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Abstract. The main aim of this study is to provide a novel concept of F-modular b—metric spaces. Within this
comprehensive framework, we establish three well-known fixed point theorems for self-maps. The results we have
obtained broaden and enrich prior findings in the field of fixed point theory. To support our arguments, we provide

four concrete examples along with graphical representations.

1. INTRODUCTION

Over the last few years, the fixed-point theory has evolved as one of the most interesting topics
for researchers. It has a broad set of applications and is a very popular and effective tool used in
solving problems in mathematical analysis.

M. Frechet [1] developed the well-known idea of metric space as an extension to conventional
distance. In the theory of metric space, particularly in non-linear analysis, number of authors stud-
ied non-contraction mappings. It is proficient that physical problems generally involve nonlinear
differential and integral equations.

Banach contraction principle [2] plays a vital role to deal with such kind of physical problems
and provide a powerful tool for obtaining the solutions of these equations. It is a most essential
result in the metric fixed point theory. Since 1922, this theory has been improved and extended in

several ways and has been used widely.
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In 1968, Kannan [3] proved an extension of Banach [2] without assuming the continuity condition
of the map. Since then, there exist several extensions and generalization of contraction principle,
some of them are refer to [4-8].

In literature, in addition to the contraction mappings, the idea of metric spaces is further
explored, expanded and diversified through numerous diverse approaches. One of the well
known generalizations of metric spaces are b—metric spaces. The idea of b— metric was initiated
from the works of Bourbaki [9] and Bakhtin [10]. Later, Czerwik [11] introduced and formally
defined the notion of b—metric space.

Another new method in the area of metric extension pertains to the application of the geometric
characteristics shown by three points. The concept of 2— metric (Géhler) [12], D - metric (Dhage) [13]
and G - metric (Mustafa and Sims) [14], are the most famous examples of this trend. Branciari [15]
proposed a novel extension of the metric concept by substituting the triangle inequality with a
more comprehensive inequality that includes four points.

In contrast, Nakano [16] established the idea of modularity in relation to the theory of order
spaces. The concept of modular metric space on a general set was first developed by Chistyakov
[17,18]. Abdou and Khamsi introduced a novel approach in this particular field and established a
fixed point theorem in such spaces. Jleli and Samet [19] proposed an innovative idea of a metric
space by introducing an altered metric distance that spans many types of metric spaces, including
metric spaces, b— metric spaces, dislocated metric spaces, and modular vector spaces. In 2018,
Jleli and Samet [20] further investigated F— metric space as an extension of metric space. They
also defined topology on these spaces and explored their features. During the same time period,
Ege and Alaca [21] introduced an expansion of the modular metric space, which they called as
the modular b—metric space. Recently, the notion of weighted b—metric space and its topological
features were introduced by Nurwahyu and Firman [22]. This concept serves as an extension of
both b—metric and F-metric space. For more elaboration on the aforementioned notions and other
extensions of the metric concepts, we refer to [23-30,33,34].

Prior to presenting the primary findings of this work, it is necessary to review several funda-
mental definitions, instances, and essential lemmas that will greatly assist in establishing our main

theorem.

2. FounpaTioNAL CONCEPTS AND RELEVANT LITERATURE

Authors in [10,11] defined b— metric space as follows:

Definition 2.1. Let A be a space, and let R™ denotes the set of all non-negative numbers. A function
p: AXA — Rtis said to be a b— metric on A if for all u,v,q in A and b > 1, following conditions are
satisfied:

(1) p(u,v) =0ifand only ifu = v

(2) p(u,v) = p(o,u)

(3) p(u,q) < blp(u,0) +p(v,q)]
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The pair (A, p) is called a b— metric space.

Example 2.1. Let (A, p) be a metric space and p(u,v) = (d(u,v))*, where x > 1 is a real number and d

is a usual metric. Then p is a b—metric with b = 271,

Definition 2.2. [31] Let A be a real linear space. A is said to be a modular if a functional k : A — [0, +09]
satisfies the following conditions:

(1) x(0) =0;

(2) If m € A and x(um) = 0 for all numbers u > 0, then m = 0;

(3) k(-m) = x(m) forall m € A;

(4) x(um+ovn) < x(m) +«(n) forall u,v > 0withu+v =1and m,n € A.

Consideraset A # @and u € (0, +00). In the rest of the paper, forallu > 0and u,v € A, B, (1, v) =
B(u,u,v) denotes the map B : (0, +00) X AX A —> [0, +00].

Definition 2.3. [17] For any set A # 0, assume that the map B : (0, +00) X AX A — [0, +00] satisfies
the following conditions for all u,v,q € A :

(1) Bu(u,v) =0forall u>0 u=ryv

(2) Bu(u,v) = Bu(v,u) forall u > 0;

(3) Buytus(1,0) < By (u,q) + Bu,(q,0) forall uy, pz > 0.

Then we say that B is a metric modular on A.
Following are few examples of metric modular on set A = R

Example 2.2. Let A =R, and let B : (0,00) X A X A — R be a function defined as
(1) Bul1t,0) = p(u, ).
(2) Bulu,0) = p(u,0)/C(u).
where p(u,v) is an ordinary metric on A and C : (0,00) — (0, o) is a non decreasing continuous function.

Then B is metric modular on A and the pair (A, B) is a modular metric space for all p1 > 0.

Definition 2.4. [21] Let A be a non-empty set and let b > 1 be a real number. A map B : (0,4+00) X A X
A — [0, 4] is called a modular b—metric, if the following statements hold for all u,v,q € A,

(A) Bu(u,v) =0forally>0 e u=7y;
(B) Bu(u,v) = Bu(v,u) forall u > 0;
(C) By (,0) < b|By (1,9) + s (q,0) | for all s, 2 > 0.

Then we say that (A, B) is a modular b—metric space.

Example 2.3. [21] Consider the space

lp:{(un)CIR:Zlun|p<oo},O<p<1,

n=1
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Define for all u € (0,+00),

where

1
b P
p(urv) = (Z |1y, — Unlp] (Ll = Uy, 0 =70y € lp)
n=1

Then (A, B) is a modular b—metric space.

Definition 2.5. [19] Consider IT = {nt|rt : (0, 4-00) — R} such that for all s, t € (0, 4o0)
F1-: 0 <s < timplies (s) < m(t) ( 7 is non decreasing function),

F 2-: ¥ sequence {t,} C (0, +co0), we have

lim t, = 0 ifand only if lim n(t,) = —oo.
n—oo

n—-oo

Then function Tt is said to be logarithmic like function.
Some examples of logarithmic like functions are (1) = =1 +u, 7(u) = logu, 7(u) = —e™ + u.
Definition 2.6. [20] Let A be a nonempty set, and let P : AxX A — [0, +00) be a given mapping. Suppose

that there exists (1, A) € I1 X [0, 4+00) such that for all (u,v) € AX A,
(1) P(u,v) =0 = u=muo.
(2) P(u,v) = P(v,u).
(3) for every N € N,N > 2, and for every (ui)g\il C A with (uy,un) = (u,v), we have

N-1
P(u,v) >0 = n(P(u,v)) < n[z P (uj,uiv1) |+ A
i=1

Then P is said to be an F—metric on A, and the pair (A, P) is said to be an F—metric space.
Following is an example of F-metric space.

Example2.4. [20]Let A = N,andlet P : AX A — [0, +co) be the mapping such that forall (u,v) € AXA,
we have

P(u,v) = (u-v)?, if (u,0)€l0,3]x]0,3],
0T -, if (u,0)¢]0,3]x][0,3],

Then P is an F—metric on A with n(t) = Int,t > 0, and A = In3, but P is not a metric on A (doesn’t

satisfy the triangle inequality).

Definition 2.7. [32] Let A be a nonempty set and P, : (0, +00) X A*> — [0, +00) be a function. If there
exists (11, A) € IIX [0, +-00) such that ¥ u,v € A, it satisfies

(1) Py(u,v) = O0ifand only ifu = v

(2) Py(u,v) = Py(v,u)
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(3) foralln € N, with n > 2 and {v1, 05,03, ...v,} C A with (v1,v,) = (u,v), we have

n—1

P, (u,v) > 0 implies 1t (Py(u,v)) <7 (Z P% (vj, v]-+1)} + A
=1

Then Py, is called an modular F- metric on A. The pair (A, Py) is called modular F-metric space.
Definition 2.8. [22] Let A be a non-empty set and let b > 1(be a real number). Let (11, A) € T1 X [0, 4+00).

A mapping p : AXA — [0,+c0) is called a function weighted b— metric (P —b -metric), if for any
(,0) € (A p

~—

satisfies the following conditions:

(1) p(u,v) =0, ifand only if u = v,
(2) p(u,0) = p(v,u),
(3) p(u,v) > 0 then

N-1
n(p(u,v)) <m [Z bip (a]-, 61]‘+1)} +A,
=1

forevery {a; = u,az,a3,...,ay =v} CAand N € IN,N > 2.

The pair (A, p) is called a function weighted b—metric space (F — b—metric space).

In this article, we introduce a new kind of metric space called the F-modular b—metric space,
which builds upon the concepts of modular metric spaces, b—metric spaces, and the F-metric
space. Section 3 presents the definition of a F-modular b—metric space, along with its associated
topological features. In section 4, we have derived three basic theorems of fixed point theory
that serve as analogies to well-known classical fixed point theorems. Section 5 presents many
instances of the aforementioned theorems in F-modular b—metric spaces, which are well shown

by graphical representation.

3. F-MobpuLAR b—METRIC

We will begin this section with the definition of F-modular b—metric spaces that underpin our

main outcomes.

Definition 3.1. Let A be a nonempty set and let Py : (0, +00) x A% — [0, +00) be a continuous mapping.
If there exists (11, 1) € I1 X [0, 400) such that ¥ u,v € A, it satisfies

P1-: P,(u,v) =0 u=mo,

P2-: P,(u,v) = Pu(v,u)

P3-: foralln € N,n > 2 {v;}_; C Asuchthatvy =u & v, = v

n—1

Z‘ bjpluj (’0]‘, U]'-i—l)

=1

Py(u,v) >0:>7T(PH(M,’U))<TC + A,

where u = Z]'-“;% pjand b > 1. Then P, is said to be F~modular b—metric and the pair (A, P ) is said to be

F—modular b—metric space.
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Example 3.1. Let A = R be a set of all real numbers. Define a function
u—o*

Pu(u,v) = i

withx >2and u,v € A.

Since [u —v|* > 0 with x > 2,and given that u > 0 implies that P, (u,v) > 0 and P,(u,v) = 0 if and only
ifu =v. Also, |u—9|* = [v—ul* for all k > 2. Therefore, P, (u,v) = P, (v, u). Hence property (P1) and
(P2) of Definition 3.1 holds good.

Next we prove that property (P3) holds good.

Let n € N, n > 2, and consider a set {a; = u,a3,as,...,a, = v} C A. Then from definition and by using

Jenson inequality, we have

K
Py(u,v) = - #Ul
ey —axt+ar—as+az—as+...+a,1 —ayl"
u
- bla; —ao[* + (b)?ay —asz|* + ... + (b)" Hay_1 —a,|*
B Iz
cpmzalt e maslt sl et el Zanl”
[0 2 3 Hn-1
n—1
j—a

< (Z ]+1| )’

j

where 111 = Uy = Uz = = Up-1 = . Thus, we obtain.

—_

n—

Pu(u,0) < Y (b)/Pui(ajais1).

W..
—_

Define a function ni(t) = logtand A = 0. Then (1, A) € IIX [0, +00) for any t € (0, +00).

Therefore, we have

—_

e
(Py(u,v)) <0+m() (b)/Pyj(aj,aji1).

j

Thus all the properties are satisfied. Therefore, P, is a F—=modular b—metric space with b = 2*71.

I
—_

Proposition 3.1. The family of all F- modular b open subsets of A, denoted by tp, induces a topology on
A, and known as P, topology.

Proposition 3.2. Let (A, P#) is a F- modular b—metric space, then for any non-empty subset A of A, the

following statements are equivalent:

(1) Ais modular P, closed.
(2) for any sequence {v,},en C A and for u € A, we have

lim P, (vy,u) =0,

n—oo

then u € A.
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Definition 3.2. Let (A, PH) is a F- modular b—metric space and let T # A C A. We denote A the closure of
set A w.r.t. topology tp,, and define as intersection of all F- modular b—metric closed subsets A containing
A.

Remark 3.1. Clearly, A is the smallest F- modular b—metric closed subset contains itself.

Proposition 3.3. Let (A, Py) be a F- modular b—metric space, and

(1) let {v,} € A modular F — b convergent to v.

Definition 3.3. Let (A, Py) is a F- modular b—metric space and {v,} C A be a sequence in A. Then
(1) {vn} is said to be F- modular b convergent to v, if
7}1_1)1(}0 P, (vn,v) = 0.

(2) {vn} is said to be F- modular b Cauchy sequence, if

lim P, (vn,vm) = 0.

m,n— 00

(3) the space (A, PH) is said to be F- modular b complete, if every F- modular b Cauchy sequence in A is

F- modular b convergent to a certain element in A.

Proposition 3.4. Let (A, Py) be a F—modular b—metric space. If {v,} C A is a F=modular b convergent

then it is F—=modular b Cauchy sequence.

Proof. Let (1, A) € IT1x [0, +0c0) be such that (P3) is satisfied. Let u € A be such that
nl_l}l;lr‘loo P, (uy,u) = 0.
Let € > 0 be fixed. By (F2), we know that there exists some 6 > 0 such that
0<t<d = m(t) <m(e)—A.
On the other hand, there exists some N € IN such that
P%(un,u) +P%(um,u) <6, n,m>N.

Let n,m > N. We discuss two cases.
Case 1: If u,, = uy. In this case, by (P1), we have

Py (tn, um) =0 <e.
Case 2: If u,, # u,. In this case, we have
0< bP%(un,u) + bP%(um,u) < 0.

Therefore, we have
n(P%(un,u) + P%(um,u)) <n(e) - A.
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Now, using (P3), we obtain

n(P%(un,um)) < n(P%(un,u) + Pu(ty,u)) + A < m(e),

[
2

which implies from (F1) that

As a consequence, we have

P%(un,um) <e, n,m=N,
which yields
lim Py (uy, ty) =0,
nm——+oo 2
i.e., {u,} is a F- modular b Cauchy sequence. O

4. Fixep PoinT THEOREMS IN F-MoDULAR b METRIC SPACES

In this part, we will prove three renowned fixed point theorems in F—modular b metric spaces. To begin,
let us provide a precise definition of a F—=modular b contraction mapping. Subsequently, we shall formulate
a corresponding version of the Banach fixed point theorem within the context of F—modular b metric spaces,

without requiring the assumption of map continuity.

Definition 4.1. Consider R : A — A be a map and and P, is a F=modular b—metric on A. If ¥, u,v € A,
and for all u > 0O, there exists 0 < k < 1 such that

Py(Ro, Rw) < kP (v, w). 4.1)
Then the map R is said to be F-modular b contraction.

Theorem 4.1. Suppose A is any arbitrary set and P, is a F—modular b—metric defined on A such that
(A, P#) be a F-modular b complete metric space. If a map R : A — A be a F=modular b contraction with
bk <1, then R has a unique fixed point in A.

Proof. Let vy € A be any arbitrary element. Construct a sequence {v,} C A such that for n € IN U {0}
R"(00) = R (04) = Op1. (42)

Since R is a F-modular b contraction, therefore on substituting v = v, and w = v,41 in (4.1), we

have
Py(vn/ Un—i—l) = Py (Rvn—l/ Rvn)
< kP, (vp-1,0n)

< kzpy (Un—Z/ Z)n—l)

< kﬂpy (00,01). (43)
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Next we claim that the sequence {v,} is a F-modular b Cauchy sequence.
Without loss of generality assume that, for all n,m(> 2) € N we have sequences v, and v,, with

vy # Uy for any n # m. Clearly, Py (v, vy) > 0 and so for all m > n, we have

Py, (0n,0m) < bPy, (v, Unt1) + bZP#z (Un41,Ong2) + -+ 0" Py, (U1, Om)
m—1
< Z bjpy]. (Z)]', Z)j+1.)
j=n
u

On using (4.3) and the fact u; = y» = us = pg = -~ = Uw-n = 5=, in above inequality, we obtain

Py, (0n, Um) < bK"Py, (v0,v1) + b*K" 1Py, (vo,01) + -+ + bm_”km_lPH(m_n) (vo,v1)
= (1 + kb + (kb)? + (Kb)® + -+ (bk)"™ ") bK"P_u_(v9, 1)

< bk™ ( ),
S\ 12 bk # 00,01

which yields

m—1 bk"
Unzvm ijpy/ U]/v]Jrl (1 bk)P p (00/01) (4.4)
j=n

Since lim;,—,0 (f’ bk) P_u (vg,v1) = 0, therefore we can find € > 0 such that

m-n

bk"
0<(1 bk)P v (vg,v1) <€ (4.5)

Since (1, A) € I1X [0, +), therefore 7t is a non-decreasing function. Hence for all ¢ > 0 and a
g > 0, we can find a ¥ > 0 such that 0 < x < g implies n(x) < 7(q) < m(e) — A. Therefore for all
m > n and from eq (4.4) and eq (4.5), we have

bk
n(Py Un,Z)m < R[Z Py Vj,Vj41 ] (1 kamHn (vo,vi)) <m(e)—A

and so

m—1

T (PH (vn,vm)) <7 [Z P, (v]-, v]-+1)] + A < 7t(e).
j=n

Condition on 7 implies that P (v,,, vn) < €.

This proves our claim that the sequence {v,} is a F-modular b Cauchy sequence. As (A, Pu) is

F-modular b complete, implies that 37 € A such that the sequence {v;,} is F-modular b convergent

tovie.

lim P, (v,,7) = 0.

n—-oo
Now, we claim 7 is fixed point of R. If R = o nothing to prove.
Assume that Ro # 9. Thus P,(R5,5) # 0 and so P,(R7,5) > 0.
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Therefore, by (P3) of Definition 3.1, we get
7 (Pu(R?,)) < 7 (bPy (R5, Rv,) + bPs (Roy, 8)) + A
<7 (ka% (0,0) + bPy (0511, 5)) 1A
Foralln € N, and n > 2, on letting n — oo, we have
n(Py(R?,5)) < m (bkpg (9,04) + Py (0n11,9)) + A = —co.

This is a contradiction and hence Ro = 0.
Uniqueness: Assume that 3 two fixed points of R say u and v, with u # v such that Ru = u and
Rov =v.

Since u # v implies that Py(u, v) > 0, therefore from (4.1), we get
P,(u,v) = Py(Ru,Ro)
< kP, (u,v)
< Py(u,v).

This is contradiction and contradicts to our assumptions that 1 # v. This proves that fixed point is
unique. Also completes the proof of the theorem. m|

The following theorem presents a refined version of the Kannan contraction principle, specifically in the

context of F-modular b—metric spaces.

Theorem 4.2. Suppose A is any arbitrary set and P, is a F-modular b—metric defined on A such that
(A, PH) be a F=modular b complete metric space. If a continuous map R : A — A satisfying,

P (Ru, Ro) < k[P (u,Ru) + Py(v,Ro)| w0 €A (4.6)
where 0 < k < % and b > 1 such that 0 < bk < 1. Then R has a unique fixed point in A.

Proof. Let vy € A be any arbitrary element. Construct a sequence {v,,} C A such that for n € IN U {0}
R"(vo) = R (vn) = vpy1. (47)
On substituting v = v, and w = v,,41 in (4.6), we have
P, (Vn,vp41) = Py (Rvy_1, Roy)
<k|Py (41, Rvy-1) + Py (04, Roy) |
<k [Py (On-1,04) + Py (Un,vn+1)]

= Py (O, On11) < p, (Vp—1,0n) .

_k
1-k
Since k € [O, %) , therefore p = £ € (0,1) and hence by induction

Py (0n, 0pt1) < B"Py (vo,v1) (4.8)
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Next we claim that the sequence {v,} is a F-modular b Cauchy sequence.
Without loss of generality assume that, for all n,m (> 2) € N we have sequences v, and v,, with

vy # Uy for any n # m. Clearly, Py (v, vy) > 0 and so for all m > n, we have

Py (0n, vm) < bPyy; (U, Vny1) + bzP#2 (Ont1,Ong2) + -+ V""Py,, (Vm-1,0m)
m—1 '
< Z b/P#j (v]-, v]-H).
j=n
U

On using (4.8) and the fact yuy = o = s = g = -+ = py-n = 5., we obtain

Py (vn, 0m) < bB" Py, (vo,v1) + bzﬁ”ﬂpy2 (vo,v1) + -+ + bm_”ﬁm_le(m_n) (vo,v1)
= (1+Bb+ (B0)* + (B0)> +------ (bB)" ") bB"P (0o, 01)

(o

which yields

m—1 4 ba"
Py (vn, om) < ZbJPy (v],v]H) (1 ﬁbﬁ)P v (vo,v1) . (4.9)

" m-n
J=n

Since lim;,—,0 (1 b bﬁ) P e (vp,v1) = 0, therefore we can find € > 0 such that

b n
0< (1 ﬁbﬁ)P w (vg,01) <E€. (4.10)

Since (1, A) € IIx [0, 4+0), therefore 7 is a non-decreasing function. Hence for all € > 0 and a
g > 0, we can find a ¥ > 0 such that 0 < ¥ < g implies n(x) < 7(q) < ®(e) — A. Therefore for all
m > n and from eq (4.5), we have

b n
n(PH Uy, Uy \R[ZPH] v],v]H] (1 ‘Bbﬁ ﬁ(z;o,vz-))<7t(.€)—/\

and so

m—1

(e ) 5[5 4 )

=

+ A < n(e).

Condition on 7 implies that Py (v,,, vn) < €.
This proves our claim that the sequence {v,} is a F-modular b Cauchy sequence. Completeness of
space (A, PH) implies that 37 € A such that the sequence {v,,} is F-modular b convergent to 7 i.e.

lim P, (v,,7) = 0.

n—-oo

Now, we claim 7 is fixed point of R. If Ro = 7 nothing to prove. Otherwise,
Assume that Ro # 9. Thus P,(R5,5) # 0 and so P,(R7,9) > 0.
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On using (4.6), we get

P,(9,R0) < bP, (3,v,) + bP, (vn, RD)

(
(

< bP, (,v,) + bkP, (v,_1, Rv,_1) + bkP (3, R)
b

) bk
— (m Py (’()/ Un) + (1——bk) p{u (vn—llvl’l)

b bk
< (m)P‘u (Z_], Un) + (m)ﬁn_lpy (UO’ Ul) ’

Therefore, by (P3) of Definition 3.1, we have

n(Pu(3,R9)) < n((ﬁ)m (0,00) + (%)ﬁn—lpy (vo, vl)).

On letting n — oo and using that 7 is logarithmic like function

lim P,(3,R5) + A = —oo,

n—oo

which is a contradiction to our assumptions. Hence 7 is a fixed point of R.
Assume that 3 two fixed points of R say u and v, with u # v such that Ru = u and Rv = v.
Since u # v implies that P,,(u,v) > 0, and thus

0 < Py(u,v) = Py(Ru,Ro)
< kP, (u,Ru) + kP, (v, Rv)
= kPy(u,u) +kPy(v,v) = 0.

This is possible only if P, (1,v) = 0. Hence u = v. This completes the proof of the theorem 4.2. O

The subsequent theorem we are going to explore a generalization of the Chatterjee contraction principle
in F—=modular b—metric spaces.

Theorem 4.3. Suppose A is any arbitrary set and P, is a F—modular b—metric defined on A such that
(A, Py) be a F-modular b complete metric space. If a continuous map R : A — A satisfying,

Py (Ru, Ro) < k[Py(u, Ro) + Py(v,Ru)|  u,ve A, (4.11)
where 0 < k < % and b > 1 such that 0 < bk < 1. Then R has a unique fixed point in A.
Proof. Let vy € A be any arbitrary element. Construct a sequence {v,} C A such that for n € IN U {0}

RH(UO) =R (Un) = Up+1- (4.12)
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On substituting v = v, and w = v, in (4.6), we have

Py (vnz Un—i—]) = Pp (Rvn—lr Rvn)
<k[Py (v4-1,Ron) + Py (0, Rog1)]|
< k[Py (vn—ll vn+1) + PH (Un/ vn)]

< kbPy (vy-1,0y) + kbPy, (Un, Uy 11)

kb
<
1-kb

Py (Un-1,0n) .
Since 0 < bk < 1 implies that y = 12 € (0,1) and hence by induction
Py (Un,0p41) < Y"Py (vo,01) - (4.13)

Next we claim that the sequence {v,,} is a F-modular b Cauchy sequence.
Without loss of generality assume that, for all n,m(> 2) € N we have sequences v, and v, with

Uy # Uy for any n # m. Clearly, P, (v, ) > 0 and so for all m > n , we have

P# (vﬂr Z)m) < bPHl (vn/ vn—H) =+ bzpyz (vn—H/ vn+2) +ee bm_np[lm—n (vm—lz Um)
m—1
< Z bjpy]. (Z)]', Z)]'+1) .
j=n
u

On using (4.8) and the fact uy = po = s = g = -+ = p-n = 5., we obtain

Py (Un,0m) < by"Py, (vo,v1) + bZ)/"“PH2 (vo,v1) +---+ bm_”ym_lpy(m_n) (vo,v1)
= (1+yb+ (b)2 + (yb)> +------ (by)" ") by"P s (v0,01)

b
(1) P, (oo,

which yields
(0, Um) Zb]Py] v],v]H (1 b)/)P% (v, v1) - (4.14)
j=n
Since lim;;_s 0 (f}—:}/) P b (vo,v1) = 0, therefore we can find € > 0 such that
by"
< d s . .
0 (1_by)Pﬁ(Ug v1) <€ (4.15)

Since (1, A) € ITX [0, +), therefore 7 is a non-decreasing function. Hence for all € > 0 and a
g > 0, we can find a ¥ > 0 such that 0 < x < g implies 7t(x) < n(gq) < 7(€) — A. Therefore for all
m > n and from eq (4.14) and eq (4.15), we have

b
n(Py vn,vm < (ZP*‘J v],vjﬂ] (1 ybyP% (vo,vi) | < m(e) = A,
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and so

m—1

T (Pu (vn, vm)) <7 [Z Py, (vj, vj+1)

j=n

+ A < 7t(e).

Condition on 7 implies that Py (v,,, vy) < €.
This proves our claim that the sequence {v,,} is a F-modular b Cauchy sequence. Completeness of

space (A, P,,) implies that 3% € A such that the sequence {v,} is F-modular b convergent to 7 i.e.

lim Py, (v4,7) = 0.

n—-oo

Now, we claim 7 is fixed point of R. If R = ¥ nothing to prove.
Assume that R # 3. Thus P,(R7,7) # 0 and so P, (R5,7) > 0.
On using (4.6), we get

P, (3,R%) < bP,, (0, vn41) + bPy (0511, RO)
0,v,) + bP,, (Rvy,, RD)
< bP, (8,v,) + bkP, (vn, RD) 4 bkP, (3, Rvy,)

Therefore, by (P3) of Definition 3.1, we have
70(Py(3,R9)) < 71 (bPy, (5, 0) + kPy (05, RD) + bkPy (5, 0,41))

On letting n — oo and using that 7 is logarithmic like function, we get a contradiction to our
assumptions. Hence 7 is a fixed point of R.

Assume that 3 two fixed points of R say u and v, with u # v such that Ru = u and Rv = v.

Since u # v implies that P, (u,v) > 0, and thus

0 < Py(u,v) = Py(Ru, Ro)
< kPy(u,Rv) + kP, (v, Ru)
= kPy(u,v) + kP, (v, u)

gives that
0 < (1-2k)P,(u,v) =0.
This is possible only if P, (1, v) = 0. Hence u = v. This completes the proof of the Theorem 4.3. O

In the next section, we will provide illustrative examples that demonstrate the established outcomes
outlined of presented work. Graphical depictions of inequalities are additionally provided for each relevant

case.
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5. NuMERICAL ILLUSTRATION WITH GRAPHICAL BEHAVIORS OF CONTRACTIONS

Example 5.1. Let A = [1, 00) with a metric defined as

(u—0)?
P‘uzz , y>0.

U
Define a function n(t) = logt and A = 0. Then (1, A) € II1x [0, +00) for any t € (0, +o0). Clearly,
(A, P2) is a F-=modular b complete metric spaces.
Let us defineamap R : A — A by

From Eq. (4.1), we have

Ficure 1. Graphical Behavior of the inequality (4.1) of the Example 5.1

Case- Ly: Let us start with trivial case, that is, if u = v, then

PHQ(Rx,Ry) =0= Py2 =

Thus Condition (4.1) of Theorem 4.1 is satisfied.
Case- Ly: If u # v, then for any u > 0, we have

_ )2
M) <kPu2(u,v),

— 99
where k = 100

Thus all the conditions of Theorem 4.1 are satisfied. Also 1 is the unique fixed point of the map R.
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in Example 5.1 in Example 5.2
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(c) Graph of the function defined (p) Graph of the function defined

in Example 5.3 in Example 5.4

Ficure 2. Graphical behavior of functions having fixed point

Remark 5.1. It should be noted that in Theorem 4.1, continuity of map R is not necessarily required to get
the existence and uniqueness of fixed point.

Let us consider the following example:

Example 5.2. Let A = [0, c0) with a metric Py, function m(t) and A same as in Example 4.2. Then
(A, P,2) is a F~=modular b complete metric spaces.
Let us defineamap R : A — A by

R(w) :{ 2, uel0,1)

%, uell o)

It is obvious that R is discontinuous function at u = 1.
Now we show that R satisfies Eq. (4.1).

We consider different cases as follows:

Case- By: Let u,v € [0,1), then from Eq. (4.1) for all u > 0, we have
Po(Rx,Ry) = 0 < kPy2(u,v)
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Thus R is a F-modular b contraction.
Case- By: Let u,v € [1,00). Then two different cases arises:
(a) Ifu = v, then from Eq. (4.1) for all u >0, L.H.S = R.H.S = 0.
(b) If u # v, then for any u > 0, From Eq. (4.1), we have

Puo(Rx,Ry) < kPuz(u,v),

-9
where k = 705

Thus R is a F—modular b contraction.

Therefore, all the conditions of Theorem 4.1 are satisfied. Moreover, 1 is the unique fixed point of the map R.

Example 5.3. Let A = [0, 1] with a metric defined as

(u-0)
P‘uz = U , y>0.

Ficure 3. Graphical Behavior of the inequality (4.1) of the Example 5.3

Define a function n(t) = logtand A = 0. Then (m,A) € II1X [0, +c0) for any t € (0,+o0). Clearly,
(A, Py2) is a F=modular b complete metric spaces.
Let us defineamap R : A — A by

From Eq. (4.6), we have

L.H.S. = P,p(Rx,Ry) = 41—H(u ~v)?

< ﬁ [(4 = Ru)* + (0 - Ro)?]
=R.H.S

Thus R is a F-modular b Kannan type contraction.
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Therefore, all the conditions of Theorem 4.2 are satisfied. Moreover, u = % is the unique fixed point of the
map R.

Example 5.4. Let A = [0, 1] with a metric defined as

P Uk S
v
Define a function n(t) = logt and A = 0. Then (1,A) € I1x [0, +o0) for any t € (0, +o0). Clearly,
(A, P,2) is a F~=modular b complete metric spaces.

Let us defineamap R : A — A by

R(u) = 3

07

06— —

Ficure 4. Graphical Behavior of the inequality (4.1) of the Example 5.4

From Eq. (4.11), we have

RH.S. = k[Py(u,Ro) + Py(v, Ru) |
k 2 2

=;[2+%+vz+uz—2uv]

k ,  0*u?
—;[(H—U) +7 7]
>i(u—v)z—LHSforallO<k<1
> = L.H. <k<3

Thus R is a F-modular b Chaterjee type contraction.
Therefore, all the conditions of Theorem 4.3 are satisfied.
Moreover, u = 0 is the unique fixed point of the map R.

6. CONCLUSION

In this paper, we began by introducing the innovative notion of a F—modular b—metric space, accompanied
by appropriate illustrations. In addition, we have formulated three theorems Theorem 4.1, Theorem 4.2 and

Theorem 4.3 that are based upon the Banach contraction principle, Kannan contraction principle, and
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Chaterjee contraction principle. At last, we have provided many illustrative examples together with graphic
representations to showcase the practicality of our primary findings.
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