Int. J. Anal. Appl. (2023), 21:133

International Journal of Analysis and Applications

Griiss Type k-Fractional Integral Operator Inequalities and Allied Results

Ghulam Farid!, Sajid Mehmood?, Laxmi Rathour®*, Mawahib Elamin*, Huda Uones Mohamd

Ahamd®, Neama Yahia®

L Department of Mathematics, COMSATS University Islamabad, Attock Campus, Pakistan
2Govt Boys Primary School Sherani, Hazro, Attock, Pakistan
3Department of Mathematics, National Institute of Technology, Chaltlang, Aizawl 796 012,
Mizoram, India
4Department of Mathematics, College of Science and Arts, Qassim University, Riyadh Alkkbra, Saudi
Arabia
> Mathematics department, Faculty of arts and science, Sarat Abida, King Khalid University, Saudi
Arabia
6 Department of Mathematics, College of Science, Tabuk University, Saudi Arabia

*Corresponding author: laxmirathour817@gmail.com

Abstract. This paper aims to derive fractional Griiss type integral inequalities for generalized k-
fractional integral operators with Mittag-Leffler function in the kernel. Many new results can be
deduced for several integral operators by giving specific values to the parameters involved in Mittag-

Leffler function. Moreover, the results of this paper reproduce a lot of already published results.

1. Introduction

In 1935, Griiss derived the following inequality which is well-known as the Griiss inequality [7]:

Theorem 1.1. Let f and g be two integrable functions on w1, w»]. Also, let My, M», N1 and N>

be four real numbers satisfying the following conditions:
Mi < f(X) <M> and Ni< g(x) < AN (1.1)
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for all x € w1, w>]. Then the following inequality holds:

ot [ oo (2 ) (5 [ )

(Mo = M1)(N2 — MN7). (1.2)

<

FN

Griiss inequality (1.2) estimates the integral mean of the product of two functions to the product of
their integral means. In recent years, many authors have introduced generalizations and extensions of
inequality (1.2) for different integral operators. For example, in [29], Tariboon et al. derived the Griiss
type integral inequalities for Riemann-Liouville integral operator. In [11], Kacar et al. obtained the
Griiss type integral inequalities for generalized Riemann-Liouville integral operator. In [22], Rashid et al.
established the Griiss type integral inequalities for generalized k-Riemann-Liouville integral operator.
In [17], Mubeen and Igbal present the Griiss type integral inequalities for generalized Riemann-Liouville
(k, r)-integral operator. In [24], Rahman et al. proved the Griiss type integral inequalities for the
conformable integral operator. In [8], Habib et al. gave the Griiss type integral inequalities for
generalized (k, s)-conformable integral operator. In [5], Farid et al. derived the Griiss type integral
inequalities for generalized integral operator containing Mittag-Leffler function. For more detail related
to the Griss inequality (1.2), see [19].

Inspired by the above-defined works, this paper aims to derive the Griiss type integral inequalities
for k-fractional integral operators containing Mittag-Leffler function in their kernel. Several new Griiss
type integral inequalities can be deduced from the presented results.

Fractional integral operators involving the Mittag-Leffler function are very useful in mathematical
inequalities. A large number of integral inequalities involving the Mittag-Leffler function exist in litera-
ture. For example, in [20], Purohit et al. derived the Chebyshev type inequalities for fractional integral
operator containing multi-index Mittag-Leffler function. In [23], Rashid et al. gave the Hadamard
type inequalities for exponentially m-convex functions via an extended generalized Mittag-Leffler func-
tion. In [6], Farid gave the bounds of fractional integral operators involving the Mittag-Leffler function.
In [2], Andric¢ et al. derived Chebyshev and Pdlya-Szego types inequalities for generalized Mittag-Leffler
function. For further details related to the fractional integral inequalities involving Mittag-Leffler func-
tion, see [3]. For further such results one can see [32-34].

Next, we give the definitions of generalized integral operators containing the Mittag-Leffler function.

Definition 1.1 ( [1]). Let f : w1, w2] = R, 0 < wy < wp be a integrable function. Also, let
& a,0,p¢€0€C R(a),RO),R(p)>0,RNR()>R(€e)>0withg>0,vr>0and0<v<v+Ra).

Then for x € [w1, w2, the generalized integral operators are defined by:

(Jéiéil,‘éfw; f) (x:q) = . (x =) TTESTI(E(x — )™ @) () dy (1.3)
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and
w2

(je,u,'y,a f> (x:q) = / (¢ — X)G_lEZ;'Z;’U(g("// —x)% q)f () d, (1.4)

a,0,0.§,w5 X

where E;'z';'“(w; q) is the generalized Mittag-Leffler function defined by:

o0

€,UV,7Y,0 . . B (6 + ny,o — 6) (O’)n "pn
B W= 50— Fant 9w

n=0

B, (x :/1 x-1(1 _ py-leoiw
a(x,y) O"p (1-9) e dy

and (0)py = r(cr’(ff’;").

Recently, in [30], Zhang et al. introduced the generalized k-integral operators involving Mittag-

Leffler function as follows:

Definition 1.2. Let f,( : [w1,w2] =& R, 0 < w1 < wy be the functions such that f be a integrable
and positive and ¢ be a strictly increasing and differentiable. Also, let £,0, p,€,0 € C, R(6), R(p) > 0,
R(o) > R(e) >0 withg>0,0,v>0,0<vy<v+aand k> 0. Then for x € [w1,w>] the integral

operators are defined by:
(bazsme ) (o) = / T - CNETESSTI () — Lt ) ()AC)  (15)
and

(sevre F)(xia) = /X”(c(w—c<x>>f—lEgzggi<£(<(w>—<<x>)‘i;q>f(w>d(<<w>), (1.6)

a,0,0,§,wy

where E;"’g';:‘/’(('(p; q) Is the modified Mittag-Leffler function defined by:

ANEIEDY

n=0

Bele+ny,0—€)  (0)ny y"
Ble,o—¢€) klk(an+0)(p)n

Remark 1.1. The integral operators (1.5) and (1.6) reproduce several well-known integral operators
exist in literature. For example, for k = 1, the integral operators defined in [16] are reproduced,
for k = 1 and ((x) = x, the integral operators defined in (1.3) and (1.4) are reproduced, for

=1,{(x) = x and q = 0, the integral operators defined in [26] are reproduced, for k = 1, {(x) = x
and v = p = 1, the integral operators defined in [25] are reproduced, for k = 1,{(x) = x,q = 0 and
v = p = 1, the integral operators defined in [27] are reproduced, for k = 1,{(x) = x,q = 0 and
v = v = p = 1, the integral operators defined in [21] are reproduced, for k = 1,{(x) = % T >0
and £ = q = 0, the integral operators defined in [4] are reproduced, for k = 1,{(x) = Inx and

& = q =0, the integral operators defined in [14] are reproduced, for {(x) = i:ll and £ = q =0, the
integral operators defined in [28] are reproduced, for k = 1, {(x) = (i):f and £ = g = 0, the integral
operators defined in [13] are reproduced, for {(x) = @ T >01in(1.5) and {(x) = —@, T>0

in (1.6) with £ = q = 0, the integral operators defined in [9] are reproduced, for {(x) = @ T>0
in (1.5) and {(x) = —=dT 5 0 0n (1.6) with k = 1 and £ = q = O, the integral operators

T
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defined in [10] are reproduced, for £ = q = 0, the integral operators defined in [15] are reproduced,
for € = q =0 and k = 1, the integral operators defined in [14] are reproduced, for § = q = 0 and
C(x) = x, the integral operators defined in [18] are reproduced, for § = q = 0,{(x) = x and k = 1,

the classical Riemann-Liouville integral operators are reproduced.

In [31], Zhang et al. proved the following formulas for constant function, which we will use in our

results:

(675677 1) (6 ) = K(C0O) = Cwn)) LS, (6CH) = Cw) T q) i= Foo(xiq) (L)

oz,@,p,{,w;r

and

(7252 1) (60) = K(Cwa) = CONFESTE, (€C(wa) = CONEra) 1= F2_(xia). (18)

a,0,0.6,w5

In the upcoming section, we give Griiss type integral inequalities for generalized k-integral operators
containing the Mittag-Leffler function. Also, we have given generalizations and extensions of Griiss
type inequalities for different integral operators proved in [5, 8, 11, 12, 17, 22, 24, 29].  Moreover,
some new fractional versions of Griiss type inequalities can be deduced for integral operators given
in [31, Remark 1].

2. Main Results

First we prove the following inequality by utilizing the k-integral operator (1.5).
Theorem 2.1. Let f, Q; and Q» be positive and integrable functions on [0, oo), such that

Q1(x) < f(x) < Qa(x). (2.1)
Then for k-integral operator (1.5), we have
(T80 02) @) (E72500F) o @) + (E720020,7) 0 ) (672505, 22) (i)
> (82000 92) 00 (S50 20) o @) + (472000, F) (0 (208, F) (v 22)
Proof. From inequality (2.1), for all ¥, ¢ > 0, we can write:

(Qa(¥) — F(¥)) (F(¢) — Q1(¢)) = 0. (2.3)

Therefore, from (2.3), we have

(P)f () + Q1(P)f (¥) = Qi(d)Q(¥) + F(¥)f (). (2.4)

Multiplying both sides of (2.4) with the following expression:

(Cx) — W) A EZLLEEC) — <)% )¢ (), (2.5)
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then integrating with respect to 1 on [w1, x], we have

[ (000 = et ELECH) - Cm ) (D) F($)w

+ [ (000 — e ELECH) - C X (D))

w1

> [ T (000 — CNETE RS (E(C(x) — C) a)C () Q1 (8)Qa() d

+ / T (¢ — CNET ESSI(E(C0) — G ) () F () (@), (2.6)
By utilizing k-integral operator (1.5), we achieve

F(@0) (£ ,1Q2) (xi ) + Q@) (ET2577 ) (x: )

a,0,0,,w aepgw
> Qu(@) (755770 Q2) (x: @) + F(9) (755724 F) (x:a). (27)

Now multiplying both sides of (2.7) with following expression:

(€00 — C@)F T ELLTS(E(C() — ()% )¢ (9), (2.8)

then integrating with respect to ¢ on w1, x], we have

(572, 02) (i) [ (€00 = €ON T EETALEC) — o) X (@) (@0
(75272, 7) 6@ [ (€00 = €N T ESTSEC) — N (@)1 (@)
> (E72750 22) (xa / (C0) = (@) F ™ ELTAEC() = () )¢ (9)Qu(6)do
+((Ten ) o) / (€00 = BN F T ECTECC) — C@) ) (9)F () (29)
Again, by utilizing k-integral operator (1.5), the inequality (2.2) is achieved. O

Corollary 2.1. Let f be a positive and integrable function on [0, 00). Also, let My and My be two

real numbers such that
My < f(x) £ Mo (2.10)

for all x € [0, 00). Then we have

MoFS (x:q) (ETE47T L F) (x:0) + MiFL (i q) (T2 L F) (x:q)

aﬁpgw cx9p£w
> MuMoFS (6 )F S (x: @) + (75078 F) (i q) (ET5570 0 F) (i a). (211)

Remark 2.1. In Theorem 2.1, by using substitution of parameters several results are reproduced for
different integral operators. For example, for k = 1 and {(x) = x, we achieve [5, Theorem 2.1], for
§=qg=0and ((x) = M we achieve [8, Theorem 2.1], for § = q =w; =0 and k =1, we
achieve [11, Theorem 2.11], for§ = g =w; =0,k =1 and {(x) =

5], for € = g = 0 and {(x) = TTJ:

% we achieve [12, Theorem
we achieve [17, Theorem 2.1], for £ = ¢ = w1 = 0, we
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achieve [22, Theorem 2.1], for §é = g =w; = 0,k = 1 and {(x) = %=, we achieve [24, Theorem 2.1],

T

for§ = q=wi; =0,k=1 and {(x) = x, we achieve [29, Theorem 2].

Theorem 2.2. Let f, Q1 and Q, be positive and integrable functions on [0, oo) and satisfying (2.1).
Also, let g, R1 and Ry be positive and integrable functions on [0, o), such that

Ri(x) < g(x) < Ra(x). (2.12)

Then for k-integral operator (1.5), we have
(1)
(caeeme o Ra) () (87200, F) o)+ (62477 0 Q2) (i) (67240 ,09) (@)

> (s75270.0) 00 (2, 8) s+ (0, ) 000 (032000 0o (a0

a, a,0,p,w a,

(reime,: @) (i) (872072 ,00) ) + (55000 Re) (6 0) (872002, F) (i)

a, a,0,0.¢,w] a,

> (£72070,0Q) (@) (E7570 R ) (o) + (E75572,09) G a) (75570 1) G (2.14)

(iii)

(67587, 92) (i) (ET5572,R2) (i @) + (ETE4TT ) (i 0) (ET5572 09) (xi )

> (72477 02) (aq) (872078 ,09) Gaa) + (E75ee o Ra) () (ET5070  F) (aa): (215)
(iv)

(éj;vl;’;zwf Ql) (x:q) (éja,e.p.&wl

> (tgesre 0 0) (a) (87270, 09) o)+ (ET0ae o Ra) (@) (75070, F) (). (2.16)

a a a,0,0.¢w

) e+ (9250 ) ) (2550 9

a, a,

Proof. (i) From inequalities (2.1) and (2.12), we can write:

(Q(¥) — F(¥))(9(¢) — Ri(9)) = 0. (2.17)

Therefore, from (2.17), we have

(¥)9(¢d) + R1(D)F (¥) = Q1(9) (%) + F(¥)9(¢)- (2.18)

Multiplying both sides of (2.18) with (2.5) and (2.8), then integrating with respect to 9 and ¢ on
[w1, x|, after this by utilizing k-integral operator (1.5), the inequality (/) of (2.13) is achieved.

To prove the inequalities (i) — (iv) of (2.13), we utilize the following inequalities, respectively:

(i) (Ra2(¥) — g(¥))(F(¢) — Q1(¢)) = O;
(iii) (Q2(¥) = F(¥))(9(d) — Ra(¢)) < O;
(iv) (Q1(¥) = F(¥))(9(d) — Ra(¢)) < O.



Int. J. Anal. Appl. (2023), 21:133 7

Corollary 2.2. Let f and g be two positive and integrable functions on [0, 00). Also, let M1, M2, N1

and N> be four real numbers satisfying (2.10) and the following inequalities:
N1 <g(x) <N (2.19)

for all x € [0, 00). Then we have
(i)
NS (@) (ET57 L F) (x:0) + MoFo (@) (72577 19) (x: )

oz,é),p,&,wzr a,9,0,¢,w]

> ./\/1./\/12.7-"gl+ (x; q)}"zf(x; q)+ (éje"’"y’a f) (x: q) (éje’””’a 1+g> (x:q); (2.20)

a,@,p,&,wf a,9,0,€,w
(iD)
MFS(x:0) (ET5578 ,:9) (6 @)+ NaFE (x: @) (7257 F) (x:q)
wfr ! ¢ 1+ ! Lu1+ ! ¢ ,ﬁ,p,g,wr !

a,0,0,€,w a

0 . 0 . k 7€,V,%Y,0 . k 7€,V,Y,0 . .
> MaNLF G (X0 @) F s (X ) + <<ja,ﬁ,p,s,wr f) (x:q) (Cja,e,p,s,wﬁ) (x; q); (2.21)

(iii)

MoFS (6 0) (ET54572 ,09) (6. 0) + NoF D (6 @) (ET507E o ) (i)

> M2N2]:31+ (x; q)]—'fq (x;q) + (éj;gzgwr f) (x; q) (éjj"g’l”zlwi@ (x;q); (2.22)

(iv)

MFE (5 0) (ET557% ,09) (6 @) + MFD (6 0) (ET5072,07) (6 0)

> MNFS ()P (6 a) + (75078, F) () (ET5579 ,00) (i ). (2.23)

a.0.0.8.w) o, 9,0.€w
Remark 2.2. In Theorem 2.2, by using substitution of parameters several results are reproduced for
different integral operators. For example, for k = 1 and {(x) = x, we achieve [5, Theorem 2.2], for
E€=qg=0and{(x) = M we achieve [8, Theorem 2.5], for £ = q = w1 =0 and k = 1, we
achieve [11, Theorem 2.15], for§ = g =w; =0,k =1 and {(x) = % we achieve [12, Theorem
6], for £ = g = 0 and ((x) = i%l we achieve [17, Theorem 2.5], for §€ = q = w1 = 0, we
achieve [22, Theorem 2.5], for§ = q=w1 =0,k =1 and {(x) = % we achieve [24, Theorem 2.2],

for§ =q=w; =0,k=1 and {(x) = x, we achieve [29, Theorem 5].

Theorem 2.3. Let f, Q1 and Qa be positive and integrable functions on [0, cc), satisfying (2.1).

Then for k-integral operator (1.5), we have

7 () (E5ue ) Goa) - [(ET2ue L f) (aa)]

a,0,0,§,w] a,G,p,S,er
_ k ~7€,V,Y,0 . k ~€,v,Y,0 i
- [(Cja,e,p,é,w;r Q2) (X' Cl) o <C“7oz,6,p,£,ouIr f) (X’ CI)]
k ~€,V,Y,0 . k ~€,V,7Y,0 .
X [(Cjaye'pvgywzr f) (Xv q) - (Cja,e,P,E,er Ql) (X, q)i|

(60 [(I5078 0 Q2) (i) = (ET557E 0 F) (x:0)

a,0,0,&,w oz,@,p,&,u)l+
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<[(672558 1) b = (8755520 02) ()
L 000) (55720 1) (0) = (8734780:94) (0.0) (7347204 7) 00

+ 0 q) (ET5577 0 0af ) () = (75572, Q2) (i) (75578 ,0F) (i @)

a,0,p,§ w7 oz,G,p,g,wIr
T . k 7€,v,Y,0 . k ~€v,Yy,0 . k 7€v,Y,0 .
Fo. () (750700 0102) (i a) + (£T5472 1) (i) (ETE7E 0 Q2) (x:q). (2:24)

Proof. For any 9, ¢ > 0, we have

(Qa2(8) — F(ON(F (W) — Q1 (W) + (Qa(W) — F(W))(F($) — Q1())
—(Qa(¥) = F)(F(¥) — Q1 (W) — (Qa2(8) — F($))(F(¢) — Q1(9))
= F2(P) + F2(¢) — 2 (P)F (@) + Q2(d)F (V) + Q1 (V) (¢)
— Q1(¥)Q2(9) + Q2(P)F(¢) + Qu(d)F(¥) — Q1(d)Q2(¢)
— Q(P)F(P) + Q1 (¥) Qa(¥) — Qu(P)F(P) — Qa()F(¢)

+ Q1(¢4)Q2(¢) — Q1(d)F(¢). (2.25)
Multiplying both sides of (2.25) with (2.5) and the following expression:
o_ v
(CC) = SN EQETR(E(Cx) — L™ a)l' (@), (2.26)
then integrating with respect to ¥ and ¢ on [w1, x|, after this by utilizing k-integral operator (1.5),
the required identity (2.24) is achieved. O

Remark 2.3. In Theorem 2.3, by using substitution of parameters several results are reproduced for
different integral operators. For example, for k = 1 and {(x) = x, we achieve [5, Theorem 2.3], for
E€=qg=0and{(x) = M we achieve [8, Theorem 2.7], for £ = q = w1 =0 and k = 1, we
achieve [11, Lemma 2.19], for ¢ = ¢ = w1 = 0,k = 1 and ((x) = f—:ll we achieve [12, Lemma
2], for § = g = 0 and {(x) = i%l we achieve [17, Theorem 2.7], for §€ = ¢ = w1 = 0, we
achieve [22, Lemma 2.9], for € = q = w1 = 0,k = 1 and ((x) = %=, we achieve [24, Theorem 2.3],

T

for§ =q=w; =0,k=1 and {(x) = x, we achieve [29, Lemma 7].

Theorem 2.4. Let f, g, Q1, Q2, R1 and R be positive and integrable functions on [0, co) satisfying
(2.1) and (2.12). Then for k-integral operator (1.5), we have

0 . k ~€,V,Y,0 . k ~€,V,Y,0 . k ~€,V,7Y,0 .
2 000) (ET5008 0 70) a0 = (ET5078 o 7) 0 0) (ET5078 10) 0 0)

< VH(f, Q1, Q2)H (9, R1, R2), (2.27)

where

HU VW) = [(E7250 W) (xiq) - (7540702 U) (x:9)]

oa,@,p,{,w;r oa,@,p,f,w;r

<[(rgesre, u) i) - (B2, V) ()]
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+ Foa) (72 ) () — (L7578 ) () (75572 ,.v) ()

0,08 w7
+ _7:9 (X' q) <kj€,u,'y,a L{W) (X' C/) _ (kje,u,'y,a Z/{) (X' q) (kje,u,'y,cr W) (X' C])
wl+ ! ¢ oc,@,p,ﬁ,wfr ! ¢ a,@,p,i,w{r ! ¢ 0(,9,,0,5,(4);r '
6 . k ~7€,V,Y,0 . k ~7€V,Y,0 . k 7€,V,Y,0 .
- fwf (X’ C]) <C“7a,9,p,£,w;rvw> (X’ Cl) + (Cja,e,pf,wfv) (X’ C]) <C“7a,6,p,£,wfw) (X’ C]).

Proof. As we know f and g are two integrable functions on [0, o0) and satisfying (2.1) and (2.12).

Therefore, we can write

[F(¥) = £ ()] l9(¥) — 9(d)] = F(¥)g() + F($)g(d) — F(¥)g(¢) — F(d)9(¥). (2.28)

Multiplying both sides of (2.28) with % (2.5) and (2.26), then integrating with respect to ¢ and ¢

on [wi, x], we have

(] €00 - comt ERREC00 — Cn ) (€ —
X ESUT9(6(¢(x) — C(6))% a)C'(9) [F(W) — F(&)] [9() — 9(8)] dwdcp)
= 7.0 q) (85572 o F9) (@) — (E7ene  f) ) (E75679 g) (). (2.29)

[ed

Now by utilizing Cauchy-Schwarz inequality, we have
(/] €00 - et ExEEeo — @) ¢ @)
2
X EST9(6(C(x) — C(@)% ) (@) [F(W) — F()] [9() — 9(9)] d¢d¢)
<5 [ [ o —cwnt Egsece) - contacw)
X (Cx) — C@)E T ESLTIS(E(C(x) — C(8)% a)C'(0) [F(w) — F(B) dbdg
<5 | et - cunt e - cpad @)
X (€00 — C@NETESLIT(E(Cx) — CB)% ) () [o(¥) — o @) dpdd. (2.30)

From (2.30), by utilizing k-integral operator (1.5), we have

3 [ [ oo —cwnt e - contiaw)
< (C0) — CONF T ESSIUECC) — L)% ) (@) [F) — FO) o

= J—“f,;(x; q) (fje’”’“’ +f2> (x:q) — [(5751212,’2’,@7‘) (x; q)r. (2.31)

a,0,0,6, w7 a



10 Int. J. Anal. Appl. (2023), 21:133

Similarly, we have

: / X / (60 — N ESTSEC0) — L) ) ()

2 wy Jw1
X (C0O0) — C@)F T ESLYI(E(C(x) — )% ) (@) [9(¥) — 9()) dwdd
= fz;(x; q) (éje'm'a +92) (x;q) — [(éje’w'a +9) (x; Cl)r- (2.32)

a,0,0,§,w] a,0,0,§,w]

Utilizing identities (2.31) and (2.32) in (2.30), we achieve

<1 / "0 — CNETESTE(E(C0) — ) @) () () — C(@)E

2UJl w1

2
X ESST(E((x) — C(6))% a)C(9) x [F(W) — F(8)] [9(®) — 9(®) dwdcp)

< 7o) (K200, 72) Gaa) — [(ET220.7) ()]

a,0,0,§,w] a
2
x Fo 06 a) (75570 . 0%) aa) — | (875572 ,9) ()] (233)

From identity (2.29) together with the inequality (2.33), we achieve

(72 o0 (872572, 79) o = (928000, 7) 59 (E92430,9) (i)

S 72000 (2518 ) 000 = (253805 ) o)
< P2 00a) (72518 ) () = (750780 ()] (2.34)

As we know (Qa(x) — f(x))(f(x) — Qi(x)) > 0 and (Ra(x) — g(x))(g(x) — R1(x)) > 0 holds for

x € [0,00). Therefore, we have the following inequalities:

fﬁ;(x: q) (éje'w'a (D= )(f = Ql)> (x;q) =0

a,0,p,§, w7
and

Foo(xa) (ST24577 1 (Ra = 9)(9 —R1)) (x:) = 0.

By utilizing Theorem 2.3, we have

Foraa) (LTe00e ) o) = [(fgzeme ) o)
< (0572 2) ha) = (507 F) G 9)]
< [(E7emme ) ) = (E72572,0@1) (x: )]

e 3

+ 7L 0 a) (95570, 0F) (6 0) — (£75077,0 1) () (BT5572,,:F) (@)

a,0,0.¢,w a,0,0.€w
+ 7o) (CT5me Qe () = (87572, Q2) (@) (75070 F) (xi )
~ Fii(xiq) (éy;;g;;;;mr Q1Q2) (xiq) + (gj;;;;;;gwf Q1) (x:q) (éy;;g;g;gwf Q:) (x:q)

= H(f, Q1, Q2). (2.35)
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Similarly, we have

7 aa) (252 6) () - (20720 9) (ki)

a, a,

< [(sqesme iR (o) = (472572 1) (x:0)]

a,0,0,€w

<[(i5e0) 00 - (500 ()

a, a,

+ R (x:q) (Igje,u,’v,d 1+le) (x;:q) — (éjé';;zw;m) (x:q) (’5‘76‘9”:;’;@9) (x:q)

a,0,0,€w a, a,
+ 700 ) (75575 Re0) () = (00372 Re) () (E920720,9) (0
- Foi(x:q) (w;;g;;;gwfmm) (x: q) + (gj;;g;g;gwrnl) (x; q) (gycj;g;;;gwrm) (x:q)
:H(Q,Rl,Rz). (236)
From identities (2.35) and (2.36) together with inequality (2.34), the inequality (2.27) is achieved. d

Remark 2.4. In Theorem 2.4, by using substitution of parameters several results are reproduced for
different integral operators. For example, for k = 1 and {(x) = x, we achieve [5, Theorem 2.4], for
€ =qg=0and((x) = M we achieve [8, Theorem 2.10], for ¢ = q = w1 = 0 and k = 1, we

xT+1

achieve [11, Theorem 2.23], for § = q = w1 =0, k = 1 and ((x) = %75, we achieve [12, Theorem

7], for £ = g = 0 and {(x) = % we achieve [17, Theorem 2.10], for £ = q = w1 = 0, we

achieve [22, Theorem 2.13], for € = ¢ = w1 = 0,k = 1 and ((x) = X, we achieve [24, Theorem

T

24], foré =q=w; =0, k=1 and {(x) = x, we achieve [29, Theorem 9].

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the publi-

cation of this paper.

References

[1] M. Andri¢, G. Farid, J. Pecari¢, A Further Extension of Mittag-Leffler Function, Fract. Calc. Appl. Anal. 21 (2018),
1377-1395. https://doi.org/10.15156/fca-2018-0072.

[2] M. Andri¢, G. Farid, S. Mehmood et al. Pdlya-Szegd and Chebyshev Types Inequalities via an Extended
Generalized Mittag-Leffler Function, Math. Inequal. Appl. 22 (2019), 1365-1377. https://doi.org/10.7153/
mia-2019-22-94.

[3] M. Andri¢, G. Farid, J. Pecari¢, Analytical Inequalities for Fractional Calculus Operators and the Mittag-Leffler
Function: Applications of Integral Operators Containing an Extended Generalized Mittag-Leffler Function in the
Kernel, Element, Zagreb, 2021.

[4] H. Chen, U.N. Katugampola, Hermite-Hadamard and Hermite-Hadamard-Fejér Type Inequalities for Generalized
Fractional Integrals, J. Math. Anal. Appl. 446 (2017), 1274-1291. https://doi.org/10.1016/j.jmaa.2016.09.
018.

[5] G. Farid, A.U. Rehman, V.N. Mishra, et al. Fractional Integral Inequalities of Gruss Type via Generalized Mittag-
Leffler Function, Int. J. Anal. Appl. 17 (2019), 548-558. https://doi.org/10.28924/2291-8639-17-2019-548.

[6] G. Farid, Bounds of Fractional Integral Operators Containing Mittag-Leffler Function, U.P.B. Sci. Bull., Ser. A, 81
(2019), 133-142.

[7] G. Griiss, Uber das Maximum des Absolten Betrages von 5 [ f(x)g(x)dx — ﬁ2 [ F(x)dx [ F(x)dx, Math. Z.
39 (1935), 215-226.


https://doi.org/10.1515/fca-2018-0072
https://doi.org/10.7153/mia-2019-22-94
https://doi.org/10.7153/mia-2019-22-94
https://doi.org/10.1016/j.jmaa.2016.09.018
https://doi.org/10.1016/j.jmaa.2016.09.018
https://doi.org/10.28924/2291-8639-17-2019-548

12

Int. J. Anal. Appl. (2023), 21:133

(8]

[9]

(10]

(11]

(12]

(13]

(14]

[15]

[16]

(17]

(18]
(19]

[20]

(21]

[22]

(23]

[24]

[25]

[26]

(27]

S. Habib, G. Farid, S. Mubeen, Griiss Type Integral Inequalities for a New Class of k-Fractional Integrals, Int. J.
Nonlinear Anal. Appl. 12 (2021), 541-554. https://doi.org/10.22075/1ijnaa.2021.4836.

S. Habib, S. Mubeen, M.N. Naeem, Chebyshev Type Integral Inequalities for Generalized k-Fractional Conformable
Integrals, J. Inequal. Spec. Funct. 9 (2018), 53—-65.

F. Jarad, E. Ugurlu, T. Abdeljawad, D. Baleanu, On a New Class of Fractional Operators, Adv. Differ. Equ. 2017
(2017), 247. https://doi.org/10.1186/513662-017-1306-z.

E. Kacar, Z. Kacar, H. Yildirim, Integral Inequalities for Riemann-Liouville Fractional Integrals of a Function with
Respect to Another Function, Iran. J. Math. Sci. Inform. 13 (2018), 1-13.

E. Kacar, H. Yildirim, Gruss Type Integral Inequalities for Generalized Riemann-Liouville Fractional Integrals, Int.
J. Pure Appl. Math. 101 (2015), 55-70. https://doi.org/10.12732/ijpam.v101i1.6.

T.U. Khan, M.A. Khan, Generalized Conformable Fractional Operators, J. Comput. Appl. Math. 346 (2019),
378-389. https://doi.org/10.1016/j.cam.2018.07.018.

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential Equations, North-
Holland Mathematics Studies, 204, Elsevier, Amsterdam, 2006.

Y.C. Kwun, G. Farid, W. Nazeer, S. Ullah, S.M. Kang, Generalized Riemann-Liouville k -Fractional Integrals
Associated With Ostrowski Type Inequalities and Error Bounds of Hadamard Inequalities, IEEE Access. 6 (2018),
64946—64953. https://doi.org/10.1109/access.2018.2878266.

S. Mehmood, G. Farid, K.A. Khan, M. Yussouf, New Fractional Hadamard and Fejér-Hadamard Inequalities Asso-
ciated With Exponentially (h, m)-Convex Function, Eng. Appl. Sci. Lett. 3 (2020), 9-18.

S. Mubeen, S. Igbal, Griiss Type Integral Inequalities for Generalized Riemann-Liouville k-Fractional Integrals, J.
Inequal. Appl. 2016 (2016), 109. https://doi.org/10.1186/s13660-016-1052-x.

S. Mubeen, G. M. Habibullah, k-Fractional Integrals and Applications, Int. J. Contemp. Math. Sci. 7 (2012), 89-94.
D.S. Mitrinovi¢, J.E. Pecari¢, A.M. Fink, Classical and New Inequalities in Analysis, Kluwer Academic, Dordrecht,
(1993).

S.D. Purohit, N. Jolly, M.K. Bansal, et al. Chebyshev Type Inequalities Involving the Fractional Integral Operator
Containing Multi-Index Mittag-Leffler Function in the Kernel, Appl. Appl. Math. 15 (2020), 29-38.

T.R. Prabhakar, A Singular Integral Equation With a Generalized Mittag-Leffler Function in the Kernel, Yokohama
Math. J. 19 (1971), 7-15.

S. Rashid, F. Jarad, M.A. Noor, K.l. Noor, D. Baleanu, J.B. Liu, On Griiss Inequalities Within Generalized K-
Fractional Integrals, Adv. Differ. Equ. 2020 (2020), 203. https://doi.org/10.1186/s13662-020-02644-7.

S. Rashid, F. Safdar, A.O. Akdemir, M.A. Noor, K.I. Noor, Some new fractional integral inequalities for exponentially
m-convex functions via extended generalized Mittag-Leffler function, J. Inequal. Appl. 2019 (2019), 299. https:
//doi.org/10.1186/s13660-019-2248-7.

G. Rahman, K. Sooppy Nisar, F. Qi, Some New Inequalities of the Griiss Type for Conformable Fractional Integrals,
AIMS Math. 3 (2018), 575-583. https://doi.org/10.3934/math.2018.4.575.

G. Rahman, D. Baleanu, M. Al Qurashi, S.D. Purohit, S. Mubeen, M. Arshad, The Extended Mittag-Leffler Function
via Fractional Calculus, J. Nonlinear Sci. Appl. 10 (2017), 4244—4253. https://doi.org/10.22436/jnsa.010.08.
19.

T.0. Salim, A.W. Faraj, A Generalization of Mittag-Leffler Function and Integral Operator Associated With Integral
Calculus, J. Frac. Calc. Appl. 3 (2012), 1-13.

H.M. Srivastava, Z. Tomovski, Fractional Calculus With an Integral Operator Containing a Generalized Mittag—leffler
Function in the Kernel, Appl. Math. Comput. 211 (2009), 198-210. https://doi.org/10.1016/j.amc.2009.01.
055.


https://doi.org/10.22075/ijnaa.2021.4836
https://doi.org/10.1186/s13662-017-1306-z
https://doi.org/10.12732/ijpam.v101i1.6
https://doi.org/10.1016/j.cam.2018.07.018
https://doi.org/10.1109/access.2018.2878266
https://doi.org/10.1186/s13660-016-1052-x
https://doi.org/10.1186/s13662-020-02644-7
https://doi.org/10.1186/s13660-019-2248-7
https://doi.org/10.1186/s13660-019-2248-7
https://doi.org/10.3934/math.2018.4.575
https://doi.org/10.22436/jnsa.010.08.19
https://doi.org/10.22436/jnsa.010.08.19
https://doi.org/10.1016/j.amc.2009.01.055
https://doi.org/10.1016/j.amc.2009.01.055

Int. J. Anal. Appl. (2023), 21:133 13

(28]

[29]

(30]

(31]

(32]

(33]

(34]

M.Z. Sarikaya, M. Dahmani, M.E. Kiris, F. Ahmad, (k, s)-Riemann-Liouville Fractional Integral and Applications,
Hacettepe J. Math. Stat. 45 (2016), 77-89.

J. Tariboon, S.K. Ntouyas, W. Sudsutad, Some New Riemann-Liouville Fractional Integral Inequalities, Int. J. Math.
Math. Sci. 2014 (2014), 869434. https://doi.org/10.1155/2014/869434.

Z. Zhang, G. Farid, S. Mehmood, C.Y. Jung, T. Yan, Generalized k-Fractional Chebyshev-Type Inequalities via
Mittag-Leffler Functions, Axioms. 11 (2022), 82. https://doi.org/10.3390/axioms11020082.

Z. Zhang, G. Farid, S. Mehmood, K. Nonlaopon, T. Yan, Generalized k-Fractional Integral Operators Associated
with Pdlya-Szego and Chebyshev Types Inequalities, Fractal Fract. 6 (2022), 90. https://doi.org/10.3390/
fractalfract6020090.

G. Farid, S. Mehmood, L. Rathour, L. N. Mishra, V. N. Mishra, Fractional Hadamard and Fejér-Hadamard Inequal-
ities Associated With exp. (a, h — m)-Convexity, Dyn. Contin. Discr. Impuls. Syst. Ser. A: Math. Anal. 30 (2023),
353-367.

G. Farid, S.B. Akbar, L. Rathour, L.N. Mishra, V.N. Mishra, Riemann-Liouville Fractional Versions of Hadamard
inequality for Strongly m-Convex Functions, Int. J. Anal. Appl. 20 (2022), 5. https://doi.org/10.28924/
2291-8639-20-2022-5.

S.K. Paul, L.N. Mishra, V.N. Mishra, D. Baleanu, An effective method for solving nonlinear integral equations
involving the Riemann-Liouville fractional operator, AIMS Math. 8 (2023), 17448—-17469. https://doi.org/10.
3934/math.2023891.


https://doi.org/10.1155/2014/869434
https://doi.org/10.3390/axioms11020082
https://doi.org/10.3390/fractalfract6020090
https://doi.org/10.3390/fractalfract6020090
https://doi.org/10.28924/2291-8639-20-2022-5
https://doi.org/10.28924/2291-8639-20-2022-5
https://doi.org/10.3934/math.2023891
https://doi.org/10.3934/math.2023891

	1. Introduction
	2. Main Results
	References

