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Abstract. Let us consider the function g, which maps elements from the group G to the group of automorphisms of the
ring R. In this paper, we are studying new conditions under which the Malcev-Neumann ring R = ((G)) is a PS, APP,
PF, PP, and a Zip rings, respectively. It has been demonstrated that if R is a reduced ring and ¢ is weakly rigid, then
the Malcev-Neumann ring R * ((G)) over a PS-ring is a PS. Furthermore, if o is weakly rigid and the ring R satisfies
the descending chain condition on left annihilators, then the Malcev-Neumann ring R = ((G)) is a right APP-ring if and
only if, for any G-indexed generated right ideal A of R, rg(A) is left s-unital. Additionally, we have proven that if Ris a
commutative ring and o is weakly rigid, then the Malcev-Neumann ring R » ((G)) is a PF ring if and only if, for any two
G-indexed subsets A and B of R such that B C anng(A), there exists ¢ € anng(A) such that bc = b for all b € B. These

results extend the corresponding findings for polynomial rings and Laurent power series rings.

1. INTRODUCTION AND PRELIMINARIES

The Malcev-Neumann construction appeared for the first time in the latter part of the 1940’s
(the Laurent series ring, a particular case of Malcev-Neumann ring, was used before by Hilbert).
Using them, Malcev and Neumann independently showed (in 1948 and 1949 resp.) that the group
ring of an ordered group over a division ring can be embedded in a division ring. Since then, the
construction has appeared in many papers, mainly in the study of various properties of division
rings and related topics. For instance, Makar-Limanov in [1] used a particular skew-Laurent series
division ring to prove that the skew field of fractions of the first Weyl algebra contains a free
noncommutative subalgebra. The study of Malcev-Neumann group ring over arbitrary rings was
initiated in [2] by Lorenz while investigating properties of group algebras of nilpotent groups.
Other results on Malcev-Neumann rings can be found in Musson and Stafford [3] and Sonin [4].
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We construct the Malcev-Neumann (group) ring in the following. Let R be a ring, G an ordered
group, and suppose that ¢ is a map from G into the group of automorphisms of R, x — oy, t isa map
from G X G to U(R), the group of invertible elements of R. Then we can form a Malcev-Neumann
ring R+ ((G)) : an element of R+ ((G) is a infinite series f = )}, q xx with 7, € R such that the
set supp(f) = {x € G| ry # 0}, called the support of f, is a well ordered subset of G, and the ring
structure is given by componentwise addition defined as usual by

Z ayx + Z byy = Z(az +b;)z
xeG yeG z€G

and multiplication is defined by

(Zaxx)(y;byy):Z( y axox(by)t(x,y))z.

xeG zeG {(x/y)|xy:z}
In order to insure associativity, it is necessary to impose two additional conditions on ¢ and ¢,

namely that for allx, y,z € G,

(1) Hxy,2)o=(t(x,y)) = t(x, y2)t(y, 2),

) 0y0z = Gyzé(yfz)/
where 0(y, z) denotes the automorphism of R induced by the unit (y, z) by Lemma 1.1 [5]. Itis now
routine to check that R * ((G)) is a ring which we call the Malcev-Neumann ring. This construction
has appeared in many papers, mainly in the study various properties of division rings and related
topic. For a more comprehensive understanding of this construction and the results associated
with it, it is recommended to refer to several scholarly papers on the topic [3], [6], [9], [10], [15]
and [16]. The subring of R * ((G)) consisting of all finite sums f = ) c; 7xx (i.e., sums of finite
support) is just the twisted group ring R* (G).If G = Z, 0, = id for all x € G, t(x,y) = 1 for all
x,y € G, then R= ((G)), is the Laurent series ring. If o happens to be the trivial homomorphism
and t(x, y) = 1 for all x, y € G, the resulting untwisted ring will denoted by R((G)). As usual, we
shall identify R with the subring R.1 € R+ ((G)) and identity G with the subgroup 1.G of invertible
elements in R+ ((G)).

In this paper, we are studying new conditions under which the Malcev-Neumann ring R * ((G))
is a PS, APP, PF, PP and a Zip rings, respectively. We prove that, if the ring R satisfies the
descending chain condition on left annihilators, then the Malcev-Neumann ring R+ ((G)) is a
right APP-ring if and only if, for any G-indexed generated right ideal A of R, rr(A) is left s-unital.
Furthermore, we have proven that if R is a commutative ring and o is weakly rigid, then the
Malcev-Neumann ring R * ((G)) is a PF ring if and only if, for any two G-indexed subsets A and B
of R such that B C anng(A), there exists ¢ € anng(A) such that bc = b for all b € B. Additionally,
we prove that if R is a Noetherian ring, then R # ((G)) is a PP ring if and only if R is a PP ring, and
the Malcev-Neumann ring R+ ((G)) is a right zip ring if and only if R is a right zip ring. These
results extend the corresponding findings for polynomial rings and Laurent power series rings.

Throughout the paper all rings are associative with unity. For a nonempty subset X of a ring R,
rr(X) and Ig(X) denote the right and left annihilators of X in R, respectively. We will denote by
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End(R) the monoid of ring endomorphisms of R, and by Aut(R) the group of ring automorphisms
of R.

2. MaIN Resurts

A ring R is called a left PS-ring if Soc(gR) is projective. In [12] it was proved that if R is a left
PS-ring then so is R[[x]]. Xue in [13] showed that for any ring R, R[[x]] is a left PS-ring. If R is
a commutative ring and (S, <) is a strictly totally ordered monoid which satisfies the condition
that 0 < s for every s € S, then in [14], it was proved that, if R is PS-ring, then the ring [[RS'S]]
of generalized power series over R is a PS-ring. Firstly, we will consider the PS property of
Malcev-Neumann rings.

Let 0 be a map from G into the group of automorphisms of R, x — 0. Then, following Definition
2.1 [8], 0 is called weakly rigid if ab = 0 implies a0x(b) = ox(a)b = 0 for any 4,b € R and any
x € G. Clearly, if for any x € G, 0, = id, the identity map of R, then ¢ is weakly rigid. Let a be an
endomorphism of R. According to [19], « is called a rigid endomorphism if ra(r) = 0 implies ¥ = 0
for r € R. Aring R is called a-rigid if there exists a rigid endomorphism « of R. Clearly any rigid
endomorphism is a monomorphism and any a-rigid is reduced. Let a be a rigid automorphism
of R. It was shown in [19] that if ab = 0 then aa” (b) = a"(a)b = 0 for any positive integer n. Thus
the map 0 : Z — Aut(R) : o(x) = a* is weakly rigid. For more details and examples see [7], [8]
and [18].

The following results appeared in [8] and [12] respectively.

Lemma 2.1. Let R be reduced and o is weakly rigid. If f = }¥..ec axX,§ = Yyec byy € R+ ((G)) are such
that fg = 0, then axb, = 0 for any x, y € G.

Lemma 2.2. The following conditions are equivalent for a ring R :
(1) Ris aright PS-ring.
(2) For any maximal right ideal L of R then either Ig(L) = 0 or L = eR where ¢* = ¢ € R.

Theorem 2.3. Let R be a reduced ring, G an ordered group and o is weakly rigid. If R is a right PS-ring,
then so is R+ ((G)).

Proof. Let L be a maximal right ideal of R+ ((G)). By Lemma 2.2, it is enough to show that
either Ig,c))(L) = 0 or L = aR+((G)) for some a®> = a € R+ ((G)). Let I be the set of all
coefficients of 1 of elements of L. Let | be the right ideal of R generated by I. If | = R, then there
Y. d €L fi,fo...,fu € Land r1,ry,...,17, € Rsuch that 1 = alry +airy + - +alr,
with fi = Y ecaix,i = 1,2,...,n. Suppose that ¢ = Y. ccbyy € Ire(c))(L)- Then gfi = 0. Thus

exist aj,a

bya., = 0 by Lemma 2.1. Particularly, bya"l = 0forany y € G and any i = 1,2,...n. Thus
by = by(ajr1 +ajry +--- +alr,) = 0,and so g = 0. Thus Ig,((g))(L) = 0.

Now suppose that | # R. We show that | is a maximal right ideal of R. Let r € R—]. Then
r € R+((G)). If r € L, then r € ], a contradiction. Thus r ¢ L. So R+ ((G)) = L+ rR=((G)). It
follows that there exist f € Land h € R+ ((G)) such that1 = f 4 rh. Suppose that f = ). .cayx and
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h =Y eccyy- Then 1 = a; +ro1(c1)t(1,1) € J +rR. Thus R = ] + rR. Hence ] is a maximal right
ideal of R. Since R is a right PS-ring, it follows that either Ig(]) = 0 or there exists an ¢* = ¢ € R
such that | = eR.

Case (i). Suppose that [r(]) = 0. We will show that Ir.(c))(L) = 0. Let g = Y, ecbyy €
Iru((G))(L), 7 € J. Then there exist aj,a2,...,al €1, fi,fo,..., fa € Land r1,13,...,1, € R such that
r= a%rl + a%rz + -+ +a{ry, where aé is the constant coefficient of f;. Since g € lR*((G)) (L),gfi=0
foreveryi =1,2,...,n. By Lemma 2.1, we have byall =0foranyy € Gandanyi=1,2,...,n. Thus
byr = by(ajry +ajra +--- +alr,) = 0 for any y € G. This means that b, € [z(J) = 0 for any y € G.
Thus ¢ = 0, and 50 Ig.((c)) (L) = 0.

Case (ii). Suppose that | = eR where > = ¢ € R. We will show that L = e(R* ((G))).Ife ¢ L, then
R+((G)) =L+e(R*((G))).- Thus1 = f+eh,where f = Y. ccaxx € Landh = ¥ ¢ cyy € R+ ((G)),
andso1 =ay +eo1(c1)t(1,1) € J+eR = ], a contradiction. Thereforee € L,and soe(R*((G))) C L.
Conversely, suppose that f = Y., .;axx € L. For any x € G, there exists x™! € G such that xx™! =1
since G is a group, and fx~! € L since L is a right ideal of R * ((G)). Thus a,o,(1)t(x,x!) € ] = eR
forany x € G. Thusa, € | = eRsince (x, x‘l) isinvertible and | is a right ideal of R, and so a, = ea,.
Thus f = e Y 07  (axt(1,x) " )x € e(R+((G))). Thus L € eR+ ((G)). Hence L = ¢(R+((G))) and

the result follows. O

Corollary 2.4. Let R be a reduced ring and G an ordered group. If R is a right PS-ring, then R((G)) is a
right PS-ring.

Corollary 2.5. Let R be a reduced ring and « is weakly rigid automorphism of R. If R is a PS-ring, then
R[[x,x71;a]] is a PS-ring.

Proof. Take G = Z and t(x,y) = 1 for any x,y € Z. For any x € Z, let 0, = a*. Then ¢ is weakly

rigid. Now the result follows from Theorem 2.3. O

Recall that a ring R is called (resp., quasi-) Baer if the right annihilator of every (resp., right
ideal) nonempty subset of R is generated, as a right ideal, by an idempotent of R. In [30] Kaplansky
introduced Baer rings to abstract various properties of AW*-algebras, von Neumann algebras and
complete *-regular rings. In [33] Clark defined quasi-Baer rings and used them to characterize
when a finite dimensional algebra with unity over an algebraically closed field is isomorphic to
a twisted matrix units semigroup algebra. A ring R is called a right (resp., left) PP-ring if every
principal right (resp., left) ideal is projective (equivalently, if the right (resp., left) annihilator of
an element of R is generated (as a right (resp., left) ideal) by an idempotent of R). R is called a
PP-ring (also called a Rickart ring [22, p. 18]) if it is both right and left PP. A ring R is called left
(resp., right) principally quasi-Baer (or simply left (resp., right) p.q.-Baer) if the left (resp., right)
annihilator of a principal left (resp., right) ideal is generated as a left (resp., right) ideal by an
idempotent. Equivalently, R is right p.q.-Baer if R modulo the right annihilator of any principal
right ideal is projective. A ring is called p.q.-Baer if it is both right and left p.q.-Baer. The concept of
principally quasi-Baer rings initiated by Birkenmeier, Kim and Park [25]. Following Tominaga [28],
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an ideal I of R is said to be right s-unital if, for each a € I there exists an element x € I such that
ax = a. A submodule N of a left R-module M is called a pure submodule if L (X, N = L Q) Misa
monomorphism for every right R-module L. By [21, Proposition 11.3.13], an ideal I is right s-unital
if and only if I is pure as a left ideal of R if and only if R/I is flat as a left R-module. According
to Liu and Zhao [35], a ring R is called left APP if R has the property that “the left annihilator of
a principal ideal is pure as a left ideal”. Equivalently, R is a left APP-ring if R modulo the left
annihilator of any principal left ideal is flat. Right APP-ring is also defined analogously. A ring
is called APP if it is right APP and left APP. By Proposition 2.3 [35], the class of right APP-rings
includes both left PP-rings and right p.q.-Baer rings (and hence it includes all biregular rings and
all quasi-Baer rings), for some details to use this conditions see [11] and [17]. In [20] the authors
showed that left p.q.-Baer rings are also right APP and provided various examples of commutative
APP-rings which are neither p.q.-Baer nor PP.

Liu and Zhao Proposition 3.14 [35] proved that, when R is a ring satisfying descending chain
condition on left and right annihilators and R is left APP, then R][x]] is left APP. Zhao Theorem
3 [32] showed that, if (S, <) is a strictly totally ordered commutative monoid, @ : S — Aut(R) a
monoid homomorphism and R satisfying descending chain condition on right annihilators, then
the skew generalized power series ring R[[S=, w]] is left APP if and only if for any S-indexed subset
A of R, the left annihilator of the left ideal generated by the set {ws(a) | 2 € A and s € S} is right
s-unital. Now we consider the APP-property of Malcev-Neumann rings.

The following result follows from Tominaga Theorem 1 [28].

Lemma 2.6. An ideal | of a ring R is left(resp., right) s-unital if and only if for any finitly many elements

a,az,...,0, € J, there is an element e € ] such that a; = ea;(resp.,a; = a;e), for each i.

Lemma 2.7. Let R be a ring, G an ordered group and o is weakly rigid. If R is a right APP-ring, then for
any f = YxegxX,§ = Lyec byy € R+ ((G)), fR+ ((G))g = 0 implies axRb, = 0 for any x,y € G.

Proof. Let0 # f € R+ ((G)) and 0 # g € R+ ((G)) be such that fR* ((G))g = 0. Then for any r € R,

from
0=frg=Y Y  aw0u(ror(b)H1,y))t(x, )z
2€G {(xy)ly=z]
it follows that
Y aw0u(ron(by)t(1,y)Hx,y) =0,Vz€G.
{(xy)ly=z2}
Let xp and yy denote the minimal elements of supp(f) and supp(g) in the <. order, respectively.

If x € supp(f) and y € supp(g) are such that xy = xgyo, then xp < x and yo < y. If xg < x, then
XoYo < XYo < Xy = XoYo, a contradiction. Thus x = xg. Similarly, y = yo. Hence

Z ax0x(ro1(by)t(1, y))t(x, y) = ax,0x,(ro1(by, )t(1, yo))t(x0, yo) = 0.
{(x,y)lcy=x0y0}
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Thus ay,0y,(ro1(by,)t(1,y0)) = 0 since t(xo, yo) is invertible. Hence, by weakly rigidness of ¢ we
have oy, (ax,r01(by,)t(1, y0)) = 0,50 ax,ro1(by,)t(1, yo) = 0since oy, € Aut(R). By the way as above,
we can get ay,rb,, = 0, which means that a,,Rb,, = 0.

Now suppose thatw € G is such that for any x € supp(f) and y € supp(g) with xy < w, a,Rb, = 0.
We will show that a,Rb, = 0 for any x € supp(f) and y € supp(g) with xy = w. If there are not
x € supp(f) and y € supp(g) such that xy = w, then clearly the conclusion holds. Now suppose
that x € supp(f) and y € supp(g) are such that xy = w. For convenience we write {(x, y) | xy = w}
as{(x;,yi) 1i=1,2,...,n} withx; <xp <--- <xy. Then for any r € R, from

Y, moa(ror(by)H(L y))Hxy) = 0

{(xy)lxy=w}
it follows that

n

Y a0 (ron (by (1, i) )t (xi, i) = 0. (21)
i=1
Note that x1y; < x;y; = w for any i = 2,3,...,n. By the hypothesis, we have a,,Rb,, = 0 for

i=2,3,...,n. Since R is right APP, by Lemma 2.6, there exists e, € rr(ay,R) such that b, = e by,
foranyi = 2,3,...,n. Let ¥ € R and take r = r’ey, in Eq. (2.1). Thus from a,,r"ey, = 0 it follows
that ay, 0y, (ex,01 (b )t(1, 1)) = 0 since o is weakly rigid. Hence

n

Y a0 (F e 01 (by (1, i)t (xi, i) = 0. (22)

i=2
On the other hand, since b,, = ey by, for any i = 2,3,...,n, and o is weakly rigid, one gets
;05 (" (1 — ey, )o1(by,)t(1,y;)) = 0 and so

x,0x; (¥ €x, 01 (by, )E (L, yi)) = ax,0x,(r'01(by, )E(1, i)
foralli =2,3,...,n. Therefore Eq. (2.2) becomes

n

Y 204, (701 (by )11, y:) H(xi, yi) = 0. (23)

i=2
Since x2y; < xiy; = w for i = 3,4,...,n, by the hypothesis, there exists ey, € rr(ay,R) such that
by, = ex,by, for each i > 3. So if we take 1’ = pe,, in Eq. (2.3), we have

axzaxz(pexzal(b ) (1 y2)>

and
n n

Y a0 (per,on (by (1L, yi) )1 (xi, i) = Y a0 (por (by )11, yi) (i, i) = 0.

i=3 =3
Continuing in this manner yields that a,0x, (901 (by, )t(1, ¥n))t(Xn, yu) = O, where q is an arbitrary
element of R. Consequently, ay,gb,, = 0. Hence ay, qb,,, = 0,...,ax,qb,, = 0. Therefore, by

transfinite induction, we have shown that a,Rb, = 0 for any x, y € G. m]

Lemma 2.8. Let R be a ring, G an ordered group and o is weakly rigid. Then the following conditions are

equivalent:
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(1) Forany f = YxegaxX,§ = Lyecbyy € R+ ((G)), fR*((G))g = 0 implies axRb, = 0 for any
x,y€G.

(2) Forany f = ¥req axx € R+ ((G)), rru((c)) (fR* ((G))) = rr(I) * ((G)), where  is the right ideal
of R generated by {ay | x € G}.

Proof. (1)=(2) Assume thatg = Y., byy € rra((c)) (fR* ((G))) with f € R+ ((G)). By (1), axRb, =0
for all x and y. Thus by € rr(I), and so g € rr(I) * ((G)). Hence rz.((c))(fR* ((G))) S rr(I) * ((G)).
Conversely, suppose that ¢ = Y.,ecbyy € rr(I) * ((G)). Then b, € rg(I) for all y € G. Thus
a;Rb, = 0 for all x and y. Since R is o-weakly rigid, then for any & = ¥ ..cc.z € R+ ((G)), we
have a,0,(c;)0x0;(by) = 0 for any x, y,z € G. Thus, a,0x(c;)0:0:(by)ox(t(z,y))t(x,p) = 0 for any

frg= (Yol L, Y, cox(b)yp)

xeG PeG {(z,y)lzy=p}

=), Y Y aode)na:b)oltzy)ipg =0

9€G {(x,p)lxp=q} {(z,y)lzy=p)
This means that g € rg.((c)) (fR* ((G))). So rru((c)) (fR* ((G))) = rr(I) * ((G)).
(2)=(1) Suppose that f = Y. ccaxx,§ = Lyecbyy in R+ ((G)) are such that fR+((G))g = 0.
Thus g € rr.(()) (fR*((G))). By (2) g € rr(I) * ((G)), where I be the right ideal of R generated by
{ax | x € G}. Hence by € rr(I). So axRb, = 0 for all x,y € G. O

x,Y,z,p € G. Hence

Lemma2.9. Let R bearing, G an ordered group and o is weakly rigid. Then foranya € R,rr(aR)*((G)) =
1Re((G)) (AR * ((G))).

Proof. Let § = Yyecbyy € Tre(())(aR * ((G))). Then for any r € R, ara1(by)t(1,y) = 0. Thus
arb, = Osince £(1,y) is invertible and R is 0-weakly rigid. Hence b, € rr(aR).So g € rr(aR) * ((G)).
Conversely, suppose that ¢ = Y.,cbyy € rr(aR) * ((G)). Then aRb, = 0. Hence for any f =
Yire Crx € R=((G)),
ao1(cx)t(1, x)ox(by)t(x,y) = 0.
Thus
afg=>Y Y, ao1(c)t(Lx)ox(by)t(x,y)z = 0.

2€G {(xy)lxy=z)
Hence g € rr.((g)) (aR * ((G))). So, 7r(aR) * ((G)) = r&.((c)) (aR % ((G))). O

In order to prove the main result, we first give the necessity of the ring R+ ((G)) to be right
APP-ring.

Proposition 2.10. Let R be a ring, G an ordered group and o is weakly rigid. If R+ ((G)) is a right
APP-ring, then R is a right APP-ring.

Proof. Leta,b € Rbesuch thata € rr(bR). Thena € rr((bR) * ((G))). By Lemma 2.9, a € rg.((c)) (bR *
((G))). Since R+ ((G)) is right APP, then there exists an f = ¥, cxX € Try((c)) (bR * ((G))) such
that a = fa. Thus brf = 0 for any r € R. Hence broi(cy)t(1,x) = 0, and so brcy = 0 for any
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x € G. In particular, ¢; € rr(bR). On the other hand, for a = fa it follows that (1 — f)a = 0. Thus,
(1-c1)o1(a)t(1,1) =0, and so a = cya. Therefore R is a right APP-ring. ]

Let R be a ring and G an ordered group. We say a nonempty subset X of R is G-indexed, if there
exists a well-ordered subset I of G such that X is indexed by I. We say an ideal | of R is G-indexed
left (resp. right) s-unital if for any G-indexed subset {as | s € I} of ], there exist a ¢ € | such that

as = cas (resp., 4s = asC).

Lemma 2.11. Let R be a ring and G an ordered group. If R satisfies the descending chain condition on left
(resp. right) annihilators, then for any ideal | of R, ] is left (resp. right) s-unital if and only if | is G-indexed
left (resp. right) s-unital.

Proof. ). Obviously since any singleton is G-indexed.
=) Let ] be a left s-unital ideal of R and A = {a, | x € I} a G-indexed subset of J. Define a set of

left annihilators
H={r(X) | XCA,IX|< co}.

Since R satisfies the descending chain condition on left annihilators, H has a minimal element, say
Ir(Xo). Assume that Xo = {ay,,ay,, . . ., ay,}. Since ] is left s-unital, by Lemma 2.6, there exists c € |
such that a,, = cay, foralli =1,2,...,n.So (1 —c) € Ir(Xo). If there exists a, € A\Xp. Then by the
minimality of Ir(Xo), we have Ig(ay, ay,, . .., ax,) = Ir(Xo). Thus a, = cay. This implies that a, = ca,
for any a, € A. Therefore | is a G-indexed left s-unital ideal. m]

Theorem 2.12. Let G be an ordered group and o is weakly rigid. If R satisfies the descending chain condition
on left annihilators, then the following conditions are equivalent:

(1) R+ ((G)) is a right APP.

(2) For any G-indexed generated right ideal A of R, rr(A) is left s-unital.

Proof. (1)=(2) Let A = } ,;axR, where [ is well-ordered subset of G. Define f = )  ca.x €
R+ ((G)), where a, = 0if x € G\I. Since R * ((G)) is right APP, by Proposition 2.10, R is APP. Thus,
re((G)) (fR*((G))) = rr(A) * ((G)) by Lemma 2.7 and Lemma 2.8. Hence, by (1) rr(A) * ((G)) is
left s-unital. Now we prove rg(A) is left S-unital.

Letb € rr(A). Thenb € rr(A) * ((G)). Thus there existsanh = Y. . ¢,z € rr(A) * ((G)) such that
b = hb. Consequently, ¢; € rr(A) and b = ¢1b. Hence rr(A) is left s-unital.

(2)=(1) Let f = YieqaxX, § = Yyec byy € R+ ((G)) be such that ¢ € rg.((c))(fR* ((G))). Then,
by (2) and Lemma 2.7, we have a,Rb, = 0 for any x,y € G. Thus by € rr(¥ requpp(f) 2xR) for any
y € supp(8). By (2), 7R (Xxesupp(r) 9xR) is left s-unital. So R (L vesupp(f) 3xR) is G-indexed left s-unital
by Lemma 2.11. Hence There exists ¢ € 7r (L equpp(f) 4xR) such that b, = cby for any y € supp(g).

Now forany h =}, .z € R+ ((G)),

fre=Y. Y. aw0u(r)t(x2)o:(0)Hz,1))q =0,

q€G {(x,z)lxz=q}
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and from b, = cb, it follows that (1 —c)o1(b,) = 0 for any b € G since o is weakly rigid, so
(1-c)g = Y (1= c)or(by)t(1,y)y =0,
yeG
which imply that ¢ € rg.((c))(fR* ((G))) and g = cog. Hence R+ ((G)) is right APP. ]

Corollary 2.13. Let R be a ring and G an ordered group. If R satisfies the descending chain condition on
left annihilators, then R((G)) is right APP if and only if for any G-indexed generated right ideal A of R,
rr(A) is left s-unital.

Let R be a commutative ring with identity. Then R is called a PF-ring (resp., PP-ring) if every
principal ideal of R is a flat (resp., projective) R-module. It is well-known that if R is Noetherian,
then these two notions are equal (see Corollary 4.3 [24]). It is proved in [26] that a ring R is a
PF-ring if and only if the annihilator of each element r € R, anng(r) is a pure ideal, that is, for all
b € anng(r) there exists ¢ € anng(r) such that bc = b. Also proved that in [27], the power series ring
R[[X]] is a PF-ring if and only if for any two countable subsets A = {ag,41,...} and B = {bo, by, .. .}
of R such that A C anng(B), there exists r € anng(B) such that ar = a for all a € A.J. Kim Theorem
3 and Theorem 4 [31] proved that for a Noetherian ring R, R[[X]] is a PF (resp., PP) ring if and
only if R is a PF (resp., PP) ring. Liu and Ahsan proved in [34] that the ring [[R>=<]] of generalized
power series is a PP-ring if and only if R is a PP-ring and every S-indexed subset C of B(R) (the
set of all idempotents of R) has a least upper bound in B(R). Also in [29], it was proved that, if R
is a commutative ring with identity and (S, <) is a strictly totally ordered monoid, then the ring
[[R5=]] of generalized power series is a PF-ring if and only if for any two S-indexed subsets A and
B of R such that B C anng(A), there exists ¢ € anng(A) such that bc = b for all b € B, and that for
a Noetherian ring R, [[R%<]] is a PP ring if and only if R is a PP-ring. Under some conditions, PF

(resp., PP) properties of Malcev-Neumann rings we have the following.
Lemma 2.14. [27, Lemma 1]. Any PF-ring is reduced.

Theorem 2.15. Let R be a commutative ring and G an ordered group. Then R+ ((G)) is a PF-ring if and
only if for any two G-indexed subsets A and B of R such that B C anng(A), there exists ¢ € anng(A) such
that bc = b for all b € B.

Proof. <) Let f = YrecaxX, § = Lyec byy € R+ ((G)) and let g € anng.(c))(f). Then

0=gf = Z Z byoy(ax)t(y, x)z.

z€G {(y,x)|lyx=z}
Note that, in particular, R is a PF-ring, so by Lemma 2.14, R is reduced. Thus by Lemma 2.1,
byay = 0 forall x,y € G. Let A = {a, | x € supp(f)} and B = {b, | y € supp(g)}. Then A and B are
G-indexed and B C anng(A). So by hypothesis, there exists ¢ € anng(A) such that b,c = by for all
y € G.So cox(ay)t(1,x) = 0 for any x € G and b,o,(1 ~c)t(y,1) = 0 for any y € G. Thus
cf = Z cox(ax)t(1,x)x =0

xeG
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and

g(1-c) = Y byoy(1-c)t(y, 1)y =0,

yeG
which implies that ¢ € anng,(c))(f) and gc = g. Therefore R+ ((G)) is a PF-ring.
=) Assume that R+ ((G)) is a PF-ring. Let A = {a, | x € I},B = {b, | y € ]} be two G-

indexed subsets of R such that B C anng(A), where [ and | are well-ordered subsets of G. Define
f = Liegxx € R+((G)), wherea, = 0if x € G\, and g = Y. ,ecbyy € R*((G)), where b, = 0 if
y € G\J. Then

sf = Z Z byoy(ax)t(y,x)z = 0.

z€G {(y,x)lyx=z)

Therefore ¢ € anng,(y)(f). Thus by the assumption, there exists h = Y. ccdutt € anng.cy)(f)
such that ¢h = g. Therefore we have 0 = Iif and 0 = g(h —1). Since, by Lemma 2.14 and Lemma
2.1, R is reduced, dya, = 0 for any u,x € G, and b,(d; —1) = 0 for any y € G. So d; € anng(A) and
bd; = b for all b € B. Therefore the result holds. |

Corollary 2.16. Let R be a commutative ring and G an ordered group. If R is a PF-ring, then R((G))) isa
PF.

Corollary 2.17. Let R be a commutative ring and « is weakly rigid automorphism of R. Then the following

conditions are equivalent:

(1) For any countable subset A and B of R such that B C anng(A), there exists ¢ € anng(A) such that
bc = b forall b € B.
(2) R[[x,x7';a]] is a PF.

Proof. Take G = Z and t(x,y) = 1 for any x, y € Z. For any x € Z, let 6, = a*. Then ¢ is weakly

rigid. Now the result follows from Theorem 2.15. m]

Lemma 2.18. [8, Corollary 3.2]. Let R be a reduced ring and ¢ is weakly rigid. If ¢ € R+ ((G)) is an
idempotent, then there exists an idempotent e € R such that ¢ = e.

Theorem 2.19. Let R be a Noetherian ring, G an ordered group and o is weakly rigid. Then R+ ((G)) isa
PP-ring if and only if R is a PP.

Proof. Suppose that R = ((G)) is a PP-ring. Let a € R. Then anng,(c))(a) = ¢(R+((G))) for some
idempotent ¢ = Y. d.z € R=((G)). By Lemma 2.18, there exists and idempotent e € R such that
¢ = e, we claim that anng(a) = eR. If b € anng(a), then b € anng,(g))(a) = e(R*((G))), and so
we have b = eh for some h = }, ¢ byy. Thus, b = eo1(b1)t(1,1) € eR. Hence anng(a) C eR. For the
opposite inclusion is clear. So anng(a) = eR. Therefore R is a PP-ring.

Conversely, assume that R is a PP-ring. Leth = }. g byy € R+ ((G)). We will show that there
exists e = e € R such that anng, ) (h) = e(R+ ((G))).

Since R is Noetherian, c(h) is finitely generated, say c(h) =< by,,by,,..., by, >, where
Y1,Y2,--.,Yn € G.Let N = anng(by,, ..., by,) = ﬂleannR(by,). Since R is PP, there exist idempotent
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e1,e,...,e; € Rsuch that anng(b,,) = R, fori =1,2,...,n. Take e = ejez---€,. Then N = ¢R and
¢* = e € R. Now we show that anng,gy)(h) = e(R*((G))). Let f = Y ectxx € anng,())(h).
Then ayb, = 0 for any x,y € G since R is reduced by Lemma 2.14. Thus a, € N for any
x € G, 50 ay = eay for any x € G. Hence f = e(X,ec 07 (axt(1,x)7)x) € e(R+((G))). There-
fore anng,((c))(h) S e(R*((G))). From e € N = anng(by,, ..., by,) it follows that e € anng,((g))(h).
Hence anng,((c)) () = e(R*((G))) and so R* ((G)) is a PP-ring. m]

Theorem 2.20. Let R be a ring, G an ordered group and o is weakly rigid. Then R+ ((G)) is a reduced left
PP-ring if and only if R is a reduced left PP-ring and every G-indexed subset C of B(R) has a least upper
bound in B.

Proof. It follows from Theorem 2.3 [34] and Theorem 2.19. m|

Corollary 2.21. Let R be a commutative PP-ring and G an ordered group. If every subset of B(R) has a
least upper bound in B(R), then R+ ((G)) is a PP-ring.

Following to Faith [23], a ring R is called right Zip provided that if the right annihilator rg(X)
of a subset X of R is zero, then there exists a finite subset Y C X such that rr(Y) = 0; equivalently,
for a left ideal | of R with rg(J) = 0, there exists a finitely generated left ideal J; C ] such that
rr(J1) = 0. Ris Zip if it is right and left Zip. Faith [23] it was proved that if R is a commutative Zip
ring and G is a finite abelian group, then the group ring R[G] of G over R is a Zip-ring.

Proposition 2.22. Let R be a reduced ring, G an ordered group and o is weakly rigid. Then R+ ((G)) is a
right Zip-ring if and only if R is a right Zip.

Proof. =) Suppose that R+ ((G)) is Zip and X C R with rr(X) = 0. If f = Y, axx € 1Re((G))(X),
then cf = 0 for all c € X, and so ca, = 0 for all ¢ € X and all x € supp(f). Thus for all x € supp(f),
0 = ay € rr(X), and so f = 0. Hence rg.((g))(X) = 0. Since R+ ((G)) is Zip, there exists a finite
subset X C X such that rg,((g))(Xo) = 0. Hence rr(Xo) = 7ru((c))(X0) N R = 0. Therefore R is Zip
&) Assume that R is a Zip, and V is a subset of R+ ((G)) with rg.()) (V) = 0. For any
f = Yixecaxx € R+ ((G)), let C; denote the set {ay | x € supp(f)}, and for the subset V C R+ ((G)),
let Cy denote the set UscyCr. Now we show that rr(Cy) = 0. If 7 € rr(Cy), then ar = 0 for all
a € Cy.So forany f = Y ccaxx € V, we have a,r = 0 for all x € supp(f), and so fr = 0 by Lemma
2.1. Hence 0 = r € 1g((c))(V), and so rr(Cy) = 0 is proved. Since R is Zip, there exists a finite
subset Uy = {q1,42,--.,91} € Cy such that rg(Up) = 0. Let fj(1 < i < n) be an element of V such
that there exists u; € supp(f) with g; is the coefficients of u;. Let Vo = {f1, fo,..., fu}. Then Vyis a
finite subset of V and Cy, 2 Up. Then rr(Cy,) C rr(Up) = 0. Now we show that rg,((c)) (Vo) = 0.
Suppose § = Y.,ec byy € Tre((c))(V0). Then fig = 0 for any f; = }.\ccaix € Vo. By Lemma 2.1,
aib, = 0 for all x € supp(f;) and any y € supp(g). Hence 0 = by € rr(Cy,) for all y € supp(g), and
so ¢ = 0. Hence rz.((c)) (Vo) = 0. Therefore R = ((G)) is a Zip. m]

Corollary 2.23. Let R be a reduced ring and « is weakly rigid automorphism of R. Then the following

conditions are equivalent:



12 Int. J. Anal. Appl. (2024), 22:39

(1) R is a right Zip.
(2) R[[x,x7Y; a]] is a right Zip.

Proof. Take G = Z and t(x,y) = 1, for any x,y € Z. For any x € Z, let oy = a*. Then ¢ is weakly
rigid. Now the result follows from Proposition 2.22. m]

Corollary 2.24. Let G be an ordered group and R a reduced ring. Then R is a right Zip-ring if and only if
R((G))) is a right Zip.
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