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Abstract. We introduce a new type of vertex in fuzzy graphs, namely null vertex, which is neither a boundary vertex
nor an interior vertex. Here, we initiate a study on the null vertex in fuzzy graphs, explore its properties and establish

its presence in various types of fuzzy graphs.

1. INTRODUCTION

Zadeh [11] put forth the idea of fuzzy set and this idea brought about revolutionary changes
in the area of research. As Euler pioneered the concept of graph theory, Rosenfeld [7] developed
fuzzy graph theory in 1975. G. Chartrand [2,3] developed boundary vertex and interior vertex in
crisp graphs. Mini Tom [9] introduced boundary vertex and interior vertex in fuzzy graphs.

In fuzzy graphs, there exists some vertices which are distinct from boundary vertices and interior
vertices. Here, we introduce the idea of null vertex in fuzzy graphs. Null vertex in a fuzzy graph
is a vertex which is neither a boundary vertex nor an interior vertex. The null vertex, if it exists,
need not be unique. We study the structural characteristics of the null vertices and establish its
presence in various types of fuzzy graphs.

We prove that, a fuzzy end vertex in a fuzzy graph is a boundary vertex. In fuzzy path graphs
and fuzzy star graphs, there exists only boundary vertices and interior vertices. We also prove
that, there exists null vertices in fuzzy cycles, complete fuzzy graphs, fuzzy wheel graphs and
fuzzy helm graphs. For terms and definitions of metric spaces, reader may refer [8]. For terms and
definitions of graphs, refer [4].
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2. PRELIMINARIES

Definition 2.1. [5] A fuzzy graph (FG) is G : (V,0,u), V is the vertex set, 0 : V — [0,1],
p:VxV —|0,1] with
uip.q) <olp) nolq), Vp,q e V.

Definition 2.2. [10]InaFG G, a sequence of vertices po, p1, p2. - - pn, With p(pi1,pi) > 0,i =1,2,...n
is a path P. Length of P is

L(P) = Ly p(pi-1,pi)-
For two vertices p,q,let P = {P; : P;isap —qgpath,i = 1,2,...}. Sum distance from p to g is
ds(p,q) = Min{L(P;) : P;e P,i =1,2,...}
Definition 2.3. [6] An arc of a FG G with least membership degree is a weakest arc and the strength

of path P is the membership degree of the weakest arc. P is a cycle if pg = p,, n > 3, and a fuzzy

cycle if the number of weakest arcs in P is more than one.

Definition 2.4. [5] The maximum of the strengths of all paths from the vertex p to the vertex g is
the strength of connectedness, CONNg(p, q) between them.
If u(p,q) = CONNg_( ) (p,9), then (p,q) is a strong arc.

Definition 2.5. [1] The vertices p, g are neighbours in the FG G if u(p,q) > 0. If (p,q) is a strong
arc, then g is a strong neighbour of p. If g has exactly one strong neighbour, then g is a fuzzy end

vertex.

Definition 2.6. A FG G is strong if y(u,v) = min {o(u),0(v)}, V¥ (1,v) in E

Definition 2.7. A FG G is complete if u(u#,v) = min {o(1),0(v)}, Yu,vin V
3. Main Resurrs

Definition 3.1. [9] A vertex v in a FG G is a boundary vertex of a vertex u in G if
ds(u,v) = ds(u, w), for each neighbour w of v.

The boundary verticess of u is represented by u®.

v is a boundary vertex of G if v is a boundary vertex of some vertex of G.

Definition 3.2. [9] A vertex w in a FG G is an interior vertex of G if for each vertex u # w,d a

vertex v # w # u with

ds(u,v) = ds(u, w) + ds(w, v).
Remark 3.1. [9] A boundary vertex of a FG G is not an interior vertex of G.
Proposition 3.1. In a connected FG, a fuzzy end vertex is a boundary vertex.

Proof. Consider a FG G with vertices v;,1 < i < n. Let v; be a fuzzy end vertex. v; has only one

neighbour say, v,. Clearly,
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ds(vi,v1) > ds(v;,v2), 1<i<n.
Hence, v; is a boundary vertex of v;,i # 1in G. |

Theorem 3.1. In a fuzzy path graph P, all the vertices are either boundary vertices or interior

vertices.

Proof. Consider P, withverticesvy,v,.....v,. Asvy, v, arefuzzy end vertices, vy, v, are boundary
vertices by proposition 3.1. The vertices v;,2 < j < (n - 1) are interior vertices of P, since for every

vertex v;, da vertex vy, i # j # k with
ds(vi, o) = ds(v;,0j) +ds(vj,0r), 1<ik<n.
Thus, all the vertices are either boundary vertices or interior vertices. m]

Theorem 3.2. In a fuzzy star graph Kj ,, all the vertices are either boundary vertices or interior

vertices.

Proof. Consider the vertices v, 11, 12, .., u, in Ky , such that v is the central vertex and uq, uy, .., uy

are fuzzy end vertices. 11, uy, .., u, are boundary vertices by proposition 3.1.
Let p(ujv)=4a,0<a<l1
Since, ds(u;,v) =ds(v,u;) =a,1<i,j<n.
ds(ui,v) +ds(v,u;) =a-+a=2a
Also, ds(u;, uj) = 2a
Therefore, ds(u;, u;) = ds(u;,v) + ds(v,u;), Vi # j
So, v is an interior vertex. m]

Remark 3.2. In FGs, there exists vertices which are different from boundary vertices and interior

vertices. These vertices are termed as null vertices.

Definition 3.3. A null vertex in a FG is a vertex which is neither a boundary vertex nor an interior

vertex.

Theorem 3.3. A complete FG G = K,,,n > 3 with vertices v1,v;,v3,....,v, has exactly one null

vertex v1 when o(v1) is the weakest vertex.

Proof. Let G = K, n > 3 be the complete FG with vertices v1,v5,v3, . ..., 0.
Suppose v; is the weakest vertex with

o(v1) <o(v;) <20(vy),1<i<n.

The neighbours of vy are vy, v3,. ..., ;1.

Since v, is the weakest vertex,

ds(vi,m) = [J(UZ',U1) = O'(UZ'> /\O'(’(’)1) = 0'(01).
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ds(vi,v;) = w(v;,v;) <20(v1),i#1# ]
So, ds(v;, v1) < ds(v;,v}), for all neighbours v; of v;.
Hence v; is not a boundary vertex of v;.
Also, ds(v;,v1) = ds(v1,v) = o(v1).
ds(vi, v1) + ds(v1,07) = 20(01).
But, ds(v;,vj) < 20(v1).
Therfore, ds(v;, v;) # ds(v;,v1) +ds(v1,}), ¥V i, j, where i # j # 1.

Hence, v; is not an interior vertex.

Thus, v; is a null vertex. O

(0.4)v,

(0.7)vs

(0.6)vy 0.6 v3(0.6)
Ficure 1. Complete fuzzy graph Ks

Example 3.1. Figure 1 is the complete FG K5 with vertices v;,1 < i < 5, where v; is the weakest

vertex,
o(v1) =04,0(vp) =0.5,0(v3) = 0(vg) = 0.6,0(vs) = 0.7,
a(v1) <o(vi) <20(v1),1<i<5.
Since Ky is complete,
p(v1,v;)) =04,1<i<5,
w(v2,v3) = p(v2,v4) = p(vp,vs) = 0.5, u(vs, va) = p(vs,vs) = u(vs, vs) = 0.6.
Consider the vertex v;.

The neighbours of v; arev;, 2<i<5,
Here, ds(v2,v1) = 0.4,ds(vp,v3) = ds(v2,v4) = ds(v2,v5) = 0.5
v is not a boundary vertex of v, since, for the neighbours v3, v4, vs5 of v
dS (UZI 03)
ds (’02, ’01) < ds (Uz, 04)

ds(va,vs)
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Similarly, v; is not a boundary vertex of the other vertices and hence not a boundary vertex of Ks.
Since, ds(v;,v1) +ds(v1,0j) = 04+ 0.4 = 0.8,
ds(v;,v;) < 0.8,
ds(v;,v;) # ds(vj,v1) +ds(v1,0), i#1#].
i.e., 1 is not an interior vertex.

Hence, v is the null vertex.

Theorem 3.4. The strong fuzzy cycle C,,n > 3 with vertices v;,1 < i < n has exactly two null

vertices v; and v, when ¢(v,) = 0(v,-1) = b and o(v;) = a, otherwise, where
(n=2)a<b< (n—-1)a.
Proof. Consider the strong fuzzy cycle C,, n > 3 with vertices v;, 1 < i < n, taken in order,
o(vp) =0(v,m1) =b, o(v;))=a, 1<i<(n-2).
where (n—2)a<b< (n—1)a.
Since C, is strong,
w(vn, vy-1) = min{o(vy,),0(vy-1)} = b,
(vi,v;) = min{o(v;),0(v;)} = a, for all other edges (v;, v;).

Consider the vertex v; in C,,.
The neighbours of v; are v, and v,,.

Here, v; is not a boundary vertex of v;,i =2...n—-1, i#1,n,since
ds(vi,v1) < ds(vi, v,), for the neighbour v, of v;.
v is not a boundary vertex of v, since
ds(vy,v1) < ds(vy, v2), for the neighbour v; of v;.
Thus, v1 is not a boundary vertex of v;, = 2...n,i # 1

Consider the vertex v,_ in C,,.
The neighbours of v,_; are v, and v;,,_3.

Up—2 is not a boundary vertex of v;,i = 1,2,...(n—3),n, i+ (n—-1),(n—-2),since
ds(vi, vp—2) < ds(vj, vy-1), for the neighbour v,,_1 of v,,_,.
v, is not a boundary vertex of v,,_1, since
ds(Vp-1,vn-2) < ds(Vy-1,vn-3), for the neighbour v,_3 of v,_,.
Thus, v,—; is not a boundary vertex of v;,=1,2,...(n-3),(n—-1),n, i+ (n—-2)

Consider the vertex v,,_1.

For the vertex v,-1 in C;, there does not exist a vertex v; in C, such that
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ds(vn-1,0j) = ds(vp-1,01) +ds(v1,0;), 1#j# (n—-1)

So, v7 is not an interior vertex.
Similarly, Consider the vertex v,,.

For the vertex v, in C,;, there does not exist a vertex vy in C,, such that
ds(vy, vk) = ds(vy, v4-2) + ds(vy—2,vr), n#k#(n-2)

So, v,,_» is not an interior vertex.

Thus v1 and v,_5 are null vertices. m]

(0.1)vy v3(0.1)

(0.1)vy v4(0.1)

(0.45)vg v5(0.45)
Ficure 2. Fuzzy Cycle Cs

Example 3.2. Consider the strong fuzzy cycle C¢ in figure 2 with vertices v;,1 <i < 6.
Leto(v;)) =0.1,1<i<4, o(vs) =0(ve) =045
Since C is strong,

p(v1,v2) = p(v2,v3) = u(vs,va) = p(vs,vs) = p(ve,v1) = 0.1,  u(vs,ve) = 0.45.
Consider the vertex v;.

The neighbours of v; are v, and vs.

v1 is not a boundary vertex of v;,2 <i <5,i # 1,6, since
ds(vi,v1) < ds(vi, v6), for the neighbour vg of v;.
v is not a boundary vertex of vs, since
ds(ve,v1) < ds(ve, v2), for the neighbour v, of v;.
Also, for the vertex vs, there does not exist a vertex v is j # 1,5 such that
ds(vs,vj) = ds(vs, v1) + ds(v1,0;).

Thus 77 is not an interior vertex and hence v; is a null vertex.

Consider the vertex vy.
The neighbours of vy are v3 and vs.

v4 is not a boundary vertex of v;, 1 <i < 6,i # 4,5 since

ds(vi,va) < ds(vi, v5), for the neighbour vs of vy.
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v4 is not a boundary vertex of vs, since
ds(vs,v4) < ds(vs,v3), for the neighbour vz of vy.
Also, for the vertex vg, there does not exist a vertex v is j # 4,6 such that
ds(ve,vj) = ds(vs, v4) + ds(v4,vj).

Thus v4 is not an interior vertex and hence v, is a null vertex.
Corollary 3.1. The null vertex in a FG G, if it exists, need not be unique.

Theorem 3.5. In the fuzzy wheel graph W,,, there exists a null vertex v,, the apex vertex connecting
the other vertices v;,1 <i < (n—1), when

a, j=mn 1<i<n-1
u(vi,vj) = ,
b, otherwise

2a 4a :
=5 < b < =7, when n is odd,

20 Aa_ ]
5 <b< %, whenniseven.

Proof. The wheel graph W, is the join K; + C,,—;. Consider the fuzzy wheel graph W,,,n > 5 with
vertices v;, 1 <i < n—1, taken in order and v, be the apex vertex connecting all the other vertices
i, 1<i<n-1.

Case (1) When n is odd, n > 5.

a, j=mn 1<i<n-1
w(vi, 0j) = .
b, otherwise
2a 4a
g <b <%
Consider the apex vertex v,. The neighbours of v, are v;,1 <i <n-—1.

ds(vi,v,) =a

for the neighbours v; i1, vl._( 1) of v,.
2

So, vy, is not a boundary vertex of v;,1 <i<n-1.

We have, for1 <i,j< (n—-1),i #j,
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ds(vi,vn) = ds(vy,vj) = a

ds(vi,vn) 4 ds(vy,vj) =a+a =2a
Since, b < & i.e.,(”z;l) b<2a

n-1’

ds(vi, ?J]') < (712;1)b <2a

ie, ds(v;,v;) <2a.
So, ds(v;,v;) # ds(vi, vu) + ds(vy, V).

Thus, v, is not an interior vertex.

Hence, v, is a null vertex.

Case (2) When n is even, n > 6.

a, j=mn 1<i<n-1
u(vi,vj) =

b, otherwise

Consider the apex vertex v,. The neighbours of v, are v;,1 <i <n-1.

ds(vi,vn) = a
N R R CO LA

= (oo ) = ()0 =

S——

(0

N—
SN —
I
[
w
—_
&
<
S
|
SIS
~—
I
—_—
|=
N |
N
~—
S
N
-
\%
NIR

ds (Ui,Ui_(,%z
Since, n% <b, ie,a< (”2;2) b,
d (v‘,v‘ w2 )
ds (v, vy) < s\ T (22) i<g

ds (Ui/ ’01'—&-%) ’

for the neighbours v, +(12) Vit of v,.

for the neighbours Ul._( 52, Ui_,’_(n—z) of v,.
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for the neighbours vi_( 2), Vi1 of v,.
So, v, is not a boundary vertex of v;,1 <i<n-1.
Also,wehavefor1<i,j<(n—-1),i#j,

ds(vi,vp) = ds(vy,v;) = a

ds(vi, vn) 4 ds(vy,vj) =a+a =2a
Since, b < n%, ie., (”T_Z) b<2a

ds(v;,v;) < (”2;2)b <2a

ie, ds(vi,v;) <2a.
So, ds(v;,v;) # ds(vi, vn) + ds(vn, V).

i.e., v, is not an interior vertex.

Hence, v, is a null vertex.

U3 b U2

Ficure 3. Fuzzy Wheel graph W,

Corollary 3.2. Consider the fuzzy wheel graph W,,,n = 4 with

a, j=4 1<i<3
u(vi,vj) = .
b, otherwise

a<b<2a
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Consider the apex vertex vy.

The neighbours of vy are v;,1 <1 < 3.

We have ds(v;,v4) =a, ds(vi,vj)) =b, i#j 1<i,j<3

Sincea <b, ds(v;,v4) < ds(v;,v;5), for the neighbours v}, j = 2,3 of vy.

So, v4 is not a boundary vertex of v;,1 <7 < 3.

Also, for1<1i,j<3, i#jds(v,vj) =0,
ds(vi,v4) +ds(v4,0)) =a+a=2a

Since b < 24,

ds(vi,vj) # ds (v, v4) + ds(v4, 0)).

So, v4 is not an interior vertex.

Thus, vy is a null vertex.

Uy 0.3 U2

Ficure 4. Fuzzy Wheel graph W7

Example 3.3. Consider the fuzzy wheel graph W,,, n is odd. Consider W7 in figure 4 having vertices
v;,1 <i <6 and vy as the apex vertex.
06, j=7, 1<i<6
u(vi,vj) = _
0.3, otherwise
Consider the apex vertex vy.
The neighbours of vy are v;,1 <i < 6.
Here, ds(v;,v7) = 0.6 for i =1,2,....6
ds(v1,v4) = ds(v2,v5) = ds(v3,v6) = ds(va,v1) = ds(vs,02) = ds(ve,v3) = 0.9.
v7 is not a boundary vertex of v; since ds(v1,v7) < ds(v1,v4), for the neighbour vy of vy.

Similarly vy is not a boundary vertex of the other vertices v;,2 <i < 6.

Also,for1<i,j<6, i#j, ds(v;,v;) <09,
ds(vi, v7) +ds(v7,0;) = 1.2
So, ds(v;, vj) # ds(vi,v7) + ds(v7,v;) and hence, v7 is not an interior vertex.

Thus, v is a null vertex.
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Us 0.2 Vg

Ficure 5. Fuzzy wheel graph Wy

Example 3.4. Consider the fuzzy wheel graph W, n is even. Consider Wg in figure 5 having
vertices v;, 1 < i <7 with vg as the apex vertex.

04, j=8 1<i<7

u(vi,vj) = .

0.2, otherwise
Consider the apex vertex vs.
The neighbours of vg are v;,1 <i <7.
Here, d;(v;,vs) = 04 for i =1,2,...7
ds(v1,v4) = ds(v1,05) = ds(v2,v5) = ds(v2,06) = ds(v3,06) = ds(v3,07) = ds(v4,v1) = ds(vs,v7) =
ds(U5,Ul) = ds(v5, 02) = ds(v(,, 02) = ds(v(,, 03) =0.6.
vg is not a boundary vertex of v; since,

ds(v1,v4)
ds(v1,vg) <

ds(v1,vs5), for the neighbours v4 and v5 of vg

Similarly vg is not a boundary vertex of the other vertices v;,2 <i < 7.

For1<i,j<7, i#j, ds(v;,v;) <06
dS(Z)i, Ug) -+ ds(vg, Z)j) =04404=08
So, ds(vi, vj) # ds(vi,vs) + ds(vs, vj) and hence, v is not an interior vertex.

Thus, vg is a null vertex.

Theorem 3.6. In the fuzzy helm graph H,,n > 4, there exists a null vertex v, 1, the apex vertex

connecting all the other vertices u;,v;,1 <i < n, when

a, j=n+1, 1<i<n
u(vi,vj) =

b, otherwise

p(ui,vi) =b, Vi, where,

4a

—%7, when n is odd,

2a
m<b<

zn—” <b< %”, when 7 is even.
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Proof. Consider the fuzzy helm graph H,, n > 4 with vertices u;,v;,1 <i < n and v, is the apex

vertex connecting the other vertices.
Case (1) When nis odd, n > 5.

a, j=n+1, 1<i<n

u(vi, vj) = .
b, otherwise
p(ui,vi) =b, Vi

20 4a_
a1 <b <33

Consider the apex vertex v,41. The neighbours of v, 1 are v;,1 <i < n.

Since, =% n <D,

for the neighbours v,

for the neighbours v,

ds(vi, vy41) = a

nl
’() —_—
oo (o)) = (5

_nl |
(Uw __1)— T b, i=%5"

(o)) -
(o)) -
SRR

(Ull _ L
2

ie.,a< (”T_l) b,

a (Z),v. - )
ds(vi, Up11) < T\ () 1= 11—21—1’
s (010 (1))
+(Tl)lvi_(%) Of'(]n+1.
d (v',v‘_ et )
ds (0, Un41) < () i>n;1,
S(Z’"”f—@))'

for the neighbours Ui_<n-1 ) vi_<%> of v,11.

2

So, v,41 is not a boundary vertex of v;,1 <i < n.

ds(uj,vp41) =a+0b
s (12 o)) = s 101 ) ) = (1), 1< 258

) R e e

SN—"
S
-
I
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n+1 c o htl
10t = e () = ()0 7> 28

dJ%%H%ﬁ il
I CENE) A

for the neighbours UH_(%), vi+( w1 of v,11.

d (u‘,v. et )
ds(ui,vnH) < T\ l+( 2 ) 1= Tl—2|—1,
o)
for the neighbours v, (55 v, (151) of v,11.
) B

ds (ui/ On+1 ) <

. i>—=
fsi)
for the neighbours vl._( w1y, vi_( n1) of v,11.

So, v,41 is not a boundary vertex of u;,1 <i < n.

Thus, v,11 is not a boundary vertex of H,, n > 5.
Also,for1<i,j<m,i#j

ds(vi, Upy1) = ds(Vny1,07) = a
ds(v;, Vpg1) + ds(Vpg1,0j) =a+a =2a
Since b< -2, e, (%1)b<2a
ds(v;,v;) < (”T_l)b < 2a.
ie, ds(vi,v)) <2a.

So, ds(vi/ ZJ]) * ds(vi/ Un-i—l) + ds(Un-H/ U])

ds(uil vn+l) == dS(Ui’lJrl/u]) =a + b

ds (i, vp11) +ds(vny1,uj) = 2(a+b)
Since, ds(u;,uj) <2a+2b
ie., ds(u,u;) <2(a+b).

ds(ui,uj) # ds(ui, Uni1) +ds(Vni1, 1)
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Also, ds(u;, vy1) =a+b, ds(vyy1,0j) =a

ds(ti, U y1) +ds(Vny1,0;) =2a+Db
But, ds(u;,v;) <2a+b

So, ds(u;,vj) # ds(wi, vny1) + ds(Vny1,0))

Thus, v,,41 is not an interior vertex.
Hence, v;, 11 is a null vertex.

Case (2) When n is even, n > 4.
a, j=n+1, 1<i<n
u(vi,vj) = .
b, otherwise
p(uj,vi) =b, Vi

2a 4a
7<b<7

Consider the apex vertex v,41. The neighbours of v, 41 are v;,1 <i < n.

ds(vi, Vy11) = a

NI=

ds(0;,0) = ()b, i<

ds(vi,vi_§) = (%)b, 1> %

Since, 27” <b, ie,a<?%b.

N

ds(v;,0;00),1 <
ds(vi,0n+1) < S( 17 l-‘r;)l

7

NIR o

ds(vi, vj_1),i >

for the neighbours v; 4, v;_z 0of v,41.
So, v,41 is not a boundary vertex of v;,1 <i < n.

ds(ui, Uny1) =a+b

n
2

dy(it;,vi45) = (B)b+b=(2+1)b, i<

n

ds(ui,vin) = (5 +1)b, i>3

Sincea <3b, a+b<zb+b,

ie,a+b<(5+1)b,

ds(ui, Z)i+%), i<

ds(ui/ UnJrl) < .
ds(ui,vi_%), 1>

NIR =

So, v,41 is not a boundary vertex of u;,1 <i < n.
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Thus, v,,41 is not a boundary vertex of H,,n > 3.
Alsowehave, for1 <i,j<n,i#j
ds(vi, Upy1) = ds(Vny1,07) = a
ds(vi, Upq1) +ds(Vpq1,0j) =a+a=2a

. 4 .
Since, b< 3, ie,(5)b<2a,

ie, ds(vj,v)<2a.

So, ds(v;,v}) # ds(vi,Vpy1) + ds(Vny1,9)).
ds(uj, Vpt1) = ds(vpq1,uj) =a+b
ds(ti, Vny1) +ds(vVny1,u;) = 2(a+b)
But, ds(u;, uj) < 2a+2b
ie., ds(ui,u;) <2(a+b)

So, ds(ui,uj) # ds(ui, vni1) + ds(vnt1, 1)
ds(ui,On1) =a+b,  ds(vn1,0)) =a
ds(ti, Uny1) +ds(Vny1,07) =2a+Db
But, ds(u;, v;) <2a+b
So, ds(uj,vj) # ds(u;, p11) + ds(Vn11, 7))
Thus, v;,11 is not an interior vertex.

Hence, v,,11 is a null vertex.

Ficure 6. Fuzzy Helm graph Hj
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Corollary 3.3. Consider the fuzzy helm graph H,,,n = 3 with

6, j=4, 1<i<3
w(vi, vj) =

b, otherwise

y(ui,vi) = b, Vi
a<b<2a

Consider the apex vertex v.

The neighbours of v4 are v;,1 < i < 3.

We have d;(v;,v4) =a, ds(v;,0j) =b,1<i,j<3,i# ]

Sincea <b, ds(vi,v4) <ds(v;,0;), for the neighbours vj, j = 2,3 of vy.

i.e., v4 is not a boundary vertex of v;,1 <i <3,

We have ds(u;,v4) =a+b, ds(u;,v;) = 2b.
Sincea<b, a+b<2b
ds(u;, v4) < ds(u;, v;), for the neighbours v;, j = 2,3 of vy.

i.e., v4 is not a boundary vertex of u;,1 <i < 3.

Also,for1<1i,j<3, i#]
ds(Ul‘,U]‘) =b.

ds(vi,v4) +ds(v4,0}) = a+a = 2a.
Since b < 24,

ds(vi,v;) # ds(vi, v4) + ds(v4, ).

ds(ui,vj) = b+b = 2b.

ds(ui,v4) + ds(vg,0j) =a+b+a=2a+b.
Since b <2a, ie,2b<2a-+b,

ds(ui,vj) # ds(ui, v4) + ds(v4, ).

ds(uz-, u]-) = 3b,

ds(ui,v4) + ds(vg,uj) = 2(a+b),
Since b < 2a, ie.,3b<2(a+D),
ds(ui, uj) # ds(u;, vs) +ds(vg, u;).

So, v4 is not an interior vertex.

Thus, v4 is a null vertex.
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Ficure 7. Fuzzy Helm graph Hs

Example 3.5. Consider the fuzzy helm graph H,,, n is odd.

Consider Hs in figure 7 having vertices u;,v;,1 = 1,2,...5 and vs as the apex vertex.

04, j=6, 1<i<5
u(vi,vj) = ,
0.3, otherwise
y(ui, Z)i) = 0.3, Yi

Consider the apex vertex v.
The neighbours of vg are v;,1 <i <5
ds(vi,v6) =04 for i =1,2,...5
ds(v1,v3) = ds(v1,04) = 0.6.

ds(vq,0
d5(01,2)6) < s( ! 3)

ds(v1,v4), for the neighbours v3 and vy of vg .
So, v6 is not a boundary vertex of v;.

Similarly v is not a boundary vertex of the vertices v;,2 <i <5.

ds(ui,v6) = 0.7 for i = 1,2,....5
ds(ul,v3) = ds(u1,04) =09

ds(ull 03)
ds(ul,v6) <

ds(u1,v4), for the neighbours v3 and v4 of v,

So, ve is not a boundary vertex of u;.

Similarly vg is not a boundary vertex of the vertices u;,2 <i < 5.

Fori+#j,1<1i,j<5,
Since, ds(’(}i, ’0]') <0.6, ds(vi, 776) —+ ds(’06, ’0]') =0.5,
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ds(vi,vj) # ds(v,v6) + ds(ve, v}).

Since, ds(u;,v;) <0.9, ds(u;,ve) 4 ds(ve,vj) = 1.1,
ds(u;, v;) # ds(ui, ve) + ds(ve, v}).

Since, ds(u;, uj) <12, ds(u;,v6) +ds(ve, u;) = 1.4,
ds(ui,u;) # ds(u;, ve) + ds(ve, u;).

Thus, vg is not an interior vertex.

Hence, vg is a null vertex.

Uy Us

0.2 0.2

0.3
0.2 vs 0.2

Ficure 8. Fuzzy Helm graph Hy

Example 3.6. Consider the fuzzy helm graph H,,, n is even.
Consider Hy in figure 8 having vertices u;, v;, 1 = 1,2,...4 and vs as the apex vertex.

03, j=5 1<i<4

u(vi,0j) = ,
0.2, otherwise
p(ui,vi) =02, Vi

Consider the apex vertex vs.
The neighbours of vs are v;,1 <i <4
Here, d;(v;,v5) = 0.3 for i =1,2,..4
ds(vq,v3) =04
v5 is not a boundary vertex of vy since, ds(v1,vs) < ds(v1,v3), for the neighbour v of vs.
Similarly vs is not a boundary vertex of the vertices v;,2 <i < 4.
ds(u;,vs) =05 for i=1,2,..4
ds(u1,v3) = 0.6
v5 is not a boundary vertex of u; since, ds(u11,v5) < ds(u1,v3), for the neighbour v3 of vs

Similarly vs is not a boundary vertex of the vertices u;,2 <i < 4.
Since, ds(v;,vj) < 0.4, ds(v;,vs) +ds(vs,v;) = 0.6,

ds(v;, v;) # ds(v,v5) + ds(vs, V).

ds(ui,vj) <06, ds(u;,vs) +ds(vs,v) = 05+03 =0.8,
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ds(u;, v;) # ds(ui, vs) + ds(vs, v)).
ds(ui,uj) <0.8, ds(u;,vs) +ds(vs,uj) =05+05=1,
ds(ui,u;) # ds(u;, vs) + ds(vs, u;).
Thus, vs is not an interior vertex.

Hence, vs is a null vertex.

4. CONCLUSIONS

We presented the novel idea of null vertex in FGs, which is a vertex distinct from boundary
vertex and interior vertex. Null vertex is a vertex which is neither a boundary vertex nor an
interior vertex. We investigated that null vertex in a fuzzy graph if it exists need not be unique. We
established the presence of null vertex in some graphs such as complete FGs, fuzzy cycles, fuzzy
wheel graphs and fuzzy helm graphs.
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