
Int. J. Anal. Appl. (2023), 21:133

Grüss Type k-Fractional Integral Operator Inequalities and Allied Results

Ghulam Farid1, Sajid Mehmood2, Laxmi Rathour3,∗, Mawahib Elamin4, Huda Uones Mohamd

Ahamd5, Neama Yahia6

1Department of Mathematics, COMSATS University Islamabad, Attock Campus, Pakistan
2Govt Boys Primary School Sherani, Hazro, Attock, Pakistan

3Department of Mathematics, National Institute of Technology, Chaltlang, Aizawl 796 012,

Mizoram, India
4Department of Mathematics, College of Science and Arts, Qassim University, Riyadh Alkkbra, Saudi

Arabia
5Mathematics department, Faculty of arts and science, Sarat Abida, King Khalid University, Saudi

Arabia
6Department of Mathematics, College of Science, Tabuk University, Saudi Arabia

∗Corresponding author: laxmirathour817@gmail.com

Abstract. This paper aims to derive fractional Grüss type integral inequalities for generalized k-

fractional integral operators with Mittag-Leffler function in the kernel. Many new results can be

deduced for several integral operators by giving specific values to the parameters involved in Mittag-

Leffler function. Moreover, the results of this paper reproduce a lot of already published results.

1. Introduction

In 1935, Grüss derived the following inequality which is well-known as the Grüss inequality [7]:

Theorem 1.1. Let f and g be two integrable functions on [ω1, ω2]. Also, letM1, M2, N1 and N2

be four real numbers satisfying the following conditions:

M1 ≤ f (x) ≤M2 and N1 ≤ g(x) ≤ N2 (1.1)
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for all x ∈ [ω1, ω2]. Then the following inequality holds:

∣∣∣∣ 1

ω2 − ω1

∫ ω2

ω1

f (x)g(x)dx −
(

1

ω2 − ω1

∫ ω2

ω1

f (x)dx

)(
1

ω2 − ω1

∫ ω2

ω1

g(x)dx

)∣∣∣∣
≤

1

4
(M2 −M1)(N2 −N1). (1.2)

Grüss inequality (1.2) estimates the integral mean of the product of two functions to the product of

their integral means. In recent years, many authors have introduced generalizations and extensions of

inequality (1.2) for different integral operators. For example, in [29], Tariboon et al. derived the Grüss

type integral inequalities for Riemann-Liouville integral operator. In [11], Kacar et al. obtained the

Grüss type integral inequalities for generalized Riemann-Liouville integral operator. In [22], Rashid et al.

established the Grüss type integral inequalities for generalized k-Riemann-Liouville integral operator.

In [17], Mubeen and Iqbal present the Grüss type integral inequalities for generalized Riemann-Liouville

(k, r)-integral operator. In [24], Rahman et al. proved the Grüss type integral inequalities for the

conformable integral operator. In [8], Habib et al. gave the Grüss type integral inequalities for

generalized (k, s)-conformable integral operator. In [5], Farid et al. derived the Grüss type integral

inequalities for generalized integral operator containing Mittag-Leffler function. For more detail related

to the Grüss inequality (1.2), see [19].

Inspired by the above-defined works, this paper aims to derive the Grüss type integral inequalities

for k-fractional integral operators containing Mittag-Leffler function in their kernel. Several new Grüss

type integral inequalities can be deduced from the presented results.

Fractional integral operators involving the Mittag-Leffler function are very useful in mathematical

inequalities. A large number of integral inequalities involving the Mittag-Leffler function exist in litera-

ture. For example, in [20], Purohit et al. derived the Chebyshev type inequalities for fractional integral

operator containing multi-index Mittag-Leffler function. In [23], Rashid et al. gave the Hadamard

type inequalities for exponentially m-convex functions via an extended generalized Mittag-Leffler func-

tion. In [6], Farid gave the bounds of fractional integral operators involving the Mittag-Leffler function.

In [2], Andrić et al. derived Chebyshev and Pólya-Szegö types inequalities for generalized Mittag-Leffler

function. For further details related to the fractional integral inequalities involving Mittag-Leffler func-

tion, see [3]. For further such results one can see [32–34].

Next, we give the definitions of generalized integral operators containing the Mittag-Leffler function.

Definition 1.1 ( [1]). Let f : [ω1, ω2] → R, 0 < ω1 < ω2 be a integrable function. Also, let

ξ, α, θ, ρ, ε, σ ∈ C,<(α),<(θ),<(ρ) > 0,<(σ) > <(ε) > 0 with q ≥ 0, ν > 0 and 0 < γ ≤ ν + <(α).

Then for x ∈ [ω1, ω2], the generalized integral operators are defined by:

(
J ε,ν,γ,σ
α,θ,ρ,ξ,ω+

1

f
)

(x ; q) =

∫ x

ω1

(x − ψ)θ−1Eε,ν,γ,σα,θ,ρ (ξ(x − ψ)α; q)f (ψ)dψ (1.3)
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and (
J ε,ν,γ,σ
α,θ,ρ,ξ,ω−2

f
)

(x ; q) =

∫ ω2

x

(ψ − x)θ−1Eε,ν,γ,σα,θ,ρ (ξ(ψ − x)α; q)f (ψ)dψ, (1.4)

where Eε,ν,γ,σα,θ,ρ (ψ; q) is the generalized Mittag-Leffler function defined by:

Eε,ν,γ,σα,θ,ρ (ψ; q) =

∞∑
n=0

Bq(ε+ nγ, σ − ε)
B(ε, σ − ε)

(σ)nγ
Γ(αn + θ)

ψn

(ρ)nν

Bq(x, y) =

∫ 1

0

ψx−1(1− ψ)y−1e
− q
ψ(1−ψ) dψ

and (σ)nγ = Γ(σ+nγ)
Γ(σ) .

Recently, in [30], Zhang et al. introduced the generalized k-integral operators involving Mittag-

Leffler function as follows:

Definition 1.2. Let f , ζ : [ω1, ω2] → R, 0 < ω1 < ω2 be the functions such that f be a integrable

and positive and ζ be a strictly increasing and differentiable. Also, let ξ, θ, ρ, ε, σ ∈ C, <(θ),<(ρ) > 0,

<(σ) > <(ε) > 0 with q ≥ 0, α, ν > 0, 0 < γ ≤ ν + α and k > 0. Then for x ∈ [ω1, ω2] the integral

operators are defined by:(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q) =

∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))

α
k ; q)f (ψ)d(ζ(ψ)) (1.5)

and(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω−2
f
)

(x ; q) =

∫ ω2

x

(ζ(ψ)− ζ(x))
θ
k
−1Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(ψ)− ζ(x))

α
k ; q)f (ψ)d(ζ(ψ)), (1.6)

where Eε,ν,γ,σα,θ,ρ,k(ψ; q) is the modified Mittag-Leffler function defined by:

Eε,ν,γ,σα,θ,ρ,k(ψ; q) =

∞∑
n=0

Bq(ε+ nγ, σ − ε)
B(ε, σ − ε)

(σ)nγ
kΓk(αn + θ)

ψn

(ρ)nν
.

Remark 1.1. The integral operators (1.5) and (1.6) reproduce several well-known integral operators

exist in literature. For example, for k = 1, the integral operators defined in [16] are reproduced,

for k = 1 and ζ(x) = x , the integral operators defined in (1.3) and (1.4) are reproduced, for

k = 1, ζ(x) = x and q = 0, the integral operators defined in [26] are reproduced, for k = 1, ζ(x) = x

and ν = ρ = 1, the integral operators defined in [25] are reproduced, for k = 1, ζ(x) = x, q = 0 and

ν = ρ = 1, the integral operators defined in [27] are reproduced, for k = 1, ζ(x) = x, q = 0 and

γ = ν = ρ = 1, the integral operators defined in [21] are reproduced, for k = 1, ζ(x) = xτ

τ , τ > 0

and ξ = q = 0, the integral operators defined in [4] are reproduced, for k = 1, ζ(x) = lnx and

ξ = q = 0, the integral operators defined in [14] are reproduced, for ζ(x) = xτ+1

τ+1 and ξ = q = 0, the

integral operators defined in [28] are reproduced, for k = 1, ζ(x) = (x)τ+ϑ

τ+ϑ and ξ = q = 0, the integral

operators defined in [13] are reproduced, for ζ(x) = (x−a)τ

τ , τ > 0 in (1.5) and ζ(x) = − (b−x)τ

τ , τ > 0

in (1.6) with ξ = q = 0, the integral operators defined in [9] are reproduced, for ζ(x) = (x−a)τ

τ , τ > 0

in (1.5) and ζ(x) = − (b−x)τ

τ , τ > 0 in (1.6) with k = 1 and ξ = q = 0, the integral operators
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defined in [10] are reproduced, for ξ = q = 0, the integral operators defined in [15] are reproduced,

for ξ = q = 0 and k = 1, the integral operators defined in [14] are reproduced, for ξ = q = 0 and

ζ(x) = x , the integral operators defined in [18] are reproduced, for ξ = q = 0, ζ(x) = x and k = 1,

the classical Riemann-Liouville integral operators are reproduced.

In [31], Zhang et al. proved the following formulas for constant function, which we will use in our

results:(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

1
)

(x ; q) = k(ζ(x)− ζ(ω1))
θ
kEε,ν,γ,σα,θ+k,ρ,k(ξ(ζ(x)− ζ(ω1))

α
k ; q) := Fθ

ω+
1

(x ; q) (1.7)

and(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω−2
1
)

(x ; q) = k(ζ(ω2)− ζ(x))
θ
kEε,ν,γ,σα,θ+k,ρ,k(ξ(ζ(ω2)− ζ(x))

α
k ; q) := Fθ

ω−2
(x ; q). (1.8)

In the upcoming section, we give Grüss type integral inequalities for generalized k-integral operators

containing the Mittag-Leffler function. Also, we have given generalizations and extensions of Grüss

type inequalities for different integral operators proved in [5, 8, 11, 12, 17, 22, 24, 29]. Moreover,

some new fractional versions of Grüss type inequalities can be deduced for integral operators given

in [31, Remark 1].

2. Main Results

First we prove the following inequality by utilizing the k-integral operator (1.5).

Theorem 2.1. Let f , Q1 and Q2 be positive and integrable functions on [0,∞), such that

Q1(x) ≤ f (x) ≤ Q2(x). (2.1)

Then for k-integral operator (1.5), we have(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

f
)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

Q1

)
(x ; q)

≥
(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

Q1

)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

f
)
(x ; q). (2.2)

Proof. From inequality (2.1), for all ψ, φ ≥ 0, we can write:

(Q2(ψ)− f (ψ)) (f (φ)−Q1(φ)) ≥ 0. (2.3)

Therefore, from (2.3), we have

Q2(ψ)f (φ) +Q1(φ)f (ψ) ≥ Q1(φ)Q2(ψ) + f (ψ)f (φ). (2.4)

Multiplying both sides of (2.4) with the following expression:

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ), (2.5)
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then integrating with respect to ψ on [ω1, x ], we have∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ)Q2(ψ)f (φ)dψ

+

∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ)Q1(φ)f (ψ)dψ

≥
∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ)Q1(φ)Q2(ψ)dψ

+

∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ)f (ψ)f (φ)dψ. (2.6)

By utilizing k-integral operator (1.5), we achieve

f (φ)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q) +Q1(φ)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)

≥ Q1(φ)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q) + f (φ)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q). (2.7)

Now multiplying both sides of (2.7) with following expression:

(ζ(x)− ζ(φ))
ϑ
k
−1 Eε,ν,γ,σα,ϑ,ρ,k(ξ(ζ(x)− ζ(φ))α; q)ζ′(φ), (2.8)

then integrating with respect to φ on [ω1, x ], we have(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q)

∫ x

ω1

(ζ(x)− ζ(φ))
ϑ
k −1

Eε,ν,γ,σα,ϑ,ρ,k(ξ(ζ(x)− ζ(φ))
α; q)ζ′(φ)f (φ)dφ

+
(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q)

∫ x

ω1

(ζ(x)− ζ(φ))
ϑ
k −1

Eε,ν,γ,σα,ϑ,ρ,k(ξ(ζ(x)− ζ(φ))
α; q)ζ′(φ)Q1(φ)dφ

≥
(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q)

∫ x

ω1

(ζ(x)− ζ(φ))
ϑ
k −1

Eε,ν,γ,σα,ϑ,ρ,k(ξ(ζ(x)− ζ(φ))
α; q)ζ′(φ)Q1(φ)dφ

+
(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q)

∫ x

ω1

(ζ(x)− ζ(φ))
ϑ
k −1

Eε,ν,γ,σα,ϑ,ρ,k(ξ(ζ(x)− ζ(φ))
α; q)ζ′(φ)f (φ)dφ. (2.9)

Again, by utilizing k-integral operator (1.5), the inequality (2.2) is achieved. �

Corollary 2.1. Let f be a positive and integrable function on [0,∞). Also, let M1 and M2 be two

real numbers such that

M1 ≤ f (x) ≤M2 (2.10)

for all x ∈ [0,∞). Then we have

M2Fθω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

f
)

(x ; q) +M1Fϑω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)

≥M1M2Fθω+
1

(x ; q)Fϑ
ω+

1
(x ; q) +

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

f
)

(x ; q). (2.11)

Remark 2.1. In Theorem 2.1, by using substitution of parameters several results are reproduced for

different integral operators. For example, for k = 1 and ζ(x) = x , we achieve [5, Theorem 2.1], for

ξ = q = 0 and ζ(x) = (x−ω1)τ

τ , we achieve [8, Theorem 2.1], for ξ = q = ω1 = 0 and k = 1, we

achieve [11, Theorem 2.11], for ξ = q = ω1 = 0, k = 1 and ζ(x) = xτ+1

τ+1 , we achieve [12, Theorem

5], for ξ = q = 0 and ζ(x) = xτ+1

τ+1 , we achieve [17, Theorem 2.1], for ξ = q = ω1 = 0, we
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achieve [22, Theorem 2.1], for ξ = q = ω1 = 0, k = 1 and ζ(x) = xτ

τ , we achieve [24, Theorem 2.1],

for ξ = q = ω1 = 0, k = 1 and ζ(x) = x , we achieve [29, Theorem 2].

Theorem 2.2. Let f , Q1 and Q2 be positive and integrable functions on [0,∞) and satisfying (2.1).

Also, let g, R1 and R2 be positive and integrable functions on [0,∞), such that

R1(x) ≤ g(x) ≤ R2(x). (2.12)

Then for k-integral operator (1.5), we have

(i) (
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

R1

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

Q2

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q)

≥
(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

R1

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

g
)
(x ; q); (2.13)

(ii) (
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

Q1

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

R2

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q)

≥
(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

Q1

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R2

)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

f
)
(x ; q); (2.14)

(iii) (
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

Q2

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R2

)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

f
)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q)

≥
(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

Q2

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R2

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

f
)
(x ; q); (2.15)

(iv) (
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

Q1

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R1

)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

f
)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q)

≥
(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

Q1

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R1

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

f
)
(x ; q). (2.16)

Proof. (i) From inequalities (2.1) and (2.12), we can write:

(Q2(ψ)− f (ψ))(g(φ)−R1(φ)) ≥ 0. (2.17)

Therefore, from (2.17), we have

Q2(ψ)g(φ) +R1(φ)f (ψ) ≥ Q1(φ)Q2(ψ) + f (ψ)g(φ). (2.18)

Multiplying both sides of (2.18) with (2.5) and (2.8), then integrating with respect to ψ and φ on

[ω1, x ], after this by utilizing k-integral operator (1.5), the inequality (i) of (2.13) is achieved.

To prove the inequalities (i i)− (iv) of (2.13), we utilize the following inequalities, respectively:

(ii) (R2(ψ)− g(ψ))(f (φ)−Q1(φ)) ≥ 0;

(iii) (Q2(ψ)− f (ψ))(g(φ)−R2(φ)) ≤ 0;

(iv) (Q1(ψ)− f (ψ))(g(φ)−R1(φ)) ≤ 0.

�
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Corollary 2.2. Let f and g be two positive and integrable functions on [0,∞). Also, letM1,M2,N1

and N2 be four real numbers satisfying (2.10) and the following inequalities:

N1 ≤ g(x) ≤ N2 (2.19)

for all x ∈ [0,∞). Then we have

(i)

N1Fϑω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q) +M2Fθω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

g
)

(x ; q)

≥ N1M2Fϑω+
1

(x ; q)Fθ
ω+

1
(x ; q) +

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

g
)

(x ; q); (2.20)

(ii)

M1Fϑω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)

(x ; q) +N2Fθω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

f
)

(x ; q)

≥M1N2Fϑω+
1

(x ; q)Fθ
ω+

1
(x ; q) +

(
k
ζJ

ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

f
)

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)

(x ; q); (2.21)

(iii)

M2Fθω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

g
)

(x ; q) +N2Fϑω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)

≥M2N2Fϑω+
1

(x ; q)Fθ
ω+

1
(x ; q) +

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

g
)

(x ; q); (2.22)

(iv)

M1Fθω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

g
)

(x ; q) +N1Fϑω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)

≥M1N1Fϑω+
1

(x ; q)Fθ
ω+

1
(x ; q) +

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,ϑ,ρ,ξ,ω+
1

g
)

(x ; q). (2.23)

Remark 2.2. In Theorem 2.2, by using substitution of parameters several results are reproduced for

different integral operators. For example, for k = 1 and ζ(x) = x , we achieve [5, Theorem 2.2], for

ξ = q = 0 and ζ(x) = (x−ω1)τ

τ , we achieve [8, Theorem 2.5], for ξ = q = ω1 = 0 and k = 1, we

achieve [11, Theorem 2.15], for ξ = q = ω1 = 0, k = 1 and ζ(x) = xτ+1

τ+1 , we achieve [12, Theorem

6], for ξ = q = 0 and ζ(x) = xτ+1

τ+1 , we achieve [17, Theorem 2.5], for ξ = q = ω1 = 0, we

achieve [22, Theorem 2.5], for ξ = q = ω1 = 0, k = 1 and ζ(x) = xτ

τ , we achieve [24, Theorem 2.2],

for ξ = q = ω1 = 0, k = 1 and ζ(x) = x , we achieve [29, Theorem 5].

Theorem 2.3. Let f , Q1 and Q2 be positive and integrable functions on [0,∞), satisfying (2.1).

Then for k-integral operator (1.5), we have

Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f 2
)

(x ; q)−
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
]2

=
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q)−

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
]

×
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)−
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q1

)
(x ; q)

]
−Fθ

ω+
1

(x ; q)
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q)−

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
]
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×
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)−
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q1

)
(x ; q)

]
+ Fθ

ω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q1f
)

(x ; q)−
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q1

)
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)

+ Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2f
)

(x ; q)−
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)

−Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q1Q2

)
(x ; q) +

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q1

)
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q). (2.24)

Proof. For any ψ, φ > 0, we have

(Q2(φ)− f (φ))(f (ψ)−Q1(ψ)) + (Q2(ψ)− f (ψ))(f (φ)−Q1(φ))

− (Q2(ψ)− f (ψ))(f (ψ)−Q1(ψ))− (Q2(φ)− f (φ))(f (φ)−Q1(φ))

= f 2(ψ) + f 2(φ)− 2f (ψ)f (φ) +Q2(φ)f (ψ) +Q1(ψ)f (φ)

−Q1(ψ)Q2(φ) +Q2(ψ)f (φ) +Q1(φ)f (ψ)−Q1(φ)Q2(φ)

−Q2(ψ)f (ψ) +Q1(ψ)Q2(ψ)−Q1(ψ)f (ψ)−Q2(φ)f (φ)

+Q1(φ)Q2(φ)−Q1(φ)f (φ). (2.25)

Multiplying both sides of (2.25) with (2.5) and the following expression:

(ζ(x)− ζ(φ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(φ))α; q)ζ′(φ), (2.26)

then integrating with respect to ψ and φ on [ω1, x ], after this by utilizing k-integral operator (1.5),

the required identity (2.24) is achieved. �

Remark 2.3. In Theorem 2.3, by using substitution of parameters several results are reproduced for

different integral operators. For example, for k = 1 and ζ(x) = x , we achieve [5, Theorem 2.3], for

ξ = q = 0 and ζ(x) = (x−ω1)τ

τ , we achieve [8, Theorem 2.7], for ξ = q = ω1 = 0 and k = 1, we

achieve [11, Lemma 2.19], for ξ = q = ω1 = 0, k = 1 and ζ(x) = xτ+1

τ+1 , we achieve [12, Lemma

2], for ξ = q = 0 and ζ(x) = xτ+1

τ+1 , we achieve [17, Theorem 2.7], for ξ = q = ω1 = 0, we

achieve [22, Lemma 2.9], for ξ = q = ω1 = 0, k = 1 and ζ(x) = xτ

τ , we achieve [24, Theorem 2.3],

for ξ = q = ω1 = 0, k = 1 and ζ(x) = x , we achieve [29, Lemma 7].

Theorem 2.4. Let f , g,Q1,Q2,R1 and R2 be positive and integrable functions on [0,∞) satisfying

(2.1) and (2.12). Then for k-integral operator (1.5), we have∣∣∣Fθω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f g
)

(x ; q)−
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)

(x ; q)
∣∣∣

≤
√
H(f ,Q1,Q2)H(g,R1,R2), (2.27)

where

H(U ,V,W) =
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

W
)

(x ; q)−
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

U
)

(x ; q)
]

×
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

U
)

(x ; q)−
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

V
)

(x ; q)
]
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+ Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

UV
)

(x ; q)−
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

U
)

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

V
)

(x ; q)

+ Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

UW
)

(x ; q)−
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

U
)

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

W
)

(x ; q)

−Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

VW
)

(x ; q) +
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

V
)

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

W
)

(x ; q).

Proof. As we know f and g are two integrable functions on [0,∞) and satisfying (2.1) and (2.12).

Therefore, we can write

[f (ψ)− f (φ)] [g(ψ)− g(φ)] = f (ψ)g(ψ) + f (φ)g(φ)− f (ψ)g(φ)− f (φ)g(ψ). (2.28)

Multiplying both sides of (2.28) with 1
2 , (2.5) and (2.26), then integrating with respect to ψ and φ

on [ω1, x ], we have(
1

2

∫ x

ω1

∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ) (ζ(x)− ζ(φ))

θ
k
−1

× Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(φ))α; q)ζ′(φ) [f (ψ)− f (φ)] [g(ψ)− g(φ)] dψdφ

)
= Fθ

ω+
1

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f g
)

(x ; q)−
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)

(x ; q). (2.29)

Now by utilizing Cauchy-Schwarz inequality, we have(
1

2

∫ x

ω1

∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ) (ζ(x)− ζ(φ))

θ
k
−1

× Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(φ))α; q)ζ′(φ) [f (ψ)− f (φ)] [g(ψ)− g(φ)] dψdφ

)2

≤
1

2

∫ x

ω1

∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ)

× (ζ(x)− ζ(φ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(φ))α; q)ζ′(φ) [f (ψ)− f (φ)]2 dψdφ

×
1

2

∫ x

ω1

∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ)

× (ζ(x)− ζ(φ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(φ))α; q)ζ′(φ) [g(ψ)− g(φ)]2 dψdφ. (2.30)

From (2.30), by utilizing k-integral operator (1.5), we have

1

2

∫ x

ω1

∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ)

× (ζ(x)− ζ(φ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(φ))α; q)ζ′(φ) [f (ψ)− f (φ)]2 dψdφ

= Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f 2
)

(x ; q)−
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
]2
. (2.31)
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Similarly, we have

1

2

∫ x

ω1

∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ)

× (ζ(x)− ζ(φ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(φ))α; q)ζ′(φ) [g(ψ)− g(φ)]2 dψdφ

= Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g2
)

(x ; q)−
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)

(x ; q)
]2
. (2.32)

Utilizing identities (2.31) and (2.32) in (2.30), we achieve(
1

2

∫ x

ω1

∫ x

ω1

(ζ(x)− ζ(ψ))
θ
k
−1 Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(ψ))α; q)ζ′(ψ) (ζ(x)− ζ(φ))

θ
k
−1

× Eε,ν,γ,σα,θ,ρ,k(ξ(ζ(x)− ζ(φ))α; q)ζ′(φ)× [f (ψ)− f (φ)] [g(ψ)− g(φ)] dψdφ

)2

≤ Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f 2
)

(x ; q)−
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
]2

×Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g2
)

(x ; q)−
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)

(x ; q)
]2
. (2.33)

From identity (2.29) together with the inequality (2.33), we achieve(
Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f g
)

(x ; q)−
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)

(x ; q)
)2

≤ Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f 2
)

(x ; q)−
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)

(x ; q)
]2

×Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g2
)

(x ; q)−
[(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)

(x ; q)
]2
. (2.34)

As we know (Q2(x) − f (x))(f (x) − Q1(x)) ≥ 0 and (R2(x) − g(x))(g(x) − R1(x)) ≥ 0 holds for

x ∈ [0,∞). Therefore, we have the following inequalities:

Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

(Q2 − f )(f −Q1)
)

(x ; q) ≥ 0

and

Fθ
ω+

1
(x ; q)

(
k
ζJ

ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

(R2 − g)(g −R1)
)

(x ; q) ≥ 0.

By utilizing Theorem 2.3, we have

F θω+
1
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f 2
)
(x ; q)−

[(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q)

]2

≤
[(

k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q)−

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q)

]
×
[(

k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q)−

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q1

)
(x ; q)

]
+ F θω+

1
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q1f
)
(x ; q)−

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q1

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q)

+ F θω+
1
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2f
)
(x ; q)−

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

f
)
(x ; q)

−F θω+
1
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q1Q2

)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q1

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

Q2

)
(x ; q)

= H(f ,Q1,Q2). (2.35)
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Similarly, we have

F θω+
1
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g2
)
(x ; q)−

[(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q)

]2

≤
[(

k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R2

)
(x ; q)−

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q)

]
×
[(

k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q)−

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R1

)
(x ; q)

]
+ F θω+

1
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R1f
)
(x ; q)−

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R1

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q)

+ F θω+
1
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R2g
)
(x ; q)−

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R2

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

g
)
(x ; q)

−F θω+
1
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R1R2

)
(x ; q) +

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R1

)
(x ; q)

(
k
ζJ ε,ν,γ,σ

α,θ,ρ,ξ,ω+
1

R2

)
(x ; q)

= H(g,R1,R2). (2.36)

From identities (2.35) and (2.36) together with inequality (2.34), the inequality (2.27) is achieved. �

Remark 2.4. In Theorem 2.4, by using substitution of parameters several results are reproduced for

different integral operators. For example, for k = 1 and ζ(x) = x , we achieve [5, Theorem 2.4], for

ξ = q = 0 and ζ(x) = (x−ω1)τ

τ , we achieve [8, Theorem 2.10], for ξ = q = ω1 = 0 and k = 1, we

achieve [11, Theorem 2.23], for ξ = q = ω1 = 0, k = 1 and ζ(x) = xτ+1

τ+1 , we achieve [12, Theorem

7], for ξ = q = 0 and ζ(x) = xτ+1

τ+1 , we achieve [17, Theorem 2.10], for ξ = q = ω1 = 0, we

achieve [22, Theorem 2.13], for ξ = q = ω1 = 0, k = 1 and ζ(x) = xτ

τ , we achieve [24, Theorem

2.4], for ξ = q = ω1 = 0, k = 1 and ζ(x) = x , we achieve [29, Theorem 9].
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