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Abstract. In this paper we study the problem of optimal impulse control for stochastic systems with delay in the case
when the value function of the impulse problem depends only on the initial data of the given process through its initial
value (value at zero) and some weighted averages. A verification theorem for such impulse control problem is given.

As an example the optimal stream of dividends with transaction costs is solved.

1. INTRODUCTION

A stochastic impulse control policy can be characterized by the following factors: The first factor
is known to be the random dates at which the considered policies are exercised while the second
one is the size of the applied policies. Such characterization indicates that times and size are factors
that can be studied separately by depending on the nature of the considered applications such
as forest economic and cash flow management. In such applications both the timing and size of
an admissible impulse policy have to be simultaneously determined. The mathematical analysis
of stochastic impulse control in most cases is based on a combination of dynamic programming
techniques and quasi-variational inequalities. The approach is general, its typically results into
functional inequalities which, depending on the nature of the considered problem.

2. ProBLEM ForMuLATION

Suppose that- if there are no interventions- the state X(f) we consider is described by a 1-
dimension stochastic delayed differential equations of the form:

dX(t) = b(X(E), Y(£), Z(£))dt + o (X(t), Y (£), Z(£))dB(t),t = O, 2.1)
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where b : R*> - R and ¢ : R* — Rare given functions and

Y(t) = fj: exp(As)X(t+ s)ds;

Z(t) = X(t-9),

o-constant delay, A € R is also a constant, (Q),F,F, (t) = B(t,w),t = 0,w € Q) is a 1-dimensional
Brownian motion. For —6 < s < 0, we set the initial condition is to be

X(s) = &(s) € C[-5,0]. 2.2)

The solution of (2.1) given the initial path & is denoted by X*(¢). For existence and uniqueness
of solution of such systems we refer to [3,5].

In what follows, we refer to the law of the solution X (t) of (2.1) by p(t) and the corresponding
expectation by E¢.

Suppose that at any time t and any state X we are free to intervene and give the system an
impulse n € H ¢ C(R x C[-6,0]) the set of admissible impulse values. We assume that n € H has
the form

(X, &) =nlxy(c))
where 0
v=1(©) = | exp(As)e(s)s. 3)
An impulse control for this system is a double (;ossibly finite) sequence
V= (T1,T2 o Tk s M M2 s+ - JkeNs N S 00,

where 0 < 71 < 72 < ... are F;-stopping times and 71,1y, ... are the corresponding impulses at
these times assumed to be Fr;-measurable for all ;.
If the impulse control v is applied to system (2.1)-(2.2), the process X(>?)(t) is defined by

dXEO) (1) = b(X(t), Y (), Z(t) + o(X(8), Y(£), Z(£))dB(t), Tk < t < Tpq < T (2.4)

(X(Tir1), Y (Toa1)) = T(X (1), Y(Ths1), 1 )ik = 0,1, 5Ty < T7 (2.5)
where T* = T*(w) is the explosion time of X(>?) defined by

T'(w) = lim (inf{t > 0; X (1) = R)).

I: RXxC[-5,0]Xx H — Ris a given function. Let S € R3 be a given Borel set (solvency set) with
the property that

S = (8Y)
where S and S~ denotes for the interior and closure of S respectively. Define

T =inf{t € (0, T"(w)); (s +t,X(t),Y(t)) not belongs to S}
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where
0

Y(t) ::I exp(As)X(t+ s)ds.

B

Suppose that the profit rate is a function u : R®> — R which is continuous, increasing and concave.
Let g : dS — R be a given bequest function, where dS denotes for the boundary of S. Moreover,
suppose that the profit performing an intervention K where K : R® x H — R; K(t,x, y, 1) is a given
function.

Let A be the set of admissible controls includes the set of impulse controls v = (71, 72,...;11,M2,-..)
such that X(¢?)(t) € Sforall t < T, T* = oo and lim 7, = Ta.s.p>* for all 5,&,v where p>¢? is the
law of the time space harvested process

W(t) = W& = (s +t, X57(t))

(if N < co we assume that ty = T a.s.).
Assume the following conditions to be hold:

T
ES"E'”[[ [lu(s+t,X(t),Y(t))ldt] < ooVs, &, 0,0 € A,
0

E0lg(s + £, X(8), V(1) (re] < %5, &, 0,0 € A,

ESA[ Y IK(s 4+ £, X()Y (), )] < o¥s, £,0,0 € A.

7w<T

Then the total expected profit | (5¢) when v € A is applied to the system (2.1)-(2.2) is defined by:

T
169 O [ futs +1,X(0), V()
0
+g(s+1t,X(t), Y(£)) X{T<co)] (2.6)
+ 1) K(s +£X(5)Y (8, 0],
7 <T
Now, our optimal impulse control problem for systems (2.1)-(2.2) is to find the value function
d(s, &) and the optimal impulse control v* € A such that:
D(s,&) =sup (s, &) = J” (s, €). 2.7)
veA
A problem of this type for systems without delay had been studied in [2,4].
Problem (2.7) in general is infinite dimensional. The purpose of this paper is to reduce problem (2.7)

for system (2.1)-(2.2) to finite dimensional one when we restrict its value function ® to depends
only on the initial path £ through the three linear functionals namely:

X = X(&) = £(0). (2.8)

0
Y=Y() = I exp(As)&(s)ds (2.9)

0
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and
Z=27Z(&) :=E&(-9). (2.10)
In this case ® can be written as:
D(s, &) =¥(s,x,v,2)
where ¥ : R* - R.

3. A QUASI-VARIATIONAL INEQUALITY FORMULATION

In this section we prove a verification theorem for problem (2.7) in view of (2.8)-(2.10). To start
with, first let X;(S) = X(t+s) fort > 0,—6 < S < 0 to be the segment of the path of X from f -0 to
t.

Lemma 3.1. (It6 Formula)
Suppose that the function F : R X R X C[-0,0] — R has the form:

F(tx,y) = f(t%y(n); (t,%,7) € RXRX C[~5,0)

where f is some function in C+**(IR%) and

0
y(n) :f exp(As)n(s)ds, A is a constant.
-5

Define
G(t) = F(S+t, X5(t), X (1))
Then P 3
G(t) = Lfdt + %a(x, y, y)dB(t) + %[x —el47) _ Ay ldt (3.1)
where the differential operator L acting on f as
_ _9f of 1, Pf
Lf =Lf(uxy,2) = 5 +blx,y,2) 5= + 50 (xr%z)ﬁ
where
u=s+t2=x(X:()),
0
Y =y(X;() = f eMIXE (1 +5)ds,
-5
Z =z(X:(.) = X5(t-9).
Proof. See [1]. O

Lemma 3.2. (Dynkin Formula). Suppose that € € C(l)’z(lR3 ),t>0. Then
t
J )
EVH[e(t+5,X5(1), Y(X; ())] = €(s,£(5), y(E)) + Es’é[f (Lf + 8—];[36 —e = Aylldr - (32)
0

where LE(u, x,y,z) and all functions are evaluated at u = s +r,x = X¢(r),Y = y(X5(.)),z = XE(r - 9).
The proof of this fact follows from It6 formula (Lemma 3.1).
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The intervention operator. If we denote by G for the space of all measurable functions £ : S — R,
then the intervention operator denoted by M where M : G — G is denoted to be:

Me(x,y) = supl{¢(T'(x,y,n) + K(x,y,n);n € H,T(x,y,1) € S} (3.3)
where £ € G and (x,y) € S.

Lemma 3.3. (Approximation):

Let D C S be open, 35S is Lipschitz and ¢ : S — R satisfy the following

(i) p € CY¥1(S0) N C(S).

(ii) p € CV21(S9\ 9D).

(iii) Second order derivatives of ¢ with respect to x are locally bounded near dD. Then there exists a sequence
of functions @;,j =1,2,... such that

(a) p;j — @ uniformly on compact subsets Sas j— oo.

(b) tpj — Lo uniformly on compact subsets of S°\ D as j — oo, where € is:

_dp dp 1, e Iy ~(1S)z
Lo (s,x,y,z) = ¥+b(x,y,z)§+§o (x,y,z)w%—a—y[x—e - Ayl. (3.4)
(c) {€qj}2., is locally bounded on s0.
Proof. See [2]. ]

Theorem 3.1. (Verification theorem): Let S = R=0 x R=0 x IR=0. Suppose that a nonnegative @ : S — R
exists such that:

(i) p € CY¥1(S%) N C(S).

(ii) p(s,x,y) = Mp(s,x,y)¥(x,y) €S.

Let the continuation region D be defined by:

D ={(s,x,y) €S:¢(s,x,y)>Mo(s,x,y)}

Suppose the following hold:
(iii)

T
E°[ fo Xap (3, X5 (1), y(x5 (.))dt] = OVE > 0.

Suppose that the continuation region D has the form:

(iv) D := {(s,x,y) € S : w(x,y) C w*} for some function w : R — R and some constant w* and JD is
Lipschitz surface.

(v) p € CV21(S%\ JD).

(i) €p +n < 0on (S°\dD)

(vii) The family {¢p~ (s, X* (1), y(X5(.))); T < T} is uniformly integrable with respect to p>¢ for all & > 0
and for all v € v.

(viii) (s, X5 (1), y(X5(.)) — g(s, Xé(T),y(X;i)))({T@o} ast — Ta.s. p> forallv € v.

Then ¢(s,£(0),y(&)) = (s, &)Y &= 0.

Suppose that in addition to (i)-(viii) the following to be hold:
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(ix) Lp +u=00nDNS° forall z.
(x) " exists for all & > 0 where

N ev i=v = (1, Ty, Ny,
where
Tpyq = inflt > 755 (s, X4(t), y(X5).)) not in DYAT.

(xi) (s, X5V (1), y(X5 ()<t is p>¢ uniformly integrable for all & > 0.
Then with y(&) = foé eW)&(s)ds,
©(s,£(0),y(&)) = P(s, &) for all &= 0and v is an optimal impulse control.

Proof. As in [4] for systems without delay we give the following details of the proof for systems
with constant delay as follows:

First when (i)-(iv) is satisfied and by Lemma 3.2, we can find such sequence of functions ¢, j =
1,2...in CV?! (@) N C(S), such that

(a) ¢; = @ uniformly on compact subsets of S,j— oo

(b) £p; — € uniformly on compact subsets of S0\ 9D as j — oo.

(c) {f(p]-}‘]?‘;l is locally bounded on 0.

letv = (11,72,...;Mm,M2,...) € vand for R > 0 let

Tr = R Ainf{t > 0; (X(t), y(X(.)) = R))
and 0,1 = Gﬁl = max(7(7j41 ATRr),j = 1,2...). Then by applying Lemma 3.2 we have
E[gj(s + i, X(1i), Y(1i)]-E**[p(s, X, 07,1), Yo (6)+1)]

c 91+1
= —ES"’[f toidt),i,j=1,2,....
T

i

By (a),(b) and (c) as j — oo taking into account (iii), (v) and (vi) we deduce that:

E¥*[p(s + i), X (1), ()] =E¥*[p(s, X(07,1), Y (0441))]

91+1
= [f Lodt| (3.6)

1

> B f s 6 X(0), Y (0]

i

From Fatou’s lemma we have

E¥[o(s + 1), X(1:), Y(1i)|=E** [p(s, X(77,1), Y (ti41))]

> Esf‘f[fa+1 u(s+t,X(t), Y(t))dt].

i

(3.7)
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By taking summation from i = 0 to i = m, we get

¢(s,£(0),y(&))+ Z E¥[p(s + 1, X (1), Y (1))

i=0

— (s, X(7), Y(1) ~ (5, X (1)), Y (T 1)) (38)

> 5| fo " s b X8, Y(6) )],

Now
¢(s + 7, X(1:), Y(1:)) = (L (s + 7, X(17), Y(7i), i)
<Mep(s+ 7, X(1;), Y (1) (3.9)
-K(T(s+ 7, X(1;),Y(i),mi)),7i <T
and
P(s+ 1, X(1i),Y(1i) = (s + 75, X(1:), Y(1;)) if s+1,=T (3.10)
and therefore
¢(s,£(0), y(€))+ Z E*[Mep(s + 1, X(17), Y (1)) = (s + 73, X (77 ), Y (%)) <T)
i=0
o Tm+1
> B fo u(Ss +t, X(t), Y(t))dt] -

+@(s+ Ty, X(T;ZH), Y(Tmi1))

m

+ Z K((s+ i, X(7;),Y(1:),m))

i=0
Hence by (ii) we get

Me(s+ 1, X(17),Y(1:) = (s + 75, X(17), Y(17) < 0.
By (3.11) we deduce that

Tt
0(5,£(0), y(€) 2B fo u(s + £ X(8), Y(1))d]

+8(s + 4 X(1), Y (b)) yr<oo
N

+ ) K((s+ £ X (1), Y (1), 1)

i=0
Le.,p(s,£(0),y(€)) 2 (s, €).
Since v is taken arbitrary, then (a) is satisfied. Next, we assume that conditions (ix)-(xi) are satisfied.
Thenby (3.7)-(3.8) applied to v = v* we have (2.7) hold by (ix) since (X(t), Y(t)) € Dfort € (t;, 0i11).
Equality in (3.8)-(3.9) is obtained by (x). Equality in (2.7) is also obtained by our choice of n*. Since
(X(t7),Y(t;) € dD and ¢ = Me outside D we conclude that equality in (3.11)-(3.12) is obtained.
Hence

¢(s,£(0),y(£)) 2 J'(s, &) = ®(s,€)
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and v is optional. m]

4. APPLICATION

This application is an extension to the no-delay case of a problem of optional stream of dividends
with transaction costs. Suppose that if we make no interventions the amount X () = X*(t) available

(cash flow) is given by

dX(t) = [0X(t) +aY(t) + BZ(t)]dt + o[X(t) + BEXY(t)]dB(t),t = 0 (4.1)

X(s) = &(s),-6<s<0 (4.2)

where

Y(t) = I: eMX(t+s)ds, Z(t) = X(t-9).

Suppose that at any time ¢ we are free to take out dividend n from X(t) by applying the transaction
cost K(n) = c + yn, where ¢ > 0 and y > 0 are constants. The constant c is called the fixed part and
the quantity yn is called the proportional part, respectively, of the transaction cost. The resulting
cash flow X(¢?) is given by (4.1)-(4.2) and for 7; < t < T; 44

X(tin1) = X(17,,) —c— (1+y);,i=0,1,2,... (4.3)
Let

S=1{(s,x,y): x+pe’y >0} (4.4)

So that

T*(w) = inf{t > 0 : X(t) + ™Y (t) <0}.

Define

= B j(: " eples (X(t) + pe™Y(t)) dt + Z‘Te'ﬁ“”ﬂf')qi], (4.5)
<

p is a constant (discounted exponent). The functional J*¢ represents the total expected discounted
dividend up to time T,k € (0,1) is a constant. The problem is to find the optional impulse v* € v
and the value function ® such that

®(s,&) = sup (s, &) = J" (5,€)

eV

we try to find a function ¢(s, £(0), y(&)) of the form
(s, x,y) = exp(=ps)p(x,y)
satisfying the conditions of Theorem 3.1. Assume that the continuation region D has the form:

D ={(s,x,y):0<x+pe"y < w'} (4.6)
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where 1(x, y), w* are to be determined.
According to this choice of i) we have

a1 9
el (s,x,y,z) =—py + (Ox + ay)a—w + Eaz[x + [Se}‘sy]za—;zb
W o s 0
+(x- Ay)—+ B, e 8—y+(x+ﬁ€ y) =0
forall z > 0 and all (x, y) € D. This is only possible if
alp —)\s 8170
ﬁax Y 0. (4.8)
The general solution of (4.8) is ¢(x,y) = h(w) for some /i : R — R, where
w(x,y) = x + pe'y. 4.9)
By substituting for this ¢ into (4.7) we obtain:
=ph(w) + (0 + pe')x + (0 + pe=') (= Ape™* )yl
1, A8 N2, A6 Nk (4.10)
+ 50700 By @) + (ot peoy)t = 0.
Equation (4.10) has a solution depending on w if and only if:
x+ (0 + e (a=-Ape’))y = w(x,y)
ie.,
a = e (A4 0+ pe'). (4.11)
If we assume (4.11) holds, then (4.10) takes the form:
’ 1 "
—ph(w) + (0 + ™) wh (v) + Eozwzh (w) +a* =0 (4.12)
which has a general solution
h(w) = Co™ 4 D' + Ka* (4.13)
for some arbitrary constants C, D, where
r = o_z[%o2 -px \/(y - %02)2 +2po%i=1,2 (4.14)
where p := (0 + pe'?) are the solutions of the equation:
1021’2 +(p- 102)r— p=011<0<n
2 2
and
K= ~(30% + (p= 507 —p).
2 2
If we assume that
pzp:=(0+pe™). (4.15)

Then
> 1 (4.16)
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which implies that K > 0 since 0 < k < 1. Choose h(w) of the form:
h(w) = Cw’ 4 Kot
where r is given by (4.14). If this is the case, then our solution ¢/ (s, x, y) gets the form

(s, xy) =ePP(x,y);w < wy,

V(5% y) = MP(s,x y)i > i,
where M1 is:
Mo(x,y) = suplp(x —c = (1+y)n,y) +n).
The supremum of
8(n):=¢lx—c—(1+y)ny)+n
is i = 7j(x, y) such that

» A 1
g (M) =oi(x=c=(A+y)y) = 17
or
=1( >_L
o =h(wo) = 772

where D; is the derivative of ¢» with respect to the first variable and wy, xg are as follows:

wy = w(x—c=(1+y),y)

xo=x—c—(14+y).
By equation (4.19) we have
O(x,y) = h(w) = ¢(xo,y) + A = h(wo) + A, @ > w1.

In particular,

bo,(21,9) = I (1) =
where w1 = w(x1,y) and
B (x—x0)—c
P(x1,y) = Pp(xo,y) + NN

To summarize we put

o(x,y) = h(w) = co” + Kao*; 0 <

¢(x,y) = h(wo) + ﬁ(w —wp) — #;w > W

where wy, w1 are determined by (4.21), (4.23), (4.25) and (4.26), i.e.,

- 1
= —kKa)Ié_1 +—

4
ycw Ty

0

P —kKa)l;_1 +

yew;

1+y

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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c

1
Yy — _ k_ kY —
c(w] = wp) 5 (x1 —x0) + K(wjy — w}) — (4.30)
To study the solutions of (4.27)-(4.30), we first consider the function
— r-1 k-1
F(a)) = )/CC()O + kKCl)O — m
and
F(w) = y(y—1)cw’? + k(k - 1)Ka2
so that F’(w) = 0 if and only if
y(y =1)cw’? = k(k-1)Ka*2
which has a unique solution
_  k(1-kK,
w=w=[———]"F>0. (4.31)
cy(y-1)

Since

F'(0) =y(y-1)(y=2)cw’ >+ k(k-1)(k—2)Ka*3 < 0

for w < @ and F (w) > 0 for w < @ we see that @ = @ is a maximum point for f(w). From this we
conclude that (4.27) and (4.30) have exactly two solutions wy = w(xo, y) as given in (4.32) and w;
such that 0 < wp < @ < w1. We know choose w1 = @ and xp = x —c — (1 + r)f}, c is chosen such
that (4.26)-(4.27) defines a continuous function at v = wy, i.e.,

X1 —Xg—C
P(x1,y) = P(x0,y) + %
ie.,
w1 —wy—C
h = —
(w1) 5y
or
w1 —wg—°C
) = () P
Hence
y_ @1 T @Wo—C k_ Kk
¢ = (w; —wp)] Ty - K(w] — wy)] (4.32)
and
ﬁ:x—xo—c:wl—(uo—c. (4.33)

1+7r 1+y
Now, we verify condition (ii)-Theorem 1; i.e., ¢(x, y) = M¢p(x,y) on S.
First we assume that w > w;. Then if:

wo=w(x—c—=(14+y)ny) = w
we have by equations (4.26)-(4.27).

P-4y +n=0&y) -1
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On the other hand, by by (4.34)
supp(x—c—(1+y)ny) +nwlx-—c=-(1+y)ny) <w

B X—=Xp—C
= 0o y) + o = e y).
This proves (ii) for w > wj. To verify (ii) for v < w1, note that ¢p, (x,y) > % for 0,w < wy and
therefore
X—Xxp—c¢
Mo(x,y) = ¢(xo,y) + 7= @0 <@ <@,
Since
d w—wy—C
Licw? k_ e
aa)[cw + Ka" = h(wo) T+ ] <0,wp < w < ws.

We see that ¢9x, y) Mo (x, y) for wg < w < w1, since ¢ is increasing, we have

d(x,y) = Mo(x,y) for w < w.
Verification of condition (iv)-Theorem 3.1:

oh 1, ,d*h
ph(a))—l—pw%%—zaw ﬁ‘F&) SO,C{)<C{)].

In our case, this reduces to check that
p(h(wo)) + a)—lior—C + 1 Zra)—i—a)k <0,w > wi.

Since {¢(x,y) = 0 for w = w1 and 0 < k < 1 we see that {¢(x, y) < 0 for w > wy if and only if

p>0=pM:=p
which is (4.17). We conclude that the value function of problem (2.6) is given by
©(S,£) = e P(x,y)

where ¢ is given by (4.26)-(4.27). The corresponding optimal impulse control v* is the following;:
Define

D={(x,y) =0<x+pey < w). (4.34)
In case X(07) < x1(= w; — pe’®y), then wait until the first time ¢ = 7} when x(t) + pe'®y(t) = w; =
w(x1,y), then pay out the dividend

n w1 —w—C X1 —Xp—C

L TV R
This bring x(t) + Be'®y(t) down the level

wo = w(xo,y) =x—c—(14+71)f +,Bemy,

ie, xp = wy— Be*y. Again do nothing until the next time + = 7 when x(t) = x; and again

1zoamdwe

we harvest the amount 1j, = 1f, etc. If initially x has a value x(07) > x; then t
immediately pay out
~x(07)—x—c

1+y

=
—
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In other words, if w > wq, then
w — w1 :x—l—ﬁeM’—wl =X—X1,

i.e., we harvest exactly enough to bring x-level down to the value x;. We summarize what we
have proved in the following theorem:

Theorem 4.1. Suppose that 0, a, B, 0, A and p satisfy the following conditions:
p > p where p := 0+ pe6Ad (4.35)
and
a = Be"(A+ 0+ pe'?). (4.36)
Then, with w + w(x,y) = x + ey,
D(s,&) =p(s,x,y) = PP(x,y);0 <w < an,

(s, ) = pls,x,y) = e [p(xo0, ) + T

where ¢, wo, w1,c are given by (4.26)-(4.27), (4.22), (4.32) and (4.33) respectively, v* =
(T’i, Tyrev i My s e ) is the optimal impulse control.

jw>w
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