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Abstract. The aim of paper, we give the concept bipolar fuzzy, almost quasi-ideal in semigroups. We present the
properties of bipolar fuzzy, almost quasi-ideals in semigroups. Moreover, we prove the relationship between almost

quasi-ideals and bipolar fuzzy quasi-ideals in semigroups.

1. INTRODUCTION

The theory fuzzy sets are a kind of proper mathematical structure to represent a collection of
objects whose boundary is vague, which was studied by Zaden in 1965 [10]. In 1994 Zhang [11] ex-
tended the concept of the fuzzy set to bipolar fuzzy sets, which is an extension of fuzzy sets whose
membership degree range is [-1,0] U [0,1]. A bipolar fuzzy set is the membership degree of an
element means that the element is irrelevant to the related property, the membership degree of an
element indicates that the element somewhat satisfies the property, and the membership degree of
an element indicates that the element somewhat satisfies the implicit counter-property. The ideals,
introduced by her are still central concepts in ring theory, and the notion of a one-sided ideal of
any algebraic structure is a generalization of the notion of an ideal. The almost ideal theory in
semigroups was studied by Grosek and Satko in 1980 [2]. In 1981, Bogdanvic, [3] established defi-
nitions of almost bi-ideals in semigroups and studied properties of almost bi-ideals in semigroups.
Later, Chinram gives definition definitions of the types of almost ideals in semigroups such that
almost quasi-ideal [9], almost i-ideal, (m, n)-almost ideal. In 2019, Murugadas et al. [7] studied

fuzzy almost quasi-ideals in semigroup. They proved the basic properties of almost quasi-ideals
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and fuzzy almost quasi-ideals in semigroups. In 2020, Chinram et al. [4] introduced almost interior
and weakly almost interior ideals in semigroups and studied the properties of its. Recently N.
Sarasit et al. [8] studied almost ternary subsemirings.

In this paper, we define bipolar fuzzy almost quasi-ideals in semigroup, which it is developed
to study on bipolar fuzzy sets. We investigate the fundamental properties of bipolar fuzzy almost

quasi-ideals in semigroups.

2. PRELIMINARIES

In this section we give the concepts and results, which will be helpful in later sections. A
subsemigroup of a semigroup E is a non-empty set K of E such that KK C K. A left (right) ideal of a
semigroup E is a non-empty set K of E such that EK € K (KE C K). By an ideal of a semigroup E,
we mean a non-empty set of E which is both a left and a right ideal of E. A subsemigroup K of a
semigroup E is called a bi-ideal of S if KEK C K. A subsemigroup K of a semigroup E is called a
quasi-ideal if KS N SK € K. An almost ideal K of a semigroup E if tKNK # @ and Kr N K # 0 for all
t,r € E. An almost quasi-ideal K of a semigroup E if (KsNsK)NK # @ foralls € S.

Theorem 2.1. [7] Every quasi-ideal of a semigroup E is an almost quasi-ideal of E.
For any h; € [0,1],i € J, define

V hi:=supih;} and A h; := inf{h;}.
165 ey ieJ (N8

We see that for any h, 7 € [0, 1], we have

hvr=max{h,r} and hAr = min{h,r}.

A fuzzy set (fuzzy subset) of a non-empty set E is a function
S:E—[0,1].
For any two fuzzy sets 9 and & of a non-empty set E, define the symbol as follows:
(1) 9>& o 8(h) > &(h) forallh € E,
2) 9= 9>&and &> 9,
(3) (SAE&)(h) =min{S(h),E(R)} = S(h) A&(h) forallh € E,
(4) OV E)(h) =max{d(h),&(h)} = S(h) Vv &E(h) forall h € E.
(5) 9 c&if 3(h) < &(h),
(6) (SU&)(h) =max{d(h),&(h)}and (SN E)(h) = min{d(h),&E(h)} forall h € E.
(7) t

7) the support of 9 instead of supp(9) = {h € E | 9(h) # 0} For the symbol 9 < &, we mean & > 9.

Definition 2.1. [6] A bipolar fuzzy set (BF set) S on a non-empty set E is an object having the form
= {(h, 9 (h),9"(h)) | h € E},

where 9 : E — [0,1] and 9" : E — [-1,0].
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Remark 2.1. For the sake of simplicity we shall use the symbol § = (E;S7,9") for the BF set § =
{(h, 97 (), 8" (h)) | h € E}.

The following example of a BF set.
Example 2.1. Let E = {41,42,43...}. Define 9 : E — [0, 1] is a function

0 ifhis old number
W (u) =
1 if his even number

and 9" : E — [-1,0] is a function

-1 if his old number

0  if his even number.

Then § = (E; 9%,9") is a BF set.

For h € E, define F, = {(hl,h2> € EXE | h= ]’llhz}.
Define products 87 o &¥ and 9" o & as follows: For h € E

Vo {8 (In) A& ()} if h = Iy
(87 0 &) (h) = { (mh2)eFy

0 otherwise

and

A 8" (hy) v &' (h)} ifh = hihy
(8" 0 &MY (h) = { (h2)eky

0 if otherwise.

Definition 2.2. [6] A non-empty set K of a semigroup E. A positive characteristic function and a negative

characteristic function are respectively defined by

1 hekK
>P  E—> 0,1,k >* (h) := ’
K E=[01) ke 2 (h) {0 hek

and

-1 hek,
>" . E -1,0l,h > >"(h) .=
L E o [S1,0Lh o 240 {0 ok

Remark 2.2. For the sake of simplicity we shall use the symbol >x = (E; Zi, >") for the BF set >k =
{(h, >k (h),2(h)) | h € K.

Lemma 2.1. [5] Let K and M be non-empty subsets of a semigroup E. Then the following holds.
14 P _ aP
(1) X AN = Ans
Y
(2) Ag VAR = Ay
14 P _
(3) Ay oAy = Akur

(4) ALAAL = AL
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Forh € Eand (t,s) € [0,1] X [-1,0], a BF point i, ) = (E; x},x") of a set E is a BF set of E defined

by
p t ifh=x
xt(h): .
0 ifh+x
and
s ifh=x
xg(h) =
0 ifh#x.

Definition 2.3. [5] A BF set § = (E;$7,9") on a semigroup E is called a BF subsemigroup on E if it
satisfies the following conditions: 7 (hr) > 7 (h) A 9 (r) and 9" (hr) < 9" (h) v 8"(r) for all h,r € E.

The following example of a BF subsemigroup.

Example 2.2. Let E be a semigroup defined by the following table:

a b c d e
ala a a a a
ala a a a a
cla a ¢ ¢ e
djla a ¢ d e
ela a c ¢ e

Define a BF set § = (E; 87, 9") on E as follows :

E‘a b C d e

109 08 05 03 03
91 -08 -08 -0.6 -05 -03

Then 9 = (E; 9,9") is a BF subsemigroup.

Definition 2.4. [5] A BF set 8 = (E;9,,9,) on a semigroup E is called a BF left (right) ideal on E if it
satisfies the following conditions: ¥ (hr) > 8P (r) (SP (hr) > 9 (h)) and 9" (hr) < 8"(r) (8" (hr) < 9"(h))

forallh,r € E.

Definition 2.5. [5] A BF set § = (E; 9y, 9,,) on a semigroup E is called a BF quasi-ideal on E if it satisfies
the following conditions: (9% o AL) A (Al 0 97) > 97 and (9" 0 AL) A (AL o OF) < 9.

3. Main ResuLrs

In this section, we give define the bipolar fuzzy almost quasi-ideal in semigroups and we

investigate properties of bipolar fuzzy almost qausi-ideal in semigroups.

Definition 3.1. A BF set 9 = (E; 9,9") on a semigroup E is called a BF almost quasi-ideal of E if
(SPoxt Axl o 9P) A O # 0and (9" o x v xl 0 ") v 9" # 0, for any BF point x}, x € E.
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Theorem 3.1. Let O = (E;87,9") and & = (E; &, &™) be a BF subset of a semigroup E such that 9 C &.
If 9 is a BF almost quasi-ideal of E, then & is also a BF almost quasi-ideal of E.

Proof. Supppose that 9 is a BF almost quasi-ideal of E and let x?, x be BF points of E. By assumption,
(SPoxl Axl o 9P) A £ 0and (8" ox Vo 9") v 9" # 0. Sine 9 C & we have
(SFox Al o YA C (P oxl Axl 0 &P)AEF £0
and
(OMoxf Valo8") VI C (& ox! Vxlo&")VE" £0.
Thus, (E”oxf /\xfog“) A& #0and (&"ox? Vallo &™) v E 0.

Hence, £ is a BF almost quasi-ideal of E. O

Theorem 3.2. Let © = (E; 9,9") and & = (E; &, &™) be BF almost quasi-ideals of a semigroup E. Then
OV & is also a BF almost quasi-ideal of E.

O

Proof. Since 9 € 9 V &, by Theorem 3.1, 9 V £ is a BF almost quasi-ideal of E.

Example 3.1. Consider the semigroup Z.4 under the addition.

Define 9 : Z — [0,1] and 8" : Z — [-1,0] are defined by 9 (0) = 0, /(1) = 0.4, 9 (2) =
0.2, 9(3) = 0.4 and 8"(0) = 0, 9"(1) = —0.4, 9"(2) = —0.2,9"(3) = —0.4. Define & : Z — [0,1]
and &" : Z — [-1,0] are defined by &P(0) = 0.3, &P(1) = 0.2, &P(2) = 0, & (3) = 0.3 and &£"(0) =
—0.3, &"(1) = —02, £1(2) = 0, &*(3) = —0.3. Then & = (Zy; O, 9") and & = (Z4; &, M) are BF
almost quasi-ideal of Z4. But (9 A &) and (8" v &") are not a BF almost quasi-ideal of Z,.

Theorem 3.3. Let K be a nonempty subset of a semigroup E. Then K is an almost quasi-ideal of E if and

only if >k = (E; >k, >") is a BF almost quasi-ideal of E.

Proof. Suppose that K is an almost quasi-ideal of a semigroup E. Then (Ks NsK) N K # 0 for all
s € E. Thus there exists r € E such thatc € (KsNsK)NK. Letx € Eand t € (0,1] and s € [-1,0).

Then (x} 0o >F AP oxf)(r) =1, (xF 020 V2" ox?)(r) = -1 and >/ (r) = 1, >%(c) = —1. Thus,
(xf o 2’; A Zioxf) A 2’1'2 # 0and (x o2} vV 2F oxlf) V¢ # 0. Hence, >k = (E; Z’Ii, >% ) is a BF almost

quasi-ideal of E.

Conversely, suppose that >x = (E; Zi, >%) is a BF almost quasi-ideal of E and let x € E and
t € (0,1] and s € [-1,0). Then (x} o 27; A 2’1'; oxt) A Zi #0and (xf o 2% V2% oxl') v 2% # 0. Thus,
there exists r € E such that [(x} o >F A >F ox?) A>F](r) # 0and [(x 0 2% v > ox') v >2](r) # 0.
Hence r € (KsNsK) NK.

So (Ks NsK) N K # 0. We conclude that K is an almost quasi-ideal of E. m]

Theorem 3.4. Let 9 = (E; 9%,9") be a BF subset of a semigroup E. Then § = (E; 9%, 9") is a BF almost
quasi-ideal of E if and only if supp () is an almost quasi-ideal of E.

Proof. Assume that = (E; 9,9") is a BF almost quasi-ideal of E and let x € E and t € (0,1]
and s € [-1,0). Then (P ox] Axl o 9P) A # 0and (9" ox? Valod") v 9" # 0. Thus there
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exists z € E such that (x} o 9” A 87 0x})(z) # 0 and (x 0 9" V 8" o x")(z) # 0. So & (z) # 0 and
9"(z) # 0, there exists wy, wy € E such that z = wyw; and 9 (wy) # 0, 9 (wy) # 0 and 9" (w) # 0,

PosP P p
P (ws) ¢p0. "l;hus, (x; C;ZSMPP(S) /; Zsup%( jox ¥)(z) # 0 and (xn o ZZupp(S) % Zgupp(s) ox)(z) # 0.
n n n
Hence, (x} o Zuop(9) " Zaupp(s) © x;) A 2 () 7 0 and (x o> pp( )V 20 © X" v 2 () * 0.

Therefore, >
supp(9)
of E.

Conversely, suppose that supp(9) is an almost quasi-ideal of E. By Theorem 3.3, ZZ app(®)

is a BF almost quasi-ideal of E. By Theorem 3.3, supp(¥) is an almost quasi-ideal
isa
i s p 4 P
B: alm;)st quasi-ideal of E. Then for any BF points xt,xs € E, we have (x| o 2 p(®) ™ Zaupp(s) ©
n n n n 3
X, )p/\ >Spup 5 7 Opand (xf p>suPpF§S) V2 op(9) © Xy v 2 iop(9) * 0. Thus there exists ¢ € E such that
n n n n n
(G0 ZsuPpP(S) ;\ 2SuPP(S):xt) 4 ZS;;PP( )]( c)# Oand (x5 Zeupp(9) ¥ Zsupp(9) °X)V Zsupp(s)](c) #0.
— n n n —
Hence, (x7 020, 5) A Zpp(e) 0 1) (€) = 020,005 (©) # 0and (o] o) VL) 0x8)(0) =0,
Zg‘upp(s)(c) # 0. Then there exists wy, wy € supp(¥) such thatc = wyw,. Thus 87 (wq) # 0, 9 (wy) # 0
and 9"(wy) # 0,9"(wz) # 0. So (¥ o2k A>h 0 9P) A 2L # 0and (8" 02" v 21 o §) v 1 % (.
Therefore, 9 = (E; 97, 9") is a BF almost quasi-ideal of E. ]

Next, we investigate minimal BF almost quasi-ideals in semigroups and study relationships

between minimal almost quasi-ideals and minimal BF almost quasi-ideals of semigroups.

Definition 3.2. An almost quasi-ideal K of a semigroup E is said minimal if for any almost quasi-ideal M
of E if whenever M C K, then M = K.

Definition 3.3. A BF almost quasi-ideal 9 = (E; 9, 9") of a semigroup E is said minimal if for any BF
almost quasi-ideal & = (E; &P, &™) of E if whenever & C 9, then supp(&) = supp(9).

Theorem 3.5. Let K be a nonempty subset of a semigroup E. Then K is a minimal almost quasi-ideal of E

if and only if >k = (E; >i, >% ) is a minimal BF almost quasi-ideal of E.

Proof. Assume that K is a minimal almost quasi-ideal of E. Then K is an almost quasi-ideal of E.

Thus by Theorem 3.3, >k = (E; Zi, >%) is a BF almost quasi-ideal of E. Let & = (E;¢F, &") be a BF

almost quasi-ideal of E such that & C >k. Then supp (&) Csupp(=k) = K. By Theorem 3.4, supp (&)
is an almost quasi-ideal of E. Since K is minimal we have supp (&) = K = supp(=k). Therefore,
>k = (E; ZZ, >% ) is minimal BF almost quasi-ideal of E.

Conversely, suppose that >x = (E; >’Ii,>”) is a minimal BF almost quasi-ideal of E. Then
>k = (E; >§, >%) is a BF almost quasi-ideal of E. Thus by Theorem 3.3, K is an almost quasi-ideal
of E. Let M be an almost quasi-ideal of E such that M C K. Then >, is a BF almost quasi-ideal of
E such that >y € >k. Thus supp(>m) C supp(=k). Since >k = (E; >K' >%) is a minimal BF almost
quasi-ideal of E we have supp(=y) = supp(=k). Thus M = supp(=m) = supp(=k) = K. Hence

K is minimal almost quasi-ideal of E. O

Corollary 3.1. Let E be a semigroup. Then E has no proper almost quasi-ideal if and only if supp(9) = E
for every BF almost quasi-ideal § = (E; 8%, 9") of E.
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Proof. Suppose that E has no proper almost quasi-ideal and let 9 = (E;9%,9") be a BF almost
quasi-ideal of E. Then by Theorem 3.4, supp(¥) is an almost quasi-ideal of E. By assumption,
supp(9) =

Conversely, suppose that supp(9) = E and M is a proper almost quasi-ideal of E. Then by
Theorem 3.3, > = (E; Zﬁ/{, >%) is a BF almost quasi-ideal of E. Thus supp(>y) = M # E. Itisa
contradiction. Hence E has no proper almost quasi-ideal. m]

We give definition of prime (resp., semiprime, strongly prime) almost quasi-ideal and prime
(resp., semiprime strongly prime) BF almost quasi-ideal. We study the relationships between
prime (resp., semiprime strongly prime) almost quasi-ideals and their bioplar fuzzification of

semigroups

Definition 3.4. Let K be an almost quasi-ideal of semigroup E. Then we called

(1) K is a prime if for any almost quasi-ideals M and L of E such that ML C K implies that M C K or
LCK

(2) K is a semiprime if for any almost quasi-ideal M of E such that M? C K implies that M C K.

(3) Kis a strongly prime if for any almost quasi-ideals M and L of E such that ML N LM C K implies
that M C Kor L C K.

Definition 3.5. A BF almost quasi-ideal § = (E;S7,9") on a semigroup E. Then we called

(1) S is a prime if for any two BF almost quasi-ideals & = (E; &P, & andv = (E;vP,v") of E such taht
&P oyP
leqgdP and &" o v > 3" implies that &P < SV and " > 9" or vP < P and v'* > 9",

(2) S is a semiprime if for any BF almost quasi-ideal & = (E; &P, &™) of E such taht &P o &P < P and
&M o & < 9" implies that EP < 8P or &' > 9.

(3) S is a strongly prime if for any two BF almost quasi-ideals & = (E; &,&") and v = (E; VP, v") of
E such taht (&P ovP) A (VP 0 &P) < 8P and (& ov™) Vv (V' 0 &) < 9" implies that EF C P and
E" > 9" orvP < O and v > 9.

It is clary, every BF strongly prime almost quasi-ideal of a semigroup is a BF prime almost
quasi-ideal, and every BF prime almost quasi-ideal of a semigroup is a BF semiprime almost

quasi-ideal.

Theorem 3.6. Let K be a nonempty subset of a semigroup E. Then K is a prime (resp., semiprime) almost

quasi-ideal of E if and only if Ax = (E; Ai, A% ) is a prime (resp., semiprime) BF almost quasi-ideal of E.

Proof. Suppose that K is a prime almost quasi-ideal of E. Then K is an almost quasi-ideal of E.
Thus by Theorem 3.3, Ax = (E; )\;, /\”) is a BF almost quasi-ideal of E. Let 9 = (E; Si, 8”) and
&= (E & 51’1() be BF almost quasi-ideals such that 9 o &F < /\i and 9" o &" > A, Assume that
IF £ /\Z and 9" % A% or &F £ /\i and &" # A%. Then there exist ii,r € E such that 9 (h) # 0,
9"(h) # 0and & (r) # 0, &"(h) # 0. While A% (h) = 0, A%(h) = 0 and AR (r) = 0, A%(r) = 0. Thus
h € supp(¥) and r € supp(&), but b, ¢ K. So supp(9) ¢ K and supp (&) € K.
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Since supp(9) and supp (&) are almost quasi-ideals of E we have
supp(9) supp(&) € K. Thus there exists m = de for some d € supp(9) and e € supp(¢&) such that
m € K. Hence A% (m) = 0and A% (m) = 0 implies that (87 0 &) (m) = O and (8" 0 &")(m) = 0. Since
okl < /\’Ii and 9" o &" < A%. we have d € supp(¥9) and e € supp(&). Thus 97(d) # 0, 9"(d) # 0
and & (e) # 0, &"(e) # 0. It implies that

(o) (m)=\/ (97(d) A& (e)} #0

(de)€Fy,
and
(o (m) = [\ (") Ve (@) #0.
(de)€eF,y,
It is a contradiction so 97 < Ai and 9" > A} or & < /\i and &" > A%. Therefore Ax = (E; /\’;;, AR ) is

a prime BF almost quasi-ideal of E.

Conversely, suppose that Ax = (E; Ai, A% ) is a prime BF almost quasi-ideal of E. Then Ax =

(E; /\’;2, A%) is a BF almost quasi-ideal of E. Thus by Theorem 3.3, K is an almost quasi-ideal of E. Let

M and L be almost quasi-ideals of E such that ML C K. Then Ay = (E; Aid, Al ) and A = (E; /\Z, )\Z)

are BF almost quasi-ideals of E. By Lemma 2.1 /\p ° Ap = /\iﬂ < /\p and A} o A} =AY > A%. By
assumption, A} < A% and Ay = Ay or AP < A and A7 > A% Thus M € K or L € K. We conclude
that K is a prime almost quasi-ideal of E. m]

Theorem 3.7. Let K be a nonempty subset of a semigroup E. Then K is a strongly prime almost quasi-ideal

of E if and only if Ax = (E; /\i, A%) is a BF strongly prime almost quasi-ideal of E.

Proof. Suppose that K is a strongly prime almost quasi-ideal of E. Then K is an almost quasi-ideal
of E. Thus by Theorem 3.3, Ax = (E; )\71'2, )\”) is a BF almost quasi-ideal of E. Let 9 = (E; Si, 9”)
and & = (E; 5’”,5%) be BF almost quasi-ideals of E such that (87 o &) A (&P o OF) < )\i and
("0 &MYV (&M o 9") > A%. Assume that 97 £ /\’Ii and 9" £ A% or & £ /\’Ii and &" # A%. Then there
exist 1, r € E such that 97(h) # 0, 9" (h) # 0 and &(r) # 0, 9" (h) # 0. While A% (h) = 0, A%(h) =0
and Ai(r) =0, A%(r) = 0. Thus h € supp(¥) and r € supp(&), but h,r ¢ K. So supp(9) ¢ K and
supp(&) € K. Hence, there exists m € [supp(9) supp(&)] N [supp(P) supp(&)] such that m ¢ K.
Thus A% (m) = 0, A%L(m) = 0.

Since m € supp(9) supp(&) and m € supp(&) supp(9) we have m = die; and m = epd, for some
d1,dy € supp(9) and for some ey, e; € supp(é). we have

(S 0 &F)(m {9P(d1) NEP(e1)} #0
dlel)EFm
and
("0 &) (m) = {9"(d1) v &"(e1)} # 0.
(dre1)€Fm
Similarly
(&P 0 97)( {EF (ex) AN SP(d)} # 0

EZdz)EFm
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and
(8"0&m(m) =\ {&"(e2) V" (da)} #0.
(e2dn)inFy,
So (o &l)(m)A(Fo&f)(m)+0and (9" o &) (m)V (8" o &) (m) # 0.
Itis a contradiction so (97 0 &P) (m) A (&P o ) (m) = 0 and (8" 0 &™) (m) V (&£" 0 9")(m) = 0. Hence,

O < A% and 9" > A% or & < AL and &" > AZ. Therefore Ax = (E; AL,

A%) is a BF strongly prime
almost quasi-ideal of E.

Conversely, suppose that Ax = (E; /\i, A%) is a BF strongly prime almost quasi-ideal of E. Then
Ak = (E; /\i, /\ﬁ) is a BF almost quasi-ideal of E. Thus by Theorem 3.3, K is an almost quasi-ideal
of E. Let M and L be almost quasi-ideals of E such that ML N LM < K. Then Ay = (E; A}, A%) and
AL = (E; /\z, A}') are BF almost quasi-ideals of E. By Lemma 2.1

A = AR oAb, AT = AT oAl and A = AL o AL AN = ATo Al Thus (AF o AP) A (AF o

Py _ AP P aP p _ —
M) = M Ay = Mo S Ag and (A 0 AP) V(AT 0 AL) = ARy V ALy = Agom = Ak By
assumption, A, < /\i and A}, > Ay or /\’z < )\’; and A} > A%. Thus M € K or L € K. We conclude

that K is a strongly prime almost quasi-ideal of E. m|

4. CONCLUSION

In this paper, we give the concept of BF almost quasi-ideals in semigroup and we study properties
of BF almost quasi-deal in semigroups. Moreover, we prove relationship between BF almost quasi-
ideals and almost quasi-ideals. In the future we extend study other kinds of almost quasi-ideals
and interval valued fuzzy set or class of kinds fuzzy sets.
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