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Abstract. We have shown a spectral inclusion between a different spectrum of a Cyp-quasi-semigroups in [9]. Precisely
for Saphar, essentially Saphar, quasi-Fredholm, Kato and essentially Kato spectra. In this paper, we extend these results

for a C-quasi-semigroups (regularized quasi-semigroups) where C is a bounded injective operator.

1. INTRODUCTION

We consider a time-dependent abstract Cauchy problem described as follows:
x'(s) =A(s+1t)x(s), t,s>0, x(0)=Cxo (1.1)

In this equation, the function x(s) is an unknown function defined on the real interval [0, T]
into a Banach space denoted as X. The operator C is a bounded linear operator that is injective,
acting on the Banach space X, and A(s) represents a closed linear operator in X with the domain
D(A(t)) = D. The solution to equation (1) can be formally expressed as x(t) = U(t, s)xp, where
{U(t,5)}; 50 forms a two-parameter family of operators acting on X, known as a C-quasi-emigroup
or egularized quasi-semigroup of a bounded linear operators on a Banach spaces,. This notion
was introduced by M.Janfada in [2] as a generalization of Cyp-semigroups of operators . For more
information about this last notion, see [4].

The main objective is to establish the existence of a solution to Cauchy problem without any
qualitative information about it. To gain insight into the solution x(), a conventional approach
involves examining the spectrum of the quasi-semigroup U(t,s) directly. However, in many
practical applications, we only have explicit access to the generator A(t), and thus, there arises
a need to establish a relationship between the spectrum of the quasi-semigroup U(t,s) and the

spectrum of its generator A(t).
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The works done on Co-semigroups [7], on C-semigroups [10], [11], on Cp-quasi-semigroups [8],
and recently on regularized quasi-semigroups [9], has led us to seek other results concerning the
latter concept.

We begin with the definition of regularized quasi-semigroups of bounded operators introduced
by Janfada in [2].

Definition 1.1. Suppose that C is an injective bounded linear operator on a Banach space X. A commutative
two parameter family {U(t,s)}, .o © B(X) is called a regularized quasi-semigroups (or C-quasi-semigroups)
if for every t,s1,52 > 0 and x € X, we have

(1) U(t,0) =G

(2) CU(t,s1 4 s2) = U(t +s1,52)U(t,51);

(3) {U(t,8)}; s»0 is strongly continuous, that is,

lim ||ll(t,s)x - U(to,so)x” =0,xeX;
(t5)—(to,50)
(4) there exists a continuous and increasing mapping M : [0, +oo[—> [0, +-oo[ such that, for any
t,s> 0, |u(t,s)|| < M(t+s).

For a C-quasi-semigroup {U(t, s)}; ;o on a Banach space X, let D be the set of all x € X for which
the following limits exist in the range of C:

u(o, -C U(t, -C U(t-s, -C
limwand hmwzlim (£=s/)x x’ >0
s—0* S s—0+t S s—0+t S
In this case, for t > 0, we define an operator A(t) on D as
U(t, -C
A(t)x = €1 tim LSXZCx
s—0t S

The family {A(t)};5, is called the infinitesimal generator of the regularized quasi-semigroup
{u(tls)}t,SZO'

Remark 1.1.

(1) If C = I (the identity operator), then {U(t,s)}; ;¢ is a Co-quasi-semigroup [4].

(2) Let {U(t,5)}; 450 be a C-quasi-semigroup. Letting r + 0 in (2) of definition , we obtain:
(@) YE=0:U(t,s)C = CU(t,s);
(b) YVt >0,¥x € R(C) : U(t,s)x € R(C);
(c) Vx € R(C),t>0:C Ut s)x = U(t,s)C x

For more information, examples and properties on the regularized quasi-semigroups, see [2].

Throughout this paper, X a complex Banach space and B(X) the algebra of all bounded linear
operators on X. Let T be a closed linear operator on X with domain D(T). We denote by R(T),
R®(T) := Ny>1R(T"), Ker(T) and p(T) respectively the the range, the hyper range, the kernel, the
resolvent and the spectrum of T.
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2. MaIN ResuLts

2.1. Preliminaries and first result.

we start with the following results shown in the recent paper [9].
Lemma 2.1. Let A(t) be a closed and densely defined generator of a C—quasi-semigroup (U(t,s))¢s=0 on a
Banach space X, and let C € B(X) be injective. Then for all t > s > 0 and all A € C, we have
(1) Forall x € D,
Di(t,s)(AI-A(t))x = [e*C—U(t-s,s)]x.
(2) Forall x € X, we have D, (t,s)x € D and
(AI=A(t))Da(t,s)x = [eC—U(t —s,s)]x.
S
where D, (t,s)x = f MU (t = h, h)xdh is a bounded and linear operator.
0

For t > 0, we fix D° = D(A(t)?) = X, A(t)? = I, and for n € N we define by recurrence:
D' =DAMN)") == (xe DAY : A()"x e D(A(D))),
A(t)"x = A(H)A(t)" x pour x € D(A(H)"),
We obtain :
X =D(A(1)°) 2 D(A(t)) 2 D(A(t)*) 2... 2 D(A(H)").
Corollary 2.1. Let A(t) be a closed and densely defined generator of a C—quasi-semigroup (U(t,s))ts>0 on
a Banach space X, and let C € B(X) be injective. Then forall t > s > 0, A € C and n € IN\ {0}, we obtain
(1) Forallx € X,
(AL = A(t))"[Da(t,s)]"x = [e™C - U(t —s,s)]"x.
(2) Forall x € D",
[Da(t,s)]"(AI = [A(t)]")x = [e*C - U(t —s,5)]"x.
(3) Ker[AI - A(t)] € Ker[e™C—U(t —s,s)].
(4) R[eMdC—U(t—s,8)] S RIAI-A(t)].
(5) Ker[AI - A(t)]" C Ker[eMC —U(t-s,s)]".
(6) R[eC—U(t—s,s)]" € RIAI-A(t)]"
(7) R®[eC—U(t—s,5)] € R®[AT - A(f)].
Lemma 2.2. Let A(t) be a closed and densely defined generator of a C—quasi-semigroup (U(t,s))is=0 on a
Banach space X, and let C € B(X) be injective. Then for all t > s > 0 and all A € C, we have

(AI=A(t))Lr(t,s) + %e‘ASDA(t,s) =C.

With Ly(t5) = f D, (1, 1) dh.
0

Furthermore, the operators Ly(t,s), Dy(t,s) and (Al — A(t)) are mutually commuting. Also, C is
commute with each one D) (t,s) and Ly(t,s).
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From de last theorem, we have the following corollary.

Corollary 2.2. Let A(t) be the generator of the C-quasi-semigroup {U(t,s)}; ;5o such that A(t) is closed
and densely defined. Then forall t > s > 0, x € R®(C) and A € C, we have

(1) Forall n € IN*, there exists an operator ap ,(t,s) such that,
(A= A())"[CTILA(t,8)]"x + Dy (t,8)ap u(t,s)x = x.

Moreover, the operator o) ,,(t,s) is commute with each one of D, (t,s) and Ly(t,s).

(2) Forall n € IN*, there exists an operator B, ,(t,s) such that,
(AI=A(1))"Ban(t,s)x + [arn(t,s)]"[Da(t,s)]"x = x.
Furthermore, , the operator B ,(t,s) is commute with each one of D, (t,s) and a, ,(t,s).

Proof. (1) Let n € IN*, Then, from lemma 2.2, for all A € C*, x € R®(C) and t,s > 0, we have
(L= A(£))C La(t, s)x + %e‘ASC_lD/\(t,s)x —x
and

(AT=A())C (L s)]"x = [I—%e‘ASC_lDA(t,s)]”x

_ Z(’Z)[—%e‘Asc_lD)\(t,s)]ix

i=0

R Z (7)[—%6‘ASC_1D/\(t,s)]ix

i=1

= x—DA(t,s)C_lzn:(?)[%e‘AS]i[—C_lDA(t,s)]i_lx
i=1
= x—D)(t,s)ay(ts)x

Finally, we have
(AT=A())'[CILA(t,8)]"x + Dy (t,8)arn(t,s)x = x,
With

apn(ts) =C! Z (?)[%e_As]i[—C_lD;t(t,s)]i_l.
i=1

On the other hand , for commutativity, it’s clear from lemma 2.2.
(2) According to (1), we have for all n € N* and x € R*(C),
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Da(t,s)ann(t,s)x = x— (AI = A(t))"[C7'L,(t,5)]"x, then

DAt s)arn(ts)]'x = [x=(AI=A®))"[CLa(ts)]"] x

= x- Z (’;)[(AI - A(t))”[C‘lLA(t,s)]”]ix
i=1

= x—(AI=A@)" ) (’Z)[(AI — A1) D[CTIL (1 5)]"x

i=1
= x—(AI-A(t))"Ban(t,s)x,

Therefore, we obtain

[Da(t,8)] [arn(t,s)]"x + (AT = A(t))"Ban(t,s)x = x,

where B, ,,(t,s) = Z (7)()\1 —A(t))n(i—l) [C—lL,\(t,s)]ni_

i=1

2.2. Spectral Inclusion For Saphar Spectrum.

Let X, Y be Banach spaces, let T : X — Y be an operator. T has a generalized inverse [10] if and
only if there exists an operator S : Y — X such that TST = T. A closed operator T is called Saphar,
in symbol T € S(X), if T has a generalized inverse and Ker(T) € R*(T).

For the subspaces E and F of X, we say that E is essentially contained in F and we write E C, F,

if there exists a finite-dimensional subspace G C X such that E C F + G.

A closed operator T is called essentially Saphar, in symbol T € eS(X), if T has a generalized
inverse and Ker(T) ., R*(T).
The Saphar and essentially Saphar spectra are defined by

os(T) ={AeC: AI-T¢S(X)}, ous(T)={AeC: AI-T ¢eS(X)}.

During this article we define the spectra 0. (C, T) by replacing the identity I by an injective
bounded operator C € B(X).

Theorem 2.1. Let A(t) be the generator of a C—quasi-semigroup (U(t,s))ts>0 on a Banach space X such
that A(t) is closed and densely defined. For all t,s > 0, we have

¢50s(A1) as(C, U(t-s,s)).

Proof. LetA € Csuch thate'*C — U(t —s, s) isa Saphar operator, so e'*C — U(t — s, s) has a generalized
inverse and Ker(e’C — U(t —s,s)) € R®[e™C - U(t —s,s)].
We show that AI — A(t) is a Saphar operator.
Since e**C — U(t - s,s) has a generalized inverse, then there exists an operator S : X — X such
that,
(eM*C—U(t—-s,5))S(eM*C—U(t—s,5)) =e*C—U(t—s,s).
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Then, from lemma 2.1 and corollary 2.2, for all A € C, x € R(C) and for all ,5 > 0, we have
(AI=A(H)C'La(t,5)x + le‘ASC‘lDA(t,s)x = x
and S
(A= A(t))
(A= A()C L (L s) (Al - A(E)) + %e'ASC‘lDA(t,s)()\I—A(t))
= (AMI=A(1)CILy(ts) (A= A(b)) + %e‘ASC‘l (eMC—-U(t-s,s))
= (AI-A(t))CLy(t,8) (AT - A(t)) + %e_ASC_l (eMC—U(t-s,5))S(eMC - U(t-s,s))
= (AL=A($))C'La(t,5) (AT - A(t)) + %e‘AsC_l()\I—A(t))DA(t,s)S(/\I—A(t))DA(t,s)
= (AI-A(t)[C'LA(t,s) + %e‘ASC_lDA(t,s)SDA(t,s)](/\I—A(t))

So, AI — A(t) has a generalized inverse.

On the other hand, from corollary 2.1, we have
Ker(AI - A(t)) C Ker(e™C —U(t—s,s)) € R*[e™C—U(t—s,5)] S R (Al - A(t))

Consequently, AI — A(t) essentially Saphar.

Corollary 2.3. Forall t,s > 0, we have
e9s(A) C 5,6(C,U(t—5,5)).

Proof. Let A € C such that e’*C — U(t — s, s) is a essentially Saphar operator, so ¢'C — U(t — s, 5) has
a generalized inverse and Ker(e"C — U(t —s,s)) C, R®[e}C — U(t —s,3)].
According to the theorem 2.1, AI — A(t) has a generalized inverse.

In addition, let G a finite dimensional subspace of X. We have,
Ker(AI—A(t)) € Ker(eM*C—U(t—s,s)) C R*[e*C—U(t—s,5)] + G S RO(AI-A(t)) +G.

Hence AI — A(t) essentially Saphar.

2.3. Spectral Inclusion For Kato Spectrum.

A closed operator T is called Kato, in symbol T € D(X), if R(T) is closed and Ker(T) € R*(T).

A closed operator T is called essentially Kato, in symbol T € eD(X), if R(T) is closed and
Ker(T) C, R*(T).

The Kato and essentially Kato spectra are defined by

ok(T) ={AeC: AI-T¢DX)}, ox(T)={AeC: AI-T ¢ eD(X)}.
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To obtain results concerning the Kato spectrum and essentially Kato spectrum , we start with

the following proposition.

Proposition 2.1. Let A(t) be the generator of a C—quasi-semigroup (U(t,s) )t s=0 on a Banach space X such
that A(t) is closed and densely defined. For all p € IN*, if R[e}C — U(t —s, s)] is closed, then R[AI — A(t)]P

is also closed.

Proof. Let (yn)nen € X such that y, — y € X and there exists (x,)nen € D satisfying
By corollary 2.2, for all p € IN*, there exists a) ,(£,5) and B ,(t,s) such that

(AL=A(t))PBap(t,s) + [anp(t,s)]P[Da(t,s)]P = L.

Hence, we conclude that

yn = (M =AW®))PBrp(ts)yn + [an,(t,s)]"[Da(t,s) ] yn
(A= AWV Bap(t ) + lany (69Dt 5)) (AT AE)'%,
= (A= A Bap () + [aap (L SP[C — Ut = 5,5) P,
So,
€15 = Ut —5,5)Planp (6,5) % = v — (AT = APy (£,
Thus,
Y = (AT= A(H)Panp(t,5)a € RIENC = U(t—5,5)].
Moreover, since R[e**C — U(t —s,s)] is closed, and
Yn = (ML= A(t))Pap(t,s)yn = y = (A= A(t))an (£, 5)y,
we conclude that
y— (A= A()Pasy(t,5)y € RISC - U(t =5,
Then there exists z € R(C) such that
[eC—U(t=s,5))Pz = y = (AL = A(t))Pany(t,5)y.
Hence, we have
y = [MC-U(t-s,5)Pz+ (AI-A(t))Pan,(ts)y;
= (AI-A())PDa(t,s)Pz + (AL = A(t) Pz, (t,5)y;
(A= AW DA 52 + any(t,5)y.

Finally, we obtain
y e R(AI-A(t))P.
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Corollary 2.4. Forall t,s > 0, we have
eKAN) C o (C,U(E-s,5)) , 7K AD) C g (C, U(E—s5,5)).
Proof. It is automatic due to the theorem 2.1 and proposition 2.1. m]
2.4. Spectral Inclusion For Quasi-Fredholm Spectrum.
The degree of stable iteration dis(T') of an operator T is defined by
dis(T) =infin € N : Ym > n,R(T") N Ker(T) = R(T™) N Ker(T)},

with inf(0) = co.

A closed operator T is called quasi-Fredholm [3], in symbol T € q®(X), if there is d € IN such
that for all n > d, R(T") and R(T) + Ker(T") are closed and dis(T) = d.

The quasi-Fredholm spectrum is defined by

04(T) ={A € C : AI-T ¢ qP(X)}.
We start by the following proposition.

Proposition 2.2. Let A(t) be a closed and densely defined generator of a C—quasi-semigroup (U(t,s))ts>0
on a Banach space X. Then dis(Al — A(t)) < dis(e"C — U(t —s,s)).

Proof.

e If dis(e’C — U(t —s,s)) = +o0. So, the result is evident.
o Ifd =0, forall n >d, we have

R(e™C—U(t—s,s))" NKer(e"C — U(t —s,s)) = Ker(e™C—U(t—s,s)).
Consequently,
Ker(eC—U(t—s,s)) CR(eMC—-U(t-s,s))"
According to corollary 2.1, we obtain
Ker(AI - A(t)) € Ker(e®*C—U(t—s,s)) € R(e"C —U(t —s,5))" € R(AI - A(t))".
Therefore, Ker(AI — A(t)) N R(AI = A(t))" = Ker(AI — A(t)) N R(AI - A(t))°

Consequently, dis(A — A(t)) = 0.
o If dis(e’*C—U(t—s,s)) =d € N*. Then foralln > d,

R (eASC —U(t- s,s))n N Ker (eASC —U(t- s,s)) =R (eASC —Uu(t- s,s))d N Ker (eASC —Uu(t- s,s)) .
Therefore, it’s enough to show that for alln > d,
R(AL=A()" N Ker(A - A(t)) = R(AL - A(t))* N Ker(A - A(t)).
Let y € R(AI — A(t))? N Ker(AI — A(t)), then there exists x € D? such that

y = (AI-A(t))%xand (AI-A(t))y = 0.
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Hence, from corollary 2.2, we have
(AI=A(£)*Bralt,s) + lana(t,s)]Da(t,s)]? = 1.
Therefore,
y = (A= A1) Bralt,s)y + lana(t,$))[Dalt,s)]"y
(A= A)YB,a(t, ) (A= A())y + (5C = U(t ~5,5)) [ a(t, )]
— (- U(t=s,9)) [analt,s))'x.

Then, according to (3) of corollary 2.1 we have
yeR(eMC-U(t- s,s))d NKer (¢MC = U(t=s5,5)) CR(eMC—U(t—s5,5))"  R(AI=A(£))".

So, y € R(AI = A(t))" N Ker(AI — A(t)).
Therefore, R(AI — A(t))" N Ker(AI — A(t)) = R(AI - A(t))? N Ker(AI — A(t)).
Consequently, dis(AI - A(t)) < d

O

The following theorem provides the spectral inclusion between the quasi-Fredholm spectrum

of C-quasi-semigroup and the quasi-Fredholm spectrum of its generator.

Theorem 2.2. Let A(t) be a closed and densely defined generator of a C—quasi-semigroup (U(t,s))¢s=0 on
a Banach space X such that D c R®(C). Forall t,s > 0, we have

eS9qr(A(1)) C GqF(Cr U(t - s,s)),

Proof. according to the previous proposition, it remains to show that

if R(eC—U(t—s,s)) + Ker(e’C —U(t —s,s))" is closed in X then R(AI — A(t)) + Ker(AI — A(t))"
is closed .

Suppose that R(e"C — U(t —s,s)) + Ker(e’C — U(t —s,s))" is closed in X.
Let y, = (AI—A(t))x, + z, be a sequence which converges to y, with x, € D and z, € Ker(AI -
A(t)™

So,

D' (t,8)yn = D" (t,5) (Al = A(t))xy + D (t,5)z4 € R(e"C = U(t —s,5)) + Ker(e"*C - U(t —s,s))"
Since ,R(e**C — U(t —s,s)) + Ker(e*C — U(t —s,s))" is closed, then
D'i(t,s)y € R(e®C—U(t —s,s)) + Ker(e"SC— U(t —s,5))"

There exist x € X and z € Ker(e**C — U(t —s,s) )" such that D" (t,s)y = (e*C - U(t—s,5))x + 2.
So, D3(t,s)y = D" (t,s)(e*C = U(t —s,s))x + D’ (t,5)z.
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According to 2.2, for all n € N* we have

y = (AL=A)*Ban(t,s)y + ann(t,s)]*" [Da(t,s)]*"y
= (AL=A()*"Ban(t,s)y + [aan(t,s)]"Dl(t,s ( AsC - U(t—s,s))x—|— [arn(t,s)]"D' (t,5)z
)

= (AI-A(t [(/\I—A(t))zn_lﬁA,n(t,s)y + [aA,n(t,s)]”DKH(t,s)x] + [aan(t,s)]"D} (t,5)z.
Hence, y € R(AI — A(t)) + Ker(AI - A(t))".
Finally, R(AI - A(t)) + Ker(AI - A(t))" is closed O
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