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Abstract. In this paper, we connect the idea of single-valued neutrosophic ideal to the concept of single-valued neu-
trosophic approximation space to define the concept of single-valued neutrosophic ideal approximation spaces. We
present the single-valued neutrosophic ideal approximation interior operator inti and the single-valued neutrosophic
ideal approximation closure operator ¥, and we present the single-valued neutrosophic ideal approximation pre-
interior operator pinti and the single-valued neutrosophic ideal approximation pre-closure operator pcli about this
concerning single-valued neutrosophic ideal defined on the single-valued neutrosophic approximation space (f, ) re-
lated with some single-valued neutrosophic set € EX. Also, we present single-valued neutrosophic separation axioms,
single-valued neutrosophic connectedness, and single-valued neutrosophic compactness in single-valued neutrosophic
approximation spaces and single-valued neutrosophic ideal approximation spaces as well, and prove the associations

in between.

1. INTRODUCTION

Sometimes, it is not convenient to apply practical problems to real-life applications. Data in
medical sciences, economics, weather, climate changes, etc. always involve various types of uncer-
tainties. To exceed the difficulties in using the traditional classical methods the word neutrosophy
is initiated to be a tool for handling problems involving incomplete, indeterminate, and incon-
sistent information. Smarandache [1] presented the idea of a neutrosophic set as an intuitionistic
fuzzy set generalization. Salama et al [2] defined the neutrosophic set theory and neutrosophic
crisp set. Correspondingly, Salama and Alblowi [3], introduced neutrosophic topology as they
claimed a number of its characteristics. Others as Wang et al [4] defined the single-valued neu-
trosophic set concept. In (2020, 2021) Saber et al [5-11] introduced and studied the concepts
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of single-valued neutrosophic ideal, single-valued neutrosophic ideal open local function, con-
nectedness in single-valued neutrosophic topological spaces (£, 79, 7¢, 7°) and compactness in
single-valued neutrosophic ideal topological spaces.

Quite recently, considerable attention has been paid to the approximate operations on sets
and approximate enclosure of sets introduced by Pawlak [12]. An approximation space (F,0) is
fashioned from a universe set of objects and an equivalence relation on these objects. The boundary
among the lower approximation set (a,)s and the upper approximation set (a;)? of a set 6 in (7, 6)
termed these rough sets. If the lower and the upper approximation sets are identical, then «,, is
then a thorough subset of ¥, and there is no roughness. Many of their applications appear in
the studies [13-19]. Irfan in [20] studied the connections between fuzzy set, rough set, and Soft
set notions. Many papers studied the relationship between fuzzy rough set notions and fuzzy
topologies [21,22]. Recently, many researchers have used topological approaches in the study of
rough sets and their applications. In [23], it was used the notion of ideal in soft rough ordinary
topological space, and in [24], the authors introduced fuzzy soft connectedness in the sense of
Chang [25].

In this article, we combined the idea of single-valued neutrosophic ideal /i with single-valued
neutrosophic approximation space (SVNA-space) (¢, @) related with single-valued neutrosophic
set ¢, and presented the concept of single-valued neutrosophic interior and single-valued neu-
trosophic closure operators concerning that single-valued neutrosophic ideal The local function
@y (p) of some p € &X concerning that single-valued neutrosophic ideal was a base in defining
the associated interior and closure operators. Separation axioms in SVNA-space ({, ¢, ) and in
SVNA-space (¥, ¢,h) have been obtained and we obtain some of their properties. Connected-
ness in SVNA-space and in SVNIA-space were defined and compared with examples to show the

suggestions in between. Compactness in SVNA-space (f, ¢, /1) were defined as well.

Definition 1.1. [1] Let ¥ be a non-empty set. A neutrosophic set (briefly, NS) in ¥ is an object having the

form
¢ = {00,y Ty )t w € 7)
where
7:%=170,1%, 7: ¥ =170,1%, 6: ¥ =170,17,
and

70 < iy () + Py (k) + 0y () <37

represent the degree of membership (7jy), the degree of indeterminacy (), and the degree of non-membership
(8y) respectively of any «k € ¥ to the set 1.
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Definition 1.2. [4] Let ¥ be a space of points (objects), with a generic element in i denoted by k. Then 1
is called a single-valued neutrosophic set (briefly, SVNS) in %, if 1 has the form

¥ = (i, 7y, Py, Oy) 1 K €T,
where, Ty, 7,0y : ¥ — [0,1]. In this case, fjy, Vy, 6y are called the truth of membership function,

indeterminacy membership function, and falsity membership function, respectively.

For conformist motives and as there is no ambiguity, we denote an SVNS merely as a neutrosophic
set throughout this article; we too paraphrase the definition, in order to view it clearly as a function
from a non-empty set ¢ to & = [0,1]?, in the next method

Let X be a nonempty set and & = [0,1]. A NS on { is a mapping defined as 1 = (fjy, Jy, oy :
i — & where & = P and ﬁ¢,7¢,5¢ : ¥ — &suchthat 0 < My + 7y +5¢, <3.

We denote the set of all neutrosophic sets of ¥ by &% and the neutrosophic sets (0,1,1) and
(1,0,0) by 0 and 1 respectively.

Definition 1.3. [4,26,27] Let § be a non-empty set and let 1, p € &X be given by ¢ = (fjy, Vg, by) and
p = (flp, Vp, 0p). Then
(1) The complement of 1V (briefly, Y°) is given by

ye (1) = 8y (1), Pye () = [Pp) (), Sye (k) = Ty ().
(2) Wesay that ¢  p for every x € ¥ if
g (1) < Tp(K), Pu(x) 2 Pp(K), by (k) = Sy (k).
(3) The union of Y and p (briefly,  V p) is an SVNS in  is given by,
YV ={(Ty Vip)(x), (7yp ATp)(K), (by ASp)(x)).
(4) The intersection of  and p (briefly, A p) is an SVNS in ¥ is given by,
A=y Aflp) (), (Fy V 7p) (), (S V 6p) (x))-

For any arbitrary collection {i}iej € EX of SVNS the union and intersection are given by
5) Niej i = </\iej iy, (), Viej Vwi(x), Viej Swf(K)>-

6) Viej i = <\/iej iy (1), Niej Pwi(K), Niej 5¢1(K)>'
Suppose that single valued neutrosophic relation (for short, SVNR) ¢ is defined as:
(1) flp(x, %) = 1,74(x,x) = 0,65(x, k) =0V x € ,
) flp(x,v) = fip(v, ), P (k, V) = Fo(v, ), e (k,v) = (v, 1) YK,V E £,
(3) fp(x,v) > (ﬁqo(K,a))/\ ﬁqo(a),v)),fqo(K,v) < (r“)q,(K,a)) % 77¢(a),v)) and 6,(x,v) <
()7¢(K,a)) Y )7(P(a),v)) Y x,0,we€Ef.
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The pair (f,¢) is said to be single valued neutrosophic approximation space ((for short,
SVNA-space) created on single valued neutrosophic equivalence relation (briefly, SVNER) ¢ on

X-

Definition 1.4. For each x € %, , define a single valued neutrosophic coset (briefly, SVN-coset) by:

g (V) = Tl (1,0),  Tpg(v) = To(r,0),  Spq(v) =6p(x,v) VYveg, (*)

All elements v € ¥ with SVNR value fi,(x,v) > 0,74(x,v) < 1,64(x,v) < 1 are points having a
membership value in the SVN-coset [x], and any point v € ¥ with fj,(x,v) = 0, Yy(x,v) = 1 and
¢ (x,v) = 1is not included in the SVN-coset [x|. Any SVN-coset (x| confidently contained within the
point x € ¥, and So, iy _ (@) =1, 7 (@) =0, 5/\(06;[74(“’) =0, Vx € ¥. Also, fly,_[o](v) =
L Ppper(w)(v) =0, 5/\wex[a,}(v) =0, Vv € ¥ [ie. Vyep([w]) = (0,1,1)]. Clearly, if fi,(x,v) >
0,7¢(x,v) < 1,64(x,v) <1, then the SVN-cosets [k, [v] (as SVNSs) are having the same points of ¥
with some non zero membership values, and also, if fjj,|(w) = 0, P,)(w) = 1 and S[U] (w) = 1, then
(@) =0, Pg(@) = 1and &,g(w) = 1 whenever fj,(x,v) > 0,7, (x,v) < 1,8,(x,v) < 1. That
is very two SVN-cosets are either two SVN-coset containing the same points of ¥ with some non-zero

membership values or encompassing totally different points of i with some non-zero membership values.

Let us define the difference between two SVNSs as follows:

o o if 7y (x) < fp(x),

TTW\’?p(K> - { (ﬁl/J A f[pc)(K), otherwise.

o R it Py(x) > 7,(x),
(%,UVVP(K) - { ()71,0 vV 77,05)(7()/ otherwise. (1'1)
R B 1’ if 5¢(K) > 5p(K)'

6#’V6P(K> - { (54’ vV SPC)(K), otherwise.

Definition 1.5. Let 1 € X and @ a SVNER on  and the SVN-cosets [are explained as in (*)]. Therefore,
the single-valued neutrosophic lower (briefly, SVNL) 1, set, the single-valued neutrosophic upper (briefly,
SVNU) ¢% set and the single-valued neutrosophic boundary region (briefly, SUNBR) VP set can be defined as
follows:

g, () =)V S(@),

Y (w)>0,w#K

Po, ) =Tu() A\ (1-7)(@), (12)

V¢ (w)>0,w#K

by, () =u() A\ Mpg(@),

V¢ (w)>0,w#K

() =) A\ @),

P (w)>0,w#K
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P () =7p)v  \ F@) (13)
Y(w)>0,w#k

Sye(k) =8y() v N\ (@),
Y (w)>0,w#x

0, if  fye () < iy, (),

go Ai(p,)e) (), otherwise.

—~
=

1, if Py () > )7%,(1{), (1.4)
Py V Py, ) (K),  otherwise.

’ if 54;@ (k) > 5(%7 (1),
(8ys V Oy, )e)(x),  otherwise.

Lemma 1.1. For every SVNS ¢ € &X we obtain simply that:

1) (Y Vple 2y Vpy,

@) (pAp)? <y? Ap?,

) if ¢ < p then Y? < p? and Yy < py,

@ (Yvp)?=y?Vvp?,

5) (Y Ap)e =1 Apy,

6) (Y7)° = (¢°)p and (Py)° = (¥°)%,
(
(

Oy (k) = (SyoVdy,) (k) =

(7)

Vo)p = Yy,
®) (v

)? = yP.
Associated with a SVNS ¢ € X ina SVNA-space (7, ¢), we can define a single-valued neutrosophic

interior operator int$ 1 EX — &X as follows:

int})(p) = g A pp, ¥ p # (1,0,0) and int}) (¢1,0,0)) = (1,0,0). (1.5)
Also, it was defined a clﬁ 1 &8 — &X as next:
Cli(ﬁ) = (Yy) vV p? ¥ p#0,1,1)and Cl:f;(((), 1,1)) =<0,1,1). (1.6)
Remembrance that:
Cl(i(p(p) = cl(lﬁ(p),\!p € &x, inti(p(p) = inti(p),\v’p € &k, (1.7)
int))(p°) = [clt)(p)]¢ and clf)(p°) = [int) ()], Vp € & 1.8
int,, (p°) = [cl;, ()] and cl, (p%) = [inty, ()], Yp € &L (1.8)

Definition 1.6. Let (¥, @) be a SVNA-space Subsequently, for every 1 € EX. Therefore,

(1) p is single-valued neutrosophic preopen (SVN-preopen) [resp. preclosed (SVN-preclosed)] set iff
p < intﬁ(cli(p)) [resp. p > Cli(intﬁﬁ(p))].
(2) The single-valued neutrosophic preinterior of p (abbreviated, pinti) can be defined as follows:

pintﬁﬁ(p) = \/{n €&t p > 7, T is SVN-preopenj.
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(3) The single-valued neutrosophic preclosure of p (abbreviated, pclﬁ ) can be defined as follows:
pcli(p) = /\{n € & p < m,m is SVN-preclosed).
2. SINGLE-VALUED NEUTROSOPHIC IDEAL APPROXIMATION SPACES

In this section, we first introduce and analyze the single-valued neutrosophic ideal approxima-
tion space (abbreviated, SVNIA-space) and single-valued neutrosophic operator a?, pcllp, inti.
Subsequently, we analyze the local single valued neutrosophic closed set (®y (p) (¢, 1), for brevity)
and local single valued neutrosophic preclosed set (CIDZ (p)(¢@, h), for brevity).

Definition 2.1. A subset i C &X is known as the single-valued neutrosophic ideal (SVNI) on  if it meets
the next criteria.

(1) (0,1,1) €n,

) Ifijy(x) < fip(x), Py (k) = Fo(x), 6y (k) > 8,(k) and y € h, then, p € h,¥x € Fand ¢, p € &X,

() Ify € hand p € h, then {(fjy V flp) (x), Ty A Pp) (%), (5 AOp) (k) € B, ¥ € Fand ¢, p € EX.
If hy and hy are SVNIs on %, we have hy is finer than hy [hy is coarser than hy] if hy 2 hy. The triple
(X, @, h) is known as an single valued neutrosophic ideal approximation space (abbreviated, SVNTA-space).

Occasionally, h = (0,1, 1) is written as h° herein to avoid ambiguity.

Definition 2.2. Let (¥, ¢, 1) be an SVNIA-space related with € EX. Therefore
(1) The local single valued neutrosophic closed set @y (p) (@, 1) of a set p € EX is defined by:

Dy (p)(p,h) = \Ir e & : pAm = (pAfin(K), 7pVFn (1), 5,V0x () € h,clf(m) = m). (21)

Occasionally, @y (p) (¢, 1) is written as Oy (p) or Oy (p)(h) herein to avoid ambiguity.

(2) The local single valued neutrosophic pre-closed set CDZ( p) (@, 1) of aset p € EX is defined by:
¢Z(P)((Prh) = /\{” €&t PKH = <779K’7n(7<)/77pv77n(7<)rSpvgn(K» € hfpcli(ﬂ) = m}. (2.2)

We will write @Z(p) or <I>p¢(p) (h) instead ofCDZ(p) (p,h).

Lemma 2.1. Let (¥, ¢,°) be a SVNIA-space, i € &X. Then for any p € X we have @y (p) = cli(p) and
/) (p) = pely (p).
Proposition 2.1. Let (%, ¢, 1) be a SVNIA-space related with ) € &X. Then,

(1) p < 7 implies Py (p) < Py (nt) and ¥, (p) < @) (m).

(2) If iy and hy are SVNIs on ¥ and hy C hy, then ®y(p)(h1) > Py(p)(h2) and @Z(p)(hl) >
@l (p) (2).

3) o (p) < @y(p) < el (@y(p)) < cliy(p) and P (p) < pelly (P (p)) < pelf(p) < el (p).

@) %(cb (p)) < cly(@y(p)) = Py (p).

(5) (@, (p)) < peliy (¥ (p)) = @, (p)

(6) q’w(P) V &y (m) < %(P V) and Oy (p) A Py(n) = Py(p A ).
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Proof. Easy, so omitted. m]

Definition 2.3. Let (¥, ¢, h) be a SVNIA-space associated with ¢ € EX. Then for each p € &X define the

single valued neutrosophic operator cll’b, pclw, inti, pintcl/f) : EX — EX gs next:

cdy(p) =pV®ylp)  pely(p) =pV @, Vpedh. (2.3)

ity () = p A (Py(p*))°  pinty(p) = p A (P, (p))° Vpe &t (24)

Proposition 2.2. Let (¥, ¢, 1) be a SUNIA-space related with ¢ € EX. Then, for any p, 7t € X, we have:

(1) int)(p) < pinty (p) < inth (p) < p < pely (p) < clfy (p) <l (p).

m%mzmﬂwmmﬂ>@wm

@) di(p V) =l (p) Adh(n) and i (p Amt) < el (p) Al (n0).

4) inti(p V) > mti(p) A mti( ) and mtw s(PAT) < mtlp( ) A inti(n).

(5) cli(cli(p)) > cli(p) and inti(mti(p)) <int" o(0)-

(6) If p < m, then Cli(p) < cli(n) and inti(p) <int i( ).

(7) pely(p) < peli(p).

Proof. From (7): Suppose that pcli(p) £ pcli(p), and if pcli(p) = 7, then p < m and 7 is
SVN-preclosed set with pcli(p) £ 1. But p < mimplies pATt = (7 Afr (k), 7o Vr(K), 0,V0r(x)) €

fi, and thus @i( p) < mwhich means that pcl(lﬁ (p)=pV CD{; (p) £ pAm < m,whichisa contradiction.
Hence,pcli (p) £ pclg (p)-

(1)-(6): Clear. O

Definition 2.4. Let (¥, ¢, 1) be a SVNIA-space related with ) € &EX. Then,

(1) p € &X is termed a single valued neutrosophic ideal pre-open (SVNI-preopen, abbreviated) if
p < int)(cl} (p)).
(2) p € &Y is termed a single valued neutrosophic ®-open (SVN®-open, abbreviated) if p <
int} (P (p))-
The complement of SVN®-closed (resp,SVNI-preclosed) is termed a SVN®-open (resp,
SVNI-preopen).
(3) p € &X is termed a single valued neutrosophic dense in itself (SUN-dense in itself, abbreviated)

ifp < Py(p).
Theorem 2.1. Let (¥, ¢, 1) be a SUNIA-space related with y € EX. Then,
(1) If p € &X is SUN®-closed, then is p > <I>¢(int$(p)).
(2) If p € X is SVNI-preclosed, thenis p > Cli(inti(p)).
Proof. For (1): Letp € &X is SUN®-closed. Then,
p¢ <inty (D (p9)) < int(cliy(p°)) = intl((int (p))°)
= (el (int}) (p)))° < (Py (int) (p)))".
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Hence, ®¢(int$(p)) <p.
(2), it is easy. ]

It is clear that:
SVN®-open(SVNd-open) —> SVNI-preopen(SVNI-preclosed)

\ \
SVNI-preopen(SVNI-preclosed) SVNI-preopen(SVNI-preclosed)

Example 2.1. Let x be SVNR on a set ¥ = {1, k2, k3, K4} defined as next.

ol a [ | o | xu |
w |(1,0,00(1,0,00| (0,1,1) 0,1,1)
w2 | (1,0,00(1,0,00| (0,1,1) 0,1,1)

w3 |(0,1,1)(0,1,1) (1,0,0) (0.6, 0.4, 0.6)
wg | (0,1,1)1(0,1,1) | (0.6,0.4,0.6) (1,0,0)

TabLE 1. Caption

Assume that = {(1,0,0), (1,0,0), (0.5,0.5,0.5), (0.5,0.5,0.5)). Then,

figye (k1) = iy (k1) A \/ i (@) =1,

P (w)>0,w#Kq

Fap) =7V A @) =0,
P(w)>0,w#Kx1

Suyp(k1) =Sp(e) v N\ Sg(@) =0,

Y (w)>0,w#K;
Hence, ()% (x1) = (0,1,1) and similarly, we can obtain ()?(x2) = (0,1,1) and

fgye (153) = Ty (x3) A \/ g (@) = 0.5,

Y(w)>0,w#ks

77(1/1)"’(K3> = Jy(ks) V /\ ()7[K])<a)) = 0.5,

S(qu (K3) = 5¢(K3) \% /\ S[K] (w) = 0.6.

Y (w)>0,w#x3
Hence, ¥ (x3) = (0.5,0.5,0.6) and similarly, we can obtain Y% (xs) = (0.5,0.5,0.6). Thus and by

equation (1.3), we have

¥ = ((1,0,0),(1,0,0), (0.5,0.5,0.6), (0.5,0.5,0.6)),

s = ((1,0,0), (1,0,0), (0.6,0.5,0.5), (0.6,0.5,0.5))
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()" =<(0,1,1),(0,1,1),(0.5,0.5,0.6), (0.5,0.5,0.6)),

Let, p = ((0.3,0.3,0.3),(0.3,0.3,0.3),(0,1,1),(0,1,1)),  then by equations (3)
and (4), we obtain p¥ = {(0.3,03,03),(0.3,03,03),(0,1,1),(0,1,1)) and p, =
((0.3,0.3,0.3), (0.3,0.3,0.3), (0.6,0.6,0.6), (0.6,0.6,0.6)). Hence,

cli(p) = (1p)° vV p? =¢(0.3,0.3,0.3),(0.3,0.3,0.3), (0.5,0.5,0.6), (0.5,0.5,0.6))
implies that
p< int(lﬁ(clzﬁ(p)) =((0.3,0.3,0.3),(0.3,0.3,0.3), (0.5,0.6,0.6), (0.5,0.6,0.6)).

Thus, p is SVN-preopen.
Assume that a SVNI is defined on { as next

h={m, € & : my <((05,03,03),(05,0.3,03),(1,0,0), (1,0,0))}.
By equations (1.1), (1.2) and (1.3) we get that, p it is neither SVNI-preopen nor SVN®-open.

Theorem 2.2. Let (¥, ¢, h) be a SVNIA-space related with y € EX.Then, the next are equivalent.
(1) p € &X is SVN®-open.
(2) p € X is SVNI-preopen and SVN-dense in itself

Proof. (1) = (2): It is very easy to see that all SVN®-open set is SUNI-preopen. On the other hand
pinti(d)w(p)), which means p is SVN-dense in itself.

(2) = (1): By assumption, p < inti(cli(p)) = inti(p V®,(p)) = int(u{j(cb(p(p)), and hence p is
SVN®-open. ]

3. SEPARATION AXIOMS IN SINGLE-VALUED NEUTROSOPHIC IDEAL APPROXIMATION SPACES

The goal of this unit is to familiarize the concepts of SVNT(()t’S), SVNTY’S), SVNTét’S) and SVNIT(()t’S),
SVNIT\", SWNIT".

Definition 3.1. Let (¥, , 1) be a SVNIA-space related with ) € &X. Then,
(1) A SVNIA-space (%, @, h) (resp. a SVNA-space (%, ¢)) is termed a SVNIT(tS (resp. SVNT szor
every x # y € ¥, thereexists p € EX, t € Lo withfi,_y, (x) >t 7. o, (x) <tandd_u,  (x) <t
) intg (p) intg (p) 1ntq>(~P)
[resp. TTmH( )( x) > t, 71nt$<p) (x) <t 6im$(p) (x) < t] such that fj,(y) < t, 7o(y) > t 6,(y) > t
or there exists T € EX, s € &o with 7], v (n)(y) >s, Y, v (n)(y) < sand Sintw(n)(y) < s [resp.
ity @ ® "
ﬁimg(n)(y) >3, )7mt$(n)(y) <sand 6mt$(n)(y) < sl such that iz (x) < s, P (x ) >3, 0n(x) > s.
(2) A SVNIA-space (%, ¢, h) (resp. a SVNA-space (%, p)) is termed a SVNIT (resp SVNT,”
if for every x # y € %, there exists p,m € &, t,5 € &o with . (p)( X) 2t P v ) (x) <t
~ (o
6inti(p)(x) < tafld Uintg(n)(y) 25, yinti(n)(y) = s, 6 (n)(]/) =s [resp ﬂint;g(p)(x) t,
)7mt$(p) (x) <t 6mt$(p) (x) < tand ﬁint;f(n)(y) s, ythp (y) s, 6. int! ( )( y) < sl such that
fo(y) <t 7p(y) > t &p(y) > t and i (x) <5, Pr(x) > s, 6r (x) > 8.

b))

I/\ P—‘/—\

\%
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(3) A SVNIA-space (%, q, 1) (resp. a SVNA-space (%,¢)) is termed a SVNIT, (resp SVNTé ?)
if for every x # y € %, there exists p,m € &X, t,5 € &y with nmt¢( )(x) 2 t Pint? () (x) <t
(4
‘Sintg;(p)( x) < t‘{”d nint¢(n)(y) = 5 th;i(n)(y) =5 6int¢(n)(y) 5~5 [resp. ﬁmt}ﬁ(p)(x) 2t
Vinté (o) (x) <t 6'mt(":(p) (x) < tand r]int;(n)(y) > s, Vintf;(n)(y) <s, 6int$(n)(y) < s] such that
ﬁsup(pﬂn) < (tﬂs), 7sup(pﬂn) > (tns)fésup(pﬂn) > (tﬂs).
Remark 3.1. It is clear that:

ST ——— sunT\") — syt

! ! !

SYNIT"” ——— SYNIT\"”) ——— syNIT"’

Example 3.1. Let ¢ be aSVNR on a set ¥ = {x, y, z} as shown down.

o] x | v ]| -
(1,0,00 |(0.3,07,03) | (0,1,1)
(0.3,0.7,0.3) | (1,0,0) | (0.1,0.9,0.1)

z|| (01,1 |(0.1,0901) | (1,00

Assume that i = ((1,0,0), (0.8,0.8,0.2),(0,1,1))y and t = s = 0.5. Then,

My (x) = ﬁll)(x) v /\ S[X]((‘)) =1,

Yf(w)>0,w#x

P, () =7 A\ (=T (@) =0,

Y (w)>0,w#x

o) =V Sy(w) =08,

Sy () =Sp A\ (@) =02,
U°(w)>0,0#y

and

Y (w)>0,w#z



Int. J. Anal. Appl. (2024), 22:38 11

By, () =8yp() A \/  Tlw)=0.1.

Yf(w)>0,w#z

Hence, ¢, = ((1,0,0),(0.8,0.3,0.2),(0.1,0.1,0.1)) and by equation (3), we have
¥* = ((0.3,0.7,0.3), (0.3,0.8,0.2), (0,1,1)),

and hence, we get
(1{)(P)C =((0,1,1),(0.2,0.7,0.8),(0.1,0.9,0.1)).

Now, for the case x # y, there exists p = ((0.8,0.2,0.8),(0,1,1), (0.6,0.4,0.6)), and then
py = ((0.8,0.2,0.3),(0.1,0.3,0.3), (0.6,0.1,0.1)),

which means inti(p) =1y A pp = ((0.8,0.2,0.3),(0.1,0.3,0.3),(0.1,0.1,0.1)), and thus

ﬁinti(P) (X) > 05, 77int$/(p) (X) < 0, 6int$(p) (X) < 05,

with i, (y) < 0.5, 7, (y) > 0.5 6,(y) > 0.5.
Also, we can find m = ((0,1,1),(0.6,0.4,0.4), (0.1,0.1,0.1)), and then

i, = ((0,1,1),(0.6,0.3,0.3), (0.1,0.1,0.1))

which means inti(n) =1y Amp =¢(0,1,1),(0.6,0.3,0.3), (0.1,0.1,0.1)), and thus

nmti(n)(y) > 0.5, )7img(n)(y) <05, 6int$(n)(y) <05,

with fin (x) < 0.5, 7 (x) > 0.5 67 (x) > 0.5.
For the cases x # z and y # z we can find o € X with

ﬁint;f (©) (x) =2 0.5, ;7111% (©) (x) <0.5, 6mt$ (©) (x) <05,

or

’hntg’(a)(y) > 0.5, 77int$ (G)(y) <0.5, 6int$ (6)(]/) <0.5,
such that f,(z) < 0.5, 5(z) > 0.5 5,(z) > 0.5, while we can not find o € EX with

ﬁintz)'(a) (Z) > 05, yintf;’j(a) (Z) < 05, 6int$(o) (Z) <0.5.

Hence, (%, @) is a single-valued neutrosophic approximation T
(0.50.5) (0.5,0.5)
—spaceor T’

1 2

In this example given to show that (%, @, h) is a single-valued neutrosophic ideal approximation Tl.(o'5’0'5) -
(05,0.5)
1

(()0'5’0'5) — space related with . (%, @) but its

not be a single-valued neutrosophic approximation T — space.

space, i = 1,2,3 while (%, ®) is even not single-valued neutrosophic approximation T — space.
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If (¥,¢) and (F,¢") are SVNA-spaces related with ¢ € &¥ and p € &7, respectively, then
a mapping f : (¥,¢) —— (F,¢") is said to be single-valued neutrosophic approximation

continuous (SVNAC-map), if
inty (f(0)) > £~ (int},.(0)),¥,0 € &7

Obviously, it corresponds to

dy(f(0) < f (el (0)), Vo € €7

Now, with respect to ¢ € &EX and p € 57?, provided that 7, ii"* are SVNIs on {, F, respectively,
then amap f : (¥, ¢, i) —— (¥, ¢") is termed single-valued neutrosophic ideal approximation
continuous (birfy, SVNIAC-map), provided that inti( (o)) = f‘l(inti* (o)) for every o € &
Obviously, it corresponds to cli (f (o)) < f‘l(cli* (o)) V¥, 0 €&,

Also, let us call f : (¥, ) —— (F,¢") is termed single-valued neutrosophic approximation
open (birfy, SVNAO-map), provided that intg* (f(m)) = f (intﬁ(n)) forallme &, f: (%, ) ——
(F,¢", ") is termed single-valued neutrosophic ideal approximation open (birfy, SVNIAO-map),
provided that inti (f(n)) = f(inti(n)) for all t € &X.

From (1) in Proposition 2, we can prove that (SVNAC-map) (resp. (SVNAO-map)) will be (SVNIAC-
map) (resp. (SVNIAO-map)).

Theorem 3.1. Let (¥, ¢), (7?, @*) be SVNA-spaces related with ¢ € &X, p € 573, respectively. Subse-

quently, let ibe a SUNIon %, f : (%, ) —— (F, @) is an injective (SVNAC-map) with f(y) = p.
(ts)

Therefore, (X, @, ) is a single-valued neutrosophic ideal approximation T,

valued neutrosophic approximation Ti(t’s)

— space if (F, ¢*) is a single-

—space,i=1,2,3.

Proof. Because € # jin i, we get than f(€) # f(j) in ¥, wing to ¥ is a single-valued neutrosophic
(ts) _ space, then there are 0,0 € & with t < f, o, (o )(f(f)), E2 P (o) (f(0)),

~ ~ q)*
t> 6int¢*(a) (f“)) and s < Unt¢ (0 )(f(]))/ § 2 ‘)7int¢,,(g) (f(])) 6 . (o )(f(])) such that ﬁsup(aﬁp) <
¢ ¢ (P
(t nS) fsup(aﬂg) (t N S) 6sup(oﬂg) > (t ﬂS) this implies f (77 ‘1’ )( ) t> f ( mtw )(5)/
‘P
2 f 180 )0 and s < F (B ()05 2 7 P 0D, 52 £ t: . () )] snd hence
[

approximation T,

FS S o) (O 12 S g ) (O 12 F7 (G000,

S gt ) (D) 32 f 7 T ()0 82 F7H 8, (0)-
Since f is SVNAC-map, we have t < ﬁintﬁ(f-l(o))(f)' t> )7int$(f-l(a))(€)’ t>0

Mingt(£-1(0)) )7 S 2 Vingt (1)) (1) 2 Oyt 1)) (1) and hence

intgz,(f_l(g))({’) and s <

(7

£), t=06

E< Tt (10 (O E2 Tingt (5101 ( intd, (71 (o) ()7

<1 >
S S Tl s>0.

D 32 Vit (paon (D int (1)) ()
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That is, there is £ = f~1(0), @ = f'(p) with t < ﬁint¢(£)(€), t > )7im¢(£)(€), t > 5int¢(£)(€) and
. @ @ @

s < ﬁinti; (@)< 1), 5= 77intf1; (@)< 1), 5= (Simi (g)( 7)- Hence, (¥, ¢, 1) is a single-valued neutrosophic ideal

(ts)

approximation T, —space. Likewise, we can establish that other cases have a similar line of

reasoning. O

Theorem 3.2. Let (¥, ), (7%, ¢*) be a SVNA-spaces related with \ € &%, p € 57%, respectively. Subse-

quently, letibea SYNIon F and f : (%, ) —— (F, ¢*) is an surjective (SVNAO-map) with f~(p) = 1.
(ts)

Therefore, (X, ¢*, ") is a single-valued neutrosophic ideal approximation T,

valued neutrosophic approximation T (£5)
1

— space if (F, @) is a single-
—space,1=1,2,3.

Proof. Because f is surjective, we obtain a # b in ¥ which implies f~(a) # f~'(b) in ¥. Owing
o (¥, @) is single-valued neutrosophic approximation T(t’s) — space, SVNSs, a,f € &X with t <
Tt U012 P (@) 2 8,0 (£ @) ands < (770,52 Py (7 0),
s> 6int(“;(ﬁ) (f71(b)) exists such that flgup(ang) < (£N$), Psup(anp) > (fﬂs),ésup(mﬁ) > (tNs),and since
f is surjective, we obtain t < nf(mti(a))(a), t> )/f(imi(a))(a), t> 5f(int3’,’(a))( a) and s < nf(mtg( ))(b)

b),s>6 4(5) (b). Subsequently, based on f is SVNAO-map,

52 7 it (e)) Fint

t< ﬁmtg*(f(a))(ﬂ)/ b= )7intsj*(f(a))(a)/ t2 6f(intg*(f(a))(a)/

5 < e (760 (082 Tt (58 (08 2 Bing (5 (0)-
Therefore,
E< g (00 (@) F2 Ppiny (500 (@7 2 Oint (501 (@),
5 < M (16 () 8 2 Tints (1)) (0, 5 2 it 54 (B)-
That is, there exist 0 = f(a) and o = f(B) with
< g @) (@), E2 Vg (0)(@), £2 S5 0 (0)(a),
§ < ﬁintg(@)(b)/ s fintg(g)(b)l §2 61ntp (g)(b)/
and
ﬁsup(aﬂ@) < (tﬂs), fsup(aﬂg) > (tﬂs), Ssup(aﬂ@) > (tﬂs).

(ts)

Thus, (¥, ", /") is a single-valued neutrosophic ideal approximation T; " — space. Likewise, we

can establish that other cases have a similar line of reasoning. m]

4. CONNECTED SINGLE-VALUED NEUTROSOPHIC IDEAL APPROXIMATION SPACES

Definition 4.1. Let (¥, ) be an SVNA-spaces related with y € &EX. Therefore,

(1) two non-null SVNSs p, 7 € &X are single-valued neutrosophic approximation preseparated (abbre-

viated, SVNA-preseparated) [resp. separated, (abbreviated, SVNA-separated)] sets if

pcl(lf,(p) ATT=0p /\pcl(l’lp)(n) =(0,1,1), [resp. clg(p) ATT=pA cli(rc) = (O,l,l)].
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(2) a non-null SVNS p € &X is termed single-valued neutrosophic approximation predisconnected
(abbreviated, SVNA-predisconnected) [resp. disconnected,(abbreviated, SVNA-disconnected)]
set if there exist SVNA-preseparated [resp. SVNA-separated] sets p, 7t € &EX such that

p/\T(:U.

A SVNS o € &X is termed single-valued neutrosophic approximation preconnected (abbrevi-
ated, SVNA-preconnected) [resp. connected, (abbreviated, SVNA-preconnected)] if it is not
SVNA-predisconnected [resp. SVNA-disconnected].

(3) (%, @) is termed SVNA-predisconnected [resp. SVNA-disconnected| space if there exist
SVNA-preseparated [resp. SVNA-separated] sets p, 7 € &X, such that

pAn=<10,).

A SVNA-space (%, @) is termed SVNA-preconnected [resp. SVNA-connected] space if it is not
SVNA-predisconnected [resp. SVNA-disconnected].

Definition 4.2. Let (¥, @) be an SVNA-spaces related with ¢ € EX. Therefore,

(1) two non-null SVNSs p, 7t € &X are single-valued neutrosophic ideal approximation preseparated
(abbreviated, SVNIA-preseparated) [resp. separated, (abbreviated, SVNIA-separated)] sets if

pcld (p) A= p Apell(m) = (0,1,1),

[resp. cli(p) ATT=pA cli(n) =(0,1, 1)] ,

(2) a  non-null  SVNS p € EXis  termed  single-valued  mneutrosophic  ideal
approximation predisconnected (abbreviated, SVNIA-predisconnected)
[resp.disconnected, (abbreviated, SVNIA-disconnected)]| set if there exist SUNIA-preseparated
[resp.SVNIA-separated] sets p, 7 € &EX such that

pAT=o0.

A SVNS o € &X is termed single-valued neutrosophic ideal approximation preconnected (abbrevi-
ated, SVNIA-preconnected) [resp. connected, (abbreviated, SVNIA-preconnected) if it is not
SVNIA-predisconnected [resp. SVNIA-disconnected.

(3) (X, @) is termed SVNIA-predisconnected [resp. SVNIA-disconnected| space if there exist
SVNIA-preseparated [resp. SVNIA-separatedsets p, Tt € &X, such that

p A =(1,0,0).

A SVNIA-space (%, @) is termed SVNIA-preconnected [resp. SVNIA-connected] space if it is
not SVNIA-predisconnected [resp. SVNIA-disconnected].
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Remark 4.1. We have the following implications.

SVNA-preseparated ———— SVNIA-separated

! !

SVNA-preseparated ———— SVNIA-preseparated
and hence

SVNIA-preconnected ———— SVNA-preconnected

! !

SVNIA-connected ———  SVNA-connected

Example 4.1. Let ¢ be aSVNRon %, X = {a,b,c,d, e} be a set defined by

o] o | b | e | 4 | e |

P

a (1,0,0) (1,0,0) (0.4,0.2,0.2) || (0,1,1) || (0,1,1)
b (1,0,0) (1,0,0) (04,0.2,0.2)|(0,1,1) | (0,1,1)
c|(04,0202)| (04,02, 02) (1,0,0) (0,1,1) | (0,1, 1)
d 0,1,1) 0,1,1) 0,1,1) (1,0,0) || (1,0,0)
e 0,1,1) 0,1,1) 0,1,1) (1,0,0) | (1,0,0)

spouse that p = ((0,1,1),(0,1,1), (0.4,0.4,0.4), (0.8,0.8,0.8), (0,1,1)). Then,

Yy =¢(0,1,1),(0,1,1),(0.4,0.4,0.4),(0.8,0.8,0.8), (0,1,1)),

()" =<(1,0,0),(1,0,0),(0.4,0.6,0.4),(0.8,0.2,0.8), (1,0,0)).

Now, for
p =(0.6,0.6,0.6),(0,1,1),(0,1,1),(0,1,1),(0,1,1)),
n=(0,1,1),(0.6,0.6,0.6),(0,1,1),(0,1,1),(0,1,1))
Then,
p? =¢(0.6,0.6,0.6),(0,1,1),(0,1,1),(0,1,1),(0,1,1)),
n? =((0,1,1),(0.6,0.6,0.6),(0,1,1),(0,1,1),(0,1,1)).
Consequently,

cli(p) = (gl)(p)c v p? =((1,0,0),(1,0,0),(0.4,0.6,0.4),(0.8,0.2,0.8),(1,0,0)),
and

clf(m) = () v ? = ((1,0,0),(1,0,0), (0.4,0.6,0.4), (0.8,0.2,0.8), (1,0,0)).
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Furthermore,

py = ((0.6,0.6,0.6),(0,1,1),(0,1,1),(0.2,0.8,0.4),(0,1,1)),

n, = ((0,1,1),(0.6,0.6,0.6), (0,1,1), (0.2,0.8,0.4), (0,1,1)).

Consequently, inti(p) = 1o App =<(0,1,1),(0,1,1),(0,1,1),(0.2,0.8,0.8), (0,1,1)) and int(l’z(n) =
Yo A1y =¢(0,1,1),(0,1,1),(0,1,1),(0.2,0.8,0.8), (0,1,1)). Therefore,

(1) p, mare SVNA-preseparated sets but not SVNA-separated sets.

(2) We define an SVNI hon § as follows: ¢ € i for all 0 = {(0.6,0.6,0.6), (0.6,0.6,0.6), (0.6,0.6,0.6),
(0.6,0.6,0.6),(0.6,0.6,0.6)). Then p € h and 1t € h which means that ®y(p) = (0,1,1) and
®y () =(0,1,1) and then cli(p) = pand cli(n) = 7. Therefore, cli(p) A1 =<0,1,1) and
cli(n) A p =(0,1,1). Hence, p, e are SVNIA-separated sets but not SVNA-separated sets

Theorem 4.1. Let (%, ¢, h) be an SVNIA-space related with i € EX. Therefore, the following statements
are equivalent.

(1) (%, @, h) is SVNIA-preconnected space.
(2 pAm =0,1,1), pinti(p) =p, pinti(n) =mnand pVn = (1,0,0) imply p = (0,1,1) or

n=<0,1,1).
B) pAm =(0,1,1), pcli(p) = p, pcli(n) =mnand pvVmn = (1,0,0) imply p = (0,1,1) or
n=<0,1,1).

Proof. (1) = (2): Let p, 7t € & with pinti(p) =p, pinti(rc) = m such that pAm = (0,1,1) and
pVmn =(1,0,0). Therefor, pcli(p) = pcli(nc) = (pCli(T())C =n‘=p, pcli(n) = pcli(pc) =
(pcli(p))c = p° = n. Thus, pcli(p) ATT=pA pcli(n) = p A1 =(0,1,1). Consequently, p, 7t are
SVNIA-separated sets so that p V7t = (1,0,0). Because ({, ¢, /1) is SUNIA-preconnected space we
obtain p = (0,1,1) or ® = (0,1, 1).

(2) = (3);, (3) = (1): Clear. O

Theorem 4.2. Let (¥, ¢, 1) be an SVNIA-space related with € &X for each p € EX. Therefore, the
following properties are equivalent:

(1) pis SVNIA-preconnected set.
(2) If , 0 are SVNIA-preseparated sets withp <n Vo, thenp Am=<(0,1,1)orpAoc =<0,1,1).
(3) If m, 0 are SVNIA-preseparated sets with p < mV o, then p < mor p < o.

Proof. (1) = (2): Let , 0 are SVNIA-preseparated sets with p < v ¢. Therefore, pcli(n) Ao =
A pcli(a) =(0,1,1) so that p < ™ V ¢. Because,
pdi(p AT A(pAo) = pcli(p) A pdi(rc) A(pAo) = pdi(p) AP A pcli(rc) Ao
=pA{0,1,1) =<0,1,1).

pdi(p ANO)AN(pAT) = pclé(p) /\pcli(a) ApAm) = pclé(p) ApA pcli(a) AT
= pA{0,1,1) = (0,1,1).
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Hence, (p A o) and (p A 1) are SVNIA-preseparated sets with p = (p A o)V (p Am). Butpis
SVNIA-preconnected set means that p Ao =<(0,1,1) or p A1t =<0,1,1).
2=@):IfpAn=(0,1,1)andp < mVomeansthatp = pA (Vo) = (pAT)V(pAc)=pAc
and hence p < 0. Also,if p Ao =(0,1,1), thenp < 7.
(3) = (1): Clear. O

Lemma 4.1. Let (¥, ) be an SVNA-space related with 1 € &X for each p € EX. Therefore, the following

properties are equivalent:

(1) pis SVNA-preconnected set.
(2) If m, 0 are SVNIA-preseparated sets with p < Vo, then p Am=<0,1,1)or p Ao =<(0,1,1).
(3) If m, 0 are SVNA-preseparated sets with p <tV o, then p < mor p < 0.

Theorem 4.3. Let (¥, @) and (?‘,go*) are SVNA-spaces related with ¢ € &X and p € 57;, respec-
tively, h a SVNI on %, and f : (%, @, h) —— (F, ") is single-valued neutrosophic mapping such that
pcli(f‘l(n)) < f1 (pcl(pp*(n))for all 1 € &, Then, f(o) € & is a SVNA-preconnected set if ¢ is a
SVNIA-preconnected set in }.

Proof. Let 1,0 € &7 be SVNA-preseparated sets with f(p) = mVo. Therefore, pclg*(n) Ao =
nApc?. (o) =(0,1,1). Then, o < (f1(n) vV f~(0)), and by hypothesis of f, we get that
pell (f1(m) A f1(0) < F(pelly () A £ (0) = £~ (pell () A o)
=f1(0,1,1) =011,
and in similar way,
pel) (F1(0)) A f1(1) < fL(pellu(0)) A F(m) = £ (pelfy(0) A )
= f1((0,1,1)) =(0,1,1).

Therefore, f~!(n) and f~!(c) are SVNIA-preseparated sets in 7. Consequently, ¢ < (f!(n) Vv
f1(0)). Because g is is a SUNIA-preconnected set in ¢, then by Theorem 6 (3), we get that
0 < fi(m) or p < f(0) implies that f(g) < 7 or f(g) < 0. Hence, from Corollary 2, f(p) € & isa
SVNA-preconnected set in ¥ . |

5. COMPACTNESS IN SINGLE-VALUED NEUTROSOPHIC IDEAL APPROXIMATION SPACES

Definition 5.1. Let (¥, ¢, ) be an SVNIA-space related with € EX. Therefore, ¥ is termed single-valued
neutrosophic reqular (abbreviated, SVN-regular) [resp. ideal regular (abbreviated, SVNI-regular)| space
if for every o € EX with inti(g) =0,

o=\/{oi:int)(0) = 0, lj(0) < o},

iel’

resp. 0 = \/{Qi : inti(gi) = 0, cli(@i) < o}l.
iel’
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For each SVN-regularspaceisa SVNI-regular space the validity of this relation is clear based on Definition
4.1. If h = (0,1, 1) then the notions of SVN-regular and SVNI-regular are equivalent.

Definition 5.2. Let (¥, ¢, 1) be an SVNIA-space related with i € EX. Therefore,

(1) pisansingle-valued neutrosophic approximation compact (abbreviated, SVNA-compact) [resp. ideal
approximation compact (abbreviated, SVNIA-compact)] if for every family p; € & : intyp)(pi) =
pi, i € T} with p < Verp; there exists a finite To C T such that p < Vi, pi
res. oA (Vir, i) <1}

(2) p is an single-valued neutrosophic almost approximation compact (abbreviated, SVNAA-compact)
[resp. almost ideal approximation compact (abbreviated, SVNAIA-compact)] if for every family
pi € & inti(pi) = pi, i € T} with p < Ve pi there exists a finite Ty C T such that
P < Vier, by (pi) [resp- pA(Vier, cly (pi)) € ]

(3) p is an single-valued neutrosophic nearly approximation compact (abbreviated, SVNNA-compact)
[resp. nearly ideal approximation compact (abbreviated, SVNNIA-compact)] if for every family
pi € & inti(pi) = pi, i € T} with p < Ve pi there exists a finite Ty C T such that
p < Vier, ity (cly () [resp- pA(Vier, int (clg (p)) € 1]

The SVNA-space (%, @) [resp. SVNIA-space (%, q,h)] will be termed SVNA-compact, SVNAA-compact,
SVNNA-compact [resp. SVNIA-compact, SVNAIA-compact, SVNNIA-compact] if we replaced p with
(1,0,0).

It is clear that:

SVNA-compact ——— SVNAA-compact ——— SVNNA-compact

l l l

SVNIA-compact ——— SVNAIA-compact ——— SVNNIA-compact

Theorem 5.1. Let (¢, @, 1) be SVNATA-compact and SVNI-regular. Therefore, § is a SVNIA-compact

space.

Proof. Assume a family {p; € &7 : intz(pi) = p;, 1 € T}with V;cr pi = (1,0,0). By SUNI-regularity
of f then for every inti (pi) = pi, we have
pi=\/ {ps :int)(py), cly(pi) < pil.
i elk
Thus, Vier (Viery Pir) = (1,0,0), because, ¥ is SUNATA-compact,therefore there exists a finite index
subset I'g X I'x of I X I" such that

(1,0,0A(\/ (\/ (el (pi))) € .

iely ixelx

Since for any i € yo we have \/; .1, (cli(pik)) < pi and hence we get that

(1,0,0A(\/ (\/ (el (pi))) = 1,0,00A(\/ py).

iEro ikEFK iEFO
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Thus, (1,0,0)A(Vjer, pi) € 11, and hence { is a SVNIA-compact space. O

Theorem 5.2. Let (¢, @, 1) be SUNNIA-compact and SVNI-regular. Therefore, § is a SVNNIA-compact
space.

Proof. Similar to Theorem 8. m]

Theorem 5.3. Let f : (¥, ¢,11) —— (F, 9", hy) be injective (SVNAC-map) between two SVNA-spaces
associated with ¥ € &X and p € &, respectively, and m € hy = f(n) € hy, forall 6 € & is a
SVNIA-compact. Then, f(o) is SVNIA-compact as well.

Proof. Let {g; € &F . intf;*(gi) = @i, i € I'} be a family with f(0) < V0. Because of f is a
SVNAC-map, then int(li (FY(e)) = f (o) with o < Vier f1(0i). By SUNIA-compactness of ¢ there
exists a finite Iy C T such that oA (V e, (f~(01))) € Iy. Since m € iy = f(m) € hp, for all o € &
then f(0A(Vier,(f ' (0i)))) € ha. Because of f is a injective, therefore, f(oA(Vcr,(f~(01)))) =
f(0)A(Vier,(0i))- Hence, f(0)A(Ver,(0i)) € h2. Thus, f(0) is SVNIA-compact. mi
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