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Abstract. The Sobolev space over locally compact abelian group H*(G) is defined and we extend the
continuous wavelet transform to Sobolev space H°(G) for arbitrary real s. This generalisation of the
wavelet transform naturally leads to a unitary operator between these spaces. Further, the asymptotic
behaviour of the transforms of the L, function for small scaling parameters is examined. In special
cases, the wavelet transform converges to a generalized derivative of its argument. We also discuss
the consequences for the discrete wavelet transform arising from this property. Numerical examples

illustrate the main result.

1. Introduction

Most of the space that we are interested in end up bring topological groups. In this section we
define the terms topology and group so that we can work with them. We introduce the Haar measure,
which is a translation-invariant measure.

A set S becomes a group [1] if an operator, say +, can be defined such that
ex+(y+z)=(x+y)+z V xyze€S$S
e There exist an element O, such that x+0=04+x=x V x€S

e Foreach x € Sthered an inverse element x~! = x such that x+(—x) = (—x)+x = 0.

In addition, S is a commutative group if it is also true that x+y =y +x V x,y € S. Given a set
S, a topology T is a set of subsets on S that
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e contains S and the empty set ¢.

e |s closed under finite intersections and finite unions of subsets X.
S is a topological group if it is a group operation and a topology such that the maps a: G x G — G
are continuous, where a(x,y) = x +y and B(x) = x 1.
If S is locally compact, that is, every point in S is contained in a compact neighbourhood, and its
group operation is commutative, then we call it a Locally Compact Abelian (LCA) Group.

Given a topological space X, we define the Borel set as a set of subset of X such that:

e contains all subsets of the topology on X.
e |s closed under complements, countable unions and countable intersections of subsets.

e |s the smallest set of subsets that meets these condition.
A measure p on X is a function on the Borel sets where

o u(E) =73 w(E) if EC X and E = J;¢; Ei where E; is a countable pairwise disjoint set.
e (E) is finite for all E C X where the closure of E is compact.

A measure p is regular if for all Borel sets E, we have

W(E) = infisep(K) = supkcep(K).

wis invariant if u(x+ E) = u(E) Vvxe X.

Let M(X) be the space of all complex-valued regular measures on X where ||u|| = |u(S)] is finite.

A haar measure [10] is a measure that is non-valued, regular, and invariant. In fact, Haar measures
are unique up to a scalar, so we can call them Haar measure. That is, if m— 1 and m»> are both non-
negative, regular, translation-invariant measures on S, then there exists A > 0 such that m; = m».
The corresponding integral is called the Haar integral, which is translation invariant. That is, integrals
over a set £ and x + E are equivalent.

Given a LCA group [9] G, we define an LP(G) space to be the space of all complex valued functions
f on G such that the integral [ |f|Pdu exists with respect to the Haar measure. LP(G) becomes an

algebra under convolution, which is an important characteristic later on.

Definition 1.1. A complex function v on a LCA group [2] G is called a character of G if |y(x)| =1
for all x € G and if the function equation y(x +y) = v(x)vy(y) for all (x,y) € G Is satisfied. The set
of all continuous characters of G form a group I, the dual group of G. Now it is customary to write

(x,7) = ~v(x) satisfy the following properties:( [7], [2])

e (0,7)=(x,0)=1

o (—x,7)=(x, =) =07 =(x7)
o (x+y.v)=0x7.7)

o (X,71+72) = (X, 71)(x,72)
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Definition 1.2. The Fourier transform of f € L*(G) is denoted by F(fy) defined by [1]

) = [ feoxmax, 1)
and the inverse Fourier transform is defined by
f(x) ZLf(v)(X,W)dW,XE G. (1.2)

Some important properties of the Fourier transform can be proved easily: [6]
(i) 1Fllee(s) < IFlles).

(il) If f € L1(G), then f is uniformly continuous.

(iii) Parseval formula: If f € L}*(G) (N L?(G), then Hﬂ|L2(G) = Ifll2(6)-

(iv) If the convolution of f and g is defined as
(F+9)() = [ F(x= gy, (13)
G
then
(Fx9)(7) = F(V)7. (1.4)

Definition 1.3. For k,0 < k < g,k =ag+ aip+ ... + ac—1p* 1,0 < a; < p,i=0,1,2,3..c — 1,
we define

v(k) = (a0 + ar€r + ... + ac_16c_1)p (0 < k < q)
fork =byg+big++...+ac_1q°,0< b; < g, k > 0,we get

v(k) = v(bo) 4+ p~tv(by) + ... + p~Sv(bs)

Note that for k, | > 0, v(k+1) # v(k)+v(l). However, it is true that for all r,s > 0, v(rq®) = p~tv(r),
and forr,s > 0,0<t < ¢°,
v(rg®+1) = v(rg®) + v(t) = p~tv(r) + v(t).

We denote &, () by Xn(n > 0) and use the notation Np =0,1,2,3, ..... throughout this paper.
Distribution over LCA Group

We denote .(G) the space of all finite linear combinations of characteristic functions of the ball of G.
The Fourier transform is a homeomorphism of .#’(G) onto .(G). The distribution space of #(G) is
denoted by .7/(G).

The Fourier transform of g € .#(G) is denoted by F(w) and is defined by

f= /G f(x)(—x,w)dx,w e G

and the inverse Fourier transform is defined by

~

f(x) = / fw)(x,w)dw, x € G.
G
The Fourier transform and inverse Fourier transform of a distribution € .#/(G) is defined by

(FLo) = (£, ®), (", @) = (f,0"), for all ¢e 7(G).
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Definition 1.4. Sobolev space over LCA groups
Lets € G, Sobolev space over LCA group denoted by H(G), and defined by the space of all f € 7 (G)
such that

/ (1 +’Y(§)2)S|?(f)|2d§ is finite
GN
where f € L?(G), € € . We denote I' by the set

M={y:G" = 1[0,00):3cVa,B € GM(aB) < cy[¥(ax) +7(B)]}

Moreover, for f € H3(G); its norm ||f ||H§(G) is defined as follows:
s = [ (1+2©2) PR
GN

2. The Continuous Wavelet Transform

The wavelet transform is a tool for analyzing and synthesizing signals, with many applications
in geophysics and acoustics [4]. It has a lot of advantages compared to the Fourier transform,
e.g., the high-frequency components are studied with sharper time resolution than the low-frequency
components.

The transformed signal is composed of its inner product with shifted and scaled versions of a fixed
function called analyzing, or a basic wavelet.

Let f € L2(G) be the signal and 9 € L»(G) the analyzing wavelet. The mapping

() — |a|—1/2<f,1p<;b> >0, beG aeG\{0}, (2.1)

describes the analysis of f (up to constant factor), where < -,- > denotes the inner product in

L>(G). With an admissibility condition on % the right-hand side of (2.1) is an element in L, <(G X

G\ {0}), dg;’a and it is possible to synthesize f by these moments.
In the literature, one often finds the definition of the wavelet transform via an irreducible unitary
representation of the group of affine-linear transformations of the real axis ('ax + b’-group). Hence,
its essential properties are abstractly proved with the help of group theory (orthogonality relations).
In the next section, some known results will be verified without group-theoretical arguments in such a
way that the extension of the wavelet transform to Sobolev spaces becomes obvious. It will be seen
that the signal and the wavelet transform share the same Sobolev order. The preponderant part of
the paper deals with the asymptotic behaviour of (2.1) for small a. Without a heuristic frequency
analysis, our inquiry explains the basics of the widespread use of wavelet techniques in edge detection
and pattern recognition. It turns out that the right-hand side of (2.1) converges to a derivative of f,
as already observed for a very special example in [5], for a great class of basic wavelets .

We define it with the help of the shift operator as follows:

(TP9)(x) =g(x—b), beG (2.2)
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and the dilation-operator

(0%9)0) = 1al"29(%). 2 € Go1= G\(0) 23)
a unitary transform U(b, a) : L»(G, dt) — Lo(G, dt), where dt denotes the Lebesgue-measure, by
(U(b.2)9)) = (T*0°0)(x) = a9 *52 ). (b.2) € 6 x Gy (24)
To simplify further calculations, we introduce the Fourier transform on L'(G)
(FF)(w) = f(w) :/Gf(x)(—x,w)dx, w € G, (2.5)
leading to
FT? = (-b,w)F (2.6)
FD? = DYF, (2.7)
Hence we get
(U(b,a)g)"(w) = F(T?DPg)(w) = (—b,w)|a"/*G(aw) (2.8)

In the sequel we describe the wavelet transform, based on function .

Definition 2.1. A function 1 € L>(G, dt) is admissible if and only if ¢ is not identical to zero and
(U(, ). ), lies in L2<G x Go, dbda),

32

/ 0 [ K, . 9)2 T2 < oo, (2.9)

With "*" denoting the convolution [8], we reformulate the admissibility condition (2.9) as

. ,dbda . dbda
L fireomea 2= [ ] o wmrey

A =~ da
:/GO/GKD 9)(0)- D)o’

R 0 (2.10)
— [ [1alidc-acPrie)PeS;
Go JG a
7 2
w
= 13- [ e 0w,
¢ |wl
In the last step we substituted w = —ap an changed the order of integration. As a consequence we

can characterize the admissible functions.

Lemma 2.1. ¢ € L,(G, dt)\{0} is admissible if and only if the integral

0 2
/|¢(w)| dw exists.
Go

||
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Remark. As a necessary condition on the admissibility of an element ¥ € L»(G, dt) we derive

3(0) = /G W(t)dt =0 (2.11)

i.e. the mean value of 9 has to be zero, if the integral exists (e.g. if 9 is in addition integrable). We

call an admissible function also analyzing resp. basic wavelet or wavelet in short.

Theorem 2.1. Let  be admissible and f € L(G, dt), Let Cy = [ 2L dw. The integral

Lyf(b,a) =

kg, U(b, a)p),
W\/I?/ < >f(t)dt

defines an element of Lo (G X Gg, dgg’a)

(2.12)

Moreover Ly : L2(G, dt) — Lo (G x G, dgg’a> is an isometry.

Proof. Lyf (b, a) exists for any (b,a) € G x Gg because f and T°D?y are in Lo(G, dt). A similar

calculation to (2.10) results in

ILyfIP = / / Ly (b, 2)P 7207
/ / (U(b, )y, |2dbda (2.13)

PP,
f f
& 1R [ Pedu = e

]

Definition 2.2. The operator Ly : Lo(G, dt) — Lo <G x Go, dg;“) (4 admissible) is called wavelet

transform with analyzing (basic) wavelet 1.

3. Extension to Sobolev Spaces

In this section we extend the wavelet transform, which we defined on L>(G, dt), to Sobolev spaces

H*(G) and interpret its images as elements of the fiber space Lg((Go ), HO‘(G)> abbreviated by
F which is isomorphic to tensor product Lo (Go >®H°‘(G) as well as to the Sobolev space with

two variables H%2 <Gz, %

If 4 is a measure on Gg and (B, ||-||) an arbitrary normed space, then L5 ((Go, du(x)), (B, ||-||)) consists

of those ¢ € B which depend on a real variable and for which holds

/ 160 IPdu(x) < oo
Go
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H*(G), a € G, denotes the sobolev space of those tempered distributions <y having a regular and with
respect to the weight (1+(£)?)® square integrable Fourier transform 4. We sometimes call elements
of H*(G) signals.

From now on we assume 9 to be admissible and integrable. If 9 and f are real then Lyf is real.

Without loss of generity we assume % and f to be real. Under the assumption above we have

1
Lyf(b a) = fﬂ—bDaUh o

Y (3.1)

= ——=(D Y« f)(b).

VCy
From (2.7) we obtain the Fourier transform of L, with respect to its shift argument

VAN 1 1/2 ~ ~

(Lyf(-a) (w) = CT,J"?' Y(—aw)f (w). (3.2)

Fix a € Gg and let f € .(G), the Schwartz space on G. Let us now determine the H*(G)-norm of

Lyf (-, a). For that we need an inequality from Fourier analysis

D)l < (19l

leading to
Iaf ey = [ +AODFILar( ) (W) P
_ i 2\s —a A 21 F 2
- L @210 @)l (w) P -
§C2|D_%Mﬁ1[¥1+’ﬂﬁ2fﬁO®Fdw

= K(a, %) - 7By

where K(a,%) = & [allblx c)
The Schwartz space is dense in H*(G). Therefore we are in a position to extend Ly f (-, a) uniquely

for fixed a to a continuous mapping from H*(G) to itself.

Lemma 3.1. The integral operator Ly with an integrable and admissible v is an isometry from
H*(G), o € G to the fiber space 7%, i.e.

1
da\?
Ioflize = ( [1LorC RS ) = 1fla

Proof. It suffices to consider f € .#(G). The result is shown by a straight forward computation.

||L¢f||?9“a :/G /G(l +7($)2)5|(L¢f(-,a))A(w)|2dw§

; (3.4)

7 2 d
-2 | [as el e
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Substituting —aw = & and treating w > 0 and w < 0 separately leads to

1 H(€)]2 .
I /G |w|(§|)| g - /G (192 F(w)Pdw = | £

]

The signal f and its wavelet transform Ly f share the same Sobolev order. For a linear isometry U

between Hilbert spaces we have that see [12],
UxU=id and UU*is the orthogonal projection
(3.5)
onto range(U) (which is closed),

where U* is the adjoint operator of U. From statement (3.5) it follows immediately that the transform
Ly is inverted, on its range, by its adjoint L;, and that an element g € .#“ lies in range (Ly) if and
only if LwL;"pg =g.

Next we figure out an explicit expression for Ljfp D F* — H®  In what follows we use
f e SG),g(x,a) = gi(x) - go(a) with g1 € L(G), g € CF(Go) and N(a,w, o) = (1 +
Y(€)?)*(Lyf(-, a)) (w) - (9(-, a)) A (w). Setting up a scalar product on .F< in a canonical man-

ner, J
0 Ma = | (el A
we get ’

(wa,g)a:/G /G/\(a,w,a)dwjza. (3.6)

Applying two times the Cauchy-Schwartz (C.S) inequality leads to

da da
/ //\(a.w,a)dwzé/ ILyf (- a)llallg(, @)lla— < Ly fllzallgllza
Go JG a Go a

which allows to change the order of integration in (3.6).

(wavg)a:/(]- +(¢ /G \/; ) (w)(g( )" (w ) (3.7)

We abbreviate the inner integral by (Ag)(w) and estimate |Ag| to conclude that Ag € Lo(G, dt) :
@) < [ I(g(.2))'w)
Go
Again, we used the C.S. inequality and get

| VAstw)Pde < [ / (9(-.a) (@) 22 des = llg)%o. (3.9)

Consequently, there exists a Ag € Lo(G, dt) with

(Ag)Nw) = Ag(w) (3.10)

da
|2?. (3.8)

and now the equation (3.7) reads as

(Lyf 9)a = /G(l +7(6)%)° F(w)(Ag) (W) dw = (f, Ag)a. (3.11)
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In the last step, we determine Ag(x) using the fact that the integral
_ da
| 107wy @et. )" w)ldw; (3.12)
Go JG a
exists.

Ag(x) = /G (Ag) (w)(—x, w)dw

e g(,2)) (@)(x, w)d o2

1 1
= v L
- = (oo )05

r/c/m (557 a0

We showed that the operators Ly and A are disjoints of each other on pre-hilbert spaces of H resp.

(3.13)

F%. This property is inherited by their extensions. Accordingly the extension of A on % is identical

to pr. The abstract characterization of range (L) results in

Lemma 3.2. Range (Ly) C .F< is a Hilbert space with reproducing kernel

P(b, 3, b, a) = \ﬁ( W)(b b j)

g € range(Ly) < g(b, 3) = /G /G P(b, 3, b, a)g(b, a)

dbda

Proof. A direct calculation of Lwap proves the lemma. O

We will now determine the H*- distance of two wavelet transforms with different basic wavelets
and different argument functions to study the dependence of the transform on its wavelet and its

argument.

Lemma 3.3. For admissible and integrable ¥,y and f, g € H*(G),s € G, holds:

IIwa(na)—ng(na)llsé\/m<||\/% \ﬁIILIIIfIIerII\ﬁIILle 9ls.

Proof.
ILyf(- @) = Lyg(- a)lls = Ly f(- @) = Lyf (- a)llsliLyf(- a) — Lyg(:, a)lls
_ 235171 2| (P9 A (W) (D7) A (W) o )1/2
= ([ sremrop @R T
2512w - ) PN W) o )”2
#( L) - O
Performing the same steps as in (3.3) to each term of the sum yields the lemma. O

A direct application of lemma 3.3 gives
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Corollary 3.1. Let ¢ and f be as in the preceding lemma. Then
[Lyf (- a)lls = 0(+/1al).

4. Asymptotic Behaviour for Small Dilation Parameters

We adopt the assumptions on f and 4 from the last paragraph. In addition we assume without loss

of generality 9 to be real because the admissibility condition is valid not only for the real but also for

1 1 t—b>b

1 ~ N
=V /G (aw) F(w) (— b, w)duw

the imaginary part of ¥. Then

Lyf(b,a) =
(4.1)

is even in the second variable because 7 is. We restrict ourselves to the half-plane a > 0.

Considering (4.1) we realize that the integral expression looks like the v-average 1, x f of f with

Ya(x) =at-Y(a ).
(a * F)(b) = @wa(b, —a) = \/§L¢f(b, a). (4.2)

Indeed, we have
For ¥ € L1(G) (i.e. % is integrable) witth Y(t)dt = 1 the y-average of f converges to f in the
L>-norm, which means that

lim ||, * f — f|lo = 0. (4.3)
a—0

Unfortunately, a basic wavelet has a zero mean, and therefore (4.5) does not hold for the WT. Now

we are interested in whether an asymptotic behaviour like (4.5) is possible under certain assumptions

on the analyzing wavelet.

For the 1)-average of f we write Ay f(-, ), i.e.

b—t
a

Nyf (b, a) = (Yaf)(b) = (13/(;1#( )f(t)dt. (4.4)

Lemma 4.1. Let f € H*(G),s € G. Let ¢ € L1(G) with [, (t)dt = 1. Then we have
(i) Nyf(-,a) = f(-) in H*(G) as a — 0,
(i) dX(Ayf)(-, @) = Agp(d*F) (-, a) = a K(Agy F) (-, @), if d*p € L1(K).
(d* denoting k-th generalized derivative).
Proof. () llpa s f—Fl2= [, /(a,w)dw
where /(a, w) = (1 +7(£)?)°|f(w)[?|1 — P(aw)[>.
With M = sup,eg|l — P(aw)|? which exists by the lemma of Riemann-Lebesgue and is

independent of a we find

I(a,w) £ M- (1+7(6)?)°F(w)?
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as well as
aIi_r)n0 I(a,w) =0 a.e.
Applying the dominated convergence theorem vyields the assertion.
(i) Let {fu}nen C #(G) converge to f in H*(G). The equality dX(Ayfy) = AydXf, = A_k/\dkwfn
is valid in H~K(G). Since the operators Ay, and d* are continuous, the limits of the three

terms are equal.
O

Lemma 4.2. Let 0% o € HP(G),8 > 1. Then d¥g is admissible for 1 < k < 3.

Proof. First , it is easy to see that d*p is equal to zero if and only if o = 0 because zero is the only
constant in H%(G),s € G. Therefore we have d*p # 0. second, 8 — k = 0 implies d¥p € L»(G).

Third, we use the relation

(d“0)" () = i“()"a(")

to estimate
/ deQ)A(w)'Zdw _ / |w|2k—1|§(w)|2dw
Go |wl| Go
< [ +2©2 P law)Pdu < ol
The result follows from Lemma 2.2. O

Our investigations now focus on the WT with analyzing wavelet d%¢ € Li(G) with ¥ €
HP(G)NL1(G),B =1, and [ 9(t)dt =1 (thus ¥ itself is not admissible).

Theorem 4.1. Let f € H5(G),s € G, and ¥ € HA(G)(L1(G),B € N, with Jow(t)dt =1 and
d¥+p € L1(G) at least for one k € {1, ....., B}. Then

_ 1 1,
;@0|\WLdk¢f(') - ﬁd F(Mls—k =0,
where Cy abbreviates C jky,.

Proof. 4 is not identical to zero . According to lemma 4.2 d¥%) is admissible . with an application of

Ldk,l!)f(b, a) =4/ Cik/\dk,lpf(b, a)

Jk+1/2
= Ayd*f(b, a)
p
2
= ﬁdb (Ayf)(b, a).

lemma 4.1(ii) we restate
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Now we estimate

1 1
I~z Law a)—\—fdkf()us k= rndk[mpf(.,a)—f(.)]ns,k
rll/\wf( ca) = f()lls

using the boundedness of the differential operator from HS to H~k. The term on the right tends to

zero in part (i) of Lemma 4.1. This ends the proof. O

Remarks.

(i) Fors> %—I—k we have uniform convergence. This results immediately by Sobolev’'s Imbedding
Theorem [11].

(ii) For compactly supported 9 we know that L g, f (-, a) € H**™0(G) if f € H5(G), ¥ € HP(G),
and 1 £ k £ 3. Hence, in accordance with the theorem above, aH—ll/ZLdkwf(-,a) is an

approximation of ﬁdkf which is at least B levels smoother than its limit.

4.1. Local Convergences. In practical applications of wavelet transfrom, i.e., the analysis and syn-
thesis of time-dependent signals, the signal f is compactly supported. Even if this signal possesses a
high order of smoothness within its support, under a global viewpoint, we can only deduce that f is
square integrable over the real line, which means f € H(G).

By theorem 4.1, F@Ldkf approximates the k — th derivative of f only in H7%(R) although f is
local element of the Sobolev space H*(G) with s > 0 and therefore we would expect a kind of local
convergence in the stronger norm of HS~¥(G).

We specify the concept of local convergence. Therefore, we define the local Sobolev spaces [3].
Definition 4.1. Let Q2 C G be open.

H:, () = {f is a distribution|] V' C Q,Q'compact, 3Fgo € H*(G): f = gQ/onQ’}
is called local Sobolev space of order s.

Lemma 4.3. f € H?

loc

Qe f-®e H(G) VO e CP(Q2) suggests a concept of convergence in
(2). (C5°(K2) denotes the space of the test functions with compact support in 2)

loc

Definition 4.2. Let {F,},cn be a sequence in H7, () and f € H}

(local convergence) if and only if ||®f, — ®f||s converges to zero for any ® € C°(2).

(). {fa}nen converges to f in

loc loc

loc

Remark. This concept of local convergence is well defined because the limit is uniquely determined.

Without loss of generality, we assume that
supp(f)=[-T,T] = 1. (4.5)
Further we consider

feH,.(I° with I°=]-T,T[ and s€G. (4.6)
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For 0 < € < T let J. be the compact interval [—¢,€]. We know from real analysis that there is a
Fe € C5°(1°) which is identical to 1 on J.

Lemma 4.4. () Te()f () € H°(G)
(i) Te(-)f(-) converges to f in H5, (1°) as € tends to T .
(iii) Te(-)F() = () on  Hi ().
Proof. (i) Is the statement of Lemma 4.3.
(i) Let ® € C§°(/°). For sufficiently large €q with 0 < € < T we have supp(P) C Je for all €
with €p < € < T. This implies I f = ®f in H°(G) for €y < € < T and thus the assertion.

(iii) It is clear that both Icf and f are in H5,(J2). We still have to show equality. Let a test
function ® € C§°(J?) act on the distribution I¢f:

(Te(t)F (1), (1)) = (F(1), Te(t)P(t)) = (£(t), (1t)).

A local version of theorem 4.1 reads as

Theorem 4.2. Let fulfill (4.5) and (4.6). Let ¢ be defined as in theorem 4.1 and I as above. Then
—t73 Ly (Tef)(-, a) converges to \/Ldkf in HSK(J9) for any € €]0, T[ as a tends to zero.

loc

Remark. Even locally, we can reach convergence in the strongest norm.

Proof. First, we conclude that d“f = dX(If) in HS
P € C°(J2) on d¥(Tcf) :

K(J9) with the Leibniz rule and the action of

loc

k

(d¥(Tef), @) => <k> (d*=F, (d'T)®) = (d“f, d).
i

i=0
The last equality holds true because ¢[s pp() = 1.

Theorem 4.1 yields

Lgeg(Tef) (- a) — \—fdk(r () e HK(G).

To continue the proof, we need the boundness of the multiplication operator on H*. Let [] € .#(G)
and let Ty : H* — H® be defined by Trjf =[] .f. Then Ty is continuous for all a € G.We are now
able to prove the desired convergence in H5 %(J0).

Let ® € C5°(J9) C F(G):

k+1/2

1

Hq)(')WLdkﬂ'(ref)(':a) q’()fdkf(')ﬂsfk
< [Tl I 7z Lasn(Te( @) = Ze=d (TNl
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Under local conditions of smoothness on the signal, statements can be made about the order of

convergence.

Lemma 4.b. Let f be two times continuously differentiable in a neighbourhood of b €
G(e.g.f € H,OC(N), where N is the nbd of a topological group) Let 9 €

HP(K)NL1(G).B = Lwith [;¢(t)dt = 1 and suppm = M, where M is the subgroup of G. For
a > 0 sufficiently small holds

a2 gyf(b,a) = \/%f’(b) +0(a)
1

(prime indicates the first classical derivative).

Proof. Using the facts that for sufficiently small a df is equal to ' in M and that M(a) = supé €

M|f" (€)|exists, we obtain by the mean value theorem

|a2/2L gy f (b, a) — \/%f’(b)\ = %|Awdf(b, a) — f'(b)|
<= / w(E=2) 1) — F ()
1
f / \w( ? )= i
=K(a, b, f
with K(a, b, f) = M(a) [, [v(W)llyldy. O

Acknowledgement: This work is supported by CSIR grant No. 09/725(014)/2019-EMR-1.
Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the publi-

cation of this paper.

References

[1] M.M. Dixit, C.P. Pandey, D. Das, Generalized Continuous Wavelet Transform on Locally Compact Abelian Group,
Adv. Inequal. Appl. 2019 (2019), 10. https://doi.org/10.28919/aia/4067.

[2] A.G. Farashahi, Cyclic Wave Packet Transform on Finite Abelian Groups of Prime Order, Int. J. Wavelets Multires-
olut Inf. Process. 12 (2014), 1450041. https://doi.org/10.1142/50219691314500416.

[3] P. Gorka, T. Kostrzewa, E.G. Reyes, Sobolev Spaces on Locally Compact Abelian Groups: Compact Embeddings
and Local Spaces, J. Funct. Spaces. 2014 (2014), 404738. https://doi.org/10.1155/2014/404738.

[4] A. Grossmann, M. Holschneider, R. Kronland-Martinet, J. Morlet, Detection of Abrupt Changes in Sound Signals
With the Help of Wavelet Transforms, in: Inverse problems: an interdisciplinary study, Academic Press, London,
pp. 289-306, (1987).

[5] A. Grossmann, J. Morlet, T. Paul, Transforms Associated to Square Integrable Group Representations. |. General
Results, J. Math. Phys. 26 (1985), 2473-2479. https://doi.org/10.1063/1.526761.

[6] M. Holschneider, Wavelet Analysis Over Abelian Groups, Appl. Comput. Harmon. Anal. 2 (1995), 52—60. https:
//doi.org/10.1006/acha.1995.1004.

[7] C.P. Pandey, K. Moungkang, S.K. Singh, M.M. Dixit, M. Ado, Inversion Formula for the Wavelet Transform on
Abelian Group, Int. J. Anal. Appl. 20 (2022), 64. https://doi.org/10.28924/2291-8639-20-2022-64.


https://doi.org/10.28919/aia/4067
https://doi.org/10.1142/s0219691314500416
https://doi.org/10.1155/2014/404738
https://doi.org/10.1063/1.526761
https://doi.org/10.1006/acha.1995.1004
https://doi.org/10.1006/acha.1995.1004
https://doi.org/10.28924/2291-8639-20-2022-64

Int. J. Anal. Appl. (2023), 21:139 15

[8] R.S. Pathak, A. Pathak, on Convolution for Wavelet Transform, Int. J. Wavelets Multiresolut Inf. Process. 06
(2008), 739-747. https://doi.org/10.1142/s0219691308002628.

[9] A. Ghaani Farashahi, Wave Packet Transform over Finite Fields, Electron. J. Linear Algebra. 30 (2015), 507-5209.
https://doi.org/10.13001/1081-3810.2903.

[10] A.G. Farashahi, Galois Wavelet Transforms Over Finite Fields, Rocky Mt. J. Math. 49 (2019), 79-99. https:
//doi.org/10.1216/rmj-2019-49-1-79.

[11] W. Rudin, Functional Analysis, McGraw Hill, New York, 1979.

[12] J. Weidmann, Linear Operators in Hilbert Spaces, Springer, New York, 2012.


https://doi.org/10.1142/s0219691308002628
https://doi.org/10.13001/1081-3810.2903
https://doi.org/10.1216/rmj-2019-49-1-79
https://doi.org/10.1216/rmj-2019-49-1-79

	1. Introduction
	2. The Continuous Wavelet Transform
	3. Extension to Sobolev Spaces
	4. Asymptotic Behaviour for Small Dilation Parameters
	4.1. Local Convergences

	References

