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Abstract. In this paper, we introduce the concept of fuzzy 6-ideal continuous, fuzzy 6-ideal continuous, fuzzy strongly
o0-ideal continuous and fuzzy almost ideal continuous mappings in fuzzy ideal topological spaces given the definition

of Sostak. In addition, we study some properties between them.

1. INTRODUCTION AND PRELIMINARIES

The concept of fuzzy topology was first defined in 1968 by Chang [1] and later redefined in a
somewhat different way by Lowen [21] and by Hutton and Reilly [18]. According to Sostak’s [27],
in all these definitions, a fuzzy topology is a crisp subfamily of fuzzy sets and fuzziness in the
concept of openness of a fuzzy set has not been considered, which seems to be a drawback in the
process of fuzzification of the concept of topological spaces. Therefore Sostak’s introduced a new
definition of fuzzy topology in 1985 [28]. Later on, he developed the theory of fuzzy topological
spacesin [29]. After that several authors [2,3,5,19,20,23,25] have introduced the smooth definition
and studied smooth fuzzy topological spaces being unaware of Sostak’s works. In fuzzy topology,
by introducing the notion of ideal, [27], and several other authors [17,22] carried out such analysis.

The notion of continuity is an important concept in fuzzy topology and fuzzy topology in Sostak
sense as well as in all branches of mathematics and quantum physics (see [6,7,10-14]). We must
state that this subject has been researched by physicists [7,10-13] as well as by others. El-Naschie
has shown that the notion of fuzzy topology in Sostak sense has very important applications
in quantum particle physics especially about both string theory and &(®) theory [8,9,12,15,16]
and also Saber et al. [30-39] who familiarized the concepts of single-valued neutrosophic ideal
open local function and single-valued neutrosophic topological space. In this paper, we give a

decomposition of fuzzy continuity, fuzzy ideal continuity and fuzzy ideal a-continuity, and we
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obtain several characterizations of fuzzy a-I-continuous functions. Moreover, we introduce the
concept of fuzzy a-I-open functions in fuzzy ideal topological spaces and obtain their properties
Throughout this paper, let X be a nonempty set I = [0,1] and Iy = (0,1]. For a € I, a(x) = a for
all x € X. The family of all fuzzy sets on X denoted by IX. For two fuzzy sets we write Aqu to mean
that A is quasi-coincident (q-coincident, for short) with (i, i.e, there exists at least one point x € X

such that A(x) + p(x) > 1. Negation of such a statement is denoted as Agpu.

Definition 1.1. [27]. A mapping T : IX — [ is called a fuzzy topology on X if it satisfies the following
conditions:

O1) 7(0) = 7(1) = 1.

(02) ©(Vier i) = Nier T(1i), for {pibier € I*.

>
(08) (w1 A p2) 2 T(p1) At(p2), for p, pa € IX.

Definition 1.2. [27]. A mapping I : IX — I is called fuzzy ideal on X iff:
() 1(0) = 1,1(1) = 0.
(I) IfA <, then I(A) > I(u), for each A, u € IX.
(I3) Foreach A, e IX, I(AVu)>I(A) AI(u).

The pair (X, t,1) is called fuzzy ideal topological space (fits, for short)

Corollary 1.1. [17]. Let (X, 7, I) be a fits. The simplest fuzzy ideal on X are I°, I : IX — I where

IO()\):{L Zf/\:Q/ Il(A):{O/lf/\:l/

0, otherwise. 1, otherwise.

IfI = I°, for each u € IX we have u; = C(u, 7).
IfI =1, for each u € ® we have y; = 0, where, 1 ¢ ® be a subset of IX.

Definition 1.3. [17]. Let (X,7,1I) be a fits. Let u, A € I%, the r-fuzzy open local function i} of p is the
union of all fuzzy points x; such that if p € Q(x, ) and I(A) > r then there is at least one y € X for which
py) +p(y) =1 > Ay).

Theorem 1.1. [17]. Let (X, T) bea fts. Then foreachr € Iy, A € IX we define an operator C; : IX x Iy — IX

as follows:

Ce(Ar) = N\lpel*: A<y, t1-p) 2.
For A, u € Xandr,s € Iy, the operator C; satisfies the following conditions:
(1) C.(0,7) =0.
(2) A <Ci(A, 7).
(3) Ce(A, 1) VCr(u,1r) =Cr(AV u,r).
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Theorem 1.2. [17]. Let (X, 7) bea fts. Then for eachr € Iy, A € IX we define an operator I, : IX x Iy — IX

as follows:

L(A 1) = \/{y el Axp, t(u) =7

For A, u € IX and r,s € Iy, the operator I satisfies the following conditions:

(1) L(1=A,7r) =1—=Cq(A,7)

@) L(Lr) =1

(3) A =1I:(A,r).

4) ILt(Ar) AL (u,r) =L (AA ).

(5) I:(A, 1) <I(A,s) ifr = s.

6) I (IT(/\, 7’),1’) = IT(A’ 1’).

Theorem 1.3. [17]. Let (X,7) be a fts and I, I be two fuzzy ideals of X. Then for each r € Iy and

po,p € 1%
(1) p<n, then u; < nj.
2 L <L, = p(h,1) <L, 7).
() wy = Cel(p5,7) < Celp, 7).
@ (u7)" <y
®) (V) = (uvn);
(6) If I(p) = rthen (uV p); = ;v p; = ;.
() If t(p) = 7, then (p A ) < (p A p);-
@) (urAm;) = (uAn);.

Theorem 1.4. [17]. Let (X,7,1I) be a fits. Then for each r € Iy, u € IX we define C* : IX x Iy — X as

follows:

Cl(u,r) =uV
For p,n € I%, the CI* satisfies the following conditions:
(1) If u < n, then CI*(u,r) < CI*(n, ).
(2) cr(cr(u,r),r) = Cr'(u,r).
() CI'(uvn,r)=Cr'(u,r)vCrn,r).
(4) CI'(uAn,r) <CI(u,r) ANCF(n,1).

Definition 1.4. [17] Let (X, 1) bea fts. For A € X and r € I.
(1) A is called r-fuzzy semiopen (r-FSO, for short) iff A < C.(I: (A, 1), 1).

(2) A is called r-fuzzy semiclosed (r-FSC, for short) iff 1 — A is r-fuzzy semiopen set of X.
(3) A s called r-fuzzy B-closed (r-FBC, for short) iff A < Co(I; (C.(A, 1), 1), 7).

Definition 1.5. [17]. Let (X, t,I) be a fuzzy ideal topological space. For each i € IX and r € Iy.

(1) w is called r-fuzzy ideal open (r-FIO, for short) iff u < I (uy,1).
(2) w is called r-fuzzy ideal closed (r-FIC, for short) iff 1 — u is r-FIO.
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Lemma 1.1. [17]. Let (X, t,I) be a fits.

(1) Any union of r-FIO sets is r-FIO.
(2) Any intersection of r-FIC sets is r-FIC .

Definition 1.6. [17]. Let (X, t) and (X, n) be fts’s. Let f : X — Y be a mapping.
(1) fis called fuzzy continuous iff n(p) < ©(f(p)) for each p € IX.

(2) fis called fuzzy open iff T(u) < n(f(u)) for each u € IX.
3) fis called fuzzy closed iff T(1— ) < n(f(1— u)) for each u € IX.

2. r-ruzzy 67-OPEN AND 7-Fuzzy 67-OPEN SETS

Definition 2.1. Let (X, 1, 1) be a fits. For A € IX, x; € Py(X) and r € Iy. Then,
(1) Ais called r-fuzzy R, -neighborhood of x; if x;,qA and A is r-FRIO.
We denote
Ry, (x1,7) = (A € FlxgA, A isr— FRIO}.

(2) x¢ is called r-fuzzy O1-cluster point of A if for every B € Q(x;, 1), we have AqCI* (B, ).
(3) OI-closure operator is mapping Coz, : IX X Iy — IX defined as:

Cor(A, 1) = \/{xt € Py(X) : x;is r— 601 —cluster point of A}.

Theorem 2.1. Let (X, 7, 1) be a fits, for each A, B € IX and r € Iy. Then the following properties hold:
(1) A< Cor(A, 7).
(2) If A< B, then Cor (A, 1) < Corc(B,1).
(3) C(A,r) < Vixr € Pe(X)lxy is r-fuzzy 61 -cluster point of AJ.
(4) Core(A 1) = NBe XA <int*(B,r), 1(1-B) > r}.
(5) Cs1:(A, 1) = N{B € IX|A < B, Bis r-fuzzy dl-closed).
(6) x¢ is r-fuzzy 61 -cluster point of A iff x; € Cor (A, 7).
(7) x is r-fuzzy 61 -cluster point of A iff x; € Csr (A, 7).
(8) If A = C(int*(A,r),r), then Csr (A, 1) = A.
(9) A< C (A, 1) <Cosre(A, 1) < Core(A 1) ST (A, 7).
(10) W(AV B,r) = W(A,r)VW(B,r) foreach W = {Cs1r, Core)-
(11) Core(Core (A1), 1) = Core(A, 7).
Proof. (1) and (2) are easily proved from Definition 2.1.
(3) Put P = \V/{x; € Py(X)|x; is r-fuzzy 67 -cluster point of Aj}.
Suppose that C;(A,r) £ P, there exists x € X and t € (0,1) such that
Cr(A, 1) (x) >t > P(x). (2.1)

Then x; is not r-fuzzy 67 -cluster point of A. So, there exists B € Q(x;,7), A < 1 —int (CI*(B,r),r) <
1 - 8. By definition of C;, C¢(A,r)(x) < (1-8)(x) < t.Itis a contradiction for equation (2.1). Thus
Ce(A,r) <P.
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4) O = ABe XA <int*(B,r), 1(1-B) > r}.
Suppose that Cor (A, r) # O, then there exists x € X and ¢ € (0, 1) such that

Cor(A,7)(x) <t <O(x). (2.2)

Then x; is not r-fuzzy 67-cluster point of A. So, there exists B € Q(x;,7), and A < 1 -CI*(8B,r).
Thus, A <1-CI*(8B,r) = int*(1-B,r), ©1(B) > r. Hence,

Ox) < (1-8B)(x) <t.

It is a contradiction for equation (2.2). Thus Cgr. (A, 1) = O.
Suppose that Cor. (A, 1) £ O, then there exists r-fuzzy 67-cluster point y; € P¢(X) of A, such
that

CQ]T(ﬂ/ r)(y) >85> O(]/) (2-3)

By definition of O, there exists B € X with A < int*(B,r), ©(1 - B) > r such that Cor. (A, 7)(y) >
s> B(y) = O(y). Then 1 — B € Q(ys,r). Furthermore, A < int*(B,r) = 1 - CI*(1 - B,r) implies
AGCI* (1 - B,r). Hence ys is not r-fuzzy 67-cluster point of A. It is a contradiction for equation
(2.3). Thus Cgr(A,r) <O.

(5) It is similarly proved as in (3) and (4).

(6) (=) Itis trivial.

(&) Suppose that x; is not r-fuzzy 67-cluster point of A. Then there exists 8 € Q.(x;,r) such
that CI*(8,r) <1 - A. Thus

A<1-CI*(B,r) =int*(1-B,r).

By (4), Cor: (A, r)(x) < (1-8)(x) < t. Hence x; ¢ Cozr.(A, 7).

(7) is similarly proved as in (6).

(8) Obvious from Theorem 1.1(4).

(9) Form Theorem 1.1(5), we show that only Csz. (A, r) < Cor.(A, r). Suppose that Csz. (A, r) £
Coz:(A, 1), then there exists x € X and t € I such that

Cozc(A,1)(x) > t > Cor (A, 7) (). (2.4)

Since Cor.(A,r)(x) < t, x; is not r-fuzzy 67-cluster point of A. So, there exists B € Q(x,7),
A <1-CI*(8B,r) implies Agint.(CI*(8B,r),r). Hence, x; is not r-fuzzy 67 -cluster point of A, by (7),
we have

Core(A,7)(x) <t.

It is a contradiction for equation (2.4). Thus Csr. (A, 1) < Cor. (A, 7).
On the other hand, suppose that Cor,(A,r) £ T,(A,r), then there exists x € X and t € I such
that

Core (A, 7)(x) > t > T (A, 1) (x). (2.5)
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Since T (A,r)(x) < t, x; is not r-fuzzy O-cluster point of A. So, there exists B € Q. (x,7), A <
1-C;(8,r) implies AGCI* (8, r). Hence, x; is not r-fuzzy 67-cluster point of A, by (6), we have

Corc(A,7r)(x) <t

It is a contradiction for equation (2.5). Thus Cgr.(A,r) < T (A, 7).
(10) Let Csr (A, 7) V Cos1(B,1) # Csr:(AV B,r). Then there exists x € X and x = (0,1) such
that

C()‘]T(ﬂ, 7’) (x) V C@]T(B, 1’) (x) <t< Cb‘]T(ﬂ Vv 8B, 7’) (X) (2.6)
Since Csr (A, r)(x) < t and Csr.(B,7)(x) < t, x; is not r-fuzzy 67 -cluster point of A and B So,
there exists Ay, B1 € Q.(xt,7), and A < 1 —int (CI*(Ay,7r),7), B < 1—int(Cl*(By,r),r). Thus,
(ﬂ1 /\81) € QT(xt,r) and
AVB <1—(int(CI*(Ay,r),r) Nint (CI*(By,1),7))
1— (int(CI* (A, r) ACI*(By,7),7),7)
<1—(int(CI* (A A By,1),7)).

Thus, AV Bgint (CI* (A A By, 1), r). Hence, x; is not r-fuzzy 67 -cluster point of AV B, by (7), we

have
Core(AV B, r)(x) <t

It is a contradiction of equation (2.6) and Csz. (A, 1) V Csro(B,1) = Cor(AV B, r).
On the other hand, A, B > AV B. Hence Cs1 (A, 7) V Cs7.:(B,7) < Csre (AV B, r). Thus,

Cor:(A, 1)V Cs11(B,7) = Csg.(AV B,1).

(11) Since A < Csr(A, 1), Cor(A, 1) < Cs1:(Csr:(A,7), 7). On the other hand, suppose that
Core(A, 1) # Csre(Cor (A, 7),7), there exists x € X and t € Ij such that

Core(A, 1) (x) <t < Cor¢(Coro (A7), 7)(x). (2.7)

Since Csz.(A,r)(x) < t, x; is not r-fuzzy 07 -cluster point of A. So, there exists B € Q(x;, 1)
such that A < 1 —int(CI*(B,r),r) = Cc(int*(B,r),r). Since, C(int*(B,r),r) is r-FRIC and A <
C:(int*(8B,r),r). Then by Theorem 1.1(4), Csz.(A, ) < C(int*(B,r),r). Again,

Core(Cor (A, 1),7) < Cozo(Co(int*(B,1),7),1) = Ce(int*(B,7), 7).
Hence, Cs7:(Cszc (A, 7),7)(x) < Ce(int*(B,r),r)(x) < t. Itis a contradiction for equation (2.7). O

Theorem 2.2. Let (X,7,T) beafits, A € IX and r € Iy. Then the following properties are holds:
(1) Ais r-FPIC iff Ct(A,r) = Csr (A, 7).
(2) Ais r-FSIC iff C; (A, 1) = Cor(A, 7).
(3) Ais r-FalO lﬂ:CT (ﬂ, 1’) = Cé]T (ﬂ, 7’) = C@[T (ﬂ, 7’).
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Proof. (1) Let A be r-FPIC. Then A < C(int* (A, r),r) and by Theorem 1.1(3) and (4), we have
Core(A, 1) < Coro(Ce(int™ (A1), 7),7)
= Ci(int*(A,r),r)
< Ci(A, 1) < Csre(A, 7).
Conversely, suppose that there exist A € IX, r € [y x € X and t € (0,1) such that
Core (A, 1)(x) >t > Cr(A, 1) (x).

Then x; is not r-fuzzy 6-cluster point of A. So, there exists B € Q(x;,7), with A < 1 — B. Since x;
is r-fuzzy 67 -cluster point of A, for B € Q(x;, 1), we have int(CI* (8B, r), r)gA. Since

int;(CI*(B,r),r) <int.(CI*(1-A,r),r),
and
A>1—int(CI*(B,r),r) = 1 —int, (CI*(1 = A,r),r) = C(int*(A,r),r).

Hence, A is not r-FPIC.

(2) Let A be r-FSIC. Then A < int*(C,(A,r),r), 1(1 = C;(A,r)) > r, by Theorem 4.3.2(4), we
have Cgr. (A, 7) < Ci(A,r).

Conversely, suppose that there exist A € IX, r € [ x € X and t € (0,1) such that

Core(A,7)(x) >t > C(A,1)(x).
Then1—C.(A,r) = int:(1 - A,r) € Qr(xs, ). Since x; is r-fuzzy 67 -cluster point of A, CI* (int, (1 -

A, 1), r)gA. Ttimplies A £ 1 — CI*(int (1 — A, r),r) = int*(C¢(A,r),r). Thus A is not r-FSIC.
(3) It is similarly proved as in (1) and (2). ]

Definition 2.2. Let (X, 1,1) be a fits, for A, B € X and r € Iy. Then,
(1) Ais called is r-fuzzy 61 -closed (resp. r-fuzzy 01 -closed) iff Csr (A, 1) = A (resp. Cor. (A, 1) =
A). We define
Ay (A1) = /\{Bl A< B, B=Csr(B,7)).

O, (A1) = \IBI A< B, B=Cor(B7)).

(2) The complement of r-fuzzy 61 -closed (resp. r-fuzzy 0I-closed) set is called r-fuzzy 61 -open (resp.
r-fuzzy 01 -open).

Theorem 2.3. Let (X,1,T) be afits, for A € IX and r € Iy. Then the following properties are holds:
(1) A, (A1) = Cor (A1)
(2) A, (A,r) is r-fuzzy 61 -closed.
(3) @T[ (ﬂr 1") = CQ]T (@T] (ﬂl 1"), 7’)-
(4) O, (A, 1) is r-fuzzy OI-closed.
(5) Corr (ﬂ/ 1’) < ®T_r (ﬂ/ 7’)-
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Proof. From Theorem 2.1 (9,11), A < Csr(A, 1) = Csr:(Csrc(A, 1), 1) implies A, (A, r) <
C(‘i]’[ (ﬂ/ 7’) .
Suppose that A;, (A, r) # Csr.(A, ), there exist x € X and t € Iy such that

A’l’] (ﬂ/ 7’) (x) <t< C(SIT(ﬂ/ 1’) (X)
Form the definition of A, (A, r). There exist B € IX and A < B = Csr,(B,r) such that
Ar, (A r)(x) <B(x) <t <Csr(A,1)(x).

On the other hand, Csz,(A,7) < Csr(B,7r) = B. It is a contradiction. Hence, A, (A, 1) >
Core(B,71).

(2) Form Theorem 2.1(11), it is trivial.

(3) Let A < B; = Cgr.(B;,r) for each i € T. Then

/\Bi < Ceh(/\ Bi,r) < Cor.(Bi,17) = Bi.
iel’ iel’
So, Nier Bi < Cozrc(Nier Bi, 7). Hence, O, (A, 1) = Cor(Or, (A, 7),7).
(4) Form (3), it is trivial.
(5) Since A < O, (A, ), by (3), Cor. (A, 1) < Cor, (O, (A, 7),7) = O, (A, 7). m|

Definition 2.3. Let (X, 7,1) be a fits, A, B € X and r € Iy. Then X is called:

(1) Fuzzy I-reqular if for each A € Qr(xy, 1), there exists B € Qr(xy, r) such that CI* (B,r) < A.
(2) Fuzzyalmost I-regular if foreach A € R, (xy, 1), thereexists B € R, (x¢, ) such that CI* (B,r) <
A.

Theorem 2.4. Let (X, 7, I) beafits, for A, B € X and r € Iy. Then the following statements are equivalent:

(1) (X,t,7) is called fuzzy almost I-reqular.

(2) For each x; € Py(X) and each A € Q(xy, 1), there exists B € R, (xy, 1) such that CI*(B,r) <
int(CI*(A,r),r).

(3) For each x; € Py(X) and each A € Q(x,7), there exists B € Qr(xy,r) such that CI*(B,r) <
int.(CI*(A,r),r).

(4) For each x; € P;(X) and r-FRIC set D € IX with x; ¢ D, there exists B € Q(x;,7) and A is
r-fuzzy *-open set such that O < A and CI* (A, r)gCI* (B, ).

(5) For each x; € P;(X) and r-FRIC set D € IX with x; ¢ D, there exists B € Q. (x;,r) and A is
r-fuzzy *-open set such that D < A and CI* (B, r)qA.

(6) For each r-FRIO set A € IX with DgA, there exists r-FRIO set B € IX such that DgB <
Cl*(B,r) < A.

(7) For each r-FRIC set A € IX with D £ A, there exist r-FRIO set B € IX and is r-fuzzy *-open set
C € I* such that DgB, A < C and ByC.

Proof. The proof of (1)=(2) and (2)=(3) are obvious.
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(3)=(1): Let x; € Py(X) and A € R, (x4, 7). Then, by (3), there exists B € Q.(x¢,7) such that
CI*(B,r) < int(CI*(A,r),r) = A. Since B € Q(x, 1), int(CI*(B,r),r) € Re,(x4,7). Also, since
D = int(CI*(B,r),r) < CI*(B,r), CI*(D,r) < CI*(8B,r) and hence x;qD < CI* (D, r) < CI*(B,r) <
Awhere D € Ry, (x4, 7).

(3)=(4): Let D be r-FRIC set in X and x; € Py(X) with x; ¢ D. Then x;ql —Dand 1 -D €
R, (xt,7) € Qe(xt, 7). By (3), there exists C € Qr(xy, 1) such that CI* (C, r) < int(CI*(1-D,r),r) =
1-D.

Now, xigint,(CI*(C,r),r), then, int;(CI*(C,r),r) € Qr,(xt,7), and hence by hypothesis, there
exists B € Qq(xt,r) such that CI*(8B,r) < int(CI*(C,r),r). Then, D < 1-CI*(C,r). Put A =

1-CI*(C,r), then A is r-fuzzy *-open set. Hence
CI*(A,r) < 1—int(CI*(C,r),7r) <1-CI*(B,7).

Hence, CI*(8B,r)qCI* (A, r)

(4)=(5): It is trivial.

(5)=(6): Suppose that A is r-FRIO set with DgA, then D £ 1 — A. Hence there exists x; € P(X)
such that x; € D and Dy £ 1 - A where 1 — A is r-FRIC set. By (5), there exists 8 € Q(x;,7) and
C € X is r-fuzzy x-open set such that 1 — A < C and CI*(8B,7)gC. From B € Q.(x;,r) we have
xgB < int (CI*(B,r),r). Put By = int(CI*(B,r),r), we have DgB; and B; is r-FRIO set such that

DgBy < Cl*(B1,1’) < Cl*(B,V) <1-C<A

(6)=(7): Let A be r-FRIC set A € [X with D ¢ A. Then, Dgl — A and hence by (6), there exists
r-FRIO set B € X such that DgB < CI*(B,r) < 1 - A. Then, B is r-FRIO set and 1 — CI*(B,r) is
r-fuzzy *-open set such that Dg8, A <1 - CI*(8B,r) and 871 — CI* (B, ).

(7)=(1): Let A€ Ry, (xt, 7). Thenx; ¢ 1 — A and 1 — A is r-FRIC set. By (7), there exist r-FRIO
set B € [X and is r-fuzzy *-open set C € IX such that x;g8B, 1 — A < C and B4C. Then, B € R, (x¢,7).
Since C is r-fuzzy x-open set, CI*(8,r)gC. Thus x;qB < CI*(B,7r) <1-C < A. Hence (X,7,7) is
called fuzzy almost 7-regular. m]

The following theorem is similarly proved in Theorem 2.4.

Theorem 2.5. Let (X,7,1) be a fits, for A € IX and r € Iy. Then the following statements are equivalent:

(1) (X, 7, 71) is called fuzzy I-regular.

(2) For each x; € Py(X) and each A € IX with t(1 - A) > rand x; ¢ A, there exists B € X with B is
r-fuzzy x-open such that x; ¢ C.(8B,r) and A < B.

(3) For each x; € Py(X) and each A € IX with 1(1 - A) > r and x; ¢ A, there exists B € Q(x;,7)
and C € IX with C is r-fuzzy *-open such that A < B and B4C.

(4) For each D € IX and A € IX with ©(1 = A) > r and D £ A, there exists B € Qr(x;,r) and
B,C € X with 1(B) > r and C is r-fuzzy *-open sets such that DgB, A < C and BgC.

Theorem 2.6. An fits (X, 1, 1) is fuzzy almost I-reqular iff for each A € IX and r € Iy, Csz(A, 1) =
Core(A1).
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Proof. From Theorem 4.3.2(9), we only show that Csr (A, 7) = Cor (A, 7). Let Csro(A,7) #
Cor:(A, 7). Then there exist x € X and ¢ € I such that

Core(A,7)(x) <t < Core(A 1) (x). (2.8)

Since Csr. (A, r)(x) < t, x¢ is not a r-fuzzy 6J-cluster point of A. So, there exists B € Q(x,7),
with A <1 —int(CI*(B,r),r). Since B € Q(x¢, 1), int(CI*(B,7),r) € Ry, (x4, 7). By fuzzy almost
I -regularity of X, there exists D € R, (x;,7) such that CI* (D, r) < int(CI*(8B,r),r). Thus,

A<1—int(CI*(B,r),r) <1-CI*(D,r) = int*(1 - D), 1(D) > r.

By Theorem 2.1(4), Cor (A, 1)(x) < (1 -D)(x) < t. It is a contradiction for equation (4.9).
Conversely, Let A € R, (x¢,7) C Qr(xt, 7). Then by Theorem 2.1(8), t > (1 - A)(x) = Cszr(1 -
A, r)(x). Since, Csr(1 - A, 1) = Cor(1 - A, 1), xt x; is not a r-fuzzy 67-cluster point of 1 — A.
Then there exists B8 € Q. (x, ) such that 1 — AgCI* (8B, r) implies CI*(B,r) < A = int(CI* (A, r),r)
and by Theorem 2.4(3), (X, 7, 1) is fuzzy almost Z-regular. O

Theorem 2.7. An fits (X,7,1) is fuzzy almost I-reqular iff for each r-FRIC set A € X and r € I,
CQ]T(ﬂ, 7’) =A.

Proof. The necessary part follows from Theorem 4.3.9 and the fact that r-FRIC set is r-fuzzy 67-
closed.

Conversely, let A be any r-FRIC set with x; ¢ A. Then, x; ¢ Cgzr.(A,r) and hence, x; is not
r-fuzzy 67-cluster point of A so, there there exists B € Q(x;,r) such that AGCI*(B,r). Thus,
A<L1-CI*(B,r) = D and D is r-fuzzy x-open implies DGCI* (B, r). Hence, by Theorem 4.3.7(5),
(X, 7,T) is fuzzy almost Z-regular. o

Lemma 2.1. If A, B € IX, r € Iy such that AGB where B is r-fuzzy 61 -open, then Cszr. (A, 1)qB.

Proof. Let AGB where B is r-fuzzy 67 -open. Then, A <1- 8B = Cs7,(1 - B,r), by Theorem 2.1(11),
Core(A, 1) < Core(Core(1=8B,7),7) = Coz:(1-B,1r) =1-B.

Hence, Cs7 (A, 7)q8. m|

Lemma 2.2. Let (X, 1, 1) be a fits and A € IX is r-fuzzy 61 -open set iff for every x; € Py(X) with x,qA,
there exists r-FRIO set B € IX such that xgB < A.

Proof. Let x; € Py(X) with x,gA. Then x; ¢ 1 — A. Since A is r-fuzzy 6J-open set, x; ¢ 1 - A =
Csr:(1 = A, r). Thus, x; is not r-fuzzy 67 -cluster point of 1 — A. So, there exists D € Q.(x;, ) such
that 1 — Agint (CI* (D, r),r). Put B = int(CI* (D, r),r), so, Bis r-FRIO set with x;gB < A.
Conversely, suppose 1 — A # Csy.(1 — A, r), then there exist x € X and ¢ € I such that
(1-A)(x) <t < Core(1-Ar)(x).
Since x:gA, there exists a r-FRIO set B such that x;q8 < A. It implies

1-A<1-8=C(int*(1-8,r),1).
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By Theorem 1.1(4), Csr(1 — A, r)(x) < (1-B)(x) < t. It is a contradiction. Hence, 1 - A =
Cszc(1—A,r),ie., Ais r-fuzzy 61-open set.

O

Lemma 2.3. If 1(A) > 1, then C;(A,r) = Csz. (A, 7).
Proof. Let T©(A) > r. Then, A is r-fuzzy *-open set and so, A = int*(A,r). Then, by Theorem
2.1(8),

Cr(A, 1) = Ce(int* (A, 1), 1) = Cor (A, 7).

Theorem 2.8. Let (X, t, 1) be a fits. Then the following statements are equivalent:

(1) (X,t,71) is fuzzy almost I-regular.
(2) For each r-fuzzy 6I-open set A €X and each x; € Py(X) with x;qA, there exists r-fuzzy 61-open
set B € IX such that x,qB < CI*(B,r) < A.

Proof. (1)=(2): Let A be r-fuzzy 67-open set such each x;qA. Then by Lemma 2.3., there exists
r-FRIO set C € IX such that x;qC < A. By fuzzy almost 7-regularity of X, there exists r-FRIO set 8
(which is also r-fuzzy 67 -open) such that x,g8 < CI*(8B,r) <C < A.

(2)=(1): It is obvious. |

3. Fuzzy 67-CoNTINUOUS
Definition 3.1. Let (X,7,71) — (Y,1,12) be a mapping. Then,

(1) f is called fuzzy o-ideal continuous (FOI-continuous, for short) iff for each A € Q,(f(xt), 1), there
exists B € Qr(x¢, 1) such that

flint(CI*(B,r),1)) < int,(CI*(A,r),7).

(2) fis called fuzzy O-ideal continuous (FOI-continuous, for short) iff for each A € Qy(f(xt), 1), there
exists B € Qr(xt, 1) such that

F(CI*(B,1)) < CI* (A, 7).

() f is called fuzzy strongly O-ideal continuous (FSOI-continuous, for short) iff for each A €
Qy(f(xt), 1), there exists B € Qr (x4, r) such that

F(CI*(B,1)) < A.

(4) f is called fuzzy almost ideal continuous (FAT-continuous, for short) iff for each A € Qy(f (x¢),7),
there exists B € Qr(xt, ) such that

f(B) <inty(CI*(A,r),1).
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From the above definition, we obtain the following diagram:

F strongly continuous = F super continuous

U U

FSOI-continuous = Fd7-continuous = FA7-continuous.

Theorem 3.1. Let f : (X,7,11) — (Y, n,12) be a mapping. Then the following statements are equivalent:

(1) f is FoI-continuous.

(2) Foreach A € Ry, (f(xi),r) there exists B € Re, (x;,r) such that f(B) < A.

() f(Csr,c(A 1)) < Corpn(f(A), 1) for each A € X and r € L.

(4) Core(fU(B),7)) < fHCos1,y(B,7)) foreach B e I and r € I.

(5) For each r-fuzzy 6I-closed (resp. r-fuzzy 5I-open) set B € I, f~1(B) is r-fuzzy 6I-closed (resp.
r-fuzzy 6.1 -open) set in X.

(6) For each r-FRIO (resp. r-FRIC) set D € I¥, f~(D) is r-fuzzy Sl-open (resp. r-fuzzy Sl-closed)
set in X.

Proof. (1)=(2): This follows immediately from Definition 3.1.
(2)=(3): Suppose there exists A € [X and r € Iy such that
f(Coryc (A7) £ Coryn(f(A), 7).

Then there exists y € Y and t € Iy such that

f(Coryo (A1) (y) > t> Coryy (f(A), 1) (y)-

If f~1({y}) = 0, provides a contradiction that f(Csz,.(A,))(y) = 0.
If f~1({y}) # 0, there exists x € f~1({y}) such that

F(Cor,c (A, 7)) (y) = Cozyo (A, 1) (x) > t > Co1,y (f(A), 1) (f(x)). (3.1)
Since Csz,,(f(A),7)(f(x)) < t, by Theorem 2.1(7), f(x); is not r-fuzzy oI-cluster point of
f(A). So, there exists D € Qu(f(x);,r) such that f(A) < 1-—int,(CI*(D,r),r). Since D €
Qu(f(x)e,7), inty(CI*(D,7),7) € Ry, (f(x)r,7). By (2), there exists B € Ry, (x,r) such that
f(B) < int,)(CI*(D,r),r). Hence, B € Q:(x;,7) and f(A) < 1 - f(B) = 1~ f(int(CI*(8B,7),7))
implies that A < 1 —int,;(CI*(B,r),r). Thus x; is not r-fuzzy 6J-cluster point of A, by Theorem
2.1(7), Csr, (A, 7)(x) < t. It is a contradiction for equation (3.1).

(3)=(4): Forall B € IV and r € Iy. Put A = f~1(B) form (3). Then

F(Core(f(B),1) < Corp(f(f(B)), 1) < Corpy (B, 7).
It implies

Coryc(f7H(B),7) < FHf(Corye (fTH(B),1))) < f7H(Corpy(B, 1))
(4)=(5): Let B € I' be r-fuzzy 6I-closed. By (4), we have

Corye(fH(B),1) < fH(Cory(B,7)) = fH(B),
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and always f1(8) < Cs7.(f1(B),r), implies f1(B) = Csz1,-(f1(B), r). Hence, f(B) is r-fuzzy
01 -closed set. Other case is similarly proved

(5)=(6): Let D be r-FRIO set in Y. Then, by Theorem 2.1(8), D is r-fuzzy 67-open set. By (5),
we have f~1(D) is r-fuzzy 67 -open set. Other cases are similarly proved

(6)=(1): Let A € Qy(f(xt),r). Then, int,(CI*(A,r),r) € Ryr,(f(x)t,7). By (6), we have

l - f_l (i?lt,](Cl* (ﬂ/ 1’), 1’)) = C(SJ]T(l - f_l (intT](Cl* <ﬂ/ 7’),1’)),1’).
Since f(x:)gA < inty(CI* (A, ), 1), x4qf L (int,(CI* (A, r),7)), that is
t> (1= f~H(inty (CI*(A,1),1)))(x) = Core(L= f (inty(CI* (A, 1), 1)), 7).

Thus, x; is not r-fuzzy 67 -cluster point of 1 — f~1(int, (CI* (A, r),r)). Then, there exists B € Q«(x, )
such that 1 — 1 (int, (CI* (A, r),r)) < 1 —int(CI*(B,r),r). Hence,

f(int  (CI*(B,7),1)) < int, (CI*(A,r),7).
Therefore, f is F6.Z-continuous. m]

Theorem 3.2. f: (X,t,711) — (Y,n,12) be a mapping. Then the following statements are equivalent:

(1) f is FOI-continuous.

(2) for each A € Ry, (f(x1),r) there exists B € Qr(x, 1) such that f(CI*(8,r)) < A.

(3) f(Coz,;<(A, 1)) < Csr,y(f(A), 1) for each A € Kandrel.

4) Cor,«(fU(B),1)) < fHCor,y(B,7)) for each B € I and r € Iy.

(5) For each r-fuzzy 6I-closed (resp. r-fuzzy 6I-open) set B € IV, f~1(B) is r-fuzzy OI-closed (resp.
r-fuzzy 01 -open) set.

Proof. (1)=(2): This follows immediately from Definition 3.1.
(2)=(3): Suppose there exists A € [X and r € Iy such that

f(Cor, (A, 1)) £ Cozyy(f(A), 7).

Then there exists y € Y and t € Iy such that

f(Cor(A,1))(y) > t > Coryp(f(A), ) (y)-

If f1({y}) = 0, provides a contradiction that f(Cqr,(A,7))(y) = 0.
If f~1({y}) # 0, there exists x € f~}({y}) such that

f(Core (A1) (y) 2 Cor,o (A7) (x) > £ > Cogyn(f(A), 1) (f(x))- (32)

Since Csz,,(f(A),r)(f(x)) < t, f(x); is not r-fuzzy 6I-cluster point of f(A). So, there exists
D € Qu(f(x)s,r) such that f(A) < 1—int,(CI*(D,r),r).Since D € Qy(f(x)¢, 1), int,(CI*(D,r),1) €
Ry, (f(x2),7). By (2), there exists B € Qr(xt,7) such that f(CI*(B,r)) < inty(CI*(D,r),r). Hence,
f(A) <1- f(CI*(B,r)) implies that A < 1 — CI*(B,r). Thus, x; is not r-fuzzy 67-cluster point of
A, by Theorem 2.1(6), Cgz,.(A,7)(x) < t.itis a contradiction for equation (3.2).
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(3)=>(4): Forall Be I' and r € Iy. Put A = f~1(B) form (2). Then

f(Corye(f1(B,1) < Coryy(f(f1(B), 1) < Cor,n(B,7).

It implies that

Cor,e(fTH(B,7) < fTH(f(Corye (f(B),1))) < FH(Coryy(B,1))-

(4)=(5): Let B € I' be r-fuzzy 67 -closed by (4), we have

Core(f(B),1) < fH(Cory(B,7)) = fH(B),

and since f1(B) < Cor1.(f1(B),7), f 1(B) = Cor,.(f1(B), ). Another case is similarly proved.
(5)=(1): Let A € Qy(f(xt),r). Then, int,(CI*(A,r),r) € Ry, (f(x)1,7), by Theorem 2.1(8), we

have
1—inty(CI*(A,r),1) = Csr,y(1 = int, (CI* (A, 1),7),7).
Hence, int, (CI* (A, r),r) is r-fuzzy 61-open set. By (5),
1= fH(inty(CI* (A,1),7)) = Cor, (L= f~H (inty(CI* (A, 1), 1)), 7).
Since f(x¢)gA < inty(CI* (A, r), 1), xeqf~ (int,(CI* (A, ), 7)), that is
t> (L= f~H(inty (CI*(A,1),1))) (%) = Corye (L=~ (inty (CI* (A,1),1)),7).

Thus, x; is not r-fuzzy 67 -cluster point of 1 — f 1 (int, (CI* (A, r), r)). Then, there exists B € Q(x, )
such that 1 — f~(int,(CI*(A,r),r)) < 1 - CI*(8B,r). Hence,

f(CI*(B,1)) < int,) (CI*(A,r),r) < CI*(A,71).
Therefore, f is FOJ-continuous. m]

The following theorem is similarly proved as in Theorem 3.2.

Theorem 3.3. Let f : (X, 7,11) — (Y, n,12) bea mapping. Then the following statements are equivalent:

(1) fis ¥ 61 -continuous.
) f(Cor,c(A 1)) < Cory(f(A), 1) for each A € IX and r € L.
() Cor,«(fU(B), 1)) < fH(Cor,y(B, 1)) for each B € I¥ and r € I.

Theorem 3.4. Let f : (X,7,1) — (Y,n) be a mapping. Then the following statements are equivalent:

(1) f is FSOI-continuous.

() f(Cor:(A, 1)) < Cy(f(A),7) for each A € IX and r € I.

() Cor(f1(B),1)) < f1(Cy(B,7)) for each B € I and r € .

(4) Foreach n(1—B) > r (resp. n(B) > 1), f1(B) is r-fuzzy OI-closed (resp. r-fuzzy 6 I-open) set
in X.
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Proof. (1)=(2): Suppose there exists A € [X and r € Iy such that

f(Care(A, 1)) £ Cp(f(A), 7).

Then there exists y € Y and t € Iy such that

f(Cor(A))(y) > t > Cy(f(A), 1) (y)-

If f~1({y}) = 0, provides a contradiction that f(Cgz.(A,7))(y) = 0.
If f~1({y}) # 0, there exists x € f~}({y}) such that

f(Coze(A,1))(y) 2 Core (A1) (x) > £ > Cy(f(A), 1) (f(x))- (33)

Since C;(f(A),r)(f(x)) < t, we have, f(x); is not r-fuzzy 6-cluster point of f(A). So, there exists
D € Qu(f(x),r) such that f(A) < 1-D. Since f is FSOI-continuous, for D € Q,(f(x):,7),
there exists B € Q(x;,r) such that f(CI*(8,r)) < D. Hence, f(A) < 1- f(C*(B,r)) implies
A<L1-CI*(B,r) = int*(1 - B,r). Since 1(B) > r, by Theorem 2.1(4), we have Cgr, (A, r) <1-B.
Since x,g8, we have Cgz, (A, 7r)(x) < (1 -8B)(x) < t. It is a contradiction of equation (3.3).

(3)=(4): Forall Be ' and r € I. Put A = f~1(B) form (3). Then

f(Cor=(f(8,1)) < Cy(f(f(B),1) < Cy(B,7).

mplies Core (/1 (8,7) < - (F(Cors (1 (), 1)) < F(Cy(B,1)).
(4)=(5): Let n(1 - 8B) > r. Then B = C, (B, ). By (4), we have

Cor:(f(8),1) < fHCY(B,7)) = fH(B).
And always f1(8) < Cozr.(f1(B),r). Hence f1(B) = Cor,.(f 1 (B), ). Another case is similarly

proved.
(5)=(1): Let A€ Qy(f(x0),7). Then, () > . By (), 1= () = Corye(1= f(A),7). Since
f(x:)gA, x;qf 1 (A), that is

t>(1-f(A))(x) = Core (L= f(A), 7).

Thus, x; is not r-fuzzy 0Z-cluster point of 1 — f~!(A). Then, there exists B € Q.(x;,r) such that
1-fY(A) <1- (CI*(B,r). Hence, f(CI*(B,r)) < A. Therefore, f is FSOI-continuous. ]

The following theorem is similarly proved as in Theorem 3.4.

Theorem 3.5. f: (X,7) — (Y, 1, 1) be a mapping. Then the following statements are equivalent:

(1) f is EAT-continuous.

) f(Ce(A, 1)) < Cory(f(A),r) for each A € IX and r € Ip.

G C(f(B),1)) < f(Csry(B,7)) for each B e I and r € I.

(4) For each r-fuzzy OI-closed (resp. r-fuzzy 6I-open) set B € 1Y, (1 — f~1(B)) > r (resp.
©(f71(8)) 2 7.

(5) For each r-FRIO (resp. r-FRIC) set B € I, t(f~1(B)) > r (resp. 1(1 - f1(B)) > ).
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Example 3.1. Define t1,72,71,1> : X1 as follows:

1, if Be(L0), ; Zii%’f”
wg) =1 d i B=0s w® =y Lo
0, otherwise, (2): otheru‘)i;e,
1, if B=0, 1, if B8=0,
11(8) = w F5=05 12(8) = y 1 8=07
L, if 0<B<05 L, if0<8<07,
0, otherwise, 0, otherwise.

From Theorem 2.1(4), and 2.3, we obtain C., Dy, Csz, : IX X Iy — IX as follows:

0, ifB8=0
(DT1:C5[1T1)(B/r): %’ ZfQ?&BS%’ 0<7’S%,
1, otherwise,
Q/ ZfB = Q/
06, if 0#B<06, 0<r<i,
CTz(Brr): . l:f_ A ' 21
07, if 06<B<07, 0<rs},
1, otherwise,
0, ifB=0,
C(szTz (B/r) = o f B .
1, otherwise,

By Theorem 3.1(3), the identity mapping idx : (X, 71,71) — (Y, 12,12) is FOI-continuous but it is not
F-super continuous because, by Theorem 1.4.6, 1 = Dr,(0.7,1) > C,(0.7,1) = 0.7.

Example 3.2. Define 11,72, 11,1 : IX — I as follows:

1, if Bell,0}, 1, if Be{l0},
@B ={1 FB8=06 B =11 ifBcl0s03,

0, otherwise, 0, otherwise,

1, if B=0, L if B=0,

1, if B=03 1, if B=04,
=] TP gl

5 if 0<8B<03, 5 if 0<B<04,

0, otherwise, 0, otherwise.
From Theorem 2.1(4), and 2.3, we obtain Cgz,, Ty, C; : IX X Iy — IX as follows:
0, fB=0,
Corn(B,1) =1 04, if 0#8<04, 0<r<y,

1, otherwise,
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04, i O¢ZB<O4 0<r<i
Co(Br) =) 2L 70 ”
;’ #%<BSO;7, O<7’S 7
1 otherwise,
0 ifB8=0
Corye,(B,1) =4 07, if 0 8<04, 0<r<},
1, otherwise,
O/ l_f B == 0,
T (B,r) =1~ =
u(B7) { 1, otherwise,

By Theorem 3.1(3), the identity mapping idx : (X, t1,71) — (Y, 12, 12) is FSOI-continuous but f it is
not F-strongly continuous because, T, (B,1) £ Cr,(B, 7).

Example 3.3. Define t1,72,71,1> : X1 as follows:

1, if Be(L0), , if Be(L,0}
n(B) =1 1 if B=04, n(B)=1 3 if Be{0.7,04),

0, otherwise, 0, otherwise,

1, if B=0, 1, if B8=0,
I(B)=4 3 if 0<B<02, DB =43 if0<8<04

0, otherwise, 0, otherwise.

From Theorems 2.1 (4), we obtain Csr., Cozry : IX X Iy — IX as follows:

o fB=0,
0#8<03 0<r<i
Cu(Br) =] 22 70 =
, if 03<8<06 0<r<y,
1, otherwise,
0, f8=0,
(Cg[lTl:C5]2T2:C5]1-[1)(B,7’): 0_ lf0758<06 O<r< %,
, otherwise,

By Theorem 3.2(3), the identity mapping idx : (X, t1,71) — (Y, 12,12) is FOI-continuous but it is not
FSOI-continuous because, Cor,r, (B,7) £ Cr,(B,71).

Definition 3.2. Let (X,7,71) be a fits, A, B € IX and r € Iy. Then X is called fuzzy I-semiregular (for
short, FI S-regular) if for each A € Q(xt, 1), there exists B € Qr(x¢, 1) such that int, (CI*(B,r),r) < A.

Theorem 3.6. Let f : (X,7,11) = (Y,n,12) be a mapping. Then the following statements are hold:
(1) If Y isF1S-regular and f is FS1 -continuous, then f is F-continuous.
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(2) If X is F1S-regular and f is FAT-continuous, then f is F6I -continuous.
(3) If Y is fuzzy almost I-regular and f is FOI-continuous, then f is F6I-continuous.
(4) If X is fuzzy almost I -regular and f is FoI-continuous, then f is FSOI-continuous.

Proof. (1) Let n(A) > r for each f(x); € A. Then, A € Q,(f(x:),r). Since (Y, n,I2) is fuzzy I-
semiregular, there exists D € Q,(f(x;), r) with int, (CI* (D, r),r) < A. By FoI-continuity of f, there
exists B € Qq(x;,7) such that f(int.(CI*(8,r),r)) < int,(CI*(D,r),r). Since ©1(8B) > 1,
f(B) < f(int(CI*(B,r),r)) < inty(CI*(D,r),r) < A.
Thus, f(8) < A and hence f is F-continuous.
(2-4) are similar. ]

Lemma 3.1. Let If (X,71,71), (Y,12,12) and (Z,73,13) be fits’s. Let f : X - Yand g:Y — Zbea
mappings. If f is FSO1-continuous and g is FAI-continuous, then g o f is F6.1 -continuity.

Proof. Obvious. o

Definition 3.3. Let (X, 1,7) be a fits. Then,
(1) the pair (A, B) is said to be fuzzy ideal r-0-separation relative to X iff AGB, AGO., (B, r) and
O, (A, 7)q8B.
A fuzzy set D € X is said to be fuzzy ideal r-O-connected iff there do not exist two fuzzy sets A
and B in X such that (A, B) is fuzzy ideal r-0-separation relative to X and D = AV B.
(2) The pair (A, B) is said to be fuzzy ideal r-6-separation relative to X iff AGB, AGA.,(B,r) and
A, (A, 1)q8B.
A fuzzy set D € IX is said to be fuzzy ideal r-O-connected iff there do not exist two fuzzy sets A
and B in X such that (A, B) is fuzzy ideal r-6-separation relative to X and D = AV B.

Lemma 3.2. It is clear that every fuzzy ideal r-5-connected is fuzzy ideal r-0-connected.

Example 3.4. Define t, I : IX — I as follows:

1, if Be (L0, 1, if =0,
u(B)=1 1, if Be(07,04, Ii(B)={2 if0<B<05
0, otherwise, 0, otherwise,

From Theorem 3.2 (2) Cor, : IX x Iy — IX as follows:

Q/ l,fB:Q/

A (Br)=1{ 06 if 0+B<06, 0<r<},
1, otherwise,
Q’ l_fB:Q/

Cor:(8B,r) =14 06, if 0#8B<03, 0<r<i,

(e

§ otherwise,
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Then by Definition 3.4, we have
0 f8=0

1, otherwise,

O, (B,1) = {

04,1) = 0.6. Hence, (0.3,0.4)

For 0.4 = 03V 0.4 we have 03004, 0.6 = Ar, (0.3, 4)90.4 and 0.3qA+, (
is fuzzy ideal 1 — S-separation and 0.4 is not fuzzy ideal g — S-connected.

For any representation 0.4 = AV C, where A and C are non-empty, O, (B,r) = 1 for B € {A,C}.
Thus, 0.4 is fuzzy ideal % — O-connected.

Lemma 3.3. If (X,t,71) is fuzzy almost I-regular, then the concepts fuzzy ideal r-0-connectedness and

fuzzy ideal r-O-connectedness are equivalent.
Proof. The proof is easily from Theorem 4.3.9. O

Theorem 3.7. Let Let f : (X,7,11) — (Y, n,12) be a mapping. Then the following statements are hold:

(1) If Ais fuzzy ideal r-0-connected and f is FOI-continuous, then f(A) is fuzzy ideal r-6-connected.
(2) If Ais fuzzy ideal r-0-connected and f is FOI-continuous, then f(A) is fuzzy ideal r-6-connected.
(3) If Ais fuzzy ideal r-6-connected and f is FSOI -continuous, then f(A) is fuzzy ideal r-6-connected.

Proof. Let (A, B) be fuzzy ideal r-O-separation relative to Y such that f(D) = AV B. Suppose
that C; = DA f1(A) and C; = D A f71(B). Then, D = C; V C,. To arrive at a contradiction it
suffices to show that (C1,C») is fuzzy ideal r-0-separation relative to X. Now, since f(D) VA # 0
(otherwise A = 0), there exists y € Y such that f(D)(y) > 0. Then, for some x; € P;(X), D(x) > 0.
Also, f1(A)(x) = A(f(x)) > 0. Thus, C; = DV fH(A) # 0. Similarly C; = DV f1(B) # 0.
Now C; < f(A), by Theorem 3.5(1),

Corye(CL 1) < fH(Corg(A), 1) = fH Ay, (A 7).

Again, Az, (A, r)gf~1(B) implies that Csz,.(C1,7)7f " (B). But C2 < f71(C1). So, C24Cs1,:(C1,7),
thus (Cq,Cy) is fuzzy ideal r-6-separation relative to X.
The proof (2) and (3) it is clear. m|
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