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Abstract. Our main purpose is to introduce the concepts of weakly p(A, p)-open functions and weakly p(A, p)-closed
functions. Moreover, several characterizations of weakly p(A, p)-open functions and weakly p(A, p)-closed functions

are investigated.

1. INTRODUCTION

In 1984, Rose [10] introduced and studied the notions of weakly open functions and almost open
functions. Rose and Jankovi¢ [9] investigated some of the fundamental properties of weakly closed
functions. In 2004, Caldas and Navalagi [5] introduced two new classes of functions called weakly
preopen functions and weakly preclosed functions as generalization of weak openness and weak
closedness due to [10] and [9], respectively. Moreover, Caldas and Navalagi [3] introduced and
investigated the concepts of weakly semi-open functions and weakly semi-closed functions as a
new generalization of weakly open functions and weakly closed functions, respectively. In 2006,
Caldas et al. [4] presented the class of weakly semi-0-openness (resp. weakly semi-0-closedness)
as a new generalization of semi-0-openness (resp. semi-0-closedness). In 2009, Noiri et al. [8]
introduced and studied two new classes of functions called weakly b-0-open functions and weakly
b-0-closed functions by utilizing the notions of b-0-open sets and the b-0-closure operator. Weak
b-0-openness (resp. b-O-closedness) is a generalization of both 0-preopenness and weak semi-0-
openness (resp. O0-preclosedness and weak semi-0-closedness). In [2], the present authors studied
some properties of (A, sp)-open sets, p(A, sp)-open sets, a(A, sp)-open sets, B(A, sp)-open sets and
b(A,sp)-open sets. Srisarakham and Boonpok [11] investigated several properties of op(A,s)-
closed sets and the 0p(A, s)-closure operator. The concepts of (A, p)-closed sets and (A, p)-open
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sets were studied by Boonpok and Viriyapong [1]. In this paper, we introduce the concepts of
weakly p(A, p)-open functions and weakly p(A, p)-closed functions. Furthermore, some properties
of weakly p(A, p)-open functions and weakly p(A, p)-closed functions are discussed.

2. PRELIMINARIES

Throughout the present paper, spaces (X, 7) and (Y,0) (or simply X and Y) always mean
topological spaces on which no separation axioms are assumed unless explicitly stated. For a
subset A of a topological space (X, 1), ClI(A) and Int(A), represent the closure and the interior of
A, respectively. A subset A of a topological space (X, 7) is said to be preopen [7] if A C Int(CL(A)).
The complement of a preopen set is called preclosed. The family of all preopen sets of a topological
space (X, 7) is denoted by PO(X, 7). A subset A,(A) [6] is defined as follows: A,(A) = N{U | A C
U, U € PO(X,1)}. A subset A of a topological space (X, 1) is called a A,-set [1] (pre-A-set [6]) if
A = Ay(A). A subset A of a topological space (X, 7) is called (A, p)-closed [1] if A = T N C, where
T is a Ap-set and C is a preclosed set. The complement of a (A, p)-closed set is called (A, p)-open.
The family of all (A, p)-open (resp. (A, p)-closed) sets in a topological space (X, 7) is denoted by
A,O(X, 1) (resp. ApC(X,7)). Let A be a subset of a topological space (X, 7). A point x € X is called
a (A, p)-cluster point [1] of A if ANU # 0 for every (A, p)-open set U of X containing x. The set of
all (A, p)-cluster points of A is called the (A, p)-closure [1] of A and is denoted by A(*?). The union
of all (A, p)-open sets of X contained in A is called the (A, p)-interior [1] of A and is denoted by
A(ap)- A subset A of a topological space (X, 7) is said to be p(A, p)-open [1] (resp. a(A, p)-open [13],
r(A,p)-open [1])if A C [A(A'P)](A,p) (resp. A C [[A(A,p)](A'p)](A,p), A= [A(A'F’)](A,p)). The union of all
p(A, p)-open sets of X contained in A is called the p(A, p)-interior of A and is denoted by Ay, ,)-
The complement of a p(A, p)-open (resp. a(A,p)-open, r(A,p)-open) set is called p(A, p)-closed
(resp. a(A, p)-closed, r(A, p)-closed). The intersection of all p(A, p)-closed sets of X containing A is
called the p(A, p)-closure of A and is denoted by AP(*P). Let A be a subset of a topological space
(X, 7). The O(A, p)-closure [1] of A, A?AP) is defined as follows:

APAP) — (x e X | An UM £ 0 for each (A, p)-open set U containing x}.

A subset A of a topological space (X, 1) is called O(A, p)-closed [1] if A = A?(*?). The complement
of a O(A, p)-closed set is said to be (A, p)-open. A point x € X is called a O(A, p)-interior point [12]
of Aif x e U € UM C A for some U € A,O(X, 7). The set of all O(A, p)-interior points of A is
called the O(A, p)-interior [12] of A and is denoted by Ag(, )-

Lemma 2.1. [12] For subsets A and B of a topological space (X, 7), the following properties hold:
(1) X = AYAP) = [X = Alg(a ) and X — Ag(a ) = [X — A]9AP),
(2) A'is O(A, p)-open if and only if A = Ag(a p)-
(3) AC AP C A9 and Ag(n ) € Arnp) C A.
(4) If A C B, then A9AP) € BOAP) and A p ) € Bo(a p)-
(5) If A is (A, p)-open, then ALMP) = AO(AP),



Int. J. Anal. Appl. (2024), 22:10 3

3. On WEeakry p(A, p)-Oren Funcrions

In this section, we introduce the concept of weakly p(A, p)-open functions. Moreover, some
characterizations of weakly p(A, p)-open functions are discussed.

Definition 3.1. A function f : (X,t) — (Y,0) is said to be weakly p(A,p)-open if f(U) C
[f(LI(A'V))]p(A,p) for each (A, p)-open set U of X.

Theorem 3.1. For a function f : (X,t) — (Y, 0), the following properties are equivalent:

(1) f is weakly p(A, p)-open;

(2) f(Ag(ap)) S [f(A)lp(ap) for every subset A of X;

G3) [f 1 (B)loap) S f (By(ap)) for every subset B of Y;

@) F1(BPAP)) C [F71(B)]9AP) for every subset B of Y;

(5) for each x € X and each (A, p)-open set U of X containing x, there exists a p(\, p)-open set V of Y
containing f(x) such that V. C f(UAP));

6) f(Kap)) S [f(K)]p(ap) for each (A, p)-closed set K of X;

7) FUNP(ppy) S [FUN)]y(n ) for each (A, p)-open set U of X;

(8) f(U) C [F(UN)]yap) for each p(A, p)-open set U of X;
9 f(u)c [f(U(A'p))]p(A,p) for each a(A, p)-open set U of X.
Proof. (1) = (2): Let A be any subset of X and x € Ag(, ;). Then, there exists a (A, p)-open set

U of X such that x € U € UMP) C A. Then, f(x) € f(U) € f(UM)) C f(A). Since f is weakly
p(A,p)-open, f(U) C [f(U(A'p))]p(A,p) C [f(A)]p(A,p). It implies that f(x) € [f(A)]p(A,p). This shows
thatx € f7([f(A)]p(ap))- Thus, Ag(a ) S fH[f(A)]pap) and hence f(Ag(ap)) S [f(A)]p(ap)-
(2) = (1): Let Ube any (A, p)-open set of X. As U C [U"P)], ,,) implies
FQ) € FUMgia )
< [FUM)]pap)-

Thus, f is weakly p(A, p)-open.
(2) = (3): Let B be any subset of Y. Then by (2), f([f ™ (B)]o(ap)) S Bp(ap)- Thus,

[F B)oap) € f (Byay))-
) = (2): Let A be any subset of X. By (3), we have Agx,) S [f'(f(A)loway S

([f (A)]p(ap)) and hence f(Ag(ap)) € [f(A)]pap)-
(3) = (4): Let B be any subset of Y. Using (3), we have

X= [ B)]M) = [X = 7 (B)]ocay)
= [ (Y=B)loap)
€ f (Y = Blpap)

= fY(y - BrA))
=X-f" (BP(AP)>

W

(
f—l
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and hence f~1(BF(AP)) C [f~1(B)]0(AP),
(4) = (3): Let B be any subset of Y. Using (4), we have

X = f (Byap) € X = 1f(B)logay)

and hence [f™(B)]ga ) € f 7 (Bp(ap))-

(1) = (5): Letx € X and U be any (A, p)-open set of X containing x. Since f is weakly p(A, p)-
open, f(x) € f(U) C [f(U(A"’))]p(A,p). Put V = [f(U(A'P))]p(A,p). Then, V is p(A,p)-open in Y
containing f(x) such that V C f(U(A),

(5) = (1): Let Ube any (A, p)-opensetof X and y € f(U). It follows from (5) that V C f(UP))
for some p(A,p)-open set V of Y containing y. Thus, y € V C [f(U*)] 4, ») and hence f(U) C
[f(U(A'V))]p(A,p). This shows that f is weakly p(A, p)-open.

(1) = (6): Let K be any (A, p)-closed set of X. Then, K, ,,) is (A, p)-open in X. Thus by (1),
F(Kiap) € FUKap] D) oap) € LFEAPD ) = [FK)]piap-

(6) = (7): Let U be any (A, p)-open set of X. Then, we have U(*?) is (A, p)-closed in X and by

(6), F(UM](pp)) € LFEUN) ] p)-
(7) = (8): Let U be any p(A, p)-open set of X. Then, we have U C [U(A'P)](A,p). By (7),

p

F) < f([u' ] )
= F(IUA A AP ()
< [P a1 D ian)
c [Fu™ ] (Ap)-

(8) = (9): This is obvious since every a(A, p)-open set is p(A, p)-open.
(9) = (1): Let U be any (A, p)-open set of X. Then, U is a(A, p)-open in X. By (9), we have

f(U) < [f(u(A'p))]p(A,p)

and hence f is weakly p(A, p)-open. ]

Theorem 3.2. Let f : (X, 1) — (Y, o) bea bijective function. Then, the following properties are equivalent:

(1) f is weakly p(A, p)-open;
@) [f(U)]PAr) c F(UAP)) for every (A, p)-open set U of X;
3) [f(Kap)PAP) € £(K) for every (A, p)-closed set K of X.

Proof. (1) = (3): Let K be any (A, p)-closed set of X. By (1), we have
fX=K) =Y~ f(K)
< [F(X=KAP)]pap)

and hence Y = £(K) € Y = [F(K(x ). Thus, [£(K(p )P € F(K).
(3) = (2): Let U be any (A,p)-open set of X. Since U(A P)is (A, p)-closed and U C [UA p)](,\,p).

Thus by (3), [F(L)JFAP) € [F([UGD] ()P0 € F(UOP),
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(2) = (3): Let Kbe any (A, p)-closed set of X. Since K, ;) is (A, p)-open in X and by (2),
[F(Kap) PP € F([Kipp)) 7))
C (KO
= f(K).
(3) = (1): Let U be any (A, p)-open set of X. By (3), we have
Y = [FU)]yap = [Y = fUAP)PAD)
c F(x-u)
= Y- ()

and hence f(U) C [f(U(A'p))]p(A,p). Thus, f is weakly p(A, p)-open. m]

4. ON WEeakry p(A, p)-Crosep FuncTioNs
We begin this section by introducing the concept of weakly p(A, p)-closed functions.

Definition 4.1. A function f : (X,7) — (Y, 0) is said to be weakly p(A\, p)-closed if [f(K(A,p))]p(A"’) c
f(K) for each (A, p)-closed set K of X.

Theorem 4.1. For a function f : (X,t) — (Y, 0), the following properties are equivalent:
(1) f is weakly p(A, p)-closed;
@) [f(U)]Par))y c F(UANP) for every (A, p)-open set U of X.
Proof. (1) = (2): Let U be any (A, p)-open set of X. Then by (1),
FADPPA? = [f(Upp) )
C LU g I
C f(uta),
(2) = (1): Let Kbe any (A, p)-closed set of X. Using (2), we have
F(Kap) PP € F(IK(pp)) )
C FKEA)
= f(K).
This shows that f is weakly p(A, p)-closed. o

Theorem 4.2. For a function f : (X,t) — (Y, 0), the following properties are equivalent:

(1) f is weakly p(A, p)-closed;
@) [f(Kap)]PUP) € £(K) for every p(A, p)-closed set K of X;
(3) [f(K(A,p))]p(A'p) C f(K) for every a(A,p)-closed set K of X.
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Proof. (1) = (2): Let K be any p(A, p)-closed set of X. Then, [K(A,p)](‘\"?) C K. Thus by (1),

[F(Kiap) PP < [F([[Ka )] ] ap) VAP
[Kiap] ™)
K).

N

N

f
A
(2) = (3): Let K be any a(A, p)-closed set of X. Then, K is p(A, p)-closed in X. Using (2), we
have [f(K(x))P?) € f(K).
(3) = (1): Let K be any (A, p)-closed set of X. Then, we have K is a(A, p)-closed in X. By (3),
[f(Kap) M) € £(K). Thus, f is weakly p(A, p)-closed. o

Theorem 4.3. For a function f : (X,t) — (Y, 0), the following properties are equivalent:

(1) f is weakly p(A, p)-closed;

@) [fu” P, )]P(A P) C F(UNP) for every (A, p)-open set U of X;

B3) [F([UIAP] (5 ) PAP) C F(UOAP)) for every (A, p)-open set U of X;

@) [F)F) € F(UO) for coery p(A, p)-open set U of X

(5) [f(U)]PAP) C F(UANP) for every r(A, p)-open set U of X;

(6) for each subset B of Y and each (A, p)-open set U of X with f~(B) C U, there exists a p(A, p)-open
set V of Y such that BC V and f~*(V) c UAP);

(7) for each point y € Y and each (A, p)-open set U of X with f~(y) C U, there exists a p(A, p)-open
set V of Y containing y and f~1(V) € UAMP),

Proof. (1) = (2): Let U be any (A, p)-open set of X. Then, U"?) is (A, p)-closed in X. Since f is
Ap)

weakly p(A, p)-closed, [f([UM)] (5 ,)]P)) € F(UM).
(2) = (3): Tt is suffices see that LIQ(A P) = UM for every (A, p)-open set U of X.
(3) = (4): It is suffices see that U?*) = UAMP) for every p(A, p)-open set U of X.
(4) = (5): Let U be any r(A, p)-open set of X. Then, U is p(A, p)-open in X. Using (4), we have

[F(LD)]PAP) € F(UAP)),

(5) = (6): Let B be any subset of Y and U be any (A, p)-open set of X with f~}(B) € U. Then,
FHB) N [X - UAP]AP) = @ and hence BN f([X — UNP]AP)) = @, Since X — UM is r(A, p)-
open, BN [f(X —UWP)PAP) = g by (5). Put V =Y — [f(X - UNP)]P(AP), Then, we have V is
p(A, p)-open such that B C V and

V) € X = fUFX = Ut pan)
C X f(Fx- U
C u(A/P)

(6) = (7): This is obvious.
(7) = (1): Let K be any (A, p)-closed set of X and y € Y — f(K). Since f~'(y) € X — K, there
exists a p(A,p)-open set V of Y such that y € V and f~1(V) C [X - K](AMP) = X - Kiap) by (7).
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Thus, VN f(K(pp)) =0 and hence y € Y — [f(K(A,p))]P(A'P). It implies that [f(K(A,p))]”(A'P) C f(K).
Thus, f is weakly p(A, p)-closed. o

Theorem 4.4. For a function f : (X,t) — (Y,0), the following properties are equivalent:

(1) f is weakly p(A, p)-closed;
@) [f(U)]PAP) C F(UANP) for every r(A, p)-open set U of X.

Proof. (1) = (2): Let U be any r(A,p)-open set of X. Then, U is (A, p)-open in X. Thus, by
Theorem 4.3,

FQPO = [F(UAP) i POD € FUP)
(2) = (1): Let K be any (A, P)'CIOSEd set of X. Then, [K(A'p)](A,p) is ”(A,P)—Open in X, By (2)’

we have

This shows that f is weakly p(A, p)-closed. o
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