemma 2.2 and assume that ¢; = ¢ € [0, 2], then applying

triangle inequality with |x| = p, we obtain,

b2
|apas — a3) < 6]

405 1+ 160% 4+ 2603 - 7Ta? + 1 1
_12(1+a)4(1_|_2a)2(1+3a){[( a’ + 160" + 26a° + 7a® + 19a + 1)

3
+ [b](1 4+ @)?(160” + 13a + 1) + |b]*(17a + 8a® — a) + Z(3oc2 + 4o + 1)] ct
+ [4(4a° + 160" + 250> + 1902 + 7o + 1) + 2| b| (1 + )?)

3
((16042 +13a+1)+ 5(3a2 + 4o + 1))} (4 —c*)c?p
3
+ [C2(4a5 +16a* + 2507 + 190” + 7o+ 1) + (30 + 4o + 1)(4 — cz)] P24 —c?)
+2(1 +2a)?c(4 — ) (1 —p*)} = F(c, p).

We assume that the upper bound occurs at the interior point of the rectangle [0, 2] x [0, 1]. Differen-

tiating the above equation with respect to p,we get

oF b2

DR 4(4 5 16 4 o5 3 19 2 7 1
Op 12(1+Ot)4(1+2a)2(1+3a){[ (4o’ + 160" + 25a° + 19a° + 7 + 1)

3
+ 2|b/(1 + ) <(16a2 +13a+1) + §(3012 +4a + 1))} (4 —c?)c?
+ [2c%(40® + 16a* + 250> + 190 + 7o + 1)
3
+ Z(3a2 +4a+1)(4 - C2):| p(4 — c?)
—4(1 +2a)%c(4 — c)p} .
For 0 < p < 1 and fixed c € [0, 2], it can be easily seen that % > 0. This shows that F(c, p) is an

increasing function of p.
Therefore, max F(c,p) = F(c,1) = G(¢)

_ |b]?
(0 = A T o) (1 + 20021 1 30) {l

4a® + 160" + 260> + 7a% + 19a + 1)

3
+ |b|(1 + a)?(16a? + 13 + 1) + |b]?(17a® + 8a® — ) + Z(3a2 + 4o+ 1)] c*
+ [4(4a® + 16a* + 250 + 19a? + Ta + 1) + 2|b|(1 + a)?)

<(16a2 +13a+1) + g(:aa2 +4a + 1))} (4 — c?)c?

3
- [62(4015 160" +250% +190” + 7o + 1) + 7 (3a” + 4 + 1) (4 - c2)] (4—¢c?)
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Now differentiating with respect to c,

|b|?
12(1 + a)*(1 + 20)2(1 + 3x) {

G'(c) = [4(4a® + 160 + 260 + 7a? + 19 + 1)

3
+ |b|(1 + &)?(1602 + 13 + 1) + |b|?(17a® + 8a® — &) + Z(3o42 + 4o + 1)} c3
+ [4(4a® + 16a* + 250 + 19a% + Ta + 1) + 2|b|(1 + a)?)

((16a2 +13a+1) + §(3a2 + 4o + 1))] (8¢ — %)

3
+ [(4a5 +160* 4 250> 4 190 4+ 7a 4 1)(8¢c — %) — Z(3a2 + 4o+ 1)(4c — c3)} _

. 0G :
Since En > 0 for ¢ € [0, 2], G(c) has maximum value at c=2. Hence,

4
|acas — a3] <

40° + 160* + 260° + 7a® + 19 1
—3(1+a)4(1+2a)2(1+3a)[(a+ & +26a” + 70" + 190 + 1)

3
+ |b|(1 + a)?(16a2 + 13 + 1) + |b|?(17a® + 8a® — a) + Z(3a2 + 4o + 1)] x | b|2.
O

Remark 3.3. Ifa =1 and b =1, then the results of Theorem 3.2 reduced to the results of Vamshee
Krishna and Ramreddy [16].
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