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Abstract. Frame is a fundamental notion in the study of vector spaces; they offer redundancy and
flexibility, which favor their application in various fields of mathematics. This article aims to collect
important results of frames in Hibert pro-C*-modules: Frame, x-frame, *-K-frame, g-frame, *-g-
frame, *-K-g-frame, operator frame, x-operator frame, *-K-operator frames. We also prove some

new notions.

1. Introduction

It is known that the bases in vector spaces represent every item uniquely and conveniently. However,
the linear independence property of a basis, which allows each vector to be represented only as a linear
combination, is very limited for practical problems. A frame is more general than a basis: one can
represent each element of the vector space by a frame, but this representation may not necessarily be
unique.

Although Duffin and Schaefer introduced the concept of Frames [3] in 1952, it was only in the last
ten years that the theory of frames was developed extensively by Grossman and Meyer [6]. n the 1970s
and 1980s, the study of frames was extended to the context of Hilbert spaces, where it was used to
understand the representation and analysis of signals and images; this led to the development of the
theory of frames, a well-established area of mathematics with a rich body of research and numerous

applications in signal processing, image analysis, and numerical analysis.
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In recent years, the study of frames has continued to evolve and expand, and it has become an
essential tool for understanding the representation and analysis of signals, images, and functions in a
wide range of areas, including mathematics, physics, engineering, and computer science.

In 2008, Joita [11] extended the theory of frame in Hilbert modules over pro-C*-algebras, which led
to the initiation of new notions of frames in Hilbert pro-C*-modules.

In this work, we gather all the crucial results concerning frames in Hilbert pro-C*-modules and prove

some new results.

2. Preliminaries

Pro-C*-algebra is considered as a complete Hausdorff complex topological *-algebra A whose topol-
ogy is determined by its continuous C*-seminorms in the sens that a net {ay} converges to O if and

only if pa(ay) converges to 0 for all continuous C*-seminorm p, on A, and we have:

1) pa(¥B) < PalV)Pa(B)
2) pa(7*Y) = Pa(7)?
for all «v,8 € A sptr(vy) denotes the spectrum of <y such that: sptr(y) = {A € C:Al4— is not
invertible } for all v € A. Where A is unital pro-C*-algebra with unite 1 4.
We denote by Se(A) the set of all continunous C*-seminorms on A. A™" designates the set of all
positive elements of A, and it is a closed convex C*-seminorms on A.

M 4 denotes the set of all sequences (v,), with v, € A such that )" /v, converges in A.
Example 2.1. Every C*-algebra is a locally C*-algebra.

Definition 2.1. [15] A pre-Hilbert module over locally C*-algebra A, is a complex vector space X
which is also a left A-module compatible with the complex algebra structure, equipped with an A-
valued inner product {.,.) X x X — A which is C-and A-linear in its first variable and satisfies the

following conditions:

1) €& m*=(n¢g) forevery§,meX
2) (£,€) >0 foreveryE e X

3) (£,&) =0 ifand only if ¢ =0
for every £, m € X. We say X is a Hilbert A-module (or Hilbert pro-C*-module over A ) if it is complete

with respect to the topology determined by the family of seminorms

Px(§) = VPa((€.€)) §€X peS(A)

In all the rest A is a pro-C*-algebra, X and ) are two Hilbert A-modules and | and J are countable
index sets.

We call an operator from X to ) every bounded A-module map from X to ). The set of all
operator from X to ) by is denoted by Hom4(X,)).
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Proposition 2.1. [9] Let A be a unital pro-C*-algebra with an identity 1 4. Then for any po € Se(A),

we have:

(1) pa(v) = pa(y*) forally € A

(2) pa(la) =1

(3) If14 < B, then B is invertible and B~! < 14

(4) Ify,B € AT are invertible and 0 <y <3, then 0 < B~ < 47!
(5) Ify,B€ At and y?> <%, then0 <y <

Proposition 2.2. [2]. Let X be a Hilbert module over pro-C*-algebra A and T be an invertible
element in Hom® (X' such that both are uniformly bounded. Then for each £ € X,

ITY|S2 6 &) < (T&, Te) < [ TIR (. &),
3. Frames

Definition 3.1. [11] A sequence {§;}; in M(X) is a standard frame of multipliers in X if for each
EeXx, > (& £,>M(X) (&, £>M(X) converges in A, and there are two positive constants C and D such
that

Cl&.)x <D (€ Edma) (i Emery < DIE &)

forall§ € X. If D =C =1 we say that {{;}; is a standard normalized frame of multipliers.
Particularly if the right inequality

> & ey 1 Omery < DE Oa VEEX

i

holds true, we call {£;},c; a Bessel sequence.

Remark 3.1. [11] Let {n;}; be a sequence in M(X). Then {n;},; is a standard normalized frame of

]
multipliers in X if and only if { (mh), (77/)}, is a standard normalized frame of multipliers in X,, for
I

each py € Se(A).

Example 3.1. [11] For any pro-C*-algebra, {u;}; is a standard normalized frame of multipliers in H 4.

Indeed, if (atj); € H.a then, since

<(aj)j , UI>M(HA) <Ui’ (aj)f>l\/l(7-LA) = oja;

for each positive integer i, we have

> (), u/>M(HA) (un, (af)j>M(,HA) =Y afai = ((a);. (af)j>HA

i

and so {u;}; is a standard normalized frame of multipliers in H 4.

Proposition 3.1. [11] Any countably generated Hilbert A-module X in M(X) admits a standard

normalized frame of multipliers.
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Theorem 3.1. [11][The reconstruction formula]
Let X be a countably generated Hilbert A-module in M(X') and let {n;}; be a sequence in M(X).
Then {n;}, is a standard normalized frame of multipliers if and only if for all§ € X, ;m; - (nj, g)M(X)

converges in X and moreover,

€= Z’n/ (M E) my -

Proof. By Remark 3.1 and [13, Theorem 3.4], {h,}, is a standard normalized frame of multipliers in
X if and only if 3, (), (hy) - <(7rﬁ'X)* (hp), a§(£)>M(X) converges in &), for all £ € X and for

each p € S(A), and moreover,

0¥ (€) =D (mp ), (hn) - ((m5), (hn) . 0¥ (€))

- M(x)
From this fact and taking into account that
n n
Px (5 - Z hy - <hk,5>/\/1(;()> = ||o5 (&) — oy <Z hi - Chie, 5)/\4(;{))
k=1 k=1 Xp

n

= lox© == (xp ), (he) - ((m), () .o (€) )

k=1

M(X)
Xp

for all £ € X, for all p € S(A) and for all positive integers n, we deduce that {h,}, is a standard

normalized frame of multipliers in X if and only if >, h, - <hn-§>M(X) converges in X for all £ € X,
and moreover, £ = h, - (hp, £>M(X) forall € € X. O

Remark 3.2. [11]If{h,}, is a standard normalized frame of multipliers in X, then )" (hyo h}) (§) =
€ forall € € E, since (hy o hy) (§) = hn - (hn, &)y for each positive integer n. Therefore, {hp}, is a
standard normalized frame of multipliers in X if and only if ), (h, o h%) (§) converges in X for each
£ € X and moreover, ), (h, o h¥) (&) = &.

Corollary 3.1. [11] If The bounded part of X noted b(X) admits a standard normalized frame of

multipliers, then X admits a standard normalized frame of multipliers.

Proof. We will show that if {h,}, is a standard normalized frame of multipliers in b(X’), then {F),,}n,
where ﬁn is the extension of h, to an element in M(X), is a standard normalized frame of multipliers
in X.

Let £ € X,p € Se(A) and € > 0. Since b(X) is dense in X, there is §, € b(X) such that
px (€ — &) < €/3. Since {hy}, is a standard normalized frame of multipliers in b(X'), there is ng such
that

<e/3

€0— > (hkohy) (&)
k=1

oo
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for all n with n > ng. Then

P <5 —> (hko ) (&))
k=1

n

< Px (€ —&o) + Px (éo = > (o h) (Eo)) + Px (
k=1

= k=1

+ Prix) (Z hic o /~7i> px (€ —€o)

k=1

(ko hp) (€ - 50))

€0— Y (hkohy) (&)

k=1
n

<8/3(2+ ZEKOEZ >
k=1 o
n

:5/3<2+ > heoh; >
k=1

<e€

<e/3+

for all n with n > no. This shows that 3_, (h, o i) (€) converges to € in X for each ¢ € X and so
{hNn}n is a standard normalized frame of multipliers in X

If {hn}, is a standard frame of multipliers in X', then -, (&, hn) ey (An, &) py(a) Converges in X
for all £ € X. From this fact and taking into account that (h,, 5)/\4(2{) € A for all positive integers n,
we conclude that (<hn, $>M(X))n € Hu. Thus we can define a linear map 6 : X — Hu by

0(&) = ((hn. Emry )

Moreover, 0 is a continuous module morphism, since

0(6a) = ((hn. €)= (. Oy a) =0()a

for all £ € X and for all a € A and

PrA(8(6)) = p <Z (€. B gy (i 5>W>) < Cpr(E)?

n

for all £ € X and for all p € S(A). O

3.1. g-frame.

Definition 3.2. [7] A sequence I = {I'; € Hom’ (X, y,-)}l.e, is called a g-frame for X with respect
to {Vi};e, If there are two positive constants C and D such that for every £ € X,
Cle.6) <Y (M€, Ti€) < DEE€).
i€l
The constants C and D are called g-frame bounds for . The g-frame is called tight if C = D and
called a Parseval if C = D = 1. If in the above we only need to have the upper bound, then I is called

a g-Bessel sequence. Also if for each i € I,Y; =Y, we call it a g-frame for X with respect to ).
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Example 3.2. Let {{;},c, be a frame for X with bounds, C and D. Then by definition for each § € X,

C(€,8) <D (€,6)(&.8) < D9

il
Now for i € | define the operator I'¢; as follows:
Mg, X = A Te(8) =(6&).
Clearly T¢, is a bounded operator in Hom4(X, A) and has adjoint as follows:
s - A—=&x , Ti(a)=ag.
Hence I'¢, € Hom* (X, A),i € |. Also for each § € X,

CE.6) <D (66)(6. & =) (T Ti€) < DIE§).

iel iel
Therefore T = {I¢, } e,
a g-frame for X with respect to {)},c; and bounds C, D. We define the corresponding g-frame

is a g-frame for X with respect to A. Let [ = {F,- € Hom’ (X,y,-)},-e, be

transform as follows:
T X Py . Tr) ={i€}e
iel
Since I is a g-frame, hence for each £ € X we have:

C(€,8) <> (M€, Tig) < DI §).

icl

So Ty is well-defined. Also for any p € S(A) and £ € X the following inequality is obtained:

VChx(£) < Pa,y, (Tré) < VDpx ().

Frome the above, it follows that the g-frame transform is an uniformly bounded below operator in

Homu (X, @,c, Vi). Thus by Proposition 2.13, Tr is closed and injective.

Also, we define the synthesis operator for g-frame I as follows:

T Pyi—-x . TEEmd) =D (). (3.1)
iel iel
Where I'7 is the adjoint operator of I';.

Proposition 3.2. [7] The synthesis operator defined by 3.1 is well-defined, uniformly bounded and
adjoint of the transform operator. Since ' = {I'; : i € I} is a g-frame for X with respect to {V;}c,,

there exist positive constants C and D such that for any £ € X,

C(€,8) <> (M€, Ti8) < DI §).

i€l
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Let J be an arbitrary finite subset of |. Using Cauchy-Bunyakovskii inequality for any p € Se(.A) and
(ni); € Die1Y; we have:

Py (Z r ('0/)) = sup {P<Z r (77,')'€> EEeX px(§) < 1}

ieJ e

= sup {P (Z (i, |_i$>> 1€ X, Px(§) < 1}

ieJ

1/2 1/2
< sup (P (Z (i, 77/>>> (P (Z (Fi€. |_/E>>>
px(§)<1 i) ic)

1/2
< sup [ VDpx(é) (PZ<77/'77/>>

Px(§)<1 icJ

1/2
<VvD <P (Z <77/,77/>>>
icJ

Now, since the series ) ., (mi,m;) converges in A, the above inequality shows that > ., I7 (n;) is

convergent. Hence T is well-defined. On the other hand for any £ € X and (n;); € ®jc;Y;, we have:

(Tr (&), (m);) = (Tix);., (mi))
= (& m)
iel

= (&)

icl

= <E, Z |_77Ii>
iel
=& Tr (i) -

Therefore by Proposition 2.11 it follows that the synthesis operator is adjoint of the transform operator.

Also, for any p € S(A) we have:
px (TF(m) < VDpgicYi(n), n=(n); € DictVi
Hence the synthesis operator is uniformly bounded.

Theorem 3.2. [7] Let T = {[';},c, be a g-frame for X with respect to {);},c,; and with bounds C, D.

Then Sr is invertible positive operator. Also it is a self-adjoint operator such that:
Cly <5r <Dly (3.2)

Here Iy is the identity function on X .
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Proof. According to the definition of the transform operator, for any £ € X we can write:

(Tr(€). Tr(€)) = ({Tix}iey ATi€hiey) = D_ (M€ Ti).

i€l
Since I is a g-frame for X with bounds C and D, for each £ € X it follows that:
C(€.€) < (Tr(£). Tr(§)) < D, §).

On the other hand,

(5r(€).) = (TrTr(£). &) = (Tr(£). Tr(£)) = (& TrTr(x)) = (£, 5r(€)) -

Consequently, Sr is a self-adjoint operator. Also for any £ € X, we obtain:

C(€.&) < (5r(£). &) < DK, §).

From the above, it follows that the g-frame operator is positive and 3.2 is obtained too. Moreover by
Proposition 2.1 it follows that Sr is invertible. By previous discussions, we have the following useful
result. ]

3.2. x-frame.

Definition 3.3. [13] Let X be a Hilbert pro-C*-module. The sequence {T,}, in M(X) we call a
standard *-frame of multipliers for X if for each § € X, the series >, (&€, Tn)pycay (Tni E) mcxy 1S
convergent in A and there exist two strictly nonzero elements C and D in A such that

Cl& eC <) (& Tadwmeay (To & meay < DIE €)D"

n
forall§ € X. If \ = C = D, then standard x-frame {T;};c, of multipliers is called a standard \-tight
*-frame. If {T;},c, possesses an upper x-frame bound, but not necessarily a lower x-frame bound, we

call it standard x-Bessel sequence of multipliers for X .

Remark 3.3. [13] Every standard frame of multipliers in X with bounds C and D is a standard *-frame
of multipliers in X with A-valued *-frame bounds (v/C)14 and (v/D)14.

Example 3.3. Let H 4 be a Hilbert A-module with the following operations:

&n = {&Mitien & = {&}en {&ik Anih) = Zg;‘n,—,

iEN
@) = (0 ((€.61))7 . VE={E&}in. 1= 1{n}ien.

Let J =N and define {¢;},_, € Ha by ¢; = {q&{}ieN such that

. 14i=]
¢ = A/_ J_, Vj € N.
0 i#J
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We observe that

({&}. ¢j>HA (¢;, {5/}>HA = 14148 = €&
Also,

D6 d)y, (8165, =D G& = (€ Ons

jed jed
S0 {®;};c, € Ha is a standard normalized +-frame.

Example 3.4. [13] Let H 4 be a Hilbert A-module. Then Hom® (A, H4) is Hom(A)-module with

the following operations:

en={mitien. €= {&ten. (&} I} = &mr,

ieN

V€= {¢tien: M={nitien:

N

ﬁ’HA(E) = (,D (<€ E>HA))

Let J =N and define ¢; € L (A, Ha) by ¢; = {#/}  such that
IS

o) (K1) = .
#(a)—{ . i Vj €N,

where K is constant.
p (Z df,(a)dﬂ,(a)) = p (#(@9(@)) = p ({0 K1) 0 K1) ) = p (@0 K1))* < 0,
J

which implies that ¢; is well-defined and adjointable. qu’-k € Hom? (Ha, A) is obtained by ¢j-‘ =
{qb{:*}iEN, as d)f ({xi}) = K14xj, and we have

({xi}. ¢1>M(HA) (¢;, {X/}>M(HA) = ¢7 ({xih)e; ({x}) = K1axK1ax;.

So,
Z (x. ¢j>M(HA) (¢). X>M(HA) = Z (It e ¢1>M(HA) (¢, {X/}i€N>M(HA)
jed jed
= KLaXxKla
jed
= K14 XixKla=Klalx,x)3,Kla.

Jjed

Consequently, {qu} in M (H_4) is a standard K1 4-tight x-frame of multipliers in H 4.

jel
Proposition 3.3. [13] Let the sequence {T;},c,; be a standard x-frame of multipliers in X. Then
{<Ti'£>M(X)}/e/ € Ha

Definition 3.4. [13] Let {T;},c, be a standard x-frame of multipliers in X, thus we can define a linear

mapT : E— Hy by T(x) = {(T,-, x}M(E)}_ / is called the pre-x-frame operator or x-frame transform
e

for {Ti}ic/-
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Theorem 3.3. Let {¢;};c, be a standard x-frame of multiplier s in E with lower and upper x-frame

bounds C and D, respectively. Then the pre-x-frame operator T is invertible and px H,(T) < p(D).

Proof. Let J be an arbitrary finite subset of /. Using the Cauchy-Schwarz inequality, for any p € Se(A)
and {m},c; € Ha, we have

(Pr.(T€))° = (/3HA <{<¢i'g>M(X)}i€J)>2
=sun { (o ({0 e}, 1)) < s () <1

< s p({{@nOmn ) {0 O} ) x s p(Und )

Py, ({mi})<1 Pr,({niti)<1

(Zm mex) (@i € mx )

el

< p(D)p (€. &)x) p (DY)
= (p(D))? (Px(£))*.

This shows pp,(T€) < p(D)px(€) for all £ € X, so T is well-defined, bounded and py p,(T) <
p(D). Since (T, T&)x =, (& ¢n>/v/(X) (Pn, £>M(X) for each £ € X', we observe that

C{€ OXC" <(TE TEx < D §aD".
Suppose that £ € X and T¢ =0. Thus, £ =0 and T is invertible. O

Proposition 3.4. [13] Let {¢;},c, be a sequence in M(X). Suppose that P : § — {(qﬁ,—,&)M(X)}. /
e
is an invertible element in b (Hom* (X, X4)). Then {¢:};c, is a standard *-frame of multipliers in X .

Proof. Let the sequence {a;};c; be in H 4. We can write

<{a,-},-€,,P(£)> <{O‘ Yiers {< >M(X)}iel>HA
=Y @ (¢ e

icl

= <Z dicti, $> :
i€l X

This shows P* ({aj};c;) = >_je; $iai. Moreover, P* is an invertible element in b (L4, x)). Define
VY := P*P. Hence, V and V2 are positive and invertible elements in b(Hom*(X)). As see in the [11]
we have

|2 S 1

(& & < (V3EV3E)

X
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Since (P, P&)x = > ie (& i) m(x) (Div €) may, Series is convergent in A and
1 -1 *
<HV2 ><$E (HV 2 1A> <D (& By (D ) gy
iel

< () e (V2] 20)

So {¢;};c, is a standard *-frame of multipliers in X" O

3.3. x-g-frame.

Definition 3.5. A sequence ' = {F,— € Hom’ (X, yi)},e,
{Vi}ie if for each & € X, the series Y., ([i(£).Ti(&)) is convergent in A and there are two strictly

is called a x-g-frame for X with respect to

non-zero values C and D in A such that for every £ € X,
C(€.6CT <Y (Ti(8).Ti(§) < D(E.&)D*
icl
The elements C and D are called x-g-frame bounds for I'. The x-g-frame is called tight if C = D and
called Parseval if C = D = 1. If in the above we only need to have the upper bound, then I is called a
*-g-Bessel sequence. Since the sequence ), (Ii(£).Ti(£)) is convergent in A, the x-g-frame can be
called standard but we use this definition without the word standard if there is no risk of ambiguity.

Besides, if for eachi € 1,Y; =Y, we call it a x-g-frame for X with respect to Y .

Example 3.5. Let {¢;};c, be a x-frame for X with bounds C and D. For i € I, consider the operator
['¢, defined via

Fg, X — A; |—5,.(X) = <£,£,>
It is obvious that I'¢, is a bounded operator in Hom (X, A) which its adjoint is
A= & Ti(a)=ag.
Hence, I'¢, € Hom* (X, A), i € |. Moreover, by assumption, for each § € X

C(E6CT <Y (E&) (6.8 =D (Mi(&).Ti(8) < D &)D*

i€l i€l

Therefore, T = {T¢, },., is @ x-g-frame for X with respect to A.

Definition 3.6. Let I = {[;:i €I} be a x-g-frame for X with respect to {);}ic;. Define the
corresponding *-g-frame operator Sp = T¢Tr : X — X via S5r(§) = >, iTi€. Then, Sr is a

combination of two bounded operators and so it is a bounded operator.

Theorem 3.4. Let I = {[;},c; be a x-g-frame for X with respect to {);}ic; with frame bounds A

and B. Then, Sr is an invertible positive operator. Moreover, it is a self-adjoint operator such that

A*Aly < Sr < B*Bly (3.3)
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and
BL(B) My <SPt < ATH(AN) Ty, (3.4)

where |y is the identity function on X, and also we have

(P (A7) 7% < px (1) < ((B))?.

Proof. According to the definition of the transform operator, for any £ € X we can write

(Tr(€). Tr(©) = {Ti(O)}ies ATiO}ier) =D (Ti(£).Ti(8)) .

i€l
By hypotheses, we get
A A" < (Tr(€), Tr(€)) < B(£.§)B".

On the other hand,

(5r(€).&) = (TrTr(£).&) = (Tr (&), Tr(£)) = (& Tr Tr(§)) = (£, 5r(€)) -

Consequently, Sr is a self-adjoint operator. For any £ € X, we find

A€ A" < (Sr(€).€) < B(£.€§)B". (3.5)

From 3.3, it follows that the *-g-frame operator is positive and 4.1 is obtained as well. Now, suppose
that Sr(§) = 0 for any £ € X. By (5), we observe that (£, £€) = 0, which implies Sr is invertible. For
£ e X, we have

A(SFIE Sie) AT < D (TiSEe Tisr1e) = (Sri6.€)

i€l

and

(6.571€) =D _(MiSFH(€).TiSFH(€)) < B(S7H(€). 571(€)) B,

icl

The last relations necessitate that for all £ € X

BTH(STH(E).€) (B") T < (S7H(). SPHE)) < ATH(STHE). €) (A
and so

_ dy—1 1\ 2 _ sn—1
BB STt < (S <At (AT s
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Since S is a positive operator, B! (B*)_:L Iy < Sr_l < A1 (A*)_1 lx. Applying the CauchyBun-

yakovskii inequality and Lemma 2.2 in [19], we have

2 2
(m (Z r;*r,(s))) = {supp (<Z rrr,-<s>,n>> nE X, prln) < 1}
ied ied

2
= {SUDP (Z (i(€), ri("?))) ‘n € X, px(n) < 1}

el

< sup <P (Z (rie), F,({)))) (P (Z (Fi(n), ri("?)>>>
px(m<1 icJ Py

< sup (p(B))? (Bx(m))” (p(B))? (Px(€))?

px(m<1
< (p(B))* (P (£)).
for all p € Se(A) and £, n € X. Hence,

2
(Px (Sr(9))* = <l3x (Z rﬁ/(ﬁ)))

icJ
2
= {supp <<Z |'?‘ﬂ(£)m>> :n € X, px(n) < 1} < (p(B))* (Px(€))*.
icJ
Furthermore, px (Sr(£)) (p (Afl))_2 < px (5r(€)). Therefore
(P (A7) " < B (Sr(9)) < (p(B))*

This finishes the proof. O

Theorem 3.5. Foreachi €, let T = {I'; € Homy (X, Y;)},c, and {gU}jer be a Parseval-frame for

Y. Then, the following assertions hold.

(i) {T'i}Yje, s a Parseval -g-frame for X if and only if {T¢;; }jeJ,,ie/ is a Parseval x-frame for X.

(i) The %-g-frame operator of {T';},c, is the =-frame operator of I = {I*¢;; }jeJ,v,iel

Proof. (i) It follows from the assumptions that
(ri(€).ri(¢)) = Z (i), &) (€. Ti(8)) -
JeJ;
Therefore

D). Ti€) =YY (ri€). &) (&5, Ti(9))

i€l iel jeJ;
for all £ € X. Since for every i,[; is adjointable and so the above equality can be summarized as

follow:

D AT T =D (e (e (7 (&) . €).

iel i€l jed;
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which shows that {I';};c, is a Parseval x-g-frame for X' if and only if {I'* (§;)}

x-frame for X.

jedicl 152 Parseval

(ii) Let Sr and Sr be the x-frame operators for I" and I, respectively. Then

Sr€) =D (T E)) T (&), Sr© =D T8

iel jeJ; iel

for all £ € X. On the other hand, for every i € [ and & € X, Ti(§) = > ,c, (Ti(€). &) &;. Since

(&) €Y and the last equality is the reconstruction formula for ;€ with respect to Parseval x-frame

{g,-j}jeJi, we get

Sr(€) =D D & (E))Tr (&) =D D (). &) 17 (&)

el jeJd; el jeJ;
=T Do(TE). ) &y | =D TTi€) = Sr(9).
i€l j€d; icl
for all £ € X. The proof of part (ii) is now complete. O

3.4. K-g-frame.

Definition 3.7. Let K € Hom*(X). A sequence I = {I'; € Hom} (X, y/)}l.el is called a K-g-frame
for X with respect to {);},¢, if there exist two positive constants A and B such that for every § € X,
AK*E, K*E) <Y (M€ Ti€) < B, €)

icl
The constants A and B are called the lower and upper bounds of K-g-frames, respectively. The
K-g-frame is called tight if A= B and a Parseval if A=B =1

Definition 3.8. Suppose that K € Hom*(X) and {l;},c, is a K-g-frame for X with respect to
{Vitie;- A g-frame sequence {=;},c,; for X with respect to {Vi};c, is said to be a K-dual g-frame
sequence of {T'j},¢; if
KE=D i€, WeX
icl

Lemma 3.1. Let {U/ € Hom% (X,)) i € /} be a g-orthonormal basis for X with respect to
{Y; i €1}, then the sequence {F, € Hom% (X,))) i € /} is a g-frame sequence with respect to
{Y; i €1} if and only if there is a unique bounded operator Q : X — X such that I'; = U;Q*, for all
el

Proof. = Since {U; € Hom* (X,Y;):i €1} is a g-orthonormal basis for X, {Ui§:i€l} €
(Z,e,@y/)HA, for any £ € X. |If {F,- € Homy (X,))) i € /} is a g-Bessel sequence, then the
operator @ below is well-defined and bounded

Q:X — X, Q=) TUg

i€l
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Also by using the definition of g-orthonormal basis, it is simple to observe that U,-Ujfkn = 0;jm. SO
QUin=> TiUUin=TiUUn="rin
icl
forallm € Y;,j € . Hence QUJ’-k = I'J*, which implies that U;Q* = T;,j € [. Suppose Q1,Q> €
Hom® (X,);) and U;Q] = U;Q5 = T; for any / € /. Then for any £ € X,n; € ), we have
(UiQi€. mi) = (UiQs€. mj), that is, (Q3€, Urn;) = (Q3¢, Urn;).
Since span {U,* (y,-)},.e, =X, Q¢ = Q%&, which means that Q1 = Q2. Thus the operator Q is
unique.
< : Since I';, = U;Q*, for all i € I, for any £ € X, we have
STUre TiE) = Y (UQ*E UiQ* ) = (Q"€, Q*€).
il il
The Proposition 2.2 in [1] shows that Q* is bounded below, therefore Q* is invertible. Then by
Theorem 3.2 in [2], we have:

—2
00

l@)7 e < @ran <1Q I .

O

Lemma 3.2. Let {I';},, be a g-Bessel sequence for X with respect to {Y;},c; Then {l';};c, is a K-g-
frame for X with respect to {Y;};c, if and only if there exists constant C > 0 such that S > CKK*,

where S is the frame operator for {T'j},¢,
Proof. {I'i};c; is a K-g-frame for X" with respect to {J};};c, with bounds C, D if and only if

CK*€, K*) <> (M€, Ti€) < D&, &), Ve € X,

il
that is,
(CKK™,€§) < (5€,§) < (Dg§,§), Ve e X,
where S is the frame operator of K-g-frame {I';};.,. Therefore, the conclusion holds. O

Theorem 3.6. Let K € Hom’(X) and {U; € Hom’ (X, V)},.,
respect to {Yi},c; - {Fitics Is a K-g-frame for X with respect to {);},c, with the g-operator Q. P is

be a g-orthonormal basis for X with

the g-operator of g-frame sequence {T;};c;. Then {T;},c, is the K-dual g-frame sequence of {I';},¢,
if and only if K = QP*.

Proof. Suppose {T;};c, is the K-dual g-frame sequence of {I';};.,, then V§ € X, we have K¢ =
> ic; T Ti€. Consider that {U;};c, is the g-orthonormal basis for X, then by Lemma 3.1, V€ € X
KE=Y (UR)" (UiP)E=Q) UUPE = QP
icl iel
By the arbitrariness of £, we obtain K = QP*.
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Conversely, since {I';};c, and {T;},c, are two g-frame sequences, therfore using Lemma 3.1, there

are bounded operators @ and P, such that
[ =UP* T,=UP*
Hence, V€ € X
Y MTE=D (UQ) (UiP)E=Q) UTU P ¢ = QP*¢ = K&,
i€l i€l icl
This shows that {T;},c, is the K-dual g-frame sequence of {I';},,. O

3.5. x-K-g-frame.

Definition 3.9. Let K € Hom®(X). We say that {I'; € Homa (X, Yi)},¢ Is *-K-g-frame for X with
respect to {YV;};c, If there exist nonzero elements A, B € A such that for all € € X,

A(K*E, K*AT <Y (M€, Ti€) < B(£,£)B* (3.6)
i€l
The numbers A and B are called lower and upper bound of the x-K-g-frame, respectively. If
AK€ KA = (T Ti) VE € X (3.7)
icl

The x-K-g-frame is A-tight.

Example 3.6. Let /°° be the set of all bounded complex-valued sequences. For any u = {u;}jen, Vv =
{vj}jen € I°°, we define
uv = {uvj}jen, U = {d}jen. [Jull = sup |ujl.
JEN
Then A= {I®,||.||} is a C*-algebra. Consequently A= {I>°,|.||} is pro-C*-algebra.

Let X = Cy be the set of all sequences converging to zero. For any u,v € X we define
(u,v) = uv™ = {u}jen.

Then X is a Hilbert A-module.
Define f; = {f}ien- by f/ =2 + L ifi=j and f/ =0 ifi # j ¥j € N*. Now define the adjointable
operator \; : X — A, N& = (£ 7).
then for every € € X we have
1 1 1 1
D (NENE) = {5+ = ien (€ {5 + ~hien-.
jeN
Let K : X — X defined by K& = {%}ien-.
Then for every £ € X we have
e 11 1 1
(K€, K" a <D (INENE) = {5+ S hien (€ 615 + - ien-.

JEN
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Which shows that {A;}en is a x-K-g-frame for X with bounds 1 and {3 + }ien-.

Remark 3.4.
(1) Every x-g-frame for X with respect to {Y; : i € I} is an x-K-g-frame, for any K € L(X):
K # 0.
(2) If K € b(L4(X)) is a surjective operator, then every x-K-g-frame for X with respect to
{Yi:i€l}isax-g-frame.

Example 3.7. Let X be a finitely or countably generated Hilbert A-module. L;(X) Let K € L% (X)
an invertible element such that both are uniformly bounded and K # 0. Let A be a Hilbert A-module
over itself with the inner product (a, b) = ab*. Let {x;i}ic; be an =-frame for X with bounds A and
B, respectively. For each i € |, we define \j : X — A by Ni§ = (&, x;), V& € X. A; is adjointable and
Nfa = ax; for each a € A. And we have
AlE, A" <) (€ xi)(xi, &) < B(£,§)B*, VE € X
icl
Or
(K*¢, K*€) < | KI5 (6. ). V¢ € X,
Then

KIS ACK*E, K (IK I A <) (NE NG < B, €)B* Ve € X
i€l
So {Ai}ies is x-K-g-frame for X with bounds ||K||31A and B, respectively.

4. K-Operator Frame for Hom’(X) [17]

Definition 4.1. Let X be a Hilbert module over a pro-C*-algebra A and let {T;};c; be a family of
adjointable operators for X. {T;}ic; is called K-operator frame for Hom® (X), if there exists positive
constants A, B > 0 such that

AK€, K*€) < (Ti. Ti€) < B(E,€), VE € X, (4.1)

icl
The numbers A and B are called lower and upper bound of the K-operator frame, respectively. If
A(K*E, K*¢) =Y (Ti€, Ti€),
i€l

the K-operator frame is A-tight. If A = 1, it is called a normalized tight K-operator frame or a

Parseval K-operator frame.

Example 4.1. Let /*° be the set of all bounded complex-valued sequences. For any u = {u;}jen, Vv =

{vi}jen € I°°, we define

uv = {uvljen, v = {@}jen. [lull = sup ju;.
J€
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Then A= {I*°,].||} is a C*-algebra, as a result A is pro-C*-algebra.

Let X = Cy be the set of all sequences converging to zero. For any u,v € X we define
(u,v) = uv® = {ujlj}jen.

Then X is a Hilbert A-module.
Now let {ej}jen be the standard orthonormal basis of X. For each j € N define the adjointable
operator
i =& TE = ¢e

then for every £ € X we have

D ATETi6) = (£.6).

JEN
Fix N € N* and define
Jje 1fj<N,
K: X=X, Ke= ’
0 ifj>N.
It is easy to check that K is adjointable and satisfies
Jjei ifj<N,
K*ej = !
0 ifj>N.

For any £ € X we have

T (KE K < STETE = (€.6)

JEN

1
This shows that {T,}en Is a K-operator frame with bounds na 1.
Theorem 4.1. For an operator Bessel sequence {T;}ic; C Hom’(X), the following statements are
equivalent:
(1) {Ti}ies is K-operator frame for Hom’ (X).
(2) There exists A > 0 such that S > AKK*, where S is the frame operator for {T;}ic;.

3) K= S2Q, for some Q € Hom(X).
5. Tensor Product

The tensor product of two C*-algebras is a fundamental construction in the theory of C*-algebras.
In the context of pro-C*-algebras, the tensor product can be defined in several ways, depending on
the specific category of pro- C*-algebras being considered.

One common approach is to define the tensor product of two pro- C*-algebras as the projective
limit of the tensor products of the C*-algebras in the systems defining the pro- C*-algebras. In this
way, the tensor product of pro- C*-algebras can be viewed as a pro-C*-algebra in a natural way.
The minimal or injective tensor product of the pro-C*-algebras A and B, denoted by A ® B, is the

completion of the algebraic tensor product A ®,4 B with respect to the topology determined by a
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family of C*-seminorms. Suppose that X is a Hilbert module over a pro-C*-algebra A and ) is a
Hilbert module over a pro-C*-algebra B. The algebraic tensor product X ®44 Y of X and YV is a
pre-Hilbert A ® B-module with the action of A® B on X ®,4 Y defined by

(ton)(a®b)=¢a@nb forallé e X, ne),ac Aandbe B
and the inner product
() (X Ralg V) % (X @alg V) = A®@a1q B. defined by

(€1@m1, &2@m2) = (§1,£2) ® (N1, M)

We also know that for z = 371, & ®@n; in X @,/ we have (2, 2) aos = D.; (€1 &) a® (i, M) > 0
and (z, z) 4o = 0 iff z=10.
The external tensor product of X and ) is the Hilbert module X ® Y over A ® B obtained by the
completion of the pre-Hilbert A ® B-module X ®44 V.

If Pe M(X) and Q € M()) then there is a unique adjointable module morphism PR Q : A® B —
X ®)Y such that (P®Q)(a® b) = P(a) @ Q(b) and (PR Q)*(a® b) = P*(a) ® Q*(b) for all a € A
and for all b € B (see, for example, [11]).

Let | and J be countable index sets.

Theorem 5.1. Let X and Y be two Hilbert pro-C*-modules over unital pro-C*-algebras A and B,
respectively. Let {T;}ie; C Hom*(X) be a Ki-operator frame for X and {R;};c; C Homg(Y) be
a Kp-operator frame for ) with frame operators St and Sg and operator frame bounds (A, B) and
(C, D) respectively. Then {T;®@R;}ici jes is a K1 ® Ko-operator frame for Hibert A® B-module X @ Y

with frame operator ST ® Sr and lower and upper operator frame bounds AC and BD, respectively.

Proof. By the definition of Ki-operator frame {T;};c; and Ko-operator frame {R;};c, we have

AKTE KT <D (T TiE)a < BE, a VEe X,
i€l
C(K3m, Ksms < > (R, Rim)s < D(n,m)s,n € K.
Jjed
Therefore
(A(KTE, K1€)a) © (C(Kam, Kam)s)
<Y (T T&a® D (R Rim)s
iel Jjed
< (B(,£)ua) ® (D{n,mp), V€ € X, Vn e Y.
Then
AC({K1€ K1&)a ® (K3n, K3m)B)
< (T Tid)a® (Rm Rim)s
i€l jed

<BD((£.6)a® nmp). VE€ X Vne ).
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Consequently we have
AC(KIE ® K3m, K1€ @ Kam) azB
< ) (TE®@ RN, TE® Rm) e
il jeJ

<BDE®NE@Maes VEE€ X, VnE ).

Then forall £ ®mnin X ® Y we have

AC((K1 ® K2)* (€ ®m), (K1 ® K2)* (€ ®M)) aeB
< ) UTi@R)E®N). (Ti® R)(E@N)) s
ieljed

< BD{E®n, £ M) ass-

The last inequality is satisfied for every finite sum of elements in X’ ®,,4 )Y and then it's satisfied for
all ze X ® Y. It shows that {T; ® R,}iesjey is a K1 ® Kx-operator frame for Hilbert A & B-module
X ® Y with lower and upper operator frame bounds AC and BD, respectively.

By the definition of frame operator S+ and Sg we have

Sré=) T/TEVEeX.

icl

Sgrn = Z RiRm.vn € K.
jed

Therefore
(ST®SR)(E®M) = STE® SR

=D TIT€®) RiRm
iel jed

= Y TT€®RRN
iel,jed

= > (TFeR)(Té@Rm)
ieljed

= Y (TFeRNTi®R)(E®n)
i€l jed

= > (Mo R)NTi@R)(E@n).
iel jeJ
Now by the uniqueness of frame operator, the last expression is equal to Stgr(§ ® 7). Consequently
we have (ST®Sg)(£@M) = STer(€®n). The last equality is satisfied for every finite sum of elements
in X ®a4 Y and then it's satisfied for all z € X ® Y. It shows that (57 ® Sg)(z) = Ster(2). So
Ster = ST ® Sg. O
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6. Dual of K-Operator Frame

In the following we define the Dual K-operator frame and we give some properties.

Definition 6.1. [17]

Let K € Hom*(X) and {T; € Hom*(X),i € I} be a K-operator frame for the Hilbert A-module
X. An operator Bessel sequences {R; € Hom*(X),i € I} is called a K-dual operator frame for
{Titicr FKE=2",c; TFRiE forall € € X.

Example 6.1. Let K€ Hom4*(X) be a surjective operator and {T; € Hom*(X),i € I} be a K-
operator frame for X with frame operator S, then S is invertible.

For all £ € X we have :

SE =Y TERIE.

So K& =Y, TFRISTIKE.

Then the sequence {T;S™'K € Hom%(X).i € I} is a dual K-operator frame of {T; €
Hom*(X),i € I}

Theorem 6.1. Let K € Hom*(X') be an invertible element such that both are uniformly bounded
and Rang(K) is closed, and let {T;};c; be K-operator frame for Hom’(X) with frame operator S
and frame bounds A and B respectively. Then {TiTs(rang(k)) <Sﬁéng(K)> K} is a K-dual of {T;}ic;

Proof. Let {T;} be a K-operator frame for Hom* (X). Since S : Rang(K) — S(Rang(K)) is invert-

ible, we have

_(c—1 *
KE - (5|Rang(K)5|Ra”g(K)) Kf
_ —1 *
- S\Rang(K) <S\Rang(K)> K¢
_ —1 *
= STS(Rang(K)) <S\Rang(K)> K¢

= ZT/*T,'WS(Rang(K)) (Sﬁ?lang(K)> K¢, forall £ € X.
i€l
Also, we have

> ATims(Rang(ky) (S71)" K& Timts(rang(xey) (S7) KE)
iel

= Z(Ti*Tiﬂ-S(Rang(K)) (S_l)* KE, (S_l)* Kg)
i€l

= <5 (S KE (ST K£>
= (K&, (7)) Ke)
SATHK TR IKIE €6 .6 e X

Hence {Timrang(ky (S71)" K} is a dual of the K-operator frame {T;}. O
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7. *-Operator Frame for Hom® (X)

Definition 7.1. A family of adjointable operators {T;}ic; on a Hilbert A-module X over a pro-C*-
algebra is said to be an x-operator frame for Hom* (X), if there exists two strictly nonzero elements
A and B in A such that

A€ EA <D (T, Ti€) < B(£,§)B" Ve € X. (7.1)

i€l
The elements A and B are called lower and upper bounds of the x-operator frame, respectively. If
A= B = A, the x-operator frame is A-tight. If A= B = 14, it is called a normalized tight x-operator
frame or a Parseval x-operator frame. If only upper inequality of (7.1) hold, then {T;};c; is called an

x-operator Bessel sequence for Hom® (X).

Example 7.1. Let A be a Hilbert pro-C*-module over itself with the inner product {(a, b) = ab*. Let
{&i}ic) be an x-frame for A with bounds A and B, respectively. For each i € I, we define T; : A — A
by T:¢ = (£, &), V€€ A T, is adjointable and T;"a = a&; for each a € A. And we have

A€ E)AT <D (6. 6)(€.€) < B, §)B" VE € A.

iel
Then
A€ OA <D (T TiE) < B(E.E)B VE € A.
iel

So {T;}ies is an x-operator frame in A with bounds A and B, respectively.

Theorem 7.1. Let {T;}ie; C Hom%(X) be an x-operator frame with lower and upper bounds A
and B, respectively. The %-operator frame transform R : X — [°(X) defined by R¢ = {T;€}ic is
injective and closed range adjointable A-module map and px(R) < px(B). The adjoint operator R*
is surjective and it is given by R*({&i}ier) = > ic) T7&i for all {&;}ie in I7(X).

Proof. By the definition of norm in /?(X)

pr(RE? = p(> (T, Ti€)) < px(B)?p((€,€)). V€ € X. (7.2)

icl
This inequality implies that R is well defined and px(R) < px(B). Clearly, R is a linear A-module
map. We now show that the range of R is closed. Let {R&,}nen be a sequence in the range of R

such that lim,_o R€, = n. For n,m € N, we have

P(AEn —E&m &n — EmAT) < P((R(En —Em). R(En —Em))) = Px(R(&n — &m))z-

Since {R&,} hen is Cauchy sequence in X, then
p(A&n — Em. &n — Em)A*) = 0, as n, m — oo.



Int. J. Anal. Appl. (2023), 21:130 23

Note that for n, m € N,

p({€n —Em. &n —Em)) = P(A71A<£n —&m.&n — £m>A*(A*)71)
< P(A_l)zp(A<gn —&mén— £m>A*)-

Therefore the sequence {&,}hen is Cauchy and hence there exists £ € X’ such that £, — £ as n — oo.

Again by (9.2), we have

ﬁX(R(gn - fm))2 < ﬁX(B)zp«gn - Egn - £>)

Thus p(R¢, — RE) — 0 as n — oo implies that R€ = m. It concludes that the range of R is closed.
Next we show that R is injective. Suppose that £ € X and R§ = 0. Note that A({, §)A* < (R¢, RE)
then (£,€) =0so & =0 i.e R isinjective.

For £ € X and {&}jes € I2(X) we have

(RE {&}ier) = (Tithier {&itier) =D (Ti6. &) =D (& Tre) = (€D Tré).
icl icl icl
Then R*({&i}tier) = 2 i) T/ €. By injectivity of R, the operator R* has closed range and X =
range(R*), which completes the proof. O

Theorem 7.2. Let (X, A, (.,.)4) and (X, B, (., .)B) be two Hilbert pro-C*-modules and let ¢ : A — B
be a x-homomorphism and 6 be a map on X such that (0€,0n)p = @({,,m)4) forall £, m € X. Also,
suppose that {T;}jc; C Hom’(X) is an x-operator frame for (X, A, (., .) 4) with x-frame operator S 4
and lower and upper x-operator frame bounds A, B respectively. If 8 is surjective and 8T; = T,;0 for
each i in |, then {T;}ic; is an x-operator frame for (X, B, (., .)g) with x-frame operator Sg and lower

and upper x-operator frame bounds @(A), w(B) respectively, and (Spb&,0n)p = ©((SAE M) 4).

Proof. Let m € X then there exists £ € X such that 6§ = n (6 is surjective). By the definition of

x-operator frames we have

A€ &) aA" <D (T Ti€)a < B(E,€)4B".
iel

By lemma 3.3 we have

DAL E)AA") < (D (TiE. Ti€)4) < @(B(E, ) 4B").
By the definition of *-homomorphism we halveel
(A)p((€. &) A)p(A) < Z (T, Ti&)a) < (B)p((€. &) 4)p(B”).
By the relation betwen 6 and ¢ we get -

Q(A)BE, 0€)sp(A)* < > (0Ti€,0Tié)s < (B)(6¢, 6¢)p(B)*.

i€l
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By the relation betwen 6 and T; we have
Q(A)(OE, 0€)sp(A)* < > (Ti0€, Ti68)5 < p(B)(6¢,6¢)p(B)".
icl
Then

o(A)(n,mp(e(A)* <> (Tim, Tm)s < ©(B)(n. n)s(w(B))*,Vn € X.
icl
On the other hand we have

O((Saé.m)a) = w((ZI: TITié ) 4)
ic

= Z/w((ﬂs, Tim) 4)
ic

= Z/X@T,-&, 0Tim)s
ic

= Zme&, Tiom) s
ic

= <§; T/ Ti0¢,6m) s
ic

= (SpbE, o) 5.

Which completes the proof. [l

8. Tensor Product

The minimal or injective tensor product of the pro-C*-algebras A and B, denoted by A ® B, is the
completion of the algebraic tensor product A ®44 B with respect to the topology determined by a
family of C*-seminorms. Suppose that X is a Hilbert module over a pro-C*-algebra A and ) is a
Hilbert module over a pro-C*-algebra B. The algebraic tensor product X ®44 )Y of X and YV is a
pre-Hilbert A ® B-module with the action of A® B on X ®,4 Y defined by

(toan)(a®b)=¢a@nb forallé e X, ne)Y, ac Aandbe B
and the inner product
()1 (X Ralg V) X (X @alg V) = ARaig B. defined by

(€1 @M1, 8 @) = (£1,£2) ® (N1, M2)

We also know that for z = 3 1L, & ®@n; in X @,/ we have (2, 2) aos = 2. (€1 &) a® (i, M) > 0
and (z, z) 4o = 0 iff z=10.
The external tensor product of X and ) is the Hilbert module X ® ) over A ® B obtained by the
completion of the pre-Hilbert A ® B-module X @54 V.

If P e M(X) and Q € M(Y) then there is a unique adjointable module morphism P®Q : AR B —
X®Y such that (PRQ)(a®b) = P(a)®@Q(b) and (PRQ)*(a®b) = P*(a)®@Q*(b) for all a € A and

for all b € B (see, for example, cite The minimal or injective tensor product of the pro-C*-algebras
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A and B, denoted by A® B, is the completion of the algebraic tensor product A ®,4 B with respect
to the topology determined by a family of C*-seminorms. Suppose that X is a Hilbert module over a
pro-C*-algebra A and )Y is a Hilbert module over a pro-C*-algebra B. The algebraic tensor product
X @a1g Y of X and Y is a pre-Hilbert A ® B-module with the action of A® B on X ®,4 ) defined by

(Exn)(awb)=¢a@nb forallée X, neY,ac AandbeB
and the inner product

() 1 (X Ralg V) X (X @alg V) = ARaig B. defined by

(€1 @M1, 6 @ M) = (£1,£2) @ (N1, M2)

We also know that for z = 3 1L, & ®@n; in X @,/ we have (7, 2) aon = D.; (€1, &) a® (i, M) > 0
and (z, z) 4o = 0 iff z= 0.
The external tensor product of X and ) is the Hilbert module X ® ) over A ® B obtained by the
completion of the pre-Hilbert A @ B-module X @4 V.

If P e M(X) and Q € M(Y) then there is a unique adjointable module morphism PR Q : A® B —
X ®Y such that (P®Q)(a®b) = P(a) @ Q(b) and (P® Q)" (a® b) = P*(a) @ Q*(b) forallac A

and for all b € B (see, for example, [11]) Let | and J be countable index sets.

Theorem 8.1. Let X and Y be two Hilbert pro-C*-modules over pro-C*-algebras A and BB, respectively.
Let {Ti}ie) C Hom%(X) and {L;}jcs C Homi(Y) be two x-operator frames for X and ) with *-
frame operators St and S; and x-operator frame bounds (A, B) and (C, D) respectively. Then
{Ti® L;}ics jes is an x-operator frame for Hibert A® B-module X ® Y with x-frame operator ST ® S,

and lower and upper x-operator frame bounds A® C and B ® D, respectively.

Proof. By the definition of *-operator frames {T;}ic; and {L;};c, we have

A€ A <D (T T a < BE HaB* VE€ X,

i€l
and
Cn.msC* <> (L, Lym)s < D(n,n)D*,Vn € Y.
jed
Therefore

(A(€, ) uA™) @ (C{n.mBC")
<Y (T Tia® Y (L Lim)s

i€l JjeJ

< (B(£.£)aB") @ (D{n,mpD"), V¢ € X,¥n e V.
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Then
(A C)(& Ha® (nmp)(A"®CY)

< Y (TETEa@ (L Lins
icljed

< (B@D)((§.&ua® (nmp)(B*®@D"),VEe X,Vne ).

Consequently we have

(A@ C)E®N £ @NMass(A® C)

< Y (T L TE®Lin) asn
ieljed

< (BaD)E{®@n @ azs(B® D), VE€ X, Vne ).
Then forall §E®@m € X ® Y we have
(AR C)E@n E@nass(A® C)*

< D ATeLEen. (e L)E@n)aes
i€l jed
< (B®D){{®n, E®n)aes(B®D)".
The last inequality is satisfied for every finite sum of elements in X ®,4 Y and then it's satisfied for
allze X ® Y. It shows that {T; ® L}/ jey is *-operator frame for Hibert A® B-module X ® Y with
lower and upper x-operator frame bounds A® C and B ® D, respectively.

By the definition of x-frame operator S+ and S; we have:

Sré=) T/TEVEEX,

i€l
and
Sin= Z LiLin,Yne ).
jeJd
Therefore

(STRS)E®N) =STER SN

= TiTiEw) LiLm

iel JjeJ

= > TTéeLiLn
ieljed

= Y (Trel)(Téelm)
i€l jed

= > (Trel)(Tiel)Een)
el jed

= > (TieL))(LieL)Een).
ieljed

Now by the uniqueness of x-frame operator, the last expression is equal to Stg (£ ®n). Consequently

we have (ST7®5.)(£®m) = St (§®n). The last equality is satisfied for every finite sum of elements
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in X ®a1 Y and then it's satisfied for all z € X ® . It shows that (ST ® S;)(z) = Stei(z). So
SteL =5ST®S,. OJ

9. *-K-Operator Frame for Hom’ (X')

Definition 9.1. [18] Let {T;}ic; be a family of adjointable operators on a Hilbert A-module X over a
unital pro-C*-algebra, and let K € Hom*(X). {Ti}ies Is called a x-K-operator frame for Hom* (H),
if there exists two nonzero elements A and B in A such that

AK*E, K OA" <) (Ti€, Tié) < B §)B* V€ X. (9.1)

icl
The elements A and B are called lower and upper bounds of the x-K-operator frame, respectively. If
AK€, K=" = (Ti€, Ti),
iel

the x-K-operator frame is an A-tight. If A= 1, it is called a normalized tight x-K-operator frame or

a Parseval x-K-operator frame.

Example 9.1. Let /°° be the set of all bounded complex-valued sequences. For any u = {u;}jen, Vv =
{vi}jen € I°, we define
uv = {uvj}jen, U = {d}jen. Jull = sup |lujl.
JEN
Then A= {I*°|.||} is a C*-algebra. Then A is pro-C*-algebra.
Let X = Cqy be the set of all null sequences. For any u,v € X we define
(u,v) = uv® ={ujij}jen.
Therefore X is a Hilbert A-module.
Define f; = {f/}ien- by £/ =3+ 1 ifi=j and £/ =0 if i # j ¥j € N*.
Now define the adjointable operator T; : X — X, Ti{(€)i} = (&f));.
Then for every x € X we have
1 1 1 1
D (T T€) = {5 + S Yien (€. 6{5 + Hien-.
JEN
So{T;}jisa {% + %}feN*—tight x-operator frame.
Let K : H — H defined by K& = {5} en-.
Then for every £ € X we have
. N 1 1 1 1
(K¢ K*€) < jEZNme, Ti€) = {5 + FHien- (€. 15 + < hien-

This shows that {T;};en Is an x-K-operator frame with bounds 1, {% + %},-e,\,*.

Remark 9.1.
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(1) Every x-operator frame for Hom’(X) is an x-K-operator frame, for any K € Hom’(X):
K # 0.
(2) If K € Hom?(X) is a surjective operator, then every x-K-operator frame for Hom* (X' is an

x-operator frame.

Example 9.2. Let X' be a finitely or countably generated Hilbert A-module. Hom}(X). Let K €
Hom’* (X') an invertible element such that both are uniformly bounded and K # 0. Let {T;};c; be an

x-operator frame for X with bounds A and B, respectively. We have
A€ OA" <D (T Ti) < B EB* Ve X.
i€l
Or
(K€ K7€) < [IK[3(€.6). ¥ e X.
Then

IKIIAKE, KK LA <> (TiE Ti€) < BIE,€)B" Ve € X.
iel

So {T;}ies is *-K-operator frame for X with bounds ||K||3A and B, respectively.

Theorem 9.1. Let K be a surjective operators in Hom’(X). If {T;}ies is an x-K-operator frame for
Hom’(X), then the frame operator S is positive, invertible and adjointable. In addition we have the
reconstruction formula, £ =Y ¢, 7‘,*7‘,-5*15, VéEe X.

Proof. We start by showing that, S is a self-adjoint operator. By definition we have V&, n € H

(S¢m) = <Z T,-*T/E,n>

iel
=Y (T Ti&m)
i€l
=Y (& T Tim)
i€l
= <£. > T,-*Tm>
i€l

= (£ Sm).

Then S is a selfadjoint.
The operator S is clearly positive.
By (2) in Remark 9.1 {T;},¢ is an x-operator frame for Hom’ (X').
The definition of an x-operator gives

ALE AT < (Tit Tik) < B(.€)B™.

i€l
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Thus by the definition of norm in 2(X)
pr(RE)? = p(D_(Ti€, Ti)) < P (B)’p((£,€)), V€ € X. (9.2)
icl
Therefore R is well defined and px(R) < px(B). It's clear that R is a linear .A-module map. We will
then show that the range of R is closed. Let {R&,}hen be a sequence in the range of R such that

liMmp—0o REH =m. For n,m € N, we have

P(AEn —Em. En — EmAT) < P((R(En —Em). R(En — €m))) = Px(R(&n — gm))2-

Seeing that {R&,}hen is Cauchy sequence in X, then
p(AEn —E&m &n — Em)A*) = 0, as n,m — oo.
Note that for n,m € N,

p({€n —Em. &n —Em)) = p(AilA@n —&m.&n — fm)A*(A*)il)
< p(A_1)2p(A<§n —&m €n—EmAT).

Thus the sequence {£,}nen is Cauchy and hence there exists £ € X such that £, — £ as n — oc.

Again by (9.2), we have

le(R(gn - fm))z < ﬁX(B)zp«gn - ggn - £>)

Thus p(R€, — RE) — 0 as n — oo implies that RE = m. It is therefore concluded that the range of
R is closed. We now show that R is injective. Let £ € X and R¢ = 0. Note that A(£, ) A* < (RE, RE)
then (£,€) =0so £ =0i.e. R isinjective.
For € € X and {&};c/ € I?(X) we have
(RE&ALiYier) = ({Tihier {&iYier) = Y (Ti& &) =D (& Tr&) = (€D Tré).
icl icl icl
Then R*({&i}icr) = i) T;€i. Since R is injective, then the operator R* has closed range and
X = range(R*), therefore S = R*R is invertible
Il

Let K € Hom?(X), in the following theorem we constructed an *-K-operator frame by using an

x-operator frame.

Theorem 9.2. Let {T;};c; be an x-K-operator frame in X with bounds A, B and K € Hom’(X)
be an invertible element such that both are uniformly bounded. Then {T;K}c; is an x-K*-operator
frame in X with bounds A, ||K||«cB. The frame operator of {T;K}ic; is S = K*SK, where S is the

frame operator of {T;}ie;.

Proof. From

Al OA" <D (T Ti) < BE.EB* Ve X.

i€l
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We get for all £ € X,

AKE, KA <Y (TiKE TiKE) < B(KE, K& B* < [|K |0 B(E, &) (IK]loo B)*.
i€l

Then {T;K}ic/ is an x-K*-operator frame in X with bounds A, ||K||c.B.

By definition of S,we have SK¢& =3

icl TITiKE. Then

K*SK =K*Y T/TiKéE=> KT TKE.
i€l i€l

Hence S’ = K*SK. O
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