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Abstract. The novel severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) is the culprit behind the coronavirus
disease 2019 (COVID-19), which has killed millions of people. SARS-CoV-2 binds its spike (S) protein to the angiotensin-
converting enzyme 2 (ACE2) receptor to inter the epithelial cells in the respiratory tracts. ACE2 is a crucial mediator in
the SARS-CoV-2 infection pathway. In this paper, we construct a mathematical model to describe the SARS-CoV-2/ACE2
interaction and the adaptive immunological response. The model predicts the effects of latently infected cells as well as
immunological responses from cytotoxic T lymphocytes (CTLs) and antibodies. The model is incorporated with three
distributed time delays: (i) delay in the formation of latently infected epithelial cells, (ii) delay in the activation of latently
infected epithelial cells, (iii) delay in the maturation of new released SARS-CoV-2 virions. We show that the model is
well-posed and it admits five equilibria. The stability and existence of the equilibria are precisely controlled by four
threshold parameters R;, i = 0,1,2,3. By formulating suitable Lyapunov functions and applying LaSalle’s invariance
principle, we show the global asymptotic stability for all equilibria. To demonstrate the theoretical results, we conduct
numerical simulations. We do sensitivity analysis and identify the most sensitive parameters. We look at how the
latent phase, ACE2 receptors, antibody and CTL responses, time delays affect the dynamical behavior of SARS-CoV-2.
Although the basic reproduction number Ry is unaffected by the parameters of antibody and CTL responses, it is
shown that viral replication can be hampered by immunological activation of antibody and CTL responses. Further, our
findings indicate that R is affected by the rates at which the ACE2 receptor grows and degrades. This could provide
valuable guidance for the development of receptor-targeted vaccines and medications. Furthermore, it is shown that,
increasing time delays can effectively decrease R and then inhibit the SARS-CoV-2 replication. Finally, we show that,

excluding the latently infected cells in the model would result in an overestimation of Ro.
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1. INTRODUCTION

Anew virus called severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) first appeared
in Wuhan, China, near the end of 2019. SARS-CoV-2 is the causative agent of coronavirus disease
2019 (COVID-19) that has killed millions of people worldwide. A multitude of symptoms may be
exhibited by the majority of individuals who are symptomatic following infection, encompassing
fever, a dry cough, diarrhea, muscular discomfort, fatigue, dysphagia, cephalalgia, and emesis [1].
Individuals with severe infections may develop acute respiratory distress syndrome (ARDS),
which is characterized by respiratory difficulties and hypoxemia [2]. Consequently, the severity
of the illness and the mortality of the patients are dependent upon both the viral infection and the
host’s reactions [2]. In addition to the vaccination efforts, dedicated scientists and researchers are
diligently engaged in the development of novel and efficacious drugs interventions for patients
suffering from COVID-19.

SARS-CoV-2 is a single-stranded RNA virus. It is classified as a member of the Coronaviri-
dae family. SARS-CoV-2 virus infect the epithelial cells by binding its spike (S) protein to the
angiotensin-converting enzyme 2 (ACE2) receptor [3], [4]. Epithelial cells are located in the res-
piratory tract, including the lungs, nasal passages, and trachea/bronchial tissues [5]. An effective
immune response is crucial for controlling disease progression and eliminating the SARS-CoV-2
infection. The adaptive immune response relies on cytotoxic T lymphocytes (CTLs) to eliminate
virus-infected cells, as well as on antibodies that neutralize the viruses.

Researchers can better understanding the SARS-CoV-2 replication cycle and the immune sys-
tem’s reaction to the viral infection by using mathematical models. Additionally, these models
make it possible to evaluate the benefits of various antiviral medication regimens in relation to
specific COVID-19 patients [7]. The dynamics of SARS-CoV-2 within the host have attracted the
interest of many scientists (see the review paper [6]). The target cell-limited model for SARS-CoV-2

infection was published in [8] and [9], and is as follows:

E = -nES,
I =nES -6/, (1.1)
S = (5[1/1— (555,

where E = E(t),I = I(t) and S = 5(t) are the concentrations of uninfected epithelial cells, infected
cells, and free SARS-CoV-2 particles at a given time ¢, respectively. The infection rate constant is
denoted by 1, while v represents the number of free SARS-CoV-2 particles generated during the
average of lifespan of infected cell. 6; denotes the average lifetime of I. Parameter 65 signifies
the rate at which viruses are eliminated. Numerous investigations were dedicated to expand the
model by distinguishing between two populations of infected cells: latently infected cells and
actively (productively) infected cells (we refer to, for instance, [7], [8], [9], [10], [12], [13], [14]
and [15]). Li et al. [16] proposed a SARS-CoV-2 infection model by incorporating the growth and
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decay of epithelial cells as:
E = 6p(Eg — E) — njES,
I =nES-6l, (1.2)
S = ol -85S,
where Ey = E(0) is the concentration of epithelial cells that are virus-free. 0g denotes the average
lifetime of E. Many works have considered and/or expanded this model (see e.g., [5], [11], [17],
[18], [19], [20], [23], [26] and [27]).

The kinetics of the ACE2 receptor on epithelial cells were not taken into account by the works
mentioned above. The authors of papers [29]- [32] simulated the Middle East respiratory syndrome
coronavirus (MERS-CoV) infection to observe how the dipeptidyl peptidase 4 (DPP4) receptor
affects it. The local stability of an ODE system for SARS-CoV-2 infection in the ACE2 receptor was
studied by Chatterjee and Al Basir [33]. Lv and Ma [34] proposed a system of delay differential
equations (DDEs) for SARS-CoV-2 infection mediated by ACE2 receptor as:

E = Ap—n¥(A)ES - O¢E,
I= e MY (A, )Er,St, — 01,
S = 5[1/1— 555,

A= Ap—xn¥(A)AS - 544,

(1.3)

where (Eq,,S7,,Ar,) = (E(t—11),S(t—11),A(t —11)). The variable A = A(t) represents the
concentration of per unit volume of ACE2 receptors at time ¢. ¥(A) represents the probability of
successful entry of the virion into the epithelial cell mediated by the receptor ACE2. When the
concentration of the epithelial cell receptor ACE2 is lower (higher), there are ¥(A) ~ 0(~ 1) [34].
The term n¥ (A)ES represents the reduction rate of epithelial cells by SARS-CoV-2 and ACE2. The
term xn'¥(A)AS, where « is a constant, shows the rate of decrease in ACE2 receptors as a result
of the reduction in uninfected epithelial cells (induced by free SARS-CoV-2). Here, 71 represents
the amount of time that has passed since SARS-CoV-2 particles had made contact with uninfected
epithelial cells before those cells become actively infected. The likelihood that infected cells will
survive throughout the delay period is e™*1"1. In [33], the reduction rates of epithelial cells and
ACE2 receptors were given by nAES and knAES, respectively.

One of the most powerful tools for researchers is stability analysis of within-host SARS-CoV-2
dynamics models. This can provide us with a better understanding of the virus’s dynamics and
how the immune system controls and clears it. Local and/or global stability of different within-host
SARS-CoV-2 infection models were investigated in several works (see [11], [18], [19], [21], [27], [33],
[34], [35] and [36]).

We noted that, model (1.3) neglect the adaptive immune response, latent phase, and the delayed
maturity of recently released virions. Moreover, the model only considers one type of discrete-
time delay. Therefore, our aim in this article is to propose and analyze a model for SARS-CoV-2
infection mediated by ACE2 receptor while taking into consideration the following factors:

F1. CTL response, which act for killing the actively infected cells.
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F2. Antibody response, which act for neutralizing the SARS-CoV-2 particles.

F3. Latently infected cells, which contain virions, but they are not released until the cells are
activated.

F4. Three distributed-time delays, (i) delay in formation of latently infected epithelial cells, (ii)
delay in the latently infected epithelium cells” activation, and (iii) delay in the maturation

of recently released SARS-CoV-2 virions.

We first examine the essential properties of the DDEs, find the model’s equilibria and investi-
gating their existence and global stability. We formulate suitable Lyapunov functions and employ
LaSalle’s invariance principle (LIP) to prove the global asymptotic stability of all equilibria. We
show the theoretical conclusions using numerical simulations. We wrap up by discussing the

outcomes.

2. MODEL FORMULATION

We formulate a DDEs model for SARS-CoV-2 infection mediated by ACE2 receptor taking
into account factors F1-F4. Let L = L(t), B = B(t) and U = U(t) be the concentrations of per
unit volume of latently infected cells, antibodies and CTLs, respectively at time t. We denote
(E¢, Lt It,S:,Ar) = (E(t—1),L(t—1),I(t—7),S(t—1),A(t — 7)), where T as a random variable
from probability distributed function fi(7), i = 1,2,3 over the interval [0, #;] , where h; is the limit
superior of the delay period. Our proposed model is given by:

E=Ap- n‘F(A)ES —OfE, (2.1)
hy
L=n| A ¥(A)ESdr - (a+6L)L, (2.2)
0
. h2
I=a fz(’[)e_azTLTdT - 611 - )/ulu, (23)
0
. ]/ls
S =06 f3(t)e"® I dt — 6sS — yBSB, (2.4)
0
A =24 -xnY(A)AS - 544, (2.5)
B = QBSB - 5BB, (26)
u= oull — 6y U. (2.7)

The latently infected cells die at rate ;L and are activated at rate aL. The responsiveness and death
rates of the CTLs are denoted by gyIU and 6y U, respectively. The killing rate of infected cells
by CTLs is represented by yyIU. The antibodies are stimulated at rate gpSB, die at rate 6gB and
neutralize the SARS-CoV-2 particles at rate ypSB. The factor fi(7)e 1" represents the probability
that uninfected epithelial cells contacted by the SARS-CoV-2 at time ¢ — 7 survived 7 time units and
become latently infected at time t. The factor f,(7)e*2" denotes the probability of latently infected

cells at time ¢ — 7 survived 7 time units and become actively infected cells. The factor f3(7)e™*3"
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is the probability that an immature SARS-CoV-2 particle at time t — 7 survives 7 time units to be

mature at time f. A schematic representation of the model in (2.1)-(2.7) is illustrated in Figure 1.

hy
vdlf f3(v) e I dt
0

Latentl Actively
atently .
Ag| Uninfected SARS-CoV-2 infected lnfﬁcteld T )
ACE2 Ay epithelial particles (S) cells (L) cells ()
(4) cell (E) .@‘ X A
_@_ ﬂfo f1(0) e ¥(A,)S E dt / \\‘ aJ;hZfz(r)e-aer,dt }’uIU‘ \
my@sa SV NW(A)ES @ \\ \ J i \_/ /
\ 1 oylU
< N\ Antibodies (B)
86,44 L \\ S,U

6,L 6,1
85E ss Y ' ’
7 0sSB

Ficure 1. The schematic diagram of the SARS-CoV-2 infection.

Functions fi(7), i = 1,2, 3, satisfy the following conditions:

hl‘ hi
f fi(t)dt =1, f fi(1)e'"dt < 0o, where > 0.
0

Let xi(t) = fi(1)e™%" and (; = fo Xi(t)dt,i=1,2,3, thus 0 < {; < 1. Usually function ¥(A) is
chosen as the classic Hill function: ¥(A) = ﬁ, where A, is the half-saturation constant and n
is the Hill coefficient [34], [37]. The function ¥ (A) is continuously differentiable on [0, +o0) and
strictly monotonically increasing.

The initial conditions for model (2.1)-(2.7) are given by:
E(0) = $1(0), L(0) = ¢2(0), 1(0) = ¢3(0), S(0) = ¢4(0), A(0) = ¢5(0),
B(0) = ¢6(0), U(0) = ¢7(0), ¢i(6)20,i=1,2,..,7, 0€[-1,0], (2.8)

where, T* = max{hy, hy, hs}, ¢; € C([-71*,0],Rx0) and C is the Banach space of continuous functions

mapping from [-7*,0] to Ryo with the norm qul” = sup |¢, | forp;eC, i=1,2,.,7. We
-7*<

note that system (2.1)-(2.7) with initial conditions (2.8) has a unique solution [38]. All parameters
of model (2.1)-(2.7) are positive.
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3. BASIC QUALITATIVE PROPERTIES

This section proves the non-negativity and boundedness of the solutions of system (2.1)-(2.7).

Lemma 1. The solutions of model (2.1)-(2.7) with the initial states (2.8) are non-negative and
ultimately bounded.

Proof. We have E |[r—o= Ar > 0, A [4—o= Aa > 0, B o= 0 and U |;—o= 0. Hence, E(t) > 0,
A(t) >0,B(t) 20and U(t) = 0, for all t > 0. From Egs, (2.2)-(2.4) we have

t 1 .
L) =0 ga0) 4 [ [ (A0 - 1)E© - 1)S(0- D) @0 Odrdo > 0,
0 Jo
‘ t php t
1(t) = e~ b Grtratldrg, 0y 1 q f f a(T)L(6 = D) horrutlNdrggg > o,
0 Jo

‘ t 3 T
5(t) = ek G 80N, (0) Wf f Xa(DI(6 = r)e b 57PN g > o,
0 Jo

for all t € [0, T*]. Hence, by recursive argumentation, we obtain that L(t), I(t),S(f) > 0 for all t > 0.
Hence, E,L,1,S,A, B and U are non-negative.
Now, we prove the ultimately boundedness E, L, I, S, A, B and U. From Eq. (2.1) we have,

tlim supE(t) < 2—5 = w;. To prove the ultimate boundedness of L(t), we define

h
I = f x1(7)E-dt + L.
0

Then, we obtain
. hl . . hl
I = f x1(t)Edt+L = f x1(t){Ae —n¥(Ar)E.S;
0 0
iy
—OpE }dt + 1 f X1(1)¥(Ar)E(Srdt— (a+0p)L
0

1y 1
= Aﬁf X1(T)dT—5Ef x1(t)Ecdt — (a+61)L
0 0

h1
<AeCi—p1 f x1(7)Erdt + L}
0
hy
<AE—p1 f X1(T)ETdT+L]
0
= Ag—pillL,

where, p1 = min{6g, (a + 6r)}. It follows that, tlim sup I (t) < 2—1’5 = wj and then tlim sup L(t) < w;.

Define

I, :I—Fy—uu.
ou
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Then, we obtain

ho
IL =1+ y—uU = af X2(T)Ledt — 671 — yylIU + 7/—u(gulll— oyl)
ou 0 ou
i) 5
- af x2(t)Ledr — o1 - L2411
0 u
< awrlr —po2 [I + ﬂu]
ou
<awy —p2 [I+ y—UU]
ou
= awy — p2l1y,
where, p» = min{d;, 6y7}. Hence, tll)rg sup Il () < % = w3 and this gives tlgg supI(t) < w3 and
tlirn sup U(t) < %a)g = wy. We define
II; =5+ ﬁB
OB

Then, we obtain
. . VB s VB
H3 =S+ Q_B = 511/ X3(T)1Td’[ - 655 - yBSB + Q—(QBSB - 633)
B 0 B

3 5
= 61vf Xx3(T)Idt —0sS — yB—BB
0 OB

< OvwsCs —p3 [S + y—BB]
0B

< Ovws — p3 [S + 7/—BB] ,
OB

= O0pvws — p3lls,

Ovaws

ps
tlgg sup B(t) < 5—20)4 = we. Finally, Eq. (2.5) implies tli)r?o sup A(t) < g—j = w5.0

Based on Lemma 1, we can be show that the domain T = {(E,L,I,S,A,B,U) € C;O S IE| € wy,
IILIl < @y, Il < w3, lISII £ w4, Al £ ws, [IBll £ ws [IU|| £ w7} is positively invariant for system
(2.1)-(2.7).

Remark 1. When the latently infected cells are not included, model (2.1)-(2.7) becomes

where, p3 = min{ds,05}. Hence, tlim supII3(t) < = wy and then tlim sup S(t) < wy and

—00

E = Ap - ¥ (A)ES - 6¢E,

F=n [" fi(0)e ™ (A EcSedr - &1 - yIU,
S =26 th3 f3(1)e~® I dt — 63S — yBSB,

A = Aa— k¥ (A)AS - 5,4,

B = 03SB — 65B,

U = oIl - 6y U.

3.1)
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The basic reproduction number of model (3.1) can be calculated as:

nvCi1G3Y (Ao)Eo

Ry =
0 5s

Since 0 < (» <1, then

navC1 0 C3¥ (Ao)Eo - navCC3Y (Ao)Eo - nvCi1G3Y (Ao)Eo
(a+5L)65 - (El-i—éL)(Ss Og

Therefore, excluding the latently infected cells in the model would result in an overestimation of

Ro = = Ro.

the basic reproduction number.

4. EQUILIBRIA

This section finds all equilibria of the model (2.1)-(2.7) also the threshold parameters that guar-
antee their existence. First, by applying the next-generation matrix approach [39], we compute the
fundamental infection reproduction number R for system (2.1)-(2.7). We define the matrices F
and V as follows:

00 nCllF(Ao)Eo a+9op 0 0
F=100 0 ’ V= _aCZ Or 0 |,
00 0 0 —C36[V (55

where Eo = )\E/(SE and AO = AA/(SA.

The basic reproduction number Ry, can be derived as the spectral radius of FV~!, as

navC1 L C3¥ (Ao)Eo
(&l -+ 6L)(55

A second step is to define A = (E,L,1,S, A, B, U) as any equilibrium of system (2.1)-(2.7) that may

Ro =

(4.1)

be solved by the set of nonlinear equations that follows:

0= Ap — ¥ (A)ES — 6¢E, (4.2)
0=ni1¥Y(A)ES - (a+6.)L, (4.3)
0 = aloL — &1 — yylU, (4.4)
0 = &vCsl — 6sS — ySB, (4.5)
0= A4 —xknF(A)SA—054A, (4.6)
0 = 0SB — 63B, (4.7)
0 = oyl - 5yl (4.8)

Eq. (4.8) has two solutions, U = 0and I = 2—5, Also Eq. (4.7) has two solutions, B =0and S = 2—§
We have the following cases:
(i) U = 0and B = 0. From Eq. (4.4) we get

511 = LZCQL. (49)
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Substituting Eq. (4.9) into Eq. (4.5), we obtain

0s
= . 4.10
e (10
Substituting Eq. (4.10) into Eq. (4.3), we get
(a + 5L)6S
Y(A)E-——|[5=0,
¥ AE -G
and then we have
(a + 6L)(5S
$=0, or Y(A)E-———F—=0.
A TG

If S = 0, then from Eqs. (4.2), (4.3), (4.5) and (4.6), wehaveE = Ag /0, L =0, =0and A = A4/0a4.
Then, we obtain the uninfected equilibrium Ay = (Ey,0,0,0, Ao, 0,0).
If S#0,then L # 0and

(tZ + 5L)6S
GY(A)E = ———.
¥ (4) vaCyC3
Therefore, we obtain
AE—(a+06L)C L
po AT @POGTL o vall, ”5—C2L and A= A4 (4.11)
i

OF ’ Os 64+ (a+6L)L/E

Substituting Eq. (4.11) into Eq. (4.3), we have
C % /\A /\E - <a + 6L)CI1L (V&lCng
Ot o4+« M (a+6L)L/E OF 0s
Since L # 0, then

L)— (a+0L)L=0,

A Ap—(a+6r)C 'L
UC1T - A E ( L) 1 (VHC2C3)_ (a+5 ) —0
oa+xC M (a+06L)L/E OF 0s
We define a function G1(L) as:
A Ap—(a+60)G L a
Gi(L) = n&:i¥ A 1 ( vatats )—1 =0.
64+ (a+6L)L/E OF (a+01)6s
We have
nvaCiCC3 ()\A)(AE) .
G1(0)= —Y|=|[—=)-1=Ro-1>0, if Ry>1,
1( ) <a+5L)55 VAN 0 ! 0
lim Gi(L) = -1<0,
L—)ﬁ
T

and

d - Aa B K(a+01)0pAaAEC]?

dL (SA+KC1_1(IZ+5L)L/E [6A/\E+ (ll—i—(SL)Cl_lL(K(SE—(SA)]Z

Aa
x¥ =0; <0.
L(5A+KC;1(a+6L)L/E) '
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So, we have

dGi(L)  nvalilols (Ae—(a+00)C 'L o, _ TG Aa <0
AL (a+01)0s O Y 0sor |\ oa+xG @+ 00)L/E)

Then, there exists a unique L; € (O, ﬁ%) such that G1(L;) = 0.

Therefore, there exists a unique infected equilibrium without immune response A; =
(E1,L1,11,51,A1,0,0) when Ry > 1, where

AE— or)CTIL
E, — e—(a+06L)C L 6(0 E), Ilszle(O, (MEC1C2 ),

OF ! OF 01 a—+ 5L)6[
5, = WCzC:aLl c (O, VaAEClCZCB), = : Aa c (0’ /\_A)
0s (a+0r)0s 04 +xC M (a+06L)L1/Eq 0a

(@{U=0and S = (Z—g. In this case we obtain

L i C +5L>CI1L, 1=
5}5 6[
A= A = (—V”QBCZC% - 1). (4.12)
da —|—1<C1‘1 (a+6.)L/E yB\ 0s0p
Substituting Eq. (4.12) into Eq. (4.3), we obtain
5 Ap—(a+61)C'L
108G A4 EEEG e —o.
OB oA+ (M (a+0L)L/E OF
Define a function G,(L) as:
5 A Ap—(a+6L)CTL
Go(L) = 1 BC1 g 4 L |- (a+0oL)L.
0B o4+ k(N (a+06L)L/E OF
We have
n6BCy (AA ) ()\E )
G (0)=——YY—=]|[—=]|>0,
2(0) 0B 04/ \OF
lim Gz(L) =—-Ar(; <O0.
L— AEG
a+oy,
Moreover,
d - Aa o w(a+061)0pAaAEC!
dL o4+« (a+6L)L/E [64AE + (a + 60) (' L(x0E — 64)]?

A

XY =0, <0.
k 6A+KC[1(a—|—6L)L/E) 2

So, we have

dGy(L)  noply (Ae—(a+0)C 'L o _ nop(a+ or) - Aa
dL 08 Ok 2T opor b4 +~C 1 (a+ 61 )L/E

—(a+6L)<0.
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Then, there exists a unique L, € (O, ;jgi) such that Go(Ly) = 0. It follows that, there exists a unique

infected equilibrium with only antibody response A, = (Ez, Ly, I, S2, Az, B2,0), when R > 1,

where
Ap—(a+61)C'L
EZ — a ( L) 1= € (Olﬁ)/ IZ = @LZ € (0/ aAEC1C2 )I
OF OF o1 (a+061)0r
5=, 4= A e(0.52), B == (R - 1),
0B o4 +xC N (a+61)L2/Ey oA VB
where,
vappCals
= ———1IU0,.
e dsdp
Here, R4 represents the the antibody immunity activation number.
(i) B=0and I = ‘;—5. In the case we obtain
E— /\E - (a + 6L)C1_1L g — VC36[5LI
OF ’ ouds
A= Aa u= (”QUCZL - 1). (4.13)
o4+ k(M (a+6L)L/E yu \ o10u
Substituting Eq. (4.13) into Eq. (4.3), we obtain
516 Ap—(a+060)C 'L
vnCiCadrdu 1/\A E-(a+00)¢ LY (4t 8L =0
ouds o4+ xC N (a+06L)L/E OF
Define a function G3(L) as:
% 516 A Ap—(a+060)CIL
Ga(L) = LIC1C010u o SRl (a+0or)L.

ouds o4 +xC ' (a+06L)L/E OF

We have
vnC1C3016u (/\A ) (/\E )
G3(0) = ———Y(—=||—]>0,
3(0) ouds 04/ \ Ok
hm G3(L) = —/\EC1 < 0.
L— A£Gy
a+oy,

Moreover,

i ¥ Aa . K(“"’(SL)(SE/\AAECIl
dL| "\ 64+« N a+06L)L/E )| [0ade + (a+ 6L) L(KkOE —64)]2
A

=03 <0.
oa + KC[l(a + 6L)L/E) 3

XY

So, we have

dG3(L)  vnliladrdy (Ae—(a+060)( 'L o (vncgélau(a +6r)
dL QU(SS O 3 QU(SS(SE
b4 Aa
oa+xCi'(a+061)L/E

]—(11+6L)<0.
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Then, there exists a unique L3 € (O, ;jgi) such that G3(L3) = 0. It follows that, there exists a unique

infected equilibrium with only CTL response Az = (Es, L3, I3, S3, A3,0, U3), when R, > 1, where

Ap—(a+61)C'L
. E ( L)Cl 3 E(O /\E) Iy = 6u Sy = VC3(5[5u/
OF OF ouds
As = s e(O AA) Us = 2L (Ry - 1),
(5A+KC1_ (ﬂ+5L)L3/E3 Oa Yu
where,
a@uCz
Ry =
2= S0 -

Here, R, represents the CTL response activation number.
(iv) B# 0and U # 0. In this case S = Z—g and I = 2—5, therefore, we obtain

_ /\E—(a‘f—éL)CIlL A Aa
OF ' da+xC M (a+6L)L/E
010
B:(S_S(VI uQBCs_l), U:Q(WUCZL—l). (4.14)
Y8\ 0s0BouU yu \ 616u
Substituting Eq. (4.14) into Eq. (4.3), we obtain
) Ag—(a+60)C'L
16108 A4 EmHOCTEY s —o.
o8 \6a+x(M(a+60)L/E OF
Define a function G4(L) as:
5 A Ap—(a+060)CL
Gu(L) = 6105 4, 4 L |- (a+6r)L
0B oA+ k(' (a+06L)L/E OF

Clearly G4(L) = Gz(L). Then, there exists a unique Ly = Ly € (O AEQ) such that G4(Ly) = 0. It

7 a+0r,
follows that, there exists a unique infected equilibrium with both antibody and CTL responses
A4 = (E4,L4,I4, S4,A4, B4, U4), when % and QUC2L4 > 1 where
Ap—(a+60) 'L A B o
P (a+01)C; 46(01_5), g %
OF Or ou OB
010
Ay = A € (O,A—A), By = 5 (—V 10usCa - 1)
o4+ kM (a+61)La/Eq 04 vB \ 0s0Bou
aopuCa
u Ly—1].
YT ( O10U )
We see that By and Uy exist when V(y%{—‘;‘f >1and a@ucz =Ls > 1. Now, we define
a@uCz
R3 = L
37 o0

Hence B4 and Uy can be rewritten as:

(55 ‘P\l ) 61
By=3 (22 1), uy= 2L (R;-1).
. yB(% 1= 2 (Ra-)
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Therefore, A4 exists when R; > R3 and R3 > 1. Here, R refers to the competed CTL immunity
number.
We have ¥(A;) < ¥(Ao) and E; < Ey. Therefore

vagplalsly  vagplals Cin'Y (A2)EaSy
6s0p  OsOp a+or

_ valiGGNnY(A2)Er  valiGlanY (Ao)Ey R

T os(at o) dos(ator)

Ry =

We have ¥(A3) < ¥(Ap) and E; < Eg. Therefore

R,y — apulals _ apuCa CinY (A3)E3Ss3
o16u oou  a+6or
_ valiGlsn¥ (As)Es < vaC1GCnY (Ao)Eo ®
- os(ator) dsator) o

Now we can state the following lemma:

Lemma 2: For system (2.1)-(2.7), there exist four threshold parameters Ry, R1, R, and Rz such
that

(i) If Ry < 1, then the uninfected equilibrium Ag = (Ey,0,0,0, Ay, 0,0) is the unique equilibrium,

(i) If R1 < 1 < Ry, then there exists two equilibria Ag and infected equilibrium without antibody
and CTL responses A1 = (E1,L1,11,51,A1,0,0),

(iii) If R1 > 1, then there exist three equilibria Ay, A1 and infected equilibrium with only antibody
response Ay = (Ea, Ly, Ip, Sz, Az, B, 0).

(iv) If R, > 1, then there exist four equilibria Ay, A1, A; and infected equilibrium with only CTL
response A3 = (Es, L3, I3, 53, A3,0, U3).

(v) If Rq > Rz > 1, then there exist five equilibria Ay, A1, A2, Az and infected equilibrium with
both antibody and CTL responses Ay = (E4, L4, I4, Sa, As, By, Us).

5. GLOBAL STABILITY

This section formulates Lyapunov function and uses LIP to prove the global asymptotic stability
of equilibria. We follow the method presented in [40] and [41]. We define a function ®(x) =
x—1-Inx. Clearly, ®(1) = 0 and ®(x) > 0 for x > 0. Let Q); be the largest invariant subset of

dgGi .
Q;= {(E,L,1,S,A,B,U) : = 0}, 17=0,1,23,4,
where, G ]-(E, L,1,5,A,B,U) is a Lyapunov function candidate. The following equalities, should be

used in the subsequent theorems:
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In (‘I’(AT)ETST) I (‘P(AT)ETSTL,() n (‘I’(Ak) )

¥(A)ES ¥ (A ExSiL ¥ (A)
+ln(%)+lm(%),
1n(%):1n(LLTkII")+1 (i—’i)
1n(17f) 1n(11kssk)+1 (Isi) where k = 1,2,3,4. (5.1)

Theorem 1. Suppose that Ry < 1, then Ag is globally asymptotically stable (G.A.S) and it is
unstable when K¢ > 1.
Proof. Define

A ¥(A
go—ClEOqD(E)—i—L+a+6L1+a+6L5+C1E0(A_AO_f ( O)dé)

E e avCy (3 kAo

yB(a+0L) yu(a+0oL) fhl ft
appvCaCs B+ aouCo U+n . x1(7) t_TT(A(S))E(S)S(S)dsdT

h1p t 3 t
+ 2 o f x2(7) f L(s)dsdt + orla +81) f x3(7) f I(s)dsdr.
G 0 f—1 aCr(C3 0 -1

We note that, QO(E L,I,S,A B U) > 0forall E,LIS,A B,U> 0and Gy(E,0,0,0,A,0,0) = 0.
We calculate 960 along the solutions of model (2.1)-(2.7) as:

aGo _ Eo a+0orL. a+0r. CEo Y(Ao) .

ar Cl(l_ E)E+L+ G T ans T (1_ ¥ (A) )A
ye(a+oL) ., yula+0or) d [ g
205702Cs B 200G U—I—na x1(7) I_TT(A(S))E(S)S(S)deT

atopd (T ff 61(a+6L)dfh3 ff
= dtfo x2(7) t_TL(S)deT—i- Gls i, x3(7) t_TI(S)deT'

Using system (2.1)-(2.7) we get

dGo

— =G (1——)[/\1;—17‘1’( )ES — SgE]

Ty
+ nf Xl(T)T(AT)ETSTdT - (ﬂ + (SL)L
0

)
+a+5L af )(Z(T)LTdT—(SII—yuIU]
aCy 0
atoL 5vfh3 (0)LdT - 5sS — y5SB
vials I ; X3\T)iz SO~ VB

L GiEo (1 _ ¥(Ao)

KAg ¥(A) )MA—KW‘Y(A)SA—(SAA]
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yg(a + (5L)

n )/u(a + 6L)
appvCa(3

SB — 0gB
los sB] aouCo

[oulU — 6y U]

1
- fo x1(7) [F(A)ES — ¥ (A,)E.S, dr

Ty a h3
+”+6Lf0 Xz(T)[L—LT]dHMfO (0l = L]dr.

G aloC3
Collecting terms we get
d E
% = (1 - fo) [AE — 0£E] + nC1 ¥ (A)EoS
o
- ZV; CLS 85S 4+ 1Y (Ag)EoS — nC1¥ (Ao)EoS
GiEo Y(Ao) C1Eo
+ Ao (1 ") ) [Aa—0aA] - A (F(A) —¥(Ap))nSA
_yslatdn), p oyul@ton) .
appvCr(3 aouCs
B E-E, (a+61)0s
=0 ( 3 ) [AE — OgE] + (UCl‘F(AO)EO - W)S
C1Eo
+nGEoS(Y(A) — ¥ (Ao)) + AT (A) (Y(A) =¥ (Ao)) [Aa — 0aA]
GiEo yB(a+0r) yu(a+or)
-— (Y(A)-Y(A A———6gB—- ———=oyU.
A (¥(a) (40)) 1S appvCa(3 % apuls u
Using the equilibrium condition Ag = 6gEo, and A4 = 64A0, we get:
aGo (E-Ep)?  (a+061)0s (aviiCalsn¥ (Ao)Eo B
s YT E  TTaEG (a+61)0s ')s
Ao C164Eo
+nC1EoS(Y(A) - ‘Y(AO))ITO + AT (A) (Y(A)-Y(Ag)) (Ap—A)
nCi1Eo yp(a+0r) yu(a+9dr)
-—S (YA -Y(Ay))) A————06gB—- ——=6yU
Ap S(¥(4)-¥(40)) agpvCals " aouCa U
E-Ep)? 01)0
— gop ETE | @00 g

E avCa(C3
nC1EOS C164E¢
AO KA()“F(A)
vB(a+0or) yu(a+oL)
-~ ogB-1—
appvCr(3 apulo

(Y(A) —¥(Ao)) (Ao —A)

oul.

Since Ry < 1and (Y(A) —¥(Ag)) (Ao —A) <0, then d% <O0forall E,S,A,B,U> 0. In addition
% = 0whenE = Ey, A = Agpand S = B = U = 0. Solutions of system (2.1)-(2.7) converge to o,

where E = Ey, A = Apand S = U = 0 [42]. Thus, S = 0 and Eq. (2.4) gives

13
0=5= 51vf x3(7t)l;dt = 1 =0, for all .
0
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Since I = 0, then [ = 0 and from Eq. (2.3) we have
. hz
0=I= tzf x2(1)Ledt = L =0, for all t.
0

Therefore, Oy = {Ag} and applying LIP [43], we obtain that Ag is G.A.S.
To show that instability of Ay we calculate the characteristic equation of system (2.1)-(2.7) at Ag

as:

0 = (c+06£)(c+08)(c+6u) +[c* + (a+ 8L+ 61 + 65 + 64)c> + [(a + 6.) (8 + b5 + 54)
+06504 + 51(55 + (5A)]C2 + (6[555,4 - T]ac_lc_zc_g,é[V‘Y(Ao)EO)C
+(a+ 61)610564 — nal1C2C301v04Y (Ao)Eo] -

Define a function where 7 (c) as

T(c)=c*+ (a+ 0L+ 0+ 05 +064)c + [(a+6L) (6 + 65+ 0a) + 0504 + 6155 + 64)]c
+ (616564 — 1l C2C30vY (Ao)Eo)c + (a + 61.)616564 — 1aC1C2C361v64Y (Ao) Eo

where (; = fo fi(t ~(etaitdr § =1,2,3, which is continuous on [0, ). We have

7 (0) = (a4 061)016504(1 = Rp) <0, when Ry >1,
im7 (c) =

C—00

Hence, 7 (c) has a positive real root and thus Ay is unstable. O
Theorem 2. If R; <1 < Rpand R, <1, then A; is G.A.S.
Proof. Define G, as:

1 I 0 S
gl—ClEch( )+L1<I>( )+a+ Lllcb(—)—i—a+ L51d>(—)
E Ll 11 51

aly av(r(3
GE fA Y (A1) ) yela+oL) . yula+or)
—A-A - d B
* KAl( ! 2, Y(&) ¢t oBavCa(s * oualy u
i t (Y(A(s))E(s)S(s) a+ oL
+77‘F(A1)Elsl‘f(; )(1("() j;TCD( \If(Al)Elsl )dd + 5 —I

& t(L(s) (a+o0)dr (™ Lo (1)
X T o dsdt + ————1 T dsdr.
j(: XZ()f (Ll) aCaC3 11; Xs()f (11)
We note that, G1(E,L,I,S,A,B,U) >0 forall E,L,I,S,A,B,U > 0and G1(E1, L1, 11,51,A1,0,0) = 0.

Qla

We calculate s:

dgG, _Cl(l_ﬂ)E+(l_ﬂ)L+a+5L(1_1_1)1

dt E L aCy I
EI—F(SL o1 ClEl T(Al)) . )/B(ﬂ+6L) ,
avis(3 (1 S )S + KA (1 Y(A) oBav(CrC3 B
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yu(a+6L) d g Y(A(s))E(s)S(s)
—Quﬂc U—I—T]‘Ij(Al)ElS dl‘f(; )(1(’1?) £T®( T(Al)Elsl )deT
a+ 0L d L(s)
+ 5 Ldt (1) ( X dsdt

(a+60)0r, d fhs I(s)
+WHE . )(3(’[) th) dsdr.

1

Using system (2.1)-(2.7) we get

d
Zl =q(1- _) [Ae — 7¥(A)ES — 6¢E]
1
+ (1 - ﬂ) nf X1(1)¥ (Ac)E;Sedt — (a + 5L)Ll
L 0
+6 I 2

LZ+6L( S fhs
n 1——)61/ D) L.dt — 5sS — v5SB
e S [ I . X3( )T S VB

KA1
ye(a+0or) yu(a+or)

+ ———={pgSB — 0gB| + —/—————=|oylIU - 64U
oBavCa(C3 los sB] oualy leu utl

i Y(A)ES  Y¥(A{)E:S: ¥ (A;)ES;
+”T(A1)E151f0 1) [‘I’(Al)Elsl_‘Y(A1)E151 Hn( Y(A)ES )]d

+a_‘C_25LL1f(;h2X (t )[L£1_I£_1+1 ( T)]d’c

+(”;T6CL3)5’11KSX( )[é—%ﬂ (Il)]df.

Collecting terms we get

d E
Zl - (1 _ fl) [)\E - 5EE] + Cln‘Y( )Els

1y L
- nf Xl(T)T(AI)ETSdeT + (a+06r)Ly
0

_H+6Lf 2(T)Le Ild +ﬂ+6L6111
G Jo

I aCy
a-+or a+or a+5L f 51
+ LU - 565 — 224
il VU T GG ol s(D)lgde
a+0op a+0or GE ‘F(A1>)
1 5351 + 351B + 1- As— 844
GG T T GG Y T A ( Y(A) [Aa = 0al]
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- SELISA (¥(4) - ¥ (A1)

yB(a+0r) yu(a+or)
VANV S A
oBav(r(C3 oualy

T
+ 1Y (A1)E1S, j(: x1(7) ln(%)d

a+or j% L. (a+4061)61 f% I,
+ L T 1n(—)dT+—I T ln(—)dT.
o ! 0 x2(7) L aCyls 0 x3(7) I

Using the equilibrium condition for A;:

oull

A = T]‘P(Al)fﬁsl + OEq, ((1 + 5L)L1 = T]C1‘P(A1)E151,
orlh = alyLy, 0sS1 = 01visli, Aa = k¥ (A1)S1A1+ 04A1,

we obtain,

61
dt

E—E{)?
= —claﬁ%

a4+ or fhl Y(A;)E:S:Lq a4+ o fhz L.I;
- L T dt — L T dt
g 0 x () ¥ (A1)E1S1L o 0 X2 >L11

a+6 s I.S
—GnY(A1)EiS - 5 LL1f x3(1) 22 dr
0

E
+5@+5gh-(w+mﬂyﬁ+@mwgnas

LS
((a o)y, (@t 5L)V353)B N ( (@+o)yu
wils 1 osavial aCa

% (Y(A)-Y (A1) (A1 —A) - (a+ 5L)L1‘1I;((AI;))

T?C1E1 a—+ 5L & ‘Y(AT>ETST
_A—l (T(A) —‘Y(Al))SA+ Cl L1\f0V Xl(T) ln(w)d'[

)
1)
+a+6LL1f Xz(T)ln(&)dT+a+6LL1f )d’(.
G 0 L & 0

I

(a + 5L))/u(3u)
1~ u
apulo

_|_

I
x3(7)In (
Then we get

E—-E;)?
% = —C16E( . 1) +5(a+06r)L1 - (a+6L)L1% +NGES(Y(A) - ¥ (A1)

a4+ or fhl Y(A;)E:S:Lq a4+ o fhz L.I;
- L T dt — L T dt
C] 1 0 Xl( ) "F(Al)ElSlL CZ 1 0 XZ( ) LlI

a+0p ‘]*3 1.5 (a+060)ys B (a+06L)yu Su
L dt + S - Lyp ST Sy
G ! 0 (7) IS ! avCy (3 151 QB] aCy [h Qu]

C104E1
KAl‘II(A)

(
NG E a+o,,. (™ ¥ (A )ES,
- (P(A)—Y(A;))SA+ @ Llf(; Xl(’c)ln(—)d’c

)
hy
+a+6LL1f Xz(r)ln(li)d7+a+6LL1f x3(7) In —T)d’c.
0 L C3 0 I

Y(A41)
¥(A)

+ (Y(A) -¥(A1)) (A1—A) - (a+061)L1
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Using the equalities given by (5.1) in case of k = 1, we get,

d% _ -claE(E_E—El)Z —(a+061)L [CD(%) + Cll me x1(7)
1)
q%)m = [ nme(E)
+é th3 Xs(T)d)(IITf;l)dTﬁL@(‘i(g)) ]
SO, ey 0D,y

C104E; NG E.S
YA T A

Since R1 < 1,and (Y(A) —¥(A1))(A; —A) < 0then B, = )6/—2 (R1-1) <0and A; dose not exists.
It follows that B = (S — g—g)B = 0B(S—52)B <0, then S; < S. Moreover, since R, < 1, then
Us = f—i{ (Ry—1) < 0and A; dose not exists. It follows that U = gy (I - Z—E)U =ou(I-L)U <0,
then I; < I3 and this gives % <O0forallE,L,IS,A, B, U> 0. In addition, % = 0 when E = E;,
L=L;,I=1,5S=5;,A=A;B=0and U = 0. Therefore, )1 = {A;} and applying LIP, we obtain
that A1 is G.A.S. O

Theorem 3. Suppose that 'R > 1 and R3 < 1 then A; is G.AS.

Proof. Consider

B E Ly a+dL (i)
QZ—C1E2¢(E2)+L2¢(L2)+ 5 L® A

a+or S GE A Y (Az)
* av(r(3 52® (5_2) * ®Ay (A ~Aa- fAz Y(&) dé)

o 0
ye(a+ L)qu)(ﬁ)Jr yu(a+oL)
opav((3 ouaCy

B U+ n¥(A2)E2S, fohl x1(1)
oA e o [ o

Clearly, G»(E,L,1,S,A,B,U) >0forallE,L,I,5,A,B,U > 0and G»(E, Ly, I, S2, A2, B2,0) = 0. We

calculate dd—tz as:

IO U el
a+6L(1_§)- ClEz(l_‘HAz))- VB(H(SL)(l_Bz)B

S+ ==
av(rC3 S KA Y(A) opav((3
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yu(a +01) d (M b [Y(A(s))E(s)S(s)
WTU+ T]‘Ij(Az)Ezszdt f(; )(1(’1?) ft\_,[ q)( T(Az)EzSZ )deT

5. d (" (L
+’leL LLzEf XZ(T)f q)(—(s))dsdf
2 0 t—1 2

(a+6.)6; gfhs f (@)
a2 ) x3(1) I b Ee

From system (2.1)-(2.7) we get

d
zz =G (1 - —) [AE—nY(A)ES — OfE]
Ly 4

+ (1 - f) nf Xl(T)‘F(AT)ETSTdT — (g + (SL)L

tZ + 61 5
aCy ( T) af 2(T)Ledt — 011 - yuIU}

[1 + 6L 52 3
e 1= [ o]
ClEZ T(Az)

T KA> (1 B III(A) ) [AA - KT]\F(A)SA - 6AA]
ye(at o) B yu(a+0or)
“opaviols (1 B )[Q SB = 05B] + — = loulU — bull]

g Y(A)ES  ¥(A;)E.S: Y(A.)E:S,
+"‘Y(A2)E252f0 x () [‘P(AZ)EZSZ " ¥(Ay)E»S, Hn( Y(A)ES )]d

a+o f’” [L L, .
+ L = - 4In ( )]d
o 0 x2(7) L, Lp L)%

o [ e[ - ()

Collecting terms we get

1{1- f) [/\E - 5EE] + T]Cl“Ij< )EZS

I L
. f X1 (0¥ (A)EeS; 2de + (a+ 0112
0

SR fh2 x2(T)L By, ot 6L)6112 et 6L)7/U12u
o Jo e aCy
it
(uatCiLC);/B S,B 4 iliz (1 _ Tf(éf))) [Aa = 54A]
. C;_EZ (¥(A) =¥ (A2)) nSA - %633
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yB(cH—(SL) )/B(El+6L) yu(a+6L)
_ BT g, ¢ LT T g, - L2 T
av(r (3 oBav(r(C3 oualy

1
—|—T]‘II(A2)E252\I(: )(1(7.’) ln(%)d

a+ 51 f“ L, (a+60)0r f% I,
+ L T 1n(—)dT+—I T ln(—)dT.
o 0 x2(7) L ayls 0 x3(7) I

Using the equilibrium condition for A;:

oull

Ag =¥ (A2)E2S2 + OgEa, (a4 01)Lo = nC1'Y (A2)E»Sy,

o
01l = alala, 085Sy = O1vC3ly —yBS2B2, Aa = kn¥(A2)S2A2 +04A2, So = Q—i
we obtain,
d E-E)? E
% = _6EC1% +5(a+06L)Ly — (a+ 6L)L2f2 + Gn¥ (A)E,S
61 + 0L f T(AT)ETSTLZ a-+o fhz L:I»
L dt — L d
G Jo x(1) Y(A)ESL G x2(7) Ll""
a+o s I.S
-G Y (A2)ExS - Lsz x3(1) =24t
G 0 IS
C1o4E; ¥(Ay)
—— (Y(A)-¥Y(A Ay —A) - L
G E> yu(a+9or) (a+06r)yu
- =—=—=nSA(Y(A)-Y(4y)) - ————6yU + ——DLU
L2205 (¥(4) - ¥(42)) - LU g 2,
a+oL f% ( maES) a+0; j‘ Gﬂ
+ L ) In| ————|dt + L ) In|—|dt
@ 20)(1() F(A)ES 5 20)(2() T
a+or (I_T)
+ A sz X3 i dr.
Finally we get
d E-E,)? E
% = _5EC1% +5(a+0r)Ly — (a+ 6L)L2f2 + GnE2S(Y(A) =¥ (Az))
a-+or f ‘P(AT)ETSTLZ a+or fhz L.I»
- L dt — L d
Cl 2 0 Xl(T) ‘P(AZ)EZSZL ‘ CZ 2 0 XZ(T) LzI t
ato, (LS C164E2
L [ () g+ A (H(4) - ¥(4) (2= )
Y(A2) GE
(@+00)Lag ot - HENSA (¥(4) - ¥(4)
a+ oL n ¥ (A¢)ES; a+op f’lz (L)
+ 2 Lz\fo Xl(T)ln( Y(A)ES dt + 5 L, ; Xx2(7)In 7 dt

N3 5
+a+5Lsz X3(T)1n(I—T)dT+—(a+ Lyu [12_5_u] L.
G 0 I alp ou
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_ _ou _ ally _ du _ ou (aCeouls 1) _ du _ .
We have L, = L4 and then I, ar = 5 = Qu( o 1) = Qu(‘K3 1), and using the

equalities given by (5.1) in case of k = 2, we obtain,

Gy (E—Ep)? Ex\ 1 (M Y (A¢)E.S:Ly
7 = —(SEClT (ﬂ+5L)L2 |:q>( )+ Cl f X1(T><D(W)d’(
1 (" L, 1 (T I:S> ¥(A2)
+C—2f(; XZ(T)CD(Lzl)d +C3f X3(T)¢(IZS)dT+®(‘I’(A))
[ C164E> CGinSEz (a+6L)yudu
KA ¥ (A) A aC20u

kWM—W&DMrA% (Ra-1)U.

If K1 > 1and Rz < 1 we get dgz <O0forall E,L,1S,A U > 0. Further, dgf = 0 when E = E,
L=1yI=1,S=S5,A=Aand U = 0. Solutions of system (2.1)-(2.7) converge to (), where,

I=ILand S = S,. Thus, S = 0 and Eq. (2.4) provides
0=8= OovC3ly — 6552 — ySoB = B = By, for all t.

Therefore, Q)y = {As). Applying LIP, we get A, is G.AS. O
Theorem 4. Suppose that R, > 1 and Rq < Rg3, then Az is G.AS.

Proof. Consider

E L a+or (1)
L3® Lo
E)+ 3 (L3)+ aCo 3 I3

a+ o Vu(ﬂ+5L)U3) C1E3( fA Y(As) )
S;P —(A-A3 d
* (ﬂVC2C3 - av(r (301 (53) * KA3 2, Y(&) ¢

(VB(ﬂ‘HSL) VBVU(H+5L)U3)B+VU<Q+5L)Uq)(LI)

Gs = GE;® (

avCC30B avCp (30108 ouaCy Us
& *(Y(A(s))E(s)S(s)
Y (A3)E d dsd
T (As) 353]; 1 () fm ( Y (A3)EsSs ) o

I t
—|—a+6LL3f )(2(’()[ @(&)dsd’[
G 0 t—r \ L3
(a4 610 )/u(a+6L)U3) th ff (1( ))
D dsd
+( alrC3 * aCrC3 I 0 x3(7) ¢ I3 st

We note that, G3(E,L,1,S5,A,B,U) > 0forallE,L,1,S,A,B,U > 0and G3(Es, L3, I3, S3, A3,0,U3) = 0.

We calculate g 3 as:
dg?) a+ 0L I3\ .
C(“"4E+@‘fﬁﬁ'@2@‘fy
a—+or Vu a+ 5L)U3) GiE; ( 1f(l‘b)) ;
1-=18 1- A
( VC2C3 avCC301 ( 5) * KA3 Y(A)

(VB g—{—(SL )/BVU(11+6L)U3)B )/U(a+6L) (1_ u3)u

av(,(308 av(2C30108 oualy u
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+ ¥ (A3)E3S3

a+6r, d fhz ft ( S)
+ L3— T b|—=
o B x2(1) 2\

dt

d fo i xa(1) x £ @(T(i((izfé?si (S))dsd’c

((a+5L)51
alrC3

From system (2.1)-(2.7) we get

dGs

dt

+yu(a+6L)u3)13if0th3(T) ftt q,(@)dsdf,

aloC3

— (1 _ %) [Ar — ¥ (A)ES — S¢E]

L;
+(1_L)
a+6L(
+
aCp

1-—

hy
1 [ 0@ AESde- o+ oL
0

7)

I

hy
af )(z(T)LTdT—éﬂ—)/qul
0

5)U s
(a+6L | yulato) 3)(1_§)[5Wf X3(T)11df—5ss—yBSB}
0

av(r(3

avC (301

S

n GiE; (1 _ 11I(A?’)) [Aa — k¥ (A)SA — 64A]

KA3

T(A)

yB(a+01) VBVu(a+5L)U3) yu(a+or) Us
SB—-06pB] + ———~(1- =
( av(C308 av(>C306108 los 5] + ouals ( u
i Y(A)ES
X [Qulu— 6UU] + TYT(A3)E353£ X1 (T) [m
Y(A;)E:S; ‘Y(AT)ETST)
T ¥(A3)E3S; Hn( ¥(aEs )|

a+ or iz [ L L, (LT )]
ot =\ a
+ ng(: x2(71) L L +In )]

G

((a+6L)61
aCrCs

Collecting terms we get

B _afi-

aCr(C3 Iz I3

+VU(£1+6L)U3)I3]:3X3(T> [i_I_T_Hn(ITT)]dT

E3

E

—) [Af — 0pE] + NG ¥ (A)E3S

L

1 L
- nf x1(T)¥ (A0 ES:=2dt + (a+ 61)Ls
0

a+op fhz I3 (a+0L)0r yu(a+or)
- L.—=d Is + LU
G J, ROt b ek
_(g—|—6L )/u(a—f—(SL)u;g)é S_((a+5L)5I+VU(a+5L)u3)
av(rC3 av(rC30; aCrC3 alrC3

)
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fis S 5 a+o)U
Xf )(3(T)IT—3dT—|—(a+ L +7/U( L) 3)6553
0

S avCy (3 av(r (301
a+0or yula+on)Us GEs [, Y(As) 3

(lZVCzCs; avCr (301 ))/BSSB * KA3 (1 ¥ (A) A1 =044]

GiEs (a+o6r)ys  yyula+ 5L)U3)
- — (Y(A)-Y(A SA — ogB

Az (F(A) =¥ (As))m ( av(r (308 avC (36108 b
B yu(a + 5L) Syl + j/u(ﬂ + 5L)(5u Us

ouaCy oualy

hy
+T]\F(A3)E3S3j; )(1(’[) ln(%)d’[

)
L
48 + 5LL3f x2(7) ln(f)d’c
0

G
(a + (SL)(SI ]/u(&l + 5L)U3) fh3 I,
I In{—|dz.
+( aCaC3 * aCaCs > 0 13(7) n(I) T

Using the equilibrium condition for Aj:

A = T]‘I’(Ag)E353 + OgEs3, (El + 5L)L3 = nCl‘f(Ag)EgSg,
o
aloLs = 6113 + yulsUs, 0sS3 = 01visls, Apx = kn¥(A3)S3A3 + 04As3, Iz = Q—ZI,

we obtain,

=AY
@:_5EC1—(E Es)

dt E

a+0p fhl Y(A)E:S:Ls . a+op f’lz
— L T dt — L T
G x(t) Y (A3)E3SsL G o x2(7)

L.l a+or f’“ 1,55
X dt —nC{Y(A3)E3S — L T dt
L. nC1Y (A3z)Es G B x3( )135

+ ye(a+0oL)Ls [53 _ 6—3] B4 C10aFs (F(A) - ¥ (As3)) (A5 - A)

E
+5(a+61)Ls ~ (a+61)La— + Ci¥ (A)EsS

VC3(5[I3 0B Kquj(A)
¥(As) GEs

Y(A) A—BUSA (Y(A) - ¥(A43))

atop (™ ¥(Ac)E:S: a+6p f’” (L)
L In| —-—=—° L In|=
+ @ sfo x1(7) n( ¥(A)ES dt + 5 B i x2(7) In B dt

i3
+a+6LL3f X3(T)IH(I—T)d’I.
Gs 0 I

—(a+06r)Ls

This yields

G5
dt

E-E3)? E
=00 ETE S0 s (0 0002 + GBS (¥(4) - (4)

a+or f’ll ¥ (A;)E.S.L3 a+or fhz L.I;
-—L T dt — L T dt
o " Js x1(0) ¥ (A3)E3SsL G 2 12(7) L3l
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or)L
i [ g 10 (s ),
0

TG s vGsdils \ Osou o8

+ LB () - 1) (A3 4) = 0+ 00)a g
_%nSA (‘Y(A)—‘I’(A3))+HJ(;6LL3 fo " xi(7)] (‘ﬁf ))EETSS )
+a226LL3f0h2X2( )ln(LL)d +”;5LL3IO 1n(7f)df

It follows that
d E - E;)?
@ = —515(,‘1u 5(a + (5L)L3 — (a + (5L)L3

dt E
n CA—TnSA (Y(A) —¥(43)) (A5 - A)

L Y(A.)E.S.L
-t [ o (”waf”+&%f‘z<fﬂd
0

Ej
E

G ¥ (A3)E3SsL )
a-+or fhs 1S3 ye(a+06L)Ls o (0351(5UVC3 )
_ L dr +
G 0 (7) IS ! vC36rl3 g\ 0OBOsou
C104E3 Y (Asz)

a+6L & T(AT)ETST a+6L fhz
L In| ————— |4 —L
+ @ 3£ x1(7) n( Y(A)ES T+ 5 3 ; x2(7)

13
xln( )d +a+6LL3f X3(T)1n(ll)d7.
& 0 I

Using the equalities given by (5.1) in case of k = 3, we get

_ 2
4Gy _ s \EZB)S —(a+5L)L3[ E3)+

hy
f xi(t
0

TI3 )
Ll dt

Eall

dt EMITTE E
‘P(AT)ETSTLg) 1 f
S|—————|dt + — <I>(
( ‘F(A3)E3S3L CZ
1 (T I.S;
+— T CD( ? )dT—I—CD(
G fo x3(1) IS
C164Es3 C11SEs
YA)-Y(A Az —A
| et SR () - () (A 4)
yB(a+061)Ls o (& _ 1)3
vi3oilz o \Rs
Since R, > 1 and R; < R, we get 0% <O0forallE L,I,S,A, B > 0. Further, % = 0 when E = Ej3,
L=1I131=1I3S =53 A= Az and B = 0. Solutions of system (2.1)-(2.7) converge to Q)3 where
L=1Lsand I = I3. Then = 0, and (2.3) provides

~

0= I = ﬂCZL?) - 6[[3 - )/u[g,u — U= U3, for all ¢.
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Therefore, Q)3 = {A3}. Applying LIP, we get A3 is G.A.S. O
Theorem 5. Suppose that Ry > Rz > 1, then A4 is G.AS.
Proof. Consider

Gi— C1E4<I>( )+L4<I>(L4)+ a;zz&ucp(h)

a+6.  yula+o)Uy S\, GE(, ,  ["¥(A) )
+(WC2C3+ avCr (301 )54 (54)+ (A Ad f dé

(VB(ﬂ +0or) | ysyula+ 5L)U4)B q)( ) yu(a+0r)
avCC30B avC 30108 *“\B, ouaCy

h f
-1-77"11(144)75454»[0 x1(7) jt‘_ qD(T(I‘LI"((jz;EI:EZ)Si(S))deT

) t
+ a+6LL4f )(2(’() f @(&)dsd’[
G 0 t—1 Ly

(a+06L)0; yu(a+6L)U4) fhs f (1(5))
+( aCrC3 * aCrC3 I 0 x3(7) t_TCD Iy dsd.

We note that, Q4(E,L,I,S,A,B, U) >0forallE,L,I,S,A,B,U>0and Q4(E4,L4,I4,S4,A4,B4, U4) =
0. We calculate % as:

dQ4 ( E4) ( L4) a+6L( 14)

=01 EE+1 LL+61C2 1 II

(a+5L yua+6L)u4)( c1E4(1 (A4>)A
avCs (s avCC30y Ay t(A)

1-=]§
5)s

ye(a+0r) )/BVu(a+5L)u4) By\, yula+or) A
1- ) LT
( avCaC30B avCrC30108 ( B) * ouaCy ( u )U
d (™ ' 15[’(1‘\(5))15(5)5(5))
+ HT(A4)E4S4dt f )(1(’[) jt‘_,[ CD( T(A4)E4S4 dsdt

a+o,. d iz t L(s)
+ C2 L Ef XQ(T) jt‘_TcD L_4 deT

+((a+6L)5I+W(ﬂ+5L)u4)I4; fhgm(r) ft CD(IE—S))dsdT.
t T 4

aC2Cs aCaCs
From system (2.1)-(2.7) we get
d
z“ = (1 - f) (A — ¥ (A)ES — 5gE]

+ (1 - Lf) {17 ‘fohl X1(7)¥ (Ar)E(Scdt — (a + 5L)L]

I 2
4 atoL (1——4) af X2(0)Ledt = &1 = Ul
aCZ I 0

a+ 0oL yu(ﬂ+5L)U4)( 54) fh3
i - -0 Idt — 55 — y5SB
(WC2C3 avCo(30; A R ; x3(7)I:dT — 65S — B
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GiE4 Y(Ag)
t A, (1 T

(VB(” +0o1) | ysyru(a+ 5L)U4)(1 _ B
avCyC308 avC (30108 B

yu(a+06r) Uy I

Y(A;)E.S; Y(A;)E:S; p
" ¥(A4)E4Ss ( Y(A)ES )]

a+or fh [L L L
+ L T ————|—ln(—)]d’[
o ) 2O|L L L

(a+5L)(5[ )/u<a+5L)U4 h3 1_1_7 ]_T
+( WGl Gl )I4fo ’“(T)‘h[u Iy +in()|ar

Collecting terms we get

d E
s 0 (1= 22 (e - 00 + T ¥ (A)ES

) [Aa — kY (A)SA - 04A]

) (0nSB - 008

Y(A)ES
¥ (A4)EsSs

hy L
- nf X1 (T)T(AT)ETSdeT + (a+06r)La
0

a+ or fhz Iy (a+0r)0r yu(a+or)
- LT_d + I +
G Jy oLt gk 0ty
_(a—|—6L )/u(11+(5L)U4)6 S—((a+6L)6I )/U(Q—FCSL)UA})
av(C3 av(rC301 s alrC3 aCrC3
s S a+o yu(a+06r)Uy
x L2247 + ( L )5 S
fo 13(7) s av(y (3 avC (301 524
a+0r yu(a+6L)Ll4) C1E4( Y(Ag)
S4B + 1-
(HVC2C3 wiGor ) P T A, Y(A)
yB(a + 6L) B )/u)/B(lZ + 5L)U4)6 B
avppCrC3 avppCa (301 B
B (VB(“ +061) | yuys(a+ 5L)U4)SB N (7/3(a +01) | yuys(a+oL)Uy
av(r (3 avC (301 avppCaC3 avppCr (301

a+o a+0L)o "
_ Méuu—F Mu4+1]‘F(A4)E4S4f Xl(T)
oualy ouaCy 0

¥ (Ar)E-S: atoL, Ly
In | LU ErT L 1(—)
X n( ¥(A)ES )d1+ 5 4f0 x2(7) In 1 dt

(El—|—6L)(S[ )/u(a+5L)U4) fh3 I;
I In|—)dr.
+( aCaCs * aCa2Cs ! 0 x3(7) n(l) ’

Using the equilibrium condition for Ay:

Lu

) [As = 5aA]

“GE ) —vay) nSA+(

OB

0
Ap = N¥(As)EsSs+0pEs, (a+01)Ls = nC1¥(Ag)EsSy, Iy =—, Sy= =L

ou’ 0B

Jout
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aCoLly = 01y + yulsUs, 0sSs = Ovi3ly —yBSaBa, Aa = k¥ (A4)SsAs + 04As,

we obtain,

4G _ (E — E4)?
T -0y 3

a-+ 6L fhl T(AI)EISTLA a-—+ 6L fhz LTI4
- L T dt — L T dt
o o MORaEsL T M 20

a+o s I.S
-G Y (A4)EsS - 2 LL4f x3(7) 2
0

E
+5(a+6.)Ls— (a+ 6L)L4f4 + &Y (A)EsS

14S

+ 15415—11}% (T(A) _‘F(A4)) (A4 _A) - (tZ + 5L)L4

CiE4

h1
—A—4775A( (A)—‘Y(A4))+a26LL4fo x1(7)

¥ (Ar)E:S; a+o,, (M L,
o[ HAES: L in(L2)
X n( ¥(A)ES )dT+ 5 4f0 X2(7)In T dt

It follows that

dGs

_ (E — E4)?
ar

E
~0pl1——F—— +5(a+01)La = (a+0u)La + GnEaS(¥(A) ¥ (Ay))
€l + 5L f T(AT)ETSTLLI a—+ (5L fhz LTI4
L T dt — L T dt
G *Jo x1(0) Y (A4)E4SsL G x2(v) Lyl

_a+(5LL fhs (T)ITS4 . C164E4
G LS T kA (A)

(o oLig - SEnsA (¥(4) - ¥(A)

a+9o n Y(A;)E:S; a+ o fhz
In|———F——|dt+ ——L
+ 2 L4f0 x1(7) n( Y(A)ES T+ o ; x2(7)

ato,, [ I,
xln(L)d + 5 L4‘f0 )(3("()111([)[1’17.

Using the equalities given by (5.1) in case of k = 4, we get

dGs (E—Ey)?
i - O

‘If(AT)ETSTL4) 1 f
q)( YANESL | TG
1 [ ISy ,

C104E4 CinSEy4
KA4\P (A) A4

(¥ (A) - ¥(A4)) (A4 - A)

hy
f xi(t
0

114 )
d
al ’

_ (a+6L)L4[ E4)+
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kwm—wm»mrA»
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Since R > R3 > 1, we get d% <O0forallE,L,1S,A > 0. Further, g“ =0whenE = E4, L = L4,

I =14, S = S4and A = Ay. Solutions of system (2.1)-(2.7) converge to QuwhichhasL =Ly, [ =14
and S = S;. Thenl = 0,5 = 0 and Egs (2.3)-(2.4) provide

0= I = ﬂC2L4 - 6[14 - )/u14u — U= U4, for all ¢.

0 =S = 6v(3ly — 6sS4 — ypS4B = B = By, for all t.

Therefore, Q4 = {A4). Applying LIP, we get A4 is G.A.S. O
Now we able to summarize the existence and stability conditions of the model’s equilibria (see
Table 1):

TasLE 1. Conditions of existence and global stability of equilibria.

Equilibrium point Existence conditions Global stability conditions
AO = (Ep,0,0,0,A,0,0) None Ro<1
= (E1,L1,11,51,4A1,0,0) Ro > 1 Ri<l<Rpand Ry <1
= (Ep, Ly, I,52,A2,B5,0) Ri>1 Ri>land Rz <1
= (E3,L3,I3,53,43,0,U3) Ry >1 Ry >1and Ry < Rs
= (E4,L4,14,54,As,Bs, Uy) Ri>R3z>1 Ri1>Rz>1

6. NUMERICAL SIMULATIONS

In this section, we conduct numerical simulation for model (2.1)-(2.7) to illustrate the theoretical
findings. We perform sensitivity analysis for the model. We demonstrate the effect of antibody
and CTL responses and time delays on the SARS-CoV-2 dynamics. Let us take a particular form
of the probability distributed functions as.

fi(t)=F(t—1;),i=1,2,3.
where F(.) is the Dirac delta function. When h; — o0, i = 1,2,3, we have
Lwﬁ(r)dr =1 and f:o F(t—1j)e %"dt =e %", i=1,2,3.
Moreover
f:o F(t—11)e "YW (A;)E(Szdt = e " (Aq, )Er,Sey,
fom F(t—1p)e " Ldt = e ML,

f F(t—13)e @ [dt = e ®%],.
0



30 Int. ]. Anal. Appl. (2024), 22:14

Then, model (2.1)-(2.7) becomes

E = Ap — n¥(A)ES — 6¢E,
L = ne ¥ (A, )Er, Se, — (a+ 01 )L,
[ =e%%gl,, — &1 -yyll,

$ = dve B, — 5sS — ypSB, (6.1)
A = /\A - K?]"Y(A)AS - (5AA,
B = QBSB - 6BB,

U = oyl - 5yU.

MATLAB’s dde23 solver will be used to numerically solve the DDEs system (6.1). Table 2 contains
the values of the parameters of model (6.1). We choose the function ¥ as ¥ (A) = WA—:A"' Forn =1

we have
% B nave—alﬁ—az”{z—agﬂg,l{f(AO)EO B nave—(xlTl—asz—a3T3AE/\A (6 2)
0~ (a+ 61 )05 " (a+61)05(ADESA + AudE) ‘

TaBLE 2. Model parameters.

Parameter Value Parameter Value

AE 5 ou Varied
O 0.1 Or 0.1
n Varied A 50
Os 0.1 aq 1
v 20 ) 1
or 0.1 a3 1
VB 0.04 T Varied
Aa 1 T Varied
K 0.3 T3 Varied
a 0.2 ou 0.1
n 1 oA 0.1
0B Varied OB 0.1
Yu 0.04

6.1. Stability of the equilibria. To show the global stability of the equilibria of system (6.1) we

take three initials as:

@)
—_
—~
4
—~
()
—
I~
—~
()
—
~
—~
()
—
0]
—~
()
—
BN
()
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C2: (E(6),L(6),1(6),5(6),A(6),B(6), U(6)) = (30,1.5,2,20,8.5,2.6,0.5),
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where 0 € [—max{ty, 72, 73},0]. Here, we set 7; = 0.7, i = 1,2,3 and select the values of 1), g and
oy as:

State 1 (Stability of Ag): n = 0.005, pg = 0.0003 and gy = 0.02. These values give Ry =
0.680313 < 1. Figure 2 demonstrates that for all starting values, the trajectories lead to the
equilibrium Ay = (50,0,0,0,10,0,0). This demonstrates the statement of Theorem 1’s that A is
G.A.S. In this state, the viruses are eventually cleared.

State 2 (Stability of A1): n = 0.02, gp = 0.0003 and gy = 0.02. With such selection we obtain
R1 = 0203822 < 1 < 2.72125 = Ry and R, = 0.916236 < 1. The equilibrium point A; exists with
A = (23.538,4.3802,4.3503,43.2059,7.4779,0,0). Figure 3 clearly demonstrates that the trajectories
eventually trend to A; for all initials, which is consistent with Theorem 2. This is the situation of
an infected person when both antibody and CTL responses are not engaged.

State 3 (Stability of A;): n = 002, gg = 0011 and gy = 0.02. This gives
Ri = 198082 > 1 and K3 = 0.362631 < 1 The numerical results show that, A, =
(38.9709,1.8256,1.8132,9.0909,9.2174,2.4521,0) exists. Figure 4 shows that, for all initials, the
trajectories eventually converge to Ay, which is consistent with Theorem 3. This case depicts a
person who has SARS-CoV-2 infection and only active antibody response.

State 4 (Stability of Az ): n = 0.02, pp = 0.0003 and gy = 0.2. With such selection we
obtain R, = 2.25768 > 1 and R; = 0.203822 < 13.6815 = Rj. The equilibrium point A3 exists
with A; = (43.1335,1.1366, 0.5,4.9659,9.5442,0,3.1442). Figure 5 clearly demonstrates that the
trajectories eventually trend to Az for all initials, which is consistent with Theorem 4. This state
depicts a person who has SARS-CoV-2 infection and only active CTL response.

State 5 (Stability of A4 ): 1 = 0.02, o = 0.07 and gy = 0.3. This gives R = 6.7694 > 1and R3 =
29211 > 1 and then R; > R3 > 1. The numerical results show that, Ay = (47.7525,0.372,0.3333,
1.4286,9.8608,3.2935,0.2711) exists. Figure 6 clearly demonstrates that the trajectories eventually
trend to A4 for all initials, which is consistent with Theorem 5. In this situation both antibody and

CTL responses are active against the SARS-CoV-2-infection.
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Ficure 2. Solutions of model (6.1) with initials C1-C3 converge to Ay =
(50,0,0,0,10,0,0) when R < 1 (State 1).
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Ficure 4. Solutions of model (6.1) with initials C1-C3 converge to Ay =
(38.9709,1.8256,1.8132,9.0909,9.2174,2.4521,0) when R; > 1 and R3 < 1 (State

3).
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Ficure 5. Solutions of model (6.1) with initials C1-C3 converge to Az =
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Ficure 6. Solutions of model (6.1) with initials C1-C3 converge to Ay =
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6.2. Impact of the time delay on the SARS-CoV-2 dynamics. We show the impact of time delays
71, T2 and 73 on solutions of the system as well as stability of Ag. We can see from Eq. (6.2) that
the parameter R is decreasing by increasing of the delay parameters 71, 7, and 73 when all other
parameters are fixed. Therefore, stability of Ay can significantly be changed based on 71, 72 and
73. Let us fix n = 0.007, gp = 0.0005, oy = 0.01 and vary 74, 72 and 73 as:

Dl: i =1 =13=0,

D2: 11 =1 =13 =0.5,

D3 t1=1m=1=1,

D4: 11 =1 =13 =15.

Further, we consider the initial condition:
C4:(E(0),L(0),1(0),5(0),A(0),B(0),Ub)) = (25,5,5,100,8,2.5,1.5),

where 0 € [- max{ty, 72,73}, 0]. Assume that 7 = 71 = 7, = 73, then Ry is given by

pave-(@tartas)i) A,
(LZ + 6L)65 (ﬂSCSE(SA + AA(SE) '
We see that R is a decreasing function of 7. Let 7, be such that Ry(7.) = 1. Consequently,

Ry =

Ro <1forall T > 7.

Hence, Ap is G.A.S when 7 > 7.,. Using the values of the parameters we obtain, 7., = 0.683757.
Therefore, we have the following cases:
(i) If T > 1o, then Ry < 1 and thus Ag is G.A.S.
(i) If T < 7., then Ry > 1 and thus Ag will lose its stability. Therefore, sufficiently large time
delay can stabilize the system around the equilibrium A,.
The impact of time delay on the system’s trajectories is depicted in Figure 7. It is evident that as
T increases, the concentrations of uninfected epithelial cells and ACE2 receptor increase, whereas

those of latently and actively infected cells, SARS-CoV-2 particles, antibodies and CTLs decrease.
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6.3. Impact of adaptive immune response on the SARS-CoV-2 infection. This subsection ad-
dresses the effect of stimulated rate constants gg and gy on the dynamics of system (6.1). We fix
the parameters 1 = 0.02 and 71 = 72 = 73 = 0.7 and vary the parameter gp and gy as:

H1: gz = 0.0003, oy = 0.02,
H2: g5 = 0.0035, gy = 0.16,
H3: gp = 0.07, oy = 0.3,
H4: g5 = 0.1, gy = 0.44.

Further, we consider the initial condition:

C5: (E(0),L(6),1(6),5(8),A(6),B(6),U(6)) = (30,2,2,20,8,2.5,0.5), 6 € [-0.7,0].

The impact of antibody and CTL responses can be seen in Figure 8. We observe that, as gz and oy
are increased, the concentrations of uninfected epithelial cells and ACE2 receptors are increased,
while concentrations of latently infected cells, actively infected cells and SARS-CoV-2 particles are
decreased. Therefore, antibody and CTL responses can control the SARS-CoV-2 infection. Note
that, Ry does not depend on gp and gy, therefore Ay can not be reached by increasing gp and
ou- This might contribute to the development of treatments for SARS-CoV-2 with the potential to
boost antibody and CTL responses.
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Ficure 8. Solutions of model (6.1) under the impact of adaptive immune response.

6.4. Sensitivity analysis. Sensitivity analysis is crucial in pathology and epidemiology when
modeling complex interactions [44]. Sensitivity analysis can help us assess how well we are
able to prevent the progression of the disease between-hosts and within-host. Three techniques
may be used to determine sensitivity indices: directly by direct differentiation, with the use of
a Latin hypercube sampling technique, or by linearizing the system and resolving the resultant
equations [44], [45]. With the use of direct differentiation, the indices in this study may be stated
analytically. When variables fluctuate dependent on parameters, you may get the sensitivity index
by using partial derivatives. The normalized forward sensitivity index of R is written in terms

of a parameter m as:

_ 1 IR
N ‘Ro om’
Using the values given in Table 2 and n = 0.005, gp = 0.0003, gy = 0.002 and 71 = 12 = 73 = 0.7,

S (6.3)

we present the sensitivity index S,, in Table 3 and Figure 9. Obviously, Ag, 1, A4, a and v have
positive indices. Clearly, Ag, 1 and v, have the most positive sensitivity index. In this state, there
is a positive relationship between the progression of COVID-19 and the parameters Ag, 1, A4, a
and v, when all other parameters are fixed. Parameters O, 0s, 64, 01, T1, T2, T3, a1, a2, @3, As and
n have negative indices, meaning that when the values of these parameters rise, the value of R
declines. Obviously, n has the most negative sensitivity index. As for, gp, ou, «, 01, 68, du, yp and
yu do not affect Ry.
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TasLE 3. Sensitivity index of Ry.
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Ficure 9. Forward sensitivity analysis of the parameters on Ry.

7. DiscussioN

Recent studies have demonstrated that the ACE2 receptor is crucial for the entry of the SARS-
CoV-2 virus into the target cell. Thus, there is an urgent need to comprehend the function of the
ACE2 receptor in the dynamics of SARS-CoV-2 under the effect of the adaptive immune response.
In this paper we develop a SARS-CoV-2 dynamics model with ACE2 receptor and adaptive immune
response. The model admits five equilibrium points as the following:

e Uninfected equilibrium (A) which is usually exists. It is G.A.S when R < 1 and unstable
otherwise. In this state, the concentration of SARS-CoV-2 particles eventually converges
to 0 and the COVID-19 patient will recover. Different control strategies can be applied to

make

T]ave—al’fl—az”(z—a;;”(?,/\EAA
<L
(a + (SL)(SS (ﬂségéA + AA(SE)
Examples of these strategies as:

Ro =

(i) using reverse transcriptase inhibitor (RTI) drugs with drug efficacy errs € [0,1] which lower
the parameter 1 as (1 — errr)n [25];
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(ii) employing protease inhibitor (PI) drugs with drug efficacy epy € [0, 1] to reduce the parameter
vas (1—epp)v [25];

(iii) using antiviral remdesivir (RDV) with drug efficacy erpy € [0, 1] to reduce the parameter a
as (1 —erpv)a [24];

(iv) developing new treatment which may enlarge the length of delay periods 71 or 75 or 73 [41];

(v) developing new receptor-targeted drugs which may inhibit the proliferation rate of ACE2
receptors A4 [34];

(vi) developing new receptor-targeted drugs which may increase the degradation rate of ACE2
receptors 64 [34].

We note that Ry is independent of the parameters that characterizing the antibody and CTL
responses. As a result, antibody and CTL responses only function to regulate infection rather than

to eradicate it.

e Infected equilibrium without immune response (A1) exists when Ry > 1 and it is G.A.S
when Rq <1 < Rpand R, < 1. In this case, the infection is there, but the immune system
is not responding. The reason for this is because when the concentrations of the viruses
and infected cells not be high enough to trigger an immune response (i.e. S < 6g/gp and
I <6u/ou)

e Infected equilibrium with only antibody response (A;) exists when R; > 1. Moreover, A,
is G.A.S when R3 < 1 < Ry. For this case, the body has enough number of viruses (i.e.
S > 0p/ o) which trigger the antibody response. However, the number of infected cells
still not enough to activate the CTL response (I < 6y /ou).

e Infected equilibrium with only CTL response (A3) exists when R, > 1. Moreover, A3 is
G.AS when R, > 1 and R; < Rj. For this case, the body has enough infected cells (i.e.
I > ou/ou) to trigger the CTL immune system’s response. However, the number of viruses
still not enough to activate the CTL response (i.e. S < 05/ 0p).

e Infected equilibrium with both antibody and CTL responses (A4) exists and is G.A.S when
R1 > R > 1. For this case, the concentrations of viruses and infected are high enough to
trigger the antibody and CTL responses (i.e. S > 6p/op and I > o1/ ou).

8. ConcLusiON

In this paper, we formulated a SARS-CoV-2 infection model to get an insight on SARS-CoV-2
dynamics taking the role of ACE2 receptor under consideration. The effect of latently infected cells
and both antibody and CTL responses on the SARS-CoV-2 infection was included. We toke into
account three distributed delays, including (i) the formation of latently infected epithelial cells, (ii)
the activation of latently infected epithelial cells, and (iii) the maturation of newly released SARS-
CoV-2 virions. We began by displaying the fundamental properties of the solutions, nonnegativity
and boundedness. We derived four threshold parameters, Ri, i = 0,1,2,3, which completely

determine the existence and global stability of the model’s equilibria. We used Lyapunov method
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to prove the global asymptotic stability for all equilibria. We solved the model numerically and
presented the results graphically. We found an agreement between the numerical and theoretical
findings. Sensitivity analysis was performed to establish how the values of the model’s parameters
affect the basic reproduction number Ry. We discussed the effect of ACE2 receptors, time delays,
adaptive immunity and latently infected cells on the SARS-CoV-2 dynamics. We established that
the proliferation and degradation rates of ACE2 receptors affect Ry, which may be important
knowledge for the development of potentially receptor-targeted vaccines and drugs. We showed
that the activation rate of the latently infected cells affect R, which may be important for suggest-
ing the use of RDV treatment. We demonstrated that while antibody and CTL responses play the
roles in controlling the SARS-CoV-2 infection, the viruses are not eventually eliminated by them.
Furthermore, extending the time delay can significantly lower R and inhibit the development
of COVID-19. This enables the development of numerous medicines that will lengthen the delay
period.
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