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Abstract. The performance of a series-parallel system is improved by using the reliability equivalence factors technique.
The lifetimes of the components are assumed to be gamma distributed. The system reliability is improved by using three
different methods: (i) Reduction method, (ii) Hot duplication method, (iii) Cold duplication method. The reliability

function and mean time to failure for each method are derived. Finally, the numerical application is introduced.

1. INTRODUCTION

The concept of reliability equivalence factors (REF) is addressed to improve the system reliability,
[14]. Sarhan [17,18] improved the system reliability by:

(1) Reducing the failure rates by a factor &, 0 < £ < 1, is called reduction method (RM).

(2) Duplicating the system’s components by hot redundant identical standby components.
This method is named hot duplication method (HDM).

(3) The system’s components are connected with an identical component via a perfect switch,
so it is called the cold duplication method (CDM).

(4) Connecting some system’s components with standby redundant component via an imper-
fect switch. It is called the imperfect duplication method (IDM).

For more details, see [2,4-13,15-23].

The series-parallel system is one of the important systems in reliability theory and has many
applications in engineering sciences. This system has many special cases such as: serial, parallel

and radar system.
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Therefore, studying and improving the performance of this system includes improving all these
systems at the same time. The series-parallel system has been studied for several lifetime dis-
tributions, such as (i) exponential, (ii) linear exponential and (iii) modified Weibull distribution,
see [1,3,6,13,19,21,22,24].

The gamma distribution (GD) with parameters §, v, has the following probability density function.

Y(t) = %tﬁ—%—”, t>0, B,v>0. (1.1)

The parameters 3, v are called a shape and scale parameter, respectively. The GDhasbeen employed
in engineering to study the system reliability.
The GD has some special distributions, for some values of  and v, as follows.
(1) The exponential distribution with constant failure rate v can be obtained if § = 1.
(2) The chi-square (x?) distribution can be derived if § = n/2 and v = 1/2 (n is an integer).
(3) The GD is called an Erlang distribution, when f is an integer.
Erlang distribution is used in queuing theory to model waiting times. x? distribution is used in
statistical inference.
Let h(t) be the hazard (failure) rate of GD, it is given by, [24],

1
h(t) = _ .
fooo (1 + %)ﬁ Y evsds

The function h(t) has different shapes based on g, h(t) is: (i) increasing for f > 1, (ii) constant for

(1.2)

p =1, (iii) decreasing when f < 1, see Figure 1.

— A=051v=08
,,,,, p=10,v=08
Bp=20,1=08

The failure rate function

Ficure 1. The h(t) for some values of .

The rest of the paper can be organized as follows.
A brief description of the original system is introduced in Section 2. The improved systems are

discussed in Section 3. The a-fractiles are obtained in Section 4. In Section 5, the reliability
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equivalence factors are derived. A numerical application is discussed in Section 6. The conclusion

of the paper is presented in Section 7.

2. THE ORIGINAL SYSTEM

A series-parallel system has m subsystems connected in series. Each of them contains 1; elements

connected in parallel,i = 1,2,--- ,m, see Figure 2.

i B

1 n; n

Ficure 2. The original system diagram.

Form Figure 2, if m = 1, then we will get the parallel system, while if n; = 1, then the series system
will be obtained, but if m = 2 and n; = i,i = 1,2, we will have the radar system.
Consider the lifetime of the system components is independent gamma distribution. The reliability

function (RF) for a component j(j =1,---,n;) is given by

Rij(t) = P[T;; > t] = f Luﬁ_le_“du =1-¥(vt,B), t>0, (2.1)
vt r(ﬁ)
where
Y (vt, B) = fw Luﬁ_le_”du
' o TI(B) ,
see [23].
The RF of the subsystem i, is given as,
Ri(t) =1-"F(vt,p)". (2.2)
Therefore, the RF of the original system is derived as
m
R(t) = [ [1-¥ @, p)"]. (2.3)

i=1
The mean time to failure (MTTF) is

M= fo " Ry(1)dt = fo Oollj[l—‘}’(vt,ﬁ)”f]dt. (2.4)

Some numerical techniques can be used to calculate MTTF numerically, from Equation (2.4), for

given values of 8, v, n; and m.

3. THE IMPROVED SYSTEMS

Three different methods will be applied to improve the performance of the original system.
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3.1. The RM. The failure rate, h(t), of the components of set A are reduced to r(t)h(t),0 < r(t) <1,
where |A| = (,0 < { <M, and M = },;" | n;. We shall reduce h(t) by reducing the scale parameter
only by the factor &.

Suppose A = A UA, U---UA,;,, where A; denotes the set of components from subsystem i whose
failure rates are reduced and |A;| = ¢; and £ = )" | {;. We denote such a set by ﬂ(lﬂll Aol W Anl),
After reducing the failure rate of component j, it has the following RF, R;j«(t),

Rije(t) = fgw ;[(—ﬁ)e_”du =1-Y(&vt, B). (3.1)

The RF, R, £ (t), of the subsystem i after reducing the failure rates of A; is given by

1 t W ni=Ci
Ract) = 1-| [ gea | [ fgea]
= 1-Y(&vt,B)5¥ (vt, )", (3.2)

The RF of the improved system by RM, Rz (t), is

Roae(t) Hﬂﬂ, = [][1- ¥t p)¥ e, p)mb] (3.3)

i=1

The MTTF of the reduction system, is calculated by
oco M
Mas = f H [ 1= ¥ (&vt, ) (vt, B)" i)t (3.4)
0 =1

3.2. The HDM. Suppose the components are in a set B, |8| = k and 0 < k < M will be improved
according to HDM. Each component in 8 is duplicated by a hot standby component. The k can be

distributed such that k; components from subsystem i, where k = Y., k; and 0 < k; < n;.

(lBll |BZ| |Bm|)
Let BIBI

subsystem i.
The RF of the improved subsystem, RY (t) is

denote the improved set, 8 = U?;Bi. Where |B;| = k; components from

. vt p-1 ni+k; )
R (t)=1- [f —e_“du] =1-¥(vt,B)""H, (3.5)
K o I(B)
and the RF of the improved system according to HDM, RE(t) is
m m
) =[[RE 0 =T][1-¥0p)"5] (3.6)
i=1 i=1

The MTTF of the improved system by HDM, from Equation (3.6), Mg, is

= fo ) ﬁ [1- (vt p)thi]at. (3.7)
i=1
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3.3. The CDM. In this method, the set B of system components are duplicated each one with
an identical component by a perfect switch, |B] = r, 0 < r < M. The set 8 can be expressed as
B=8B1UBU---UB,, B; consists r; components from the subsystem i, such that r = Z;":l ;. The

set B can be denoted by Bgll’wz"m ABnl)

The RF of the improved system by CDM, R%(t), is
RE(1) = [ [R5, (1), (3.8)
i=1

where Rgi (t) is the RF of subsystem i after improving the set B; of components. R%i (t) is given as

vE o 28-1 i v o B—1 ni=ri
C — 1_ W W u
%50 = 1| [ | [ 1]
= 1-Y(vt,2B)"¥(vt,p)"". (3.9)

Using (3.8) and (3.9), then

RS (1) = ﬁ [1- ¥ (vt,28)"% (vt, )"~ ]. (3.10)

i=1
The MTTF, M%, is calculated by
co m
M = f H [1 =¥ (vt 28)" ¥ (vt, )" ]t. (3.11)
0 =1
4. THE a-FRACTILES

Let £(B, o), LE(B, ), be the a-fractiles of the original and duplicated systems. Which can be

calculated by solving the following equations, respectively.

R(L(ﬁ’a)):a, R@(L(ﬁ’a))za, D =H,C. 4.1)
v v
Substituting Equation (2.3) into (4.1), the £ = L(B, @) satisfies te following equation.
Y In[1-¥(Lp)"]-In(a) = 0. (4.2)
i=1
From Equations (3.6) and (4.1), £ = Lg(ﬁ, @) satisfies the equation.
Y In[1-¥(Lp)"*] - In(a) =0. (4.3)

i=1
For D = C, and from Equations (3.10) and (4.1), £ = L% (B, «) is a solution of

m

Y In[1-¥(L2)"¥(L )" "]~ In(a) =0. (4.4)

i=1

Equations (4.2)-(4.4) must be solved numerically, to obtain L.
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5. Tue ReLiaBiLITY EQUIVALENCE FACTORS

Since the failure rate of GD(f, v) is non-constant, the REFs of GD will be a function of time .

Definition [17]: The REF is defined as the factor that must be used to reduce the failure rates of the
set, A, of system components in order to obtain the reliability of the system, which is improved
by improving the set, 8, of system components by the duplication method.

The failure rate, h(t), of GD will be reduced by r(t), only by reducing the scale parameter from v

to &v only.

F(Eh(E) = L . (5.1)

0 ﬁ_l _ &y
fo (1 + %) e~vids
We will discuss how & can be calculated, and r(t) can be obtained by taking & in Equation (5.1).

The factor & = 52( B(a) is the solution of

Rac(t) =a, RE()=a, ac(0,1), D=H,C. (5.2)
Substituting from Equations (3.3) and (3.6) into (5.2), the factor £ = 5; 5(a) satisfies the following
system.
m
Y In[1-¥ (vt ) F (v, )] - In(ar) =0,
i=1
. . (5.3)
Z In [1 - w(vt,ﬁ)”iJrkf] —In(a) =0
i=1
The Hot REF: 6
foo (1 + 3 e ds
i glat) = = S , (5.4)
b (@+5) etreds

where & = Egs(a).
Using Equation (5.2) with Equations (3.3) and (3.10), £ = égl B(a) satisfies the following equations.
m

In[1—¥(&vt, B)¥ (vt, f)" | - In(a) = 0,
1

i=

m (5.5)
In[1-"¥(vt,2B)"¥(vt,B)" "] —In(a) =0
i=1
The Cold REF:
c fooo (1 + 3 = e Vs
1’7{3(0{, t) = - 51 , (5.6)
N

where & = E;B(a).
The systems (5.3) and (5.5) have no closed form solutions, so & = 5?1 3 (@) can be obtained by using

some numerical techniques.
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6. NUMERICAL APPLICATION

Under the following assumptions the REFs of a series-parallel system are calculated:

(1) There are two subsystems, m = 2.

(2) The lifetimes are assumed independent and identical with GD(g, v).

(38) The number of components in the subsystems are n; = 1 and n, = 2 (Radar system), see
Figure 3.

(4) The parametersv = 0.7and  =1,3,5 (B > 1).

Ficure 3. The radar system.

Table 1 views the values of M and Mg for different 8, D = H and C.

TasLe 1. The M and Mg, for different values of |8|.

(1,0) (0,1) (11 (0,2) (1,2)
8! 8! 8! 8 B
M MY
0.95238 | 1.30952 1.07143 150000 1.14286 1.61905
348839 | 426218 3.72022 4.62251 3.84873 4.83255
6.13475 | 7.19054 6.44083 7.66235 6.60657 7.93168
C
MB
0.95238 | 1.50794 1.15079 195767 1.24339 2.19577
3 348839 | 5052 403079 68354 41652 7.47507

5 6.13475 | 8.47595 6.94963 11.9289 7.07169 12.8969

g1 W R, ™

Figures 4-6 compare the RF of the original and duplicated systems, when |B] = 1,2 and 3,
respectively.
Figure 7 displays the RF of the original and duplicated systems for |8| = 1,2,3 and different
methods.
For the level « = 0.1,0.2,--- ,0.9 and = 3, Mathematica Program System is used to calculate the
a-fractiles and the REFs.
Table 2 introduces the values of a-fractiles, L(B,a) and Lg (B,a), for D = H and C.
From the results shown in Tables 1, 2 and Figures 5-7, we can conclude that:

(1) R(t) < RE(t) <RS(t), V1Bl = 1,2 and 3.

(2) M < M < MG, forall |B] = 1,2 and 3.
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Reliability function

[Bil=1,1B,| =0

Reliability function

Bl =0,1By| =1

Ficure 4. The RE, of the original and duplicated systems, when |B| = 1.

|B1| = 1,|Bz| =1

Reliability function

Reliability function

|B1| = 0'|Bz| =2

Ficure 5. The R(t),Rg(t), for |B] = 2.

|B1| =1, |Bz| =2

Reliability function

Ficure 6. The R(t), RE(t), for |B| = 3.
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e BIELB2R2|| | NG

- [BI=1,[B2=1|| N - BlI=L, [B21=2||
5 . \
B — B1]~0,[B2=2|| & - [B1]=1,[B21-1
z g
= — [Bl=LB2=0|| & — [B1]=0, B2}=2||
z z 1. B2/~
E — Bl=0,B2=1|| = -.|— [B1]=1, B2i=0

| F |
<
5 |— Original || £ e — B1=0, B2=1
& 3 N
__ Original

Ficure 7. The R(t),Rg(t), for |B] = 1,2,3, D = H (left panel) and D = C (right panel).

TaBLE 2. The a-fractiles.

B0

1

pRE)

1

1)
Bl

(02)
Bl

Pl

£H

LC

LH

.EC

LH

£C

£H

LC

LH

.EC

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

3.999
3.3579
2.9333
2.5944
2.2965
2.0165
1.7363
1.4341
1.0631

4.5043
3.8782
3.4644
3.1345
2.8449
2.5729
2.3007
2.0059
1.6381

5.3855
4.6286
4.1255
3.7231
3.3695
3.0371
2.7048
2.3458
1.9009

4.2576
3.6006
3.1578
2.7978
2.4756
2.1669
1.8532
1.5117
1.0977

4.7988
3.9945
3.4507
3.011
2.6229
2.2601
1.9035
1.5319
1.1016

4.7815
4.1552
3.7391
3.4053
3.1104
2.8312
2.5489
2.2395
1.8462

6.9603
6.0919
5.5091
5.0387
4.6214
4.2249
3.8232
3.3815
2.8181

44313
3.7574
3.2955
29141
2.5681
2.2338
1.8941
1.5301
1.1016

5.0724
4.1818
3.5753
3.0892
2.6681
2.2832
1.9133
1.5349
1.1021

4.9698
4.3391
3.9169
3.5757
3.2717
2.9809
2.6837
2.3534
1.9277

7.5293
6.6477
6.0462
5.5531
5.1083
4.6782
4.2337
3.7339
3.0807

(3) L(Ba) < LE(B,a) < LG(B,a), V8.

(4) The MTTF and L2 (B, a) are increasing, when f increases.
(1,0)
1

(0,1)

(5) A better design is obtained by improving 8 1

method.

(6) Improving two components, Bgl’l) produces a better design than improving two compo-
(0.2)

T

(7) The best design is obtained by improving all components, Bgl’z).

than improve 8. according to the same

nents B

(8) Cold duplication method gives the best improvement than other methods.

Table 3 displays the values of the REFs for different A and 8.
From the results presented in Tables 2 and 3, at § = 3:

(1) The £(3,0.1) is increased from 3.9990/v to 4.5043/v when the set Bgl’o) improved by
HDM, see Table 2. We can get the same effect by reducing the failure rates of (i) ﬂgl’o) by
&1 = 0.7826, (i) A by £H = 0.6033, (iii) AL by £ = 0.8582, (iv) AL by & = 07430,
(v) AL by £ = 0.8878, see Table 3.
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TasrLE 3. The REF, églg(a), D=HandC

R

1

PRy

PRy
'Bl

=y
81

©7)
Bl

EH

9(H

EH

'SC

(SC

0.1

o n e o
RS R

SRR Y

0.7826
0.6033
0.8582
0.7430
0.8878

0.8845
0.7693
0.9221
0.8653
0.9393

0.6758
0.4457
0.7962
0.6065
0.8364

0.5147
0.0857
0.5745

0.6701
0.2858
0.7404
0.4481
0.7884

0.6068
0.3438
0.7591
0.5080
0.8047

0.2

e B o H
R R

NN NY

0.7464
0.4899
0.8324
0.6579
0.8658

0.8763
0.7274
0.9146
0.8401
0.9326

0.6256
0.2601
0.7635
0.4373
0.8081

0.4867
0.0489
0.5512

0.6144
0.2329
0.7374
0.4075
0.7030

0.5486
0.1319
0.7237
0.5054
0.7739

0.3

o n o o
R R

SRR Y

0.7172
0.3520
0.8107
0.5414
0.8467

0.8742
0.6923
0.9110
0.8187
0.9289

0.5861
0.1912
0.7371
0.1021
0.7845

0.4655
0.0049
0.5325

0.6035
0.1945
0.7294
0.3752
0.0204

0.5032

0.6960
0.2995
0.7489

0.4

e 2 o H
R R

NN

0.6903
0.7898
0.5122
0.8277

0.8763
0.6587
0.9101
0.7978
0.9273

0.5502
0.7127
0.0787
0.7619

0.4467

0.5149

0.5714
0.1626
0.7043
0.3456

0.4624

0.6710
0.2047
0.7255

0.5

S
= o

=
)

SRR Y

0.6634
0.7682
0.1037
0.8072

0.8824
0.6239

0.7757
0.8766

0.5151
0.6882
0.0247
0.7383

0.4285

0.4969

0.5653
0.1344
0.6832
0.3169

0.4228

0.6468
0.0275
0.7019

0.6

e 2 o H
R

N NN NN

0.6350
0.7442
0.0164
0.7837

0.8930
0.5855

0.7508
0.8305

0.4785
0.6621
0.0136
0.7122

0.4097

0.4773

0.5156
0.1087
0.6081
0.2876

0.3819

0.6217
0.0184
0.6765

0.7

RN =
R R

RN

0.6028
0.7156
0.0067
0.7547

0.9091
0.5401

0.7205
0.7369

0.4381
0.6323
0.0124
0.6812

0.3889

0.4541

0.4648
0.0843
0.5921
0.2561

0.3373

0.5941
0.0038
0.6470

0.8

e B2 e 5
R R

N W NN N

0.5630
0.6782
0.0055
0.7149

0.9320
0.4818

0.6800
0.6486

0.3894
0.5950
0.0052
0.6403

0.3638

0.4241

0.4125
0.0603
0.4257
0.2196

0.2845

0.5608

0.6093

0.9

ST T e Y -
N = = O —_

SN SN T T S N SN o ST S N SN T ST ST N SN o o S N SN o T SN N T T S N N T T S N SN o o S N SN o s
o by

SRR Y

0.5046
0.6187
0.0010
0.6490

0.9629
0.3946

0.6152
0.4685

0.3209
0.5390
0.0036
0.5758

0.3275

0.3772

0.3058
0.0353
0.3619
0.1715

0.2131

0.5126

0.5515
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(2) When the set Bgl’o) is improved by CDM, the £(3,0.1) increases from 3.9990/v to 5.3855/v,
see Table 2. We have the same effect by reducing the failure rates of (i) ﬂgl’o) by &€ = 0.4607,
(i) A" by €€ = 0.6888, (iii) A by &€ = 0.0111, (iv) A, by &€ = 0.7426, see Table 3.

(3) The results in Tables 2 and 3 can be interpreted by the same way.

(4) The symbol “-” means that there is no equivalence between both the reduction and dupli-

cation methods in this numerical study.

7. CONCLUSION

The reliability performance of a serial-parallel system based on a gamma distribution has been
improved. This system is one of the important systems in reliability because it can be reduced to
the series, parallel and radar systems. The system components have gamma lifetime distribution.
Lifetimes are assumed independent and identical. The gamma distribution is an important distri-
bution that is used in engineering to study system reliability. The gamma distribution has some
special distributions based on the values of its parameters. The original system was improved
using three different methods. Some reliability measures are derived for each method, such as RF
and MTTEF. The REFs and a-fractiles were established. Numerical application was discussed to
interpret how the theoretical results can be applied. The cold duplication method gives the best
improvement than other methods.

Conflicts of Interest: The author declares that there are no conflicts of interest regarding the

publication of this paper.
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