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Abstract. The main goal of this paper is to determine exact solutions of a family of thirtieth-order difference equations
with variable coefficients. We use similarity variables obtained via symmetries to lower the order of the equations. We
then reverse the transformations and obtain closed form solutions. We compare our solutions to those found in the
literature for special cases. We investigate the periodic nature of the solutions and present some numerical examples to
confirm the results. Finally, we analyze the stability of the equilibrium points. The method employed in this work can

be applied to equations of higher order provided that they admit non zero characteristics.

1. INTRODUCTION

Difference equations are used to investigate the evolution of a state of a particular system over
a period of time. In essence, difference equations are used to determine the future value of a
system in relation to its past value and this is done through a recurrence relationship. Difference
equations are useful in various mathematical disciplines such as control theory, integrable systems
theory, and number theory. However, these equations can also be applied when solving real-
life problems in areas such as economics, biology, physics, engineering, computer science, and
others. Applications in economics include using difference equations to model market trends
and economic growth and determining the price of certain commodities. In biology, for example,
researchers use difference equations to build models to study population dynamics epidemiology
to understand and predict the spread of diseases. In physics, difference equations are particularly
useful for simplifying complex computations that would result from investigating systems that
involve many elements. Difference equations have also been used to solve numerical solutions to
some differential equations and this is done by discretizing the given differential equation.
Various techniques can be used to solve difference equations such as numerical techniques or iter-

ative methods. Analytical methods involve finding a closed form expression satisfying the given
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difference equation. Other methods involve using a combination of analytical and numerical
techniques. For instance, Maeda’s method for solving difference equations uses both analyti-
cal and iterative techniques to solve non-homogeneous difference equations with linear-constant
coefficients [12]. Some other methods include direct substitution, matrix methods, generating
functions, and difference calculus. In this study, we use a symmetry-based method to find the
analytic solution of the following equation

Uy-29
Ay + Buty_glly_9lly_14Uy—19Un_24Un—29

Up41 = (1.1)

where A, and B, are sequences with initial conditions u_»9, u_3s, ..., up.
Lama [1] studied the solutions and the dynamical properties, that is, boundedness, local and

global points, and the equilibrium points of the difference equation

Cr—29
C = , r=20,1,2,---. 1.2
" 1 % C29GC—24Cr19Cr—14Cr9Cr—s 12

where the initial conditions C_p9, (_»s, ..., (o are real numbers.

Our main objective is to find the solutions of (1.1) using its symmetry. In our investigation, we
expect our solutions to be more general with less restrictions on A, and B,,. For definiteness, we

study the equivalent equation

Up

Upy30 = (1.3)

Ap + Buutyty 5Uy 1 10Un415Un+20Un 125

and demonstrate how one uses the solution of (1.3) to recover those of (1.1). For more results on

difference equations, the reader can refer to [2-8,10]

1.1. Preliminaries. In this section, we define the terms used and the notation according to [9]. Let

Un+30 = (1, Un, Un45, Un+10, Un+15, Un+20, Un+25) (1.4)
be a difference equation of order thirty. We assume that the partial derivative of w with respect to
U, is non-zero.

Definition 1.1. The forward shift operator is defined as S : n v+ n+ 1 and so, S'(uy) = Uy ;.
Consider the point transformations
Te: (n,uy) — (71, dy). (1.5)

It is known [9] that I'; is a one-parameter Lie group of transformations if:

e I is the identity map, so that X = x when e = 0.

o I',I'y = I'y4p for every a and b sufficiently close to 0.

e FEach ¥; can be represented as a Taylor series in € (in a neighborhood of € = 0 that is
determined by x), and therefore %;(x;€) = x; + €&;(x) + O(€?),i =1,...,p.
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In this paper, we shall assume that the Lie group of point transformations is of the form
n=mn; iy =u,+eQ(n, uy) (1.6)

and that the corresponding (prolonged) infinitesimal generator is given by

+ Sl5Q(n,un)a—

0
+ st n, Uy
Q( ) aun+15

0 0
X =Q(n, un) 5— +5°Q(1, ) iy y10

duy, Ay s

+ 525Q(n, un)a— (1.7)

0
20
+57Q(n,uy) T

Iy 420

The characteristics Q(n, u,) can be found by solving the linearized symmetry condition
SCYQ(n, 1) = Xw =0 (1.8)

as long as (1.4) holds.

2. MAIN RESULTS

2.1. Symmetries. In the first part of the investigation, we focus on finding the symmetries of (1.3).

Applying the symmetry condition given in (1.8), we obtain the following:

Jdw Jw Jw
30 _ 5 _ ¢clo _
S$*Q(n, un) — Q(n, uy) o, 5°Q(n, uy) s S7Q(n, uy) I
Jw Jw Jw
15 _ Q20 _g25 -
S Q(n/ un)aun+15 S Q(n/ ul’l)aun+20 S Q(n/ qu) &un+25 0 (21)

We apply the differential operator %{n — 29— 0 (2.1) and obtain

Wy 15 s

Q, (Tl, un)w/un _Q(n/ un)wrunun _SSQ(n/ ”n)a)/tl,,un+5 _SloQ(n/ un)a)lunu;1+10 _515Q(n/ un)w/unun+15

Wy,

- SZOQ(n’ un)w’unun+20 _SZSQ(H’ un)a)’unu;1+25 - - Q(n’ un)a)/unun+5 _S5Q, (n’ un)(u’un-%

Wy, +5

5 10 15 20
- 5°Q(n, ”n)wrztn+5un+5 =-57Q(n, un)a)/ll;1+5un+10 -57Q(n, ”n)w/un+5un+15 -57Q(n, un)a)’un+5un+20
- 525Q<1’l, u”)a)’un+5”n+25 =0. (2.2)

Note that f, denotes the partial derivative of f with respect to x. Substituting the partial derivatives

into (2.2) with a bit of simplification, we get

2Q(n, un>un+10“n+15un+20“n+25 - (Q'(n, ”n) - SSQ’(”, un))unun+10un+15un+20un+25
+ 81°Q(n, 1ty )ttty 11501200125 + SOQ(1, thy ) Uthy s 100+ 200125 + SP°Q(1, Uy ) Unthy 10U+ 15Un+25

+ SPQ(1, Uy )ty 10t 415Un 120 = 0. (2.3)

Now, differentiating (2.3) twice with respect to u, and a bit of simplification, we get

Q" (n,uy) = 0. (2.4)
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It follows that the characteristic must be of the form

Q(Tl, un) =a, + ,Bnun + )/nu%, (25)

where a;, f; and y,, are some functions of n. Using (2.5) in (2.1) and employing the method of

separation (see [3,9] for more details), we obtain the following system of constraints:

a, =0, (2.6)
Br+5 + Br+10 + Pr+15 + Put20 + Putas + Putao = 0, (2.7)
Bn = Bnt3o =0, (2.8)
Vn = 0. (2.9)
Consequently,
,Bn + ﬁn+5 + ﬁn+10 + ﬁn+15 + ﬁn+20 + ﬁn+25 =0. (2-10)
This is a linear difference equation with constant coefficients. It follows that
B i(2km)\" 211)
Bn = |exp 30 , (2.
k=1,...,29and k ¢ {6,12,18, 24}. Hence, the 25 symmetries are as follows:
2krm\ 0
Xk = exp (WZ) una—un, (212)
k=1,...,29and k ¢ {6,12,18, 24}.
2.2. Reduction and exact solutions. We introduce the canonical coordinate
duy, 1
S:f—:—lnu 2.13
n Q(n, un) 511 I Vll ( )
and let
Vi =SuBn + Snt5Pn+5 + Snt10Pn+10 + Snt15Bn+15 + Sn+20Bnt20 + Sns25Bn+25
=1n (UpUpy5Un10Un+15Unt20Un125)- (2.14)
Setting V,, = exp(—V,,), we obtain
1
V, = i (2.15)
UnUp+5Up+10Un4-15Un+20Un+-25
Now shifting equation (2.15) five times and substituting for 1,30, we get
Vs = AV + By, (2.16)
By iterating (2.16), we get
n—1 n—1 n—1
Vspyj = Vj[H A5t+j] + Bsiy; H Asiy+j |, (2.17)
t i=0 ko=i+1
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j=0,1,2,3,4. From (2.15), we have that

\%
Unt30 = 7 15 Up. (2.18)
n
By iteration, we get
n-1
V3ot
U30n-+j —”JH L Vi jes
V30t+5L§ 1+1(j)

i V30t+5+5LéJ+T(j)
n-1 V i .
5(6t+L4])+1(j)
t=0  5(6t+1+14])+1())

Here, | -] denotes the floor function and 7() is the remainder when j is divided by 5. Substituting

(2.17) in equation (2.19), we obtain

6+ L1-1 6t-+141-1 6t-+14]-1
Ve | HAssae(if + X Bsiga(j) HASkZ-H ()
s=0 =0 ko=i+1
U30n+j =Uj H , ;
0 6t+11L] 6t+1L] 6t+1L]
Ve HA55+T + Z B51+T II A5k2+7( )
s=0 kz i+1
6t+ 6t+ 6t+
L4]-1 Bsion(s L)1
HA55+T + Z T(.)] H A5k2+’[()
n-1 s=0 / kz i+1
:ujH , ) (2.20)
0 6t+1L] 61+ 1 JB5 6t+14 y
I+T
[T Aserr(if + Z V—() HA5k2+T i)
s=0 t ko=i+1

where 1/ V), = upupsup10Unr15Un120Un+25. Equation (2.20) gives the solution of (1.3) in terms of
n and the initial conditions. Consequently, the solution of (1.1) is obtained by shifting back (2.20)
29 times as follows:

6t-+ 6t+ 6+
L4)-1 sy, " L4)-1
[lass(j) |+ Z v | I asgaq))
a1 | s=0 Ve |, —in
Uzon+j-29 =Uj-20 H > (2.21)
0 [6t+LE) 6t-+11] b, 6t-+11]
l+'[
H ss17(j)| + V() H Asky+7(j)
s=0 i=0 +1

2.3. The case where the sequences A, and B, are one-periodic. Here, we set A, = A and B, = B.
Equation (2.20) simplifies to
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el . B 6t+1L1-1

_y ASHHLE Al

1 t v, Z

wson s =1 | . (2.22)
t=0 j 6t+L5J .

A6t+LgJ+1+VL ‘ZO Al

i=

()
Now, using (2.15) in the equation above, we get the closed form solution of (1.3) for constant

coefficients given by

Uson+j =
6t+L J -1
n-1 ABtHS J+B” t(j)Ur(j)+5U7(j)+10%(j)+15%(j)+20U7(j)+25 Z Al
U; 2.23
J ]:[ 6t+|_§J ( )

A6t+LéJ+1 + Bty (j) Uz (j)+5Ue(j)+10%1(j)+15H7(j)+20 47 (j)+25 E‘o Al
forj=0,1,...,29. Note that 7(j) € {0,1,2,3} when j € {0,1,...,29}.
2.3.1. Case where A = 1. When we replace A = 1in (2.23), we get

Uson+j =

u]-n_l 1+(6t+'I.éJ)Bu’[(j)u’[(j)+5u’[(]')+10u’[(j)+15u’[(j)+20uT(j)+25 | 224)

=0 1+ (6t + LéJ + 1)Buf(j)u’l’(j)+5uT(j)+10uT(j)+15uT(j)+20uT(j)+25

2.3.2. Case where A # 1. In this instance, (2.23) becomes

U3on+j =

, j
n—-1 A6f+|_é] + 1—A6t+|‘SJBu N U/ U U-(; Ur(i
0, 1A () te(j) +5Me(j) +10%1(j) +15e (j)+20e ()25 (2.25)

i A
=0 A6HFLEIH1 | 1=ATS

Uz (j)Ur(j)+5U(j)+10U1(j)+15U7(j)+20H7(j)+25
Recall that we shifted equation (1.1) forward 29 times to obtain (1.3) whose solution is given by
(2.24) and (2.25). Now we shift backwards 29 times the equations (2.24) and (2.25) to obtain the

solution of the difference equation (1.1) which is given by

=L 1+ 6t+L J)BM )=29U(j)—24Ur(j)-19U1(j)~14M1(j)-9Ur(j)~4
Usonsj29 = Ui H (7) () () 6)) (7) (2.26)

-0 1+ (6t + L]+ 1)Bu, (j)-29t(j)—24Mr(j)-19Ur (j)-14Yr (j)-9Ur(j)—4

whena = 1; and

i 6t+14]
o AL +(—1 = )B” (j)—29Ux(j)-24Ur(j)-19U(j)-14H(j)-9U(j)-4

Uzon+j-29 = Uj-29 (2.27)

j 6L+
=0 AfHHLs I +(—1 4 )B“ () =29 U (j)-24ta j)19M (j) 1447 () -9 Ur j)-4

whena # 1.
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3. SOME SPECIAL CASES LEADING TO SOME RESULTS IN THE EXISTING LITERATURE

Setting k := 29 — j, we have that Léj =5- Léj and 7(j) = 4—-1(k) when j = 0,1,...,20,
k = j—29. Hence, equations (2.26) and (2.27) become

P14 (6t + 5 — L&) Bu_p(1)-25U (k) -20 U1 (k)-15 87 (k) ~10H—z (k)5 Uk
M30nk—”kH (k)- (k) (k) (k) (k) (k) @3.1)
1+ (6t + 6 — £ ) But_q (k) -258 -t (k)~20M -1 (k) - 15— (k) - 10— (k)5 U1 (k)
whena = 1; and
_a6t+5-1E]
n- ASHS-LEL 4 (114175) U—r(k)-25U—1(k)-20% 7 (k)-15U 7 (k)10 ¥~ 7 (k) -5 U~ 7 (k)
Uzon—k = Uk 3.2)

ik 6t-+6-| £ |
t=0 A6t+6-L5] +(A—)B“ (k) —~25U—1(k)—20U 1 (k)~15U—t k)~ 104~ (k)5 U (k)

when A # 1. If we replace B = 1 in (3.1), we get the results in [1] (see Theorems 1 and 6). In fact,
for B = 1, using (2.26), we have

(6t + 5 — L& 1) tt_r ()25 1t (k) -20U—r (k) 15U - (k) 10U~z (k)5 ()
Uzon—k = U—k H
+ (6t + 6 = LE )1t ()25 (k) ~20 Ut (k) - 15— (k) 10H - (k) =5 Ut (k)
— 1+ (6t +m—1
—e H 1 (6t + 1k )Hk (3.3)
2o\ 14 (6 4 1)
5
where py = ‘Ho €mod (k5)+5j Tk = 6~ L';‘J and u_y = ¢, withk=0,1,...,29.
]:
Similarly, for B = -1, using (2.26), we have
(6t + 5= LE 1)1t (k) -258 1 (k) -20H 1 (k)~15H -1 (k) ~10 -7 (k) -5 Uz ()
Uzon—k = U—k H
o 1= (61 + 6 = LE D)ty (k) 251 (k)—20 Mt (k)15 (k)10 (k)52 (k)
n—1
1-— (6t -1
e (6t + 1k )#k , (3.4)
w0\ 1= (6t + i)k

where py = H €mod (k5)+5j, Tk = 6 — |_ Jand u_y = ¢, withk =0,1,...,29.
]_
If we replace A = —1 and B = +1in (3.2), we get the results in [1] (see Theorems 8 and 12). In fact,

for A = -1 and B = 1, using (3.2), we have

141K
(‘”HL%J + (%)u—T(k)—ZSM—T(k)—ZOu—T(k)—15u—T(k)—10”—1’(}{)—5”—’[(’()

n-1
Uzon-k = Uk H

1+l =]
=0 —(—1)1HLE (%)“—T(k)—25M—T(k)—zou—r(k)—15”—1(k)—lou—f(k)—5u—1(k)

€k

= (3.5)

where . = H €mod (k5)+5) &k = (— 1)“5le and u_y = ¢y withk =0,1,...,29.
=0
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Similarly, for A = —1 and B = -1, using (3.2), we have

X 1-(—1)1+LE]
n-1 (—1)1+L5J - (#)”—r(k)—25”—1(k)—zou—r(k)—15u—r(k)—10”—z(k)—5”—f(k)

Uzon—k = U—k . ik
=0 —<—1>1+L5J - (%)u—T(k)—25”—’((k)—20u—T(k)—15“—'[(k)—lOu—’c(k)—Su—’c(k)

€k
_ , 3.
(1= ) .

5
where u [] €04 (k5)+5) %k = (—1)L]§JJrl and u_ = ¢, withk=0,1,...,29.
j=0
4. BEHAVIOR OF THE SOLUTIONS

In this section, we give the conditions for periodic solutions with periods 2, 3, 6, 10, 15 and 30.

Additionally, we show that the equilibrium points are non-hyperbolic.

Theorem 4.1. Let u, be a solution of

Un

Uny30 = (4.1)

A + Buyty  5Up 1 10Un415Un+20Un+25

with initial conditions u;, i = 0,...,29; and A # 1 and B some non-zero constants. If the initial conditions

satisfy the conditions

Uilljy5Ui+10Ui4+15Ui+20Ui125 = % (4.2)
and
Ui # Uivo, Ui F Uit3, Ui # Uite, Ui # Uir10, Ui # Uit15, (4.3)
then we have a 30-periodic solution.
Proof. Using the assumption u;u; s5u;10Uit15Uit20Uit25 = % stated in Theorem 4.1, equation
(2.25) reduces to
Al (1—{:@ ) B(l ;A)
o =0 A6l | (1_14;21%”1)3(1 ;A) @4
. (4.5)

Adding the condition u; # w2, u; # ui13,U; # Uire, Ui # Uiy10,U; # Uiy15, we conclude that the

solution is periodic with period 30. m]
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.
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FiGure 1. Graph of Un+30 = *3+2Hnl’n+5un+1(;’”n+1514n+2011n+25'

Figure 1 illustrates the graph of (1.3) with the initial conditions, up = 1;u1 = 4,u> = =3/2;u3 =
=1/2;uy = 2/3;us = 4;us = 1/2;u7 = 2;ug = 1/2;u9g = 3;u10 = 1/2;u1n = 2;u12 = —=1/6;u13 =
=8u1y = 2;u15 = 1/3;u16 = —1/2;u17 = 2;u18 = —1/2;u19 = 1/2;uz0 = =3;un = 1/5un =
1/2;u23 = 1/2;up4 = 8;up5 = —1;up6 = —5;up7 = 4;u08 = —4; up9 = 1/8, satisfying the conditions
in Theorem 4.1. As expected, the solution is 30-periodic.

Theorem 4.2. Let u, be a solution of

il (4.6)

Up430 =
A + Buylyy 5Uy 4 10Un+15Un+20Un+25

with initial conditions u;, i = 0,...,29; and A # 1 and B some non-zero constants. If the initial conditions

satisfy the conditions

1-A
2.2 2 _
Uillipstivi = —p (4.7)
and
Ui # Ui, Ui # Ui 3, Ui # Ujre, Ui # Uiy10, Ui = UiL15, (4.8)

then we have a periodic solution with period 15.

Proof. The proof is similar to the proof of Theorem 4.1 and is omitted. O
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gl —-= x(n)

N

x(n)
(=]

-1

Ficure 2. Graph of (1.3) whena =2and b = -1/4.

Figure 2 illustrates the graph of (1.3) with the initial conditions, ug = 1;u1 = 2;up = —4;u3 =
=1/2;uy = 1/8us = 4ue = 1/2;u7 = 1/2;ug = 1/2;u9 = 8uyp = 1/2;u11 = 2;upp = —1Lu13 =
=814 = 2;u15 = Luge = 2;u17 = —4u1s = —1/2;u19 = 1/8up0 = 4;un1 = 1/2;u0 = 1/2;up3 =
1/2;up4 = 8 ups = 1/2;u26 = 2;up7 = —1; 128 = —8; up9 = 2, satisfying the conditions in Theorem
4.2. As expected, the solution is 15-periodic.

Theorem 4.3. Let u, be a solution of

Un

Up 430 = (4.9)

A + Buyy 54y 10U +15Un-+20Un+25
with initial conditions u;, i = 0,...,29;and A # 1 and B some non-zero constants. If the initial conditions

satisfy the conditions

U Uy, 5 = 5 (4.10)

and
Wi # Uiy, Ui # Uiy3, Ui # Uire, Ui = Uit10, (4.11)
then we have a periodic solution with period 10.

Proof. The proof is similar to the proof of Theorem 4.1 and is omitted. O
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11
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Ficure 3. Graph of u,.3 = — o

— g Unlp5Un110Un+15Un+20Un+25

Figure 3 illustrates the graph of (1.3) with the initial conditions, ug = 1;u1 = 4;u; = -1/3;u3 =

~1/4uy = 1/5us = 2;ue = 1/2;u7 = —6;ug = —8;u9 = 10;u10 = Luyn = 4;u1p = —-1/3;u13

~1/4u1s = 1/5u15 = 2;u16 = 1/2;u17 = —6;u18 = =8 ug = 10,u = Luy = 4uxn

—1/3;u23 = =1/4ups = 1/5us = 2uz6 = 1/2;upy = —6;u28 = —8; 129 = 10, satisfying the
following conditions:

1-A

U (j) U (j)+5H(j)+1007(j) +15Me(j)+20 ke (j)+25 = ~ (4.12)
and
Ui = Uiy 10 (4.13)
As expected, the solution is 10-periodic.
Theorem 4.4. Let u, be a solution of
0 = Bun”n+5un+l::”n+15un+20”n+25 .19

with initial conditions u;, i =

0,...,29;and A # 1 and B some non-zero constants. If the initial conditions
satisfy the conditions

1-A
UQU1 U Uz U4 U5 = 3 (4.15)
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12
and
Ui # Wi, Ui # Uiy, Ui = Uiye, (4.16)
then we have a periodic solution with period 6.
o

Proof. The proof is similar to the proof of Theorem 4.1 and is omitted.

4 ’ J _-X(]n)

i

; [ !
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S I L O L O L L L O O A

I L A O B L L L A A L

IR [ R T I A R v i
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L [T I N I I R Iy
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R A A A A A AR A A B R AR A A

A i
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A AR N RN R A

H AR R AR RN NN RN
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Pl NIRRT IRININERERY il

14 | i ! ! b i ;

! i b il i !

i i il il ! i
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Ficure 4. Graph of (1.3) whena =2and b = -1/4.

Figure 4 illustrates the graph of (1.3) with the initial conditions, uy = 1;u; = 2;u; = 3;u3 =

4ug = -1/6;us = —Lue = Luy = 2;ug = 3;ug = 4;u10 = —1/6;u11 = —Lupp = Luiz = 2;u14 =
Bus = 4u1e = —1/6;u17 = —Lu1g = Liugg = 2;u = 3;uy = 4un = —1/6;ux3 = —1uy =
1Luos = 2;uz6 = 3;upy = 4ups = —1/6;u29 = —1, satisfying the conditions in Theorem 4.4. As

expected, the solution is 6-periodic.

Theorem 4.5. Let u, be a solution of
il 4.17)

30 = Ay Byt 15Uy 10U+ 15Un+20Un+25
with initial conditions u;, i = 0,...,29; and A # 1 and B some non-zero constants. If the initial conditions
satisfy the conditions

1-A
u%u%u% =5 (4.18)
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and

Ui # Uitp, Ui = Uit3, (4.19)
then we have a periodic solution with period 3.

Proof. The proof is similar to the proof of Theorem 4.1 and is omitted. O

2.0 A —-= x(n)

1.5 A

104 |

0.5

x(n)

0.0

=0.51

—1.0 A

Un

T .
2= 1 Unlly45Un 110 Un-+15Un+204n 425

Ficure 5. Graph of u,.3 =

Figure 5 illustrate the graph of (1.3) with the initial conditions, uy = 1;u; = 2;u; = -1, u3 =
Luy = 2;us = -Lug = Luy = 2ug = —Lug = Liuyg = 2unn = —Lup = Lug = 2uy =
—Luis = Lue = 2;u17 = —Lung = Lo = 2up0 = —Lupy = Lugp = 2ups = =15 ups = Lups =
2;up6 = —1;up7 = 1;up8 = 2;up9 = —1, satisfying the conditions in Theorem 4.5. As expected, the

solution is 3-periodic.

Theorem 4.6. Let u, be a solution of

Uu
" (4.20)
A+ Bupntty 54y 110Un415Un+204n+25

with initial conditions u;, i =0, ...,29;and A # 1 and B some non-zero constants. If the initial conditions

Up+30 =

satisfy the conditions

1-A
uu; = <5 (4.21)



14

and
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Ui = Uiy,
then we have a periodic solution with period 2.

(4.22)
Proof. The proof is similar to the proof of Theorem 4.1 and is omitted.

3.00 A

—-— x(n)
2.75 A

2.50 A

2.25 A

x(n)

2.00 A

1751

1.501

1254

1.00 4

20 40

60 80 100

Ficure 6. Graph of (1.3) whena =2and b = -1/27.

Figure 6 illustrate the graph of (1.3) with the initial conditions, up = 1;u; = 3;u; = 1;u3

2-periodic.

Bug = Lius = 3ug = Luy = 3ug = Lug = 3;u10 = Lunn = 3;u1p = Liug = 3u1y = Lugs =
1;uy7 = 3;up8 = 1;up9 = 3, satisfying the conditions in Theorem 4.6. As expected, the solution is

3;x[16] = Luiy = 3;u13 = Lugg = 3;up = Liuyy = 3;um = Lups = 3up = 1;ups = 3;u

Theorem 4.7. Given the equation

Up+30 =

Un
the sole equilibrium point i = 0 is non-hyperbolic.

7
14 Bupnity5Uy110Un1154n+204n+25

(4.23)
Proof. The fixed point condition u = u/(1 + Bu®) yields the point # = 0 and the characteristic
equation of (4.23) near 0 reads A3 — 1 = 0. The roots of A3 — 1 = 0 are the thirtieth roots of unity,
their moduli are all equal to 1. Thus, u = 0 is non-hyperbolic.

O
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Theorem 4.8. The fixed point i = 0 of (4.1) is (locally) asymptotically stable for |A| > 1. In addition, the
non-zero fixed points of (4.1) are non-hyperbolic for all A # 1.

Proof. Imposing the fixed points condition on (4.1) yields #1(A + Bii® — 1) = 0. For the first part of
the proof, the characteristic equation of (4.1) near i = 0 given by 4* - - = 0. Consequently, the
roots A; of the latter are in such a way that |A;| < 1 for |A| > 1. Thus, u = 0 is locally asymptotically
stable when |A| > 1. For the second part, we find the non-zero fixed points by solving the equation
A+ Bu® —1 = 0 for u. Here, the characteristic equation of (4.1) near a non-zero equilibrium point
is given by

0=A0 - (A-DAP - (A-1DAP - (A-DAB - (A-1DA0 - (A-1)1°- A (4.24)

=(AP® £ 220 L AB L A0 L A5 1 1) (A% - A) (4.25)
1-A%

=155 (A°—A), with A% #1. (4.26)

There exists a root of the characteristic equation with modulus equals 1, for instance, A = ¢™/15. O

5. CoNcLUSION

We investigated the solutions of the thirtieth-order difference equations (3) by the method of
symmetry analysis. In order to use this method, the shift operator was applied to equation (3)
thereby shifting the equation 29 times to give equation (5). Then the Lie symmetries of the shifted
equation were found and they were used to lower the order of the reduced equation. Our results
were further verified by substituting different values for A and B in (1.1) and then comparing our
solutions to the solutions in the literature. We also studied the periodic nature of the solutions ,
stability of the fixed points and used graphical illustrations to confirm our results.

Conlflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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