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Abstract. We will construct few types of simple graphs (with no multiple edges or loops) based on the ideal annihilator,
right ideal annihilator, left ideal annihilator for JU-algebras. We will also study some graph invariants, such as

connectivity, regularity, and planarity for these graphs.

1. INTRODUCTION

The motivation of logical algebras arises from the work on BCI/BCK algebras by Imai and
Iseki [4] that is actually generalizations of the set theoretic difference and proportional calculi.
In algebraic combinatorics we employ the concepts and workings of modern algebra in many
directions of combinatorics. We can associate graphs with algebraic systems and it becomes a
research subject and it can be interesting for others attention. The research work in this direction
aims to expose the connections on either side of algebraic structures and graph theoretic concepts
that actually advancing the applications and uses of one to another. Algebraic graph theory with
a zero divisor in the commutative ring R with identity was introduced by Beck [1] in 1998. It was
mentioned there that I'(R) is a graph subject to the condition that if two vertices are elements of
R so that they will be adjacent to each other if and only if pg = 0. Recently, graphs with the zero
divisor concept of partially ordered sets are introduced by Halas and Jukl in [3]. In this work, we
have considered graphs with zero divisor concepts in JU-algebras based on some of their ideals.
Whereas BCK-algebra was introduced by Imai and Iseki [4] in 1966 and parallely BCI-algebra was
introduced by Iseki [5] as a superclass of BCK-algebras. Idea and knowledge based on associated
graph of BCK-algebra was introdued by Jun and Lee [6] where some graph is defined and verified.
Chordality of the graph was studied by Tahmasbpour in [9] that was defined by Zahiri and
Borzooei. Initially it was introduced and constructed for four different graphs of BCK-algebras
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based on equivalence classes that was determined by I. Furthermore, Tahmasbpour [9] introduced
some graphs of BCK-algebras on fuzzy ideals u;. Furthermore, Tahmasbpour [10] defined 12
different graphs of lattice implication algebras on filter and LI-ideal.

Another class of logical algebras, namely, KU-algebra is introduced by Prabpayak and Leerawat
[11]. Some of basic properties and homomorphic structural properties of KU-algebras is given
in [12]. Later on KU-algebra was widely studied by several authors and the contribution continued
to the study through different areas, e.g. in the direction of fuzzy algebras, neutrosophic and
intuitionistic algebras with softness and roughness.

Cubic KU-ideals of KU-algebras was introduced by Naveed et al. [13]. Mostafa et al. [14] defined
and studied fuzzy ideals of KU-algebras. Furthermore, interval-valued fuzzy KU-ideals in KU-
algebras was defined by Mostafa et al. [15]. Roughness in KU-algebras [18] was taken under
consideration by Moin and Ali. A pseudo-metric on KU-algebras was constructed and studied
some of its properties by Ali et al. [19].

In a consequence of works based on different logical algebras, Moin [16] studied rough set theory
on JU-algebras, whereas Moin et al. [17] introduced JU-algebras and p-closure ideals. Whereas
Usman et al. [20] introduced pseudo valuations and their metric on JU-algebras.

In this paper. few types of graphs based on the annihilator of ideals, right ideals and left ideals
for a JU-algebras is constructed and some graph invariants, such as; connectivity, regularity, and
planarity for these graphs.

There are 6 sections in this paper. Section 2, is based on some necessary definitions on the
concepts of JU-algebras and graph theory e.g. planar graphs, outer planar graphs, connected
graphs, Eulerian graphs and chromatic numbers, among others. Also this section contains simply
introductory part of JU-algebras in which we start with the discussion of the concepts of JU-algebras
and then investigate their elementary and fundamental properties. Some basic concepts, e.g. ideals
and ideal annihilators are given then after. Section 3, is graphs based on the ideal-annihilator of
a JU-algebra. Section 4 is study of graphs of JU-algebras based on left and right ideal-annihilator
that we denoted by ¢ (P). Section 5 is related to graphs on the ideals of JU-algebras based on the
binary operations A that we have associated with the graph Q(P) that is constructed from binary
operations A and V. Lastly in Section 6, conclusion is given.

2. PRELIMINARIES OF JU-ALGEBRAS AND GRAPH THEORY

Basic definitions, notations and properties related to JU-algebras are considered in this section.

Definition 2.1. JU-algebra say (P, o,1) is an algebra of type (2,0) that contains a single binary operation
o and satisfy the following (for any p,q,r € P),

(Jt) (gor)e((rop)e(gop)] =1,

(JUz)Lep=p,

(JUz)pog=gqop = 1impliesp = q.
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11is called fixed element of P. We shall write P for (P, ,1) just to show a JU-algebra. An ordered
relation ” < ”in P is defined as g < p & p ¢ g = 1. We have that a JU-algebra is generalization of a
KU-algebras.

Lemma 2.1. If P denotes a JU-algebra, then (P, <) is POS i.e.,

Jp<p

(Js) p<q,q<p implyp =g,

(Jo)p<rr<gq,implyp <q.
Proof. If g =r =1in (JU;) we getpop = 1,i.e. p < p which proves (]4). (J5) directly follows from
(JUs). For (Js) take p < rand r < g implies thatrop =1 and gor = 1. By (JU;) we havegop =1
implies that p < g. m]
Lemma 2.2. If P is a JU-algebra, then following inequalities holds for any p,q,r € P:

(J7) p<qimpliesqor<por,

(Js) p<qimpliesrop<rogq,

(Jo) (rep)o(qep) <qor,

(o) (qop)op<g,
Proof. (J7), (Js) and (Jo) follows from (JU; ) by adequate substitution of elements. (JU;) and (JU>)
implies (J19). ]
Lemma 2.3. In a JU-algebra P for any p,q,r € P, we have the following
(Ju)pep=1,

(ia)ro(qop) =qe(rop),
(Ji3) If (p o q) ©q = 1, then P is a KU-algebra,

(Jia) (gop) o1 =(qo1) o (pol).

Proof. Letting g = r = 1in JU;, we have; p o p = 1 that proves (J11). For (J12) we have (rop)op <r
by substituting g = 1 in (JU;) and now using (J7) we get

ro(gep) <((rop)op)o(qop). 1)
Replace rby ropin (JU;) we get, [go (rop)] o [((rop) op) ¢ (gop)] = 1 that shows
((rep)op)e(gop) <qo(rop). (22)
From (2.1), (2.2) and Lemma 2.1 (Js) we get,
ro(gop)<qo(rop). (2.3)
Next to that we replace g — rand r — g —1in (2.3) we get
go(rop)<ro(gop). (2.4)

Now (2.3), (2.4) and (J5) yields, r o (gop) =g o (rop).
Now to prove (J13) we need to show thatpol =1, V p e X.Replacingg —» 1,p - 1,r > pin
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(JUy), we obtained, (1op)o[(pol)o(lol)] =1=>pof(pol)el] =1=pol =1 (by using
g = 1in the given condition of (J13)).

Using (J12) for any p, g € P in the followings we see that,

(gel)o(pel) =(qol)ofpol(gep)o(gop)l = (qo1)o[(gop)e(po(qgop))]
=@@op)ellgel)o(ge(pop))=(gop)ellgel)o(gel)] = (gop)ol.

Hence (J14) holds. o

Example 2.1. [14] Consider P = {1,2, 3,4, 5} then we construct the following table

o[1]2]3]4]5
11]2]3]4]5
2(1]1]3]4]5
3(1]2]1]4]4
a1]1]3]1]3
5(1[1]1]1]1

Clearly P is a [U-algebra.
An example for a JU algebra that may not be a KU-algebra is given here:

Example 2.2. [17] Let P = {1, 2,3, 4}, we construct the following table

234

2
2
1
2
2

2|2
13
111

It is clear that P is a JU-algebra but not a KU-algebra. Construction of next table shows that at
the same time P is a KU-algebra and a JU-algebra both by using a different operation say ¢’.

Example 2.3. [17] With P = {1,2, 3,4} and ¢ as binary operation we have the following table

o1]2]3]4
1[1]2]3]4
211141
31]1]1]1
4ll1]alal1

Definition 2.2. If gop € JV¥p,q € ] so that | is non-void subset of P then it is called a JU subalgebra of P.
The set Px :={p € X|(p o 1) ¢ 1 = p} is known as p-semisimple. P is said to be a p-semisimple JU-algebra
if(pol) ol =pVYpe X If jis an elemen of P then we say it is the minimal element of P if p < j returns
p = jforallp € X. For sucha j € P, it is defined by K(j) := {p € X|p > j}. Theset Bp = {pe X[po1 =1}
is said to be the [U-part of P.



Int. J. Anal. Appl. (2024), 22:1 5

Definition 2.3. A non empty subset | of P is called JU-ideal if
1. 1€],

2. Vp,qe X, ppoqimplyqe].
Definition 2.4. Let | is a subset of a JU-Algebra P, then is said to be a p-ideal of P if 1 € J; and
g, (roq)o(rop) e Jimplyp €] foranyp,q,r € X.

Definition 2.5. An ideal | of a JU-Algebra P is called strong if p € J and q ¢ | imply q o x & | for any
p,q€X.

Example 2.4. [17] With P = {1,2,3,4,5, 6} we construct the following table:

o[ 1[2[3[4]5]s
111(2(3|4(5]|6
211111(3[3|5]|6
3111(1]2|5]|6
4(1|1(1]|1|5]6
501555511
611|211 (1
It is clear that (P, o,1) is a JU-algebra, A = {1,2} and B = {1, 2, 3,4, 5} are ideals of JU-algebra P.

For each ideal of a JU-algebra we can determine a congruence ~ on X so thatp ~q & pog
and gop € Jforp,q € P. we'll use the symbol P/ in place of quotient algebra P/ ~, that is actually
a JU-algebra.

Likewise as classical concept, in JU-algebras say P, an ideal may not be subalgebra of P. A

closed ideal of P is both a subalgebra and an ideal of P. Consider | to be a subset of P, then the
smallest ideal of P containing ] is called the generated ideal of P by |. Generated ideal is indicated
by (]).
A mapping f : X — p’ is defined as homomorphism of a JU-algebras (P, ¢,1) into a JU-algebra
(P',o", 1) if f(poq) = f(p) o f(q) forallp,q € X. Clearly, f(1) = 1’. Every ideal A of P determines
a congruence ~ on P in the sense that p ~ g if and only if pogand gop € ] for somep,q € X. P/A
stands for quotient algebra of P in stead of P/ ~, which is a JU-algebra.

3. GrarHs BASED ON THE IDEAL-ANNIHILATOR OF A JU-ALGEBRA

In this section we have mentioned few graphs that are based on JU-ideals and some properties

of those graphs are shown.

Definition 3.1. For a non-void subset A of a JU-algebra P and an ideal I of P. The set of all zero-divisors of
A by I is defined as:
Annj(A) ={ueX|la.ueloru.acl,VYae Al
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Proposition 3.1. For any two nonempty subsets A and B of a JU-algebra P and an ideal I of P, the following
hold:

(1) {1} € Anny(A).

(2) I € Anny(A).

(3) If A C B, then AnniB € Annj(A).

(4) If1 € A, then Annj(A) = Anny (A —{1}).

(5) Ann(I) = X.

(6) If I = {1}, then we have; Ann;(A) = {p| p is comparable to every element in A}.

Proof. (1) By (ku2) and Definition 2.2 (1),a.1 =1 € I for alla € A and hence {1} C Ann;(A).

(2) Let u € I, then by Definition 2.1 we havea.u € I, foralla € A. Also, 1.u = 0, forallu € P, So
TU{1} C Annj(A).

(3) Suppose that u € AnniB, thenb.u € Ioru.b €1, forallb € B,but A C B, therefore b.u € I or
u.bel, forallb € A.i.e u € Annj(A), hence AnniB C Annj(A).

(4) According to Definition 2.1 we have Annj(A) = NgeaAnnpa. Also, Anni{l} = X. Then
Annj(A) = Anni(A —{1}).

(5) Let u € P, we know by Definition 2.1, u.a € I, foralla € I, then u € Anni(I), hence
Anni(I) = X.

(6) Follows from the definitions.

O

Definition 3.2. Let I is an ideal of P and ¢;(P) is a simple graph, where P is vertex set. We have that two
different vertices p and q of P are adjacent if and only if Anni{x, y} = I U {1}.

Example 3.1. We construct the following table with consideration of P = {1,a, b, c} and the operation . :

J1]alb]c
1)1|a|b|c
all b|c
b|lla|l]c
c|lja|b]|1l
{1111
It is clear that (P,.,1) is a bounded JU-algebra and that E(¢ppy(P)) = {ab, be, ac}.

Theorem 3.1. We consider I to be an ideal of P, then Ng({1}) = ¢, where G = ¢;(P).

Proof. We know Annj{l} = Pand forallp € X,p # 1, we get, [ U {p, 1} C Anny{p}. Then I U {x,1} C
Annr{p} and TU {x, 1} € Ann{x, 1}, for all p € X, x # 1. So, by using Definition 2.1 of graph ¢;(P),
forall p € X,x # 1,p is connected to element 1 if and only if p € I, since p € I, therefore by using
Proposition 3.1 Annj{p} = X. So the element 1 are not connected to p, for all p € X. O

Theorem 3.2. Let P = {1} U Atom(P),I = {1} be an ideal of P.
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Proof. We know Anny{1} = P by Proposition 3.1 since P = Atom(P) U {1}, we have, for all
P e Atom(P), Annpp} = {1,x}. It is also clear that Annyy{x,y} = Annpy{p} N Anngy{g). Then
by Definition 3.2 of graph ¢1)(P), p and g are adjacent if and only if p, y € Atom(P). m|

Theorem 3.3. Let P = {1} U Atom(P). Then we have:
@(¢p)(P)) = |Atom(P)l.
Proof. Followed by Theorem 3.2. m]

Theorem 3.4. Consider I = {1} is an ideal of P, then Ng(p) = {y;y is uncomparable with x}, and
G =¢1(P),x# 1.

Proof. Foreveryp € X,x # 1, we get Anngy{x} = {y; y is uncomparable with x}. Next to that, we know
Annpy{x, y} = Anngy{p} N Anngy{q). Then by Definition 3.2 of graph ¢, (P), p and g are adjacent &
p and q are uncomparable. m]

Theorem 3.5. I being ideal of P. We get a(¢pr(P)) > 1.

Proof. Letting p, y € I. Using Proposition 3.1(5) we get, Anni{x} = P and Anni{y} = X. Therefore,
by Definition 3.2 of graph ¢;(P), g.x ¢ E(¢r(p)). Therefore, we have a(¢;(P)) > |1I. o

Theorem 3.6. Let |X| > 2 and I to be a prime ideal, then ¢;(P) is a null graph.

Proof. On the contrary suppose that ¢;(P) is a nonempty graph. Then there p, y € P, such that
py € E(¢1(P)). Using 3.2 of graph ¢;(P), we get, Anni{x, y} = I U({1}. Also, since |X —1I| > 1, we
canselectr € X,z ¢ 1,z # 1. Since I is prime, sop.z € lorr.x € [,and g.z € [orr.y € I, hence

r € Ann{x, y} that contradict. O

4. GrarHS OF JU-ALGEBRAS BASED ON LEFT AND RIGHT IDEAL-ANNIHILATOR

Definition 4.1. I being an ideal of P, the sets Annf{x} ={yeXx.ye€ I},andAnn%{p} ={yeXy.xel}
are called annihilators of right ideals and left ideals of p, respectively.

Definition 4.2. I being ideal of P then, we get: X;(P) and Aj(P) are two simple graphs, whose vertex set
is P whose two different vertices are p and q that are adjacent in X1(P) if and only if Annf{p} C Annf{g)
or Annt{q) € Annf{p). Also, there is an edge between p and q in the graph Ar(P) if and only if Annl{p} C
Ann%{q} or Ann%{q} - Ann%{p}.

Example 4.1. We construct the table with P = {1,a,b, c,d} and the operation . as below:

.Hl‘a‘b c‘d
1(1]|a|b|c|d
alll|l|alc|c
bj1|1|1]c|c
cl|1|1ja|l]a
d1]1 1
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It is clear that (P,.,1) is a bounded JU-algebra of P.
We can see the graphs L1y (P) and Ay (P) will represent the same graph that is shown in the following figure.

Figure 1: Graph of X1(P) and Ay (P)

Proposition 4.1. I being an ideal of P. We have:
(1) w(Xr(P)) = max{|Al; Aisachainin X}
(2) w(Ar(P)) = max{|Al; Aisachainin X}

Proof. (1) According to Definition 2.1 if p < g then, r.x < z.y. Next, let p < g,z € Anni{g}.
Using Definition 4.1, r. y € I. Thus, with Definition 2.2 of ideal, r.x € I. So, r € Ann?{p}, we
get, AnnR{q} € Annf{p}, x .y € E(Z((P)).
(2) Similar as part (1).

Theorem 4.1. I being ideal of P. We have:
(1) Z;(P) is connected, diam(¥X;(P)) < 2, ¢r(Z;(P))
(2) Ar(P) is connected, diam(A;(P)) <2, gr(Ar(P))

3.
3.

Proof. (1) For every p € X,x < 1, then by Proposition 4.1, the element 1 is connected to
every element in P. Therefore, X;(P) is connected and hence diam(X;(P)) < 2. Moreover,
gr(Xi(P)) = 3.

(2) Similar as part (1).

Theorem 4.2. [ being ideal of P. We have:
(1) X1(P) is regular if and only if it is complete.
(2) Ar(P) is regular if and only if it is complete.

Proof. (1) Consider X;(P) to be a regular graph. But deg(1) = |X| -1, therefore, for all p €
X,deg(p) = |X|—1. Hence, £;(P) is a complete graph. As an indirect part, we can say a
complete graph is always regular.

(2) Similar as part (1).
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Proposition 4.2. Let P be a chain, I be an ideal of P. Then the graphs X1(P) and Aj(P) are planar if and
only if | X| < 4.

Proof. Using Proposition 4.1, the graphs X;(P) and A;(P) are complete graphs K, and K3 for |x| = 3
and |X| = 4, respectively and hence they are planar for |X| < 4. Now if |X| > 5, then X;(P) and
Ar(P) have a subgraph isomorphic to K5, consequently, by using Kuratowski’s Theorem the graphs
%;(P) and X;(P) are nonplanar. Indirectly, it is known that there are five vertices in Ks, thus if any
graph X;(P) or Aj(P), is not planar, and hence there are at least five vertices in the graphs X;(P)
and X;(P), (P), which is not true and hence |X]| < 4. o

Proposition 4.3. Let P be a chain, I be an ideal of P. Then the graphs X.1(P) and Aj(P) are outer planar if
and only if |X] < 3.

Proof. According to Proposition 4.1, the graphs >;(P) and A;(P) are complete graphs, now if |X| > 4,
then both graphs X;(P) and A;(P) have a subgraph that is isomorphic to K4 and hence by [8], the
graphs X;(P) and A;(P) are not outer planar. It is known that Ky has four vertices hence if any of
the graphs X;(P) or A;(P) are non outer planar, hence there are at least four vertices, in the graph
%;(P) and A(P), that is actually contrary to the fact that |X| < 3. m]

Proposition 4.4. Let P be a chain, I be an ideal of P. Then the graphs X.(P) and Aj(P) are toroidal graphs
ifand only if |X] < 7.

Proof. By using the Proposition 4.1, the graphs X;(P) and A;(P) are complete graphs. If |X| > 8,
then the both graphs X;(P) and A;(P) have a subgraph that is isomorphic to Kg. Now by [8], both
graphs X;(P) and Ar(P) are not toroidal. Conversely, since Kg has eight vertices, therefore, both
the graphs >;(P) and A;(P) are not toroidal and hence both the graphs X;(P) and Aj(P) has at least
eight vertices, that is contrary to the fact that |X| < 7. ]

5. Grarus oN THE IDEALS OF JU-ALGEBRAS BASED ON THE BiNarRY OPERATIONS A
For this section we assume that, the set P will represent a bounded and commutative JU-algebra.

Definition 5.1. Letting I to be an ideal of P, we can construct a simple graph Y1(P) with vertex set P and
two distinct vertices p and q are adjacent if and only if p Ay € L.

Example 5.1. We construct a table with P = {1,a,b, c,d, e} and the operation . as follows:

.Hl‘a‘b c‘d‘e
11]a|b|c|d]|e
alll{1|b|c|b|c
bi|1ia|l|blal|d
cl|l|a|l|1|ala
d||1]1|1|b|1|b
efl1|1]|1]1(11
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Thus, (P,.,1) is both a bounded and commutative KU-algebra. We can simply check that I = {1,a} is an
ideal of P.

c d
Figure 2: The graph of Y[(P).
Lemma 5.1. Let I be an ideal of P. Then deg(p) = |X|— 1 for all p € I in the graph Y;(P).

Proof. Let p € I and q be an arbitrary element of P. Then (p.q) .q € I. Since (p.q) .q < p, asis an
ideal of P. So, q.x € E(Y[(P)). m]

Theorem 5.1. Let I being an ideal of P, the graph Y[(P) would be regular if and only if it is complete.

Proof. Consider Y(P) as a regular graph. By using Lemma 5.1, we shall get deg(1) = |X| - 1. Itis
known here that Y[(P) is regular, hence, for some p € X,deg(p) = |X|— 1. That shows Y[(P) is a
complete graph. Indirectly, if a graph is complete it is always regular. m]

The following Proposition 5.1 and Theorem 5.2 are follows from Lemma 5.1.
Proposition 5.1. [ being an ideal of P. We get that w(Q(P)) > |II.
Theorem 5.2. I being an ideal of P. We get that Y|(P) is connected and diam(Y(P)) < 2.
Theorem 5.3. Let I be an ideal of P. Then gr(Y(P)) = 3.

Proof. Leta # 1 € I and p be an arbitrary element in P. Then easily we have that 1 —a—x—-1is a
cycle of length 3 in Y;(P). o

Proposition 5.2. With an ideal I of P we have the below statements hold:
(1) In case of Y[(P) to be a planar graph, |I| < 4.
(2) In case of Y[(P) to be an outer planar, |I| < 3.
(3) In case of Y[(P) to be a toroidal, |I| < 7.

Proof. (1) From Lemma 5.1, the graph Y;(P) is complete graph on I. Next, if we have |I| > 5,
then Y;(P) we get that there is a subgraph of it that is isomorphic to Ks that further by
Kuratowski’s theorem, is non planar.

(2) From Lemma 5.1, the graph Y;(P) is complete graph on I. Next, if we have |I| > 4, then
Y[ (P) we get that it has a subgraph isomorphic to Ky that is by [8], returns that the graph

Y;(P) is not outer planar.
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(3) Again by uaing Lemma 5.1, we see that the graph Y;(P) is a complete graph. Further if
Il > 7, then for Y[(P) there is always a subgraph that is isomorphic to Kg. Thus using [8],
the graph Y;(P) is not toroidal.

Theorem 5.4. For an ideal I of P if Y(P) is an Euler graph, then |X| is odd.

Proof. From Lemma 5.1, for all p € I, deg(p) = |X| - 1. If Y{(P) is an Euler graph, and so degree of

every vertex in I is even. Implies, |X]| is an odd number. o

Theorem 5.5. I being an ideal of P and I = Mi<;j<,P;. For every 1 < j < n, the ideals I # Ni<i<p,iz;P;,
where P; are prime ideals of P, then w(Q;(P)) = n = x(Qr(P)).

Proof. For every j having 1 < j < n, we suppose p; in (Ni<i<n,iz;Pi) — Pj. We have A = {p, ..., x,}
is a clique in Y;(P). Thus w(Y(P)) = n. Next to show that, x(Y;(P)) < n. Define a coloring f by
choosing f(p) = min{i;x ¢ P;}. Suppose f(p) = k,p and g are two adjacent vertices. Naturally,
p ¢ Prand p Ay € I. Since we had let Py prime, hence g € Py, and thus f(q) # k. Again, since
w(Y1(P)) < x(Y1(P)), implies that the result hold. ]

Theorem 5.6. Consider I is an ideal of P. If [ = NjejP;, where P; are prime ideals of P and | is an infinite
set for each i € |, also I # NP, then w(Y((P)) = oo = x(Y1(P)).

Proof. For every i € ], we have p; € (Nj%P; — P;). It is easy to see that the set of p; yields an infinite
clique in Y;(P). Since w(Y(P)) < x(Y1(P)), it proves the required result. mi

6. CONCLUSION

In this article we have studied and discussed annihilators based on right-ideals, left-ideals and
ideals for JU-algebras. Furthermore, construction of some main classes of graphs in a bounded
JU-algebra (P, .,0) related to ideals that are denoted by ®;(P), A1(P) and %1 (P) are taken under
consideration. Then some graphical properties such as planarity, regularity, and connectivity on
the structure of these graphs are studied. We have constructed the graph Q;(P) and have studied
their properties with these aspects. The dual of all the above concepts can be study in the future
work.
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