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Abstract. Based on the application of the standard Adomian method, the current paper proposes two modification
approaches for the classes of the fractional differential equations and the system of fractional differential equations,
which are featured through initial-value problems. Certainly, the constructed iterative schemes for the two classes are
shown to be reliable, considering a number of test problems for demonstration, and upon deploying other existing
numerical approaches for contrasting. In fact, the proposed schemes are found to portray less error, rapidity, accuracy

and consume less computational time among others.

1. INTRODUCTION

Fractional calculus is a branch of mathematics that investigates the properties of derivatives
and integrals of non-integer orders (also known as fractional derivatives and integrals; briefly
fractional calculus). The differential equations of fractional order are generalizations of classical
differential equations of integer order. Compared with the integer order calculus, many real-world
phenomena can be better described by using the fractional operator [1,2]. They are increasingly
used in such fields as fluid flow, control theory of dynamical systems, diffusive transport akin to
diffusion, probability, and statistics [3,4]. Moreover, since most fractional differential equations do
not have exact analytical solutions, approximate and numerical techniques are used extensively
to treat the fractional differential models, including, for example, the homotopy analysis method
[5], homotopy perturbation approach [6], variational iteration technique [7], Chebyshev spectral
method [8], orthogonal polynomial method [9], Grunwald-Letnikov method [10], fractional Adams
method [11], and several other methods; read [12,13] and the given references therewith.
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Moreover, the base method of the present paper is the Adomian decomposition method
(ADM) [14], which is a potent semi-analytical approach that was initiated by George Adomian
in the mid 1980’s. For more on the convergence of the ADM when applied to different types of
functional equations, one may read the famous work of Abbaoui and Cherruault [15], and the
comprehensive review work by Duan et al. [16] with regards to the method and its applications to
fractional functional equations; see also Sadeghinia and Kumar [17] for the extension of the method
to the class of multi-term fractional differential equations. Besides, this method is widely used in
solving real-life problems that are modeled in both differential equations and fractional differential
equations; in particular, Guo [18], and Afreen and Raheem [19] recently employed ADM to solve
fractional differential equations and a system of nonlinear fractional differential equations, respec-
tively. In addition, the ADM has seen several modifications with the view to improve its accuracy,
rapidity, reduction in computational time, or even improvement to fit various classes of functional
equations to mention a few. What is more, the powerful modifications of ADM demonstrated a
rapid convergence of the series solution if compared with the standard ADM, and therefore, pre-
sented major progress. The modification of ADM has been shown to be computationally efficient
in several models, which are important to researchers in applied science [20,21].

However, the purpose of this study is to extend the modification of the ADM, which was
recently given in [22-25] for different types of initial-value problems of the classical differential
equations to the classes of fractional differential equations and systems of fractional differential
equations. Indeed, with the modification method to be proposed, promising iterative schemes
are set to be constructed with regard to both the fractional differential equations and systems of
fractional differential equations; in addition, certain numerical test models will be considered to
illustrate the application of the devised modified approach. Furthermore, the study will equally
beseech some efficient numerical methods from the open literature to assess the competence of
the proposed approach in order to establish a comparative study. Finally, the organization of
the manuscripts follows the following order: Section 2 recalls some basics on fractional calculus;
Section 3 outlines the two modified approaches to the fractional differential equations and systems
of fractional differential equations; Section 4 applies the constructed scheme on certain test models,
while Section 5 presents some concluding notes.

2. BASIC DEFINITIONS AND PROPERTIES OF THE FRACTIONAL CALCULUS

Some basic definitions and properties of the fractional calculus theory are given in this section.

Indeed, these definitions and properties are reported in renowned books, read [1,2].

Definition 2.1. For a function y(x) € C([a,b]) and a < x < b, the Riemann-Liouville fractional integral

operator of order @ > 0 is defined as

By = s [ w00 1)
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Note from the above that for a = 0, we have [%y(x) = y(x), which is the identity operator. Additionally,

when a € N, then I3y (x) coincides with that classical integral.

Definition 2.2. For y(x) € C([a,b]), the Caputo fractional derivative of order a > 0 is defined by

I’”‘“y(’”)(x), m—-1<a<m,
Dfy(x) = o (2.2)
ay(t), a =m.

Property 2.3. In fact, based on the aforementioned definitions, we outline some important proper-

ties for the fractional deferential and integral operators in what follows.

i).
*IPy(x) = I*"Py(x), a,p 2 0. (2.3)
ii).
m—1 xk
D% (x) = y(x) - ©) (ot , 2.4
y(x) = y(x) kzoy ( >1“(k+1) (2.4)
wherem—1 < a <m.
iif).
m-1 k—a+p
Dl y(x) = Poy(x) - Y y®(07)=—2 , 2.5
y(x) y(x) kzoy ( )F(k—a—f—ﬁ—f—l) (2.5)
where m—-1<p, a <m,and < a.
iv).
r 1
[“x" = ﬁx"“‘, x>0, (2.6)
F(la+n+1)
where m—-1<a<m, n>-1.
V).
D¢C = 0, where C is a real constant. (2.7)
vi).
o 0, n<m-1,
D" = T(n+1) (2.8)

mx”“", n>m-1.

Moreover, the above outline properties of the fractional calculus will be used in deriving the
resulting iterative schemes for the fractional differential equations and systems of fractional dif-
ferential equations. In addition, Caputo’s fractional derivative [1,2] would particularly be used in
the present study. Indeed, the choice of Caputo’s fractional definition is owing to its application
in perfectly modeling a variety of real-life scenarios; besides, the initial conditions of the classical
calculus are rightly used in Caputo’s fractional models without the need to infuse fractional orders

in the prescribed initial and boundary data.
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3. MoDIFIED ADOMIAN DECOMPOSITION METHOD

This section presents the modified Adomian decomposition methods (MADMSs) for the solution
of initial-value problems (IVPs) for fractional differential equations and systems of fractional

differential equations.

3.1. MADM for fractional differential equations. To exhibit the MADM for fractional differential
equations, we make consideration of the IVP for the nonlinear fractional differential equation as

follows
D%y(x) + Ry(x) + Ny(x) = g(x), ff > 0. (3.1)
v 0)=¢, k=0,1,2,.,m-1, m-l<a<m.

In the above equation, y(x) is the unknown function, D¢ is the Caputo fractional derivative operator
of high-order «, which is easily invertible, N is the nonlinear operator, R is the remaining linear
operator which might include other Caputo fractional derivative operators DY (v < a) and g is the
given source function.

Next, to solve the governing IVP, we operate on Eq. I* on both sides of (3.1), which is indeed
the inverse operator of DY, and further make use of (2.4) to obtain

I*[Dfy(x) + Ry(x) + Ny(x)] = I*[g(x)]- (3.2)

Thus, from the above equation, one gets

m—1 k

y(x) = Y o + 1°g(x)] = [*Ry(x)] - [*Ny(x)]. (33)
n=0

or equally upon writing the latter equation using the standard Adomian decomposition method

way the following

Z alx) = Z 65 (g~ R Y )]~ Y A, 6.4
n=0 n=0

where A,,’s are the Adomian polynomials, which are to be computed using the following compacted

14 i
Ap=——s [N[Z/\’yi]] , n=0,12,....
' i=0 A=0

Notably, from (3.4), the solution of the equation y(x) is decomposed into a sum of infinite compo-

formula

nents y,, forn = 0,1,2,..., thatit, y(x) = Y, y,(x). Further, MADM requires the addition of the
n=0

expression

[ee] o

I [Z ax"| — pI* [Z anx"],

n=0 n=0
into (3.4), where p is an artificial parameter and for all n € IN U 0, and a,, are unknown coefficients.

Hence, on adding the above expression to (3.4), one obtains the following
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m—1 k 00

Z yn(x) = Ckyg + [Ig(x)] +1* [Z a,x"| = pI* [Z a,x"] = [IR Z Yn(x)] = [I* Z Au(x)], (3.5)

n=0 n=0 n=0

which subsequently reveals the formal recursive scheme for the governing IVP as follows

yo(x) = LI bt + Xy @],
y1(x) = [199(x)] - pIOL 4] ~ 'R [y (x)] - [ Ao], (36)
Y1 (x) = ~I'R[yn(x)] - *[Au], > 1.

In fact, to avoid the calculation of A,, forn = 0,1,2, ..., we calculate the values of the coefficients
a, forn =0,1,2, ..., by setting 11 (x) = 0 for all n >1. More precisely, setting p = 1, we get a hold
of the solution of the governing IVP in the following form

m—1 k

y(x) = Y agg I ) (3.7)

n=0 n=0
3.2. MADM for systems of fractional differential equations. Accordingly, we make considera-

tion of the coupled system of IVD, featuring nonlinear fractional differential equations as follows

Dyi(x) = Li(y1, Y2, - Ym) + Ni(y1, Y2, - Ym) + 8i(x), (3.8)
i=1,2,..,n, m_<asm,
yi.("(O) = cf{, ki=0,1,2,..,mj,
with L; and N; representing the linear and nonlinear operators, respectively.
As proceed, the application of MADM begins by expressing the governing coupled model in

operator notation. Thus, we apply %, the inverse operator of D}’ fori = 1,2, ..., n on both sides of
(3.8) to get

1D yi(x)] = 1%(&i ()] + I¥[Li(y1, Y2, - Ym) + Ni(yr, y2, -, ym)], (3.9)
or equally upon using the initial data the following
m=1 i
yi(x) = i, (1% ¢; ()] 4+ I%[Li(y1, Y2, ) Yim) + Ni(y1, Y2, o Yim)].- (3.10)

n=0
Next, when using the standard Adomian’s method, the above equation is re-expressed as follow

m—1 k 00

Z Yin(x) = i, (1% gi(x)] + [I% Z Yin(x)] + [I% Z Ain(x)], (3.11)
n=0

n=0 n=0
where in the above, the solution y;(x) is decomposed into a sum of infinite components y; ,,(x), for
i=0,12,.nandn=0,1,2,.., thatit, y;(x) = Y, yin(x), while the Adomian polynomials A;,’s
n=0

follow as in the preceding scenario.
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Further, MADM requires the addition of the following expression

o0 [se]

(3 o,

n=0 n=0

into (3.11), where p is equally an artificial parameter and for all » € IN U0, and a,, are unknown
coefficients. Hence, the latter equation transforms to the following

00 m—1 xk 00 00

D vin(®) = ) oy + [19i(0)] + 19[Y @] —pI® [Z anx"] + 1 Z Yin(0)] + 1) Aj(2)]
n=0 n=0 ) n=0 n= 1n=0

(3.12)

which subsequently gives the formal recursive scheme for the governing coupled system of frac-

tional models as follows

Vio(x) = Tomg ek + 19 Eog anx],
Yia (x) = [1%gi(x)] = pIU[Ee g anx™] + [ yio(x)] + [[%A;0(x)], (3.13)
Vins1(x) = [0y (0)] + 1A (x)], n21.

Consequently, to suppress the computation of A,, n = 0,1,2,..., one finds only the coefficients
a, forn = 0,1,2, ..., through setting y;(x) = 0 for all n >1. Specifically, with these assumptions,
and upon setting p = 1, the overall recursive solution for the governing coupled system of the

fractional differential equation is determined in the following series form

m—1

yilx) =Y N I i (3.14)

n=0

4. NUMERICAL APPLICATIONS

This section makes use of some test IVPs to ascertain the effectiveness of the proposed recursive
schemes by MADM numerically for the two classes of the fractional differential equations under
consideration. Indeed, several test models would be considered and further compared with the
approximate solutions reported in [26,27]. In the same vein, additional numerical methods would

be sought to assess the reliability of the proposed MADM.

Example 4.1. Consider the linear nonhomogeneous IVP for Bagley-Torvik equation [26]

2.6666666667x' ,
D?y(x) + Dy(x) + y(x) = ¥ +2+ T VO =v =0 (4.1)

To solve (4.1) by using MADM we apply the inverse operator I? on both sides of the equation

and thereafter makes use of MADM to obtain the following

[e¢]

- 2.6666666667x1>
—_ 12 2 2 12 n

ZONEIEC WA WO
n=0

n=
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Therefore, the formal recursive scheme for the IVP is revealed as follows

Yo(x) = F[L,Z0 anx"].

=J2
y1(x) = P2 +2 4 2000666666757 ) _ 2y | g, %] - B[D0yo (x)] - Plyo(x)].

which when expressed explicitly gives

2 3 4
. apgx a1x arx
yo(x) = > + 3 + B +...,
x* pagx?  pmx®  payxt
y1(x) = == + 1% 4 0.1719434921x7/2 — - - + - —0.085797174606a0x”/?
12 2 6 12
4 5 6
— 0.0191048324541x"/2 — 0.04168327078ayx ' 1/2 = 10X _ 41X X

24 120 720
Next, putting 11 (x) = 0, we compute g;, fori =0, 1,..., thatis
LN S L Y SR S L R S AN B SOV S
) = (=0 (=) 4 (5 g — )0 () + (g +0 =0, (42)
which when setting p = 1, reveals ap = 2,a; = a, = 0. Therefore, on substituting these values of

a9,a1 and ay into y(x), one gets the exact solution as follows
y(x) =%, (4.3)

which indeed gives the exact solution for the IVP (4.1).

Notably, Shiralashetti and Deshi [26] solved the linear fractional IVP expressed in (4.1) through
the application of the Haar wavelet collocation method and obtained the resulting approximate
solution by calculating 8 terms. However, the proposed MADM revealed the exact solution while
using only 2 terms. Moreover, we establish a comparative analysis between the proposed solution
and that of the Haar wavelet collocation method presented in [26] in Table (1). In addition, we
besiege the approaches presented in [27], in the presence of the Haar wavelet collocation method
presented in [26] to further affirm the accuracy of the proposed MADM approach; see Table (2) for

the simulated error difference analysis.
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TaBLE 1. Comparison of absolute errors between the Haar wavelet collocation
method’s solution [26] and the proposed MADM'’s solution with respect to the
exact solution for the fractional IVP (4.1).

x Haar Exact solution | MADM Absolute error | Absolute error
wavelets in [26] with ex- | MADM with
method [26] act solution exact solution

1/16 | 0.0039062498 | 0.0039062500 | 0.0039062500| 2.000 x 10~10 0

3/16 | 0.0351562489 | 0.0351562500 | 0.0351562500| 1.1000 x 10~° 0

5/16 | 0.0976562477 | 0.0976562500 | 0.0976562500| 2.3000 x 10~° 0

7/16 | 0.1914062468 | 0.1914062500 | 0.1914062500] 3.2000 x 1077 0

9/16 | 0.3164062465 | 0.3164062500 | 0.3164062500] 3.5000 x 10~ 0

11/16 | 0.4726562466 | 0.4726562500 | 0.4726562500| 3.4000 x 10~° 0

13/16 | 0.6601562460 | 0.6601562500 | 0.6601562500| 4.0000 x 10~° 0

15/16 | 0.8789062455 | 0.8789062500 | 0.8789062500| 4.5000 x 10~° 0

TaBLE 2. Comparison of various absolute error differences for the fractional IVP

4.1)
x Method Method Method (2) | Method (3) | Haar wavelets | MADM
(1a) [27] (1b) [27] [27] [27] method [26]
1/32 [ 4.84x1073 [1.30x1072 [9.08x10~* [4.84x1073 [5.2585x10712 |0
1/64 [1.66x1073 [7.40x1073 [3.32x10™* [1.66x107° |2.4630x107% |0
1/128 |5.74x107% [4.02x107° [1.20x10~* [574x107* |3.3482x1071® |0
1/256 [2.00x107* [2.12x107° [4.30x10™° [2.00x107* |5.5057 x107%! |0
1/512 [7.00x10™° [1.10x107° [1.54x10™° [7.00x107° |4.2352x107%> |0

Example 4.2. Consider the nonlinear fractional IVP [26]

2bx3@ N 2cx37P N ﬁ
T(d—a) T(-p) 277
where0 < a,f<landa=1,b=2,c=1/2, e =1,a = 0.07621 and p = 0.00196; together with the

following initial conditions

aD?y(x) + bD%y(x) + chy(x) + ey’ (x) = 2ax +

(4.4)

y(0) = y'(0) = 0.

To begin with, we explicitly rewrite the equation by using the above constants as follows
4292374

1
2 2D0.O7621 _D0.00196 3 -2
D*]/('x) + * y(x> + 2 * y(x) + y (x) X + F(3.92374) +

Therefore, to solve (4.5) using MADM with the prescribed initial data, we apply the inverse

12-99804 9

X
I'(3.99804) 7

(4.5)

operator I? on both sides of the equation, and thus obtain the following
4292374
I'(3.92374)

x2.99804 x9 b
r 12 n
 Ti09s0n) 27 T 2 o]

P[2x +

i yn(x) =
n=0

[oe]

n=0

[0e]

n=0

n=0
(o]

n=0

0]

pPLY @] 2P (D07 Yy ()] = SPDY Y ()] - PLY An(x),

n=0
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where A, (x)’s are the Adomian polynomial for nonlinear term 1 (x). In fact, upon using the given
formula in Section 3 for the acquisition of Adomian polynomials, one get the polynomials for the
y>(x) as follows

Ao =,

A1 =3(yo)’y1,

Az = 3(y0)?y2 + 3yivo, (4.6)
Az = 3(yo)?ys + 6y0y1y2 + ¥3,

Accordingly, the recursive scheme is obtain as follows

yo(x) = P[0 anx"],
2.92374 2.99804 9 0
yi(x) = P [2x + r?§.92374) + F(§.99804) + %] - plz [L—o anx"] = 21 [D9'07621y0 (x)]

— 112[D2001%y, (x)] - P[Ag(x)],

I

or in more details as follows

2 3 4
. aopx a1 x arx
wox) = S+ =+ 5+
(x) = © + 0.03794496196x*9%% 1 0.008361243657x*780 - L pao pme pe
Wy =g T ‘ 2970 2 6 12
2 3 4 1 apx?  mxd apxt
_oppoozerffoX_  mx | @X 1007621140 1 2
[D. [2+6+12+H2[* [2+6+12+H
a3x8 a3x11 a3x14
_[ 0 + 1 + 2

448 23760 314496 ol
In addition, we determine the values of 4; for i = 0,1, ..., from the above by setting y1(x) = 0 in
order to bypass the computations of the Adomian polynomials A,. Thus, setting v (x) = 0, one
gets
—pao, 5 1 pm 5 mpaa o, PR —PA 11
n) = () + (-0 + (5 )+ (g )0+ (ogg T g =0 (47)

upon which when fixing p = 1 reveals the values of the coefficients as follows agp = 0,47 = 2, and

1

ay = 0. Therefore, on substituting these values back into yy(x), one obtains
1
y(x) = §x3, (4.8)

which is indeed the required exact solution for (4.5).

Accordingly, Shiralashetti and Deshi [26] equally solved the governing nonlinear fractional IVP
(4.5) with the help of Haar wavelet collocation, where the approximate solution was reported by
calculating the first 8 terms. However, MADM gives a better result by calculating only 2 terms.

Moreover, we report the absolute error differences between the MADM'’s solution and the Haar
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wavelet collocation method’s solution in Table (3). Certainly, the proposed MADM outperformed
the contending method.

TaBLE 3. Comparison of absolute errors between the Haar wavelet collocation
method’s solution [26] and the proposed MADM'’s solution with respect to the
exact solution for the fractional IVP (4.5)

X Haar Exactso- | ADM | MADM | Absolute Absolute Absolute
wavelets | lution [28] error in [26] | error ADM | error
method with exact | with exact | MADM
[26] solu- with exact
tion [28] solution
1/16 | 0.000243 | 0.000081 | 0.000081 0.000081| 1.61 x10~* |0
3/16 | 0.002674 | 0.002197 | 0.002197 0.002197| 4.77 x10~* |0
5/16 | 0.010945 | 0.010172 | 0.010171 0.010172| 7.72x 10~ |[1x107°
7/16 | 0.028947 | 0.027913 | 0.027903 0.027913] 1.034x 1073 | 1 x 107>
9/16 | 0.060578 | 0.059326 | 0.059268 0.059326| 1.252 x 1073 | 5.7 x 107>
11/16] 0.109736 | 0.108317 | 0.108089 0.108317] 1.419 x 10~° | 2.27 x 10~*
13/16] 0.180320 | 0.178792 | 0.178074 0.178792| 1.527 x 1073 | 7.17 x 10~*
15/16] 0.276231 | 0.274658 | 0.272742 0.274658] 1.573 x 107> | 1.915x 1073

OO OO0

Example 4.3. Consider nonlinear fractional IVP [29]
D2y(x) + DIy (x) + ¥ (x) = %, y(0) = ¥/ (0) =y (0) = 0, y"(0) =6. 4.9)

As a result, solving the nonlinear fractional IVP expressed in (4.9) by MADM requires the
expression of the IVP in an operator form. Therefore, on doing so, and upon applying the inverse
operator I* on both sides of the equation, MADM thus gives

(o] (o] (o]

f} (%) = PO I) ] anx] - pl') | ax"] - 1H[D]2 i ya ()] =) An()],
n=0 n=0

n=0 n=0 n=0
where A,(x) are the Adomian polynomial for nonlinear term y°(x); see (4.6) for the explicit
expression for some of these polynomial for y3(x). Moreover, the resulting recursive scheme is
thus obtained as follows

yo(x) = 2> + [ g anx”],
yi(x) = PR = pP[E g "] = D2 X3 g v (0)] = L5 0 Au(x)],
or more explicitly as follows

4 5 6

g apxt | ;X apx
yo(x) =x" + T 10 T30 T
X3 pagxt pamx® pax®

N =106 4 T 120 360

—0.5158304763x7/% — 0.01910483264ayx’/? (4.10)
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Equally, we bypass the computation of the Adomian polynomial A, by computing the values of
the coefficients a;, for i = 0, 1, ..., by equating y; (x) = 0, that is,

—pao a a
@) = (G + (-Ep)e + (L2

What is more, on further setting p = 1 givesay = 0,4; = 0 and a, = 0, upon which when substitute

=0 (4.11)

these values into yo(x) yields the following solution
y(x) =2, (4.12)

which is indeed the required exact solution for (4.9). Notably, Yang [29] made use of the Legendre
polynomial method to equally solve the governing nonlinear fractional IVP in (4.9). However, in
Yang [29] approach, the approximate solution was acquired after calculating the first 4 terms of the
series; which is against the present MADM, which perfectly gives the exact solution by calculating

the first 2 terms.

Example 4.4. Consider the system of linear fractional IVPs as follows [30]

Dy = y2, 11(0) = ¥4 (0) =1, Wy
D%y, = —yp —y1 + 1+ x, y2(0) = 0.

Consequently, upon applying the related inverse operators on both sides of the respective

equations, alongside utilizing the MADM procedure, one gets the following equations

Yoo Yna (x) = IP[E g yno] + 14 x + 1[5 anx] = pI™ (L5 aux"],
Yoo Yn2(x) = I°°[= X0 g yna = Xolo Yna + 1+ x] + O5[L 2 g a,x"] (4.14)
= pI%° [0 g anx"].

Moreover, the recursive schemes in v, 1(x) and y,2(x) for n = 0,1 are accordingly obtained as

follow

3.5

You(x) =1+x+I[L7 ganx"] =1 +x+ 1gorx(15) + r(azliw) +2151??;,(“5) T

505

Yoo (x) = I [L g anx"] + 17 [x +1] = 05105 r(2.5) +“00.5§(0.5) + g r(2.5)
-+ HQW +4+....

15 2.5 a x35
y11(x) = I"[yop] = pI" (L5 anx"] = 7’15r( 5) pr(azliw) 2P15r( 3115) "7
y12(x) = I%°[=yo2 = yo] = pI*° (Lo anx"] = Woosr(o 5) palr(z.s) pazrz(xs 5)
xL(15)  ¥°T(25) _a xI(1.5) _a T(25)

1 2 071 12

Further, on equating y; 1(x) and y12(x) to zero, thatis, y11(x) = 0 and y;2(x) = 0, one gets

1.5 3.5

y11(x) = Ilyoa] = pI° (L0 4" = ~P15r(5) pr(‘;jw) 2;9151??;1.5) — =0,
2.5
y12(x) = 1°°[=yo2 = yo| = pI*° (L, o " = —paogEinE — PEEE — PR
xT(15)  x’T(2.5) x[(1.5) ( 5) _
- - e ;2 - =0,
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which eventually yields a9 = a3 = —1 and a = 0 from y1,(x) = 0, and ap = a3 = a, = 0 from
y11(x) = 0. Therefore, on substituting the respective values into yo(x) and yg2(x), one gets the
overall solution of the system of coupled fractional IVPs as follows

x)=1+4x,
ya(x) (4.15)
y2(x) = 0.
Example 4.5. Consider the system of nonlinear fractional IVPs as follows [30],
D*%y; =y, 11(0) = v, (0) = 0,y (0) = 2,
1= y2, 11(0) = ¥4 (0) = 0,57(0) (4.16)

DXya = —y2 —yj +x* 12(0) = 0.

In the same passion, and as detailed above, MADM portrays the coupled recurrent equations

oo Yna(x) = 2 (Yo Yn2] + x4 20 [ anX"] = PIZS[Z:;LO anx"], (4.17)
I

Yoo Yn2(x) = I°[= K32 g yna = Eplo An + x* + 1% [, L0 anx"] - pI®° [, anx"],
where A, (x)’s are the Adomian polynomials corresponding to the nonlinear term y2(x), and which
take the following explicit forms
Ao =5,
A1 = 2yoy1,
Ay =2yoy2 + V3,

apx? x4.5

71335 p
Yo1(x) = 22 + P2 [L 0 g a,x"] = x2 +25F(25) T %x )+2 % 5t
x25
Yoa(x) = I (Lo anx"] + I%°[x*] = r(sé)) +a oo5r(05) +a 1r(25) +a 2r2(35) +

Accordingly, the recursive schemes take the following forms

o] apgXx: 2.5 a x
Yia (x) = _pIZ'S[Zn:O dnX ] IZS[yO 2] —P7 5%(2 5) prz4 5) Zpqugk_)) i
y12(x) = I°°[=yo2 = A1] = pI*° (L0 g anx"] = _paoosr—(os) —pm r(2.5) ~paz rzg;)

*OT(5) . ¥3T(3.5)
T(55) 07T

In the same way, set y1,1(x) = 0 and y12(x) = 0, and obtain from the latter equations the following

2.5

y(x) = ngrx(25) pr(45) 2pr(5 5+ =0
_ 203 AME) L OTES)
y1,2(x) = —pao 0.5r(0.5) —pm r(2.5) ~PR2T3E T Tes  PWTTER T =W

where y1,(x) = O0yields ag = a; = ap = 0, while y11(x) = 0 equally yields ap = a4; = a, = 0. Thus,

on substituting these values in the respective equation, one gets the solution of the coupled system
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of fractional IVPs as follows
yi(x) =2,
ya(x) =0,
which indeed satisfies the governing coupled nonlinear model (4.16).

5. CONCLUSION

In this study, effective modification methods for the solution of the classes of fractional differ-
ential equations and system of fractional differential equations have been successfully proposed
and further applied to several linear and nonlinear test initial-value problems. Certainly, it was
observed that the proposed MADMSs reduce the number of iterations greatly owing to the fact that
only yo and y; are utilized; unlike the standard ADM, which uses uncountable iterates. Hence the
size of the computation is hugely minimized in comparison with the standard ADM. Moreover,
the proposed approaches were equally noted to reduce the number of Adomian polynomials to
be constructed as only Ay is relevant. Thus, we can conclude that the proposed MADMs, in com-
parison with the standard ADM and several other numerical approaches are efficient, especially
looking at the revelation that they are rapid, accurate, less error, and consume less computational

time among others.
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