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Abstract. The predator-prey model is a widely mathematical structure that explains the dynamics between two inter-
acting populations: predators and prey. The predator-prey interaction represents a fundamental dynamic in nature,
influencing the stability and balance of ecosystems worldwide. The purpose of this article is to provide insight into the
complex interactions and feedback mechanisms between predators and prey in ecological systems via mathematical
tools such as stability and bifurcation. We investigate a fractional-order Lotka-Volterra model with a harvesting effect
using stability and bifurcation theory. The equilibrium points and local stability of the purposed model are presented
in this article. The bifurcation analysis, which is a potent approach used to analyse the qualitative behavior of the
predator-prey system as the parameter values are varied, is also explored. In particular, a Neimark-Sacker bifurcation
and a period-doubling bifurcation are theoretically and numerically examined. Furthermore, we illustrate some 2D

figures to show the phase portriat and bifurcations of this model at various points.

1. INTRODUCTION

One of the most frequently discussed topics in biomathematics is population dynamics. Begin-
ning with populations of only one species and progressing to more realistic models where several
species compete and interact in an identical habitat, the investigation of population development
has long been of significant interest. Some experts have successfully explored models in which
populations communicate in ways such as competition, symbiosis, commensalism, or predator-
prey relationships. Some predator-prey dynamical systems have been investigated with some
effects, including the immigration effect, fear effect, cannibalism effect and Allee effect. Lotka-

Volterra systems, which were first proposed by Volterra and Lotka [1,2] in the nineteenth century,
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are probably the most well-known predator-prey models. The predator-prey model is usually
characterized as a system of ordinary differential equations, where the population sizes of preda-
tors and prey are expressed by variables that evolve over time. The model includes significant
factors such as birth rates, death rates, predation rates, and competition for resources. In the
predator-prey model, the prey is consumed by the predator. The predator may possibly eliminate
all the prey, which would lead to the extinction of the latter. However, if that occurs, the predator
will eventually become extinct. This cyclic may lead to the fact that the density of prey species
depends on the density of predator species for some time.

The mechanism of a variety of biological phenomena has been satisfactorily explained using math-
ematics. In actuality, many experts have used the concepts of differential equations and difference
equations to provide a clear clarification on such phenomena. This is observable in an extensive
range of discrete and continuous dynamical systems, including the Lotka-Volterra model. For
the purpose of offering a more logical explanation for the interaction between different kinds of
animals, this nonlinear model has been thoroughly investigated by a massive number of scholars.
For example, Uddin et al. [3] investigated a discrete prey—predator system with harvesting on the
predator species by using the Caputo fractional derivative. They showed that this model undergoes
a Neimark-Sacker and a Period-doubling bifurcations under some certain conditions. The chaos in
the dynamical system was also obtained in [3]. Lee and Baek [4] analysed a predator—prey system
with Beddington-DeAngelis functional response with harvesting. In [4], the authors proved that
the considered model goes through some types of bifurcation including the subcritical and su-
percritical Hopf bifurcation, the saddle-node bifurcation, and the Bogdanov—Takens bifurcation.
Moreover, Liu and Huang [5] investigated a harvested predator—prey model using the analysis of
two-prey and one-predator system. The occurrence and the attractivity behavior of seven fixed
points of these three equations were further presented. In [6], Sahoo et al. provided a detail study
about a predator—prey system with a square root functional response. This model, in which an
alternative resource was provided in the population predator, was successfully investigated with
a predator harvesting. Furthermore, Moitri et al. [7] explored a harvested predator-prey model
with alternative prey. Lin [8] investigated a model of two species with non-monotonic functional
response and non-selective harvesting. The local and global stability of this model were also
studied. Das and Pal [9] formulated and analysed a prey-predator model with a harvesting effect
for both the prey and predator population. The stability criteria of this model was also examined
for this model. Finally, Mohdeb [10] explored the stability of fixed points and the occurrence of
periodic solutions for a prey-predator model including nonlinear harvesting effect. Transcritical
and saddle node bifurcations were also discussed in [10]. More studies about predator-prey model
can be found in refs. [11,14,15,19].

The motivation behind writing this article stems from the profound significance and applicability
of this ecological concept. By exploring this model, we gain insights into the complicated con-

nections between the considered species, the influence of population dynamics, and the delicate
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equilibrium that exists in natural communities. Understanding the predator-prey model can shed
light on the mechanisms driving population fluctuations, the impacts of predation on biodiversity,
and the potential consequences of disturbances or interventions within ecosystems. Furthermore,
elucidating this model can have broader implications, aiding in the development of effective con-
servation strategies, wildlife management practices, and even informing our understanding of
human socio-ecological systems. This paper aims to investigate the following fractional order
dynamical system:

T (t) = Ru(t)(1—u(t)) — Bu(t)v(t) — Hyu(t),

(1.1)

T%(t) = v(t)(eBu(t) — D) — Hyo(t).

Here, all parameters are positive. We present a brief description for each parameter in terms of its

biological meaning in Table 1.

Parameter Biological description

t Time
u(t) Population densities of prey at time ¢
v(t) Population densities of predator at time ¢

Intrinsic growth rates of prey

B Consumption rate of the prey

Hy Harvesting effect on prey population

e Conversion factor

D Death rates of predator

H, Harvesting effect on predator population

a Fractional-order parameter with 0 <a <1

T Fractional derivative of the conformable-type

TasLE 1. Biological description of parameters and variables present in model (1.1).

We also provide a detail investigation about the Neimark-Sacker and period-doubling bifurcations.
Bifurcations occur when the dynamics of the system encounter qualitative changes, such as the
emergence of new stable states, limit cycles, or chaotic behavior. These changes can have significant
implications for the long-term stability and coexistence of predator and prey populations. In
addition, we present numerical investigations for the obtained results.

We outline this paper as follows. Section 2 discusses the discretization method which we use to
discretize the proposed model. In Section 3, the occurrence and stability of the fixed points are
shown. Moreover, the bifurcation analysis is given in Section 4. Section 5 presents the chaos
control. Section 6 is added to confirm the obtained results using numerical examples. Ultimately,

we conclude this work in Section 7.
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Definition 1.1 ( [20,21]). Let H : (0,c0) — R be a function. Then, the conformable fractional derivative
of order 0 < a < 1of Hat t > 0 is defined by

H(t+e(t—5)1"%) —H(t
TeH(t) = lim (£ -+ e 2 J2H® g p<n, (1.2)
€E—>

Here, T¢ is the conformable-type fractional derivative. The discretization parameter is S > 0. It was
presented in [22], the derivative of Eq. (1.2) is given by

TSH(t) = (t-S)'™*H'(¢t). (1.3)

2. DISCRETIZATION STRATEGY

This part will discretize the proposed model using the piecewise constant argument approach
[23]. We also employ the concept of the conformable fractional derivative [11,24] (Definition
1.1). Using this concept and simplify the obtained results, model (1.1) can be converted into the
following system:

Uiy = uie(R(l_”i)_sz‘_Hl)%,

2.1)

_D-H, )
Vig1 = vie(eBuz D-H)= ,

where S represents the discretization parameter.

3. EqQuiLiBRIUM POINTS AND STABILITY ANALYSIS

In this section, we study the existence and stability of equilibrium points of system (2.1). The
equilibrium point (u,v) of system (2.1) satisfies

—u)—Bo—H; )
U= ue(R(l u)-Bv-Hy) = ,

Clearly, system (2.1) always has the boundary equilibrium points O = (0,0) and Br = (R}Hl, 0)

if R > Hj. Moreover, if ReB > RD + RH; + eBH; then it also has a positive equilibrium point

Pr — (D+H2 ReB—RD—RH,—¢BH;
E— eB 7 eB?

we introduce the following lemmas.

). In order to analyse the stability of the obtained equilibrium points,

Lemma 3.1 ([23,24]). Suppose that (u,v) is a equilibrium point for system (2.1) with multipliers y1 and
v2. Then,
(1) The point
(2) The point
(3) The point
(4) The point

is a sink if [y1] < Land [yo| < 1.

7

is a source if [y1] > 1 and [y2| > 1.
is a saddle if |y1| < 1 and |y2| > 1 (or if ly1] > 1 and |y2| < 1).

7

~—~~ ~~ —~

u,v
u,v
u,v
u,v

~— — — ~—

is a non-hyperbolic if |y1| = 1 or [y2] = 1.

4

Lemma 3.2 ([14,23,25]). Suppose that the polynomial p(y) = y* — Py + Q, where p(1) > 0, and y1 and
ya are the two roots of p(y) = 0. Then,

(1) Iyal < 1and |ys| < 1ifand only if p(-1) > 0 and p(0) < 1.

(2) Iy1l > Land [y2| > 1ifand only if p(=1) > 0 and p(0) > 1.
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(3) Iy1l < land |yzl > 1 (or|y1l > Land |yl < 1) if and only if p(—1) < 0.
(4) y1 = -1and |y, # Lifand only if p(-1) = 0and P # 0, 2.
(5) y1 and y, are complex numbers and |y1| = |y2| = 1 if and only if P| < 2 and p(0) = 1.

Note that the Jacobian matrix of system (2.1) calculated at any point (1, v) is written as

(1_ RS%u ) (R(1-u)-Bo-H) % _BS™M (R(1-u)-Bo-H,) &

a a
M;((u,0)) = : 3.1)
eBS%v p(eBu=D—H,) % p(eBu—D—Hy) 5
a
Hence, evaluating matrix (3.1) at the point O gives
o(R-H1) % 0
M;(O) = . 3.2
1(0) 0 Do (32)

As a result, the eigenvalues of matrix (3.2) are given by y; = ek~ H)S and yy = e~ -H)T < 0.

Furthermore, the Jacobian matrix at the equilibrium point Bg is given by

(1 (R —fl)s“) _B(R ;zfl)sa

M;(Be) = . , (3.3)
0 e(¥_D_HZ)%
o eB(R-Hy) P s
whose eigenvalues are y1 = (1 - w) and y; = e( =P HZ) @

Hence, using Lemma (3.1), we attain the local stability of the points O and Bg, as shown in Lemma
(3.3) and (3.4), respectively.

Lemma 3.3. The trivial equilibrium O = (0,0) is a

1 sink if R < Hy;
2 saddle if R > Hy;
3 non-hyperbolic if R = Hj.

Lemma 3.4. When R > Hj is satisfied, the boundary equilibrium B = (R_RHI , ) isa

1/«
1 smszO<S<( R(R- H)) and%<D+Hp‘

2 source if S > (R(;le))and EB(RR_HI) > D+ Hy;

1/a
3 saddle if S > (ﬁ) and M <D+H;(or0<S< ( )and EB(RR_H” > D+ H,);

(RH)

1/a
W) or P = D+ H.

4 non-hyperbolic if S = (
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Now, we calculate the Jacobian matrix of system (2.1) at the positive equilibrium point Pg as

follows:
. R(D + H;)S" (D+ Hy)S*
eBa ex
M;(Pg) = : (3.4)
(ReB—RD — RH, — eBH;)S" 1
aB
The characteristic polynomial of matrix (3.4) is shown as follows:
p(y) =7y -Pr+Q (3.5)

where

0_1- (R(D+H2))Sa . ((D+H2)(ReB —eézog—RHz —eBHl))SZQ‘

Hence, we have

B R(D+H,)\ .. ((D+Hy)(ReB=RD—RH, —eBH;)\
p(-1) =4 2( eBa )S +( eBa? 5%
 (R(D+H,)\ .,  ((D+Hy)(ReB—RD—RH,—eBH)) ,,
p(O)—l—( eBa )S +( eBa? S
_ ((D+ Ha)(ReB—RD - RH — eBHy) \ _y,
p(1) = ( B2 S > 0.

According to the above results and Lemma (3.2), we can state and prove the following Lemma.

Lemma 3.5. Suppose that ReB > (RD + RHj + eBH) and let

aR )Ua
) Vs

6 = R2(D + Hy) — 4¢B(ReB — RD — RH, — ¢BH, ), So =
(D+ Hp) — 4eB(Re 2= ¢BH), So ((ReB—RD—RHz—eBH1

o _ [(a(R(D+Ha) — R*(D + Hy)? ~ 4eB(D + Ho) (ReB — RD — RH, — cBHy)) e
' (D + H,)(ReB — RD — RH, — eBH; ) '

a(R(D + Hy) + y/R%(D + Hy)2 — 4eB(D + H,)(ReB — RD — RH, — eBH1)) )1/“

dS =
o1 ( (D + Hz)(ReB — RD — RH, — ¢BHj)

Then, there exist different topological types of the stability of the positive equilibrium point Pg for all possible
parameters.

(1) The point Pg is a sink (locally asymptotic stable) if one of the following conditions hold:
(1) 0<0and 0 < S < Sy,
(i) 6>20and 0 < S < S3.
(2) The point Pg is source if one of the following conditions hold:
(i) 6<0and S > Sy,
(i) 6 >0and S > Ss.



Int. J. Anal. Appl. (2024), 22:51 7

(3) The point Pg is saddleif 6 > 0and S; < S < Ss.
(4) The point Pg is non-hyperbolic if one of the following conditions hold:
(1) 6 <0and S = S,

1/a
(ii) 6> 0and S = Sypand S # (—R(é“iﬁz)) ,

Lemma 3.6. The positive equilibrium point Pg of system (2.1) loses its stability in two cases.
(1) The point Pg loses its stability via a period-doubling bifurcation if

1/«
R*(D + H,) > 4¢B(ReB — RD — RH, — ¢BH), Si(%) ,

D+ H»
and
oo _[vRD+H)7 VRED 1 H,)? —4¢B(D + Hz)(ReB— RD - RH; —¢BHy)))
o (D + Hy)(ReB — RD — RH, — eBH; ) '

(2) The point Pg loses its stability via a Neimark-Sacker bifurcation if

1/a
R
R%(D + Hy) < 4eB(ReB — RD — RH, — eBH;), and S = Sy = & ))

(ReB — RD — RH, —eBH;
4. BiFURCATION ANALYSIS

Our main purpose in this section is to extensively examine whether the considered populations
exhibit cyclic dynamics over time. We now prove that system (2.1) can either undergo a Neimark-
Sacker bifurcation or a period-doubling bifurcation when the positive equilibrium point

D+ H; ReB—-RD - RH; —eBH;
eB ' eB? )'

Pp = (
loses its stability.

4.1. Neimark-Sacker bifurcation. The Neimark-Sacker bifurcation of system (2.1) is discussed
in this part. This type of bifurcation takes place when a closed invariant curve arises from a
fixed point in a discrete dynamical system. Then, the stability of the point changes via a pair
of complex eigenvalues with unit modulus [24-28]. In this discussion, we study the considered
system around the point Pr. Note that this point loses its stability via a Neimark-Sacker bifurcation

if the parameters (R, B, H1,D, e, H>, S, a) vary in a neighborhood of the set:
(R,B,Hi,D,e,Hy,S,a) € R®|R*(D + H) < 4eB(ReB — RD — RH, — eBHy),
Ko = 65— AR 1/a
(ReB — RD — RH;, — eBH1)
Next, assume that (R, B, H1,D, ¢, Ha, So, a) € Ky and S is a small perturbation of Sy where |S| < 1.

, a€(0,1]

Then, system (2.1) can be expressed as follows:

(S9=5)* _
R(1-u;)—Bv;—H - — . 7.
ui+1 - uie( ( u) Bo 1) a - ﬁ(”l/ vZ/S)/

(So=5)*

(EBM,'—D_HZ) a 7:2(”1'/ 04, S)

Uit1 = 0vje
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D+ H, ReB — RD — RH — eBH;
and Yi = 0U; —
eB eB?

rium point Pg becomes the origin. Using Taylor series at origin and expanding %7 and ¥ to the

If we consider the shift X; = u; — , then the equilib-

3-order, system (4.1) gives

Xiy1 = AnXi+AnYi+ ApX? + AuXiY + Ais Y7 + A XP +
A7 X2Y + AgXiY? + A1gY? + O (IXil, Yil)4,

4.2)
Yis1 = AnXi+AnYi+ ApX? 4+ AuXiYi+ ApnY? + A X+
Ay XY+ A XiY? 4 AxY? + O2(IXil, i)
Here,
R(D + Hz)(Sp— S)* (D + H,)(So—S5)
A =|1- , Ap=- ,
eBa ea
Ayt = (ReB—RD—RH;;eBHl)(SO—E)“, Ay =1, Aps = _R(soa—S)“ (2 _ R(SO;S)u*),
C\a _Q\q* _C\a, > _'412 _C\q*
A — _B(Sga—S) (1 B B(Soas)u ) Ags —— BZ(SOaS) Ay = (R(Soa ) ) (3 B R(Sgas)u )’
Ay — B(S(;—ZS)M B4R (1 B B(SO;S)u* )) Agg = _BZ(SZ_S)a (1 _ R(SO;S)u*),
_R3,* _Q\a _Q\a 2 _d\a
Arg = 0L fo L Ay = (EB(S(; 2 ) v, Agg = (—QB(SZ °) ), Aps = Agg = Az =0,
\3 a2
_ [eB(So=5)*\" _ {eB(5p-8)~
A26—( n ) U,A27—( n ) ,
with
. D-+H; . ReB—RD - RH;—eBH;
Ww=——— and v = .
eB eB?
The Jacobian matrix M;(Pg) of system (4.2) about the point Pk is
A A
M;(Pp) :[ 11 A )
Ay Ax
Here, the characteristic equation of the linearization of system (4.2) at the origin is given by
> =P(S)y+Q(S) =0, (4.3)
where
P(S) =2- (R(IZI;QHZ)) (So—S5)* and,
Q(5)=1- (R(Ee);aHz)) (So—38)* + ((D+H2)(R€B;§£—RH2—€BH1) ) (So— ).

We have (R, B,Hy,D, e, Hy, So, ) € Kp. Therefore, the complex conjugate roots with unit modulus
of Eq. (4.3) are
P(S)

712(8) = —= £ 5 /4Q(5) - PX(8).
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Hence, [y12(5)] = +Q(S) and Q(0) = 1 from which we have

(dlyl,zl) _ (@] _RD+H) (( aR T 0
5=0

dS dS B ReB — RD — RH, — eBH;)

30 2eB

The following conditions must be satisfied to ensure the existence of a Neimark-Sacker bifurcation:

dly12(9)]
_ #0, 4.4
( 5 )a, (4.4)
and
712(0)" #1, n=1,2,3,4. (4.5)

The constraint P(0) # 0,1 implies that

G % ( 2aeB )“ ( aeB )5
""\RD+Hy)) * \RD+H))]
This is exactly equivalent to )}, # 1 withn =1,2,3,4. Moreover, the normal form of system (4.2)

at S = 0 is obtained by defining the following transformation:

X N A1 0 il
Y B R-An -1 0; ’

with R = ( ) and T = 4_21) O Using the previous transformation, system (4.2) becomes
1 = Ri; — I0; + F1(#1;, ) ,
i1 = Tit; + Ro; + F2 (1, 6;) (4.6)
where
= Az A Ais.o  Aleys  A170 A8, 0
O; = X —X;Y; —Y X X Yi+ —X; Y
#1193, o) A1 * A N Ap ! Alz ™ A1 * A1z *
A
A”Yf‘ + O (IXil YA,
~ ﬂ All A23 2 A14(Q_All) A24
X _ X;Y;
Faliti 01,5 ( A, 1 )i\ T A, 7 )T
Ais(R-A A A(R-A A
1) _Ass Yi2+ 16( 11) Az X?—I—
IA12 I IAlz I
A R A11 A27 2 A]g (R - Al]) A28 2
X7Y; X;Y?
( TAn 7 )5 TAn 7 )T
Ap(R-An) A ~
( 3 LRSI
with

X A12ul, Y = (72 A11) I’UZ
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Ultimately, to make sure that the Neimark-Sacker bifurcation at (0,0, Sp) of system (4.6) exists, the

following discriminatory quantity must not be zero:

(1-21)y; 1
L=R(ymz) —‘R(l—znzonu - =n1* = Ine2?, (4.7)
where

[PR PR PR (Ph_PF P
T80 " 9 T Tomeo | \o@ o “omon)|y,’
L LPR PR (P P
Y IPFERNPTE oz 92 |||s_,
I e W Y i Wi Wi s
2T 8lowr 92 “ondo ' \om 9 | “oudv)||y_,’

1[PF PR PR PR (PR PR PR O
1= 1 [ 0B om0 oman o '\ 0@ | gmo? oo o ) o

Theorem 4.1. Assume that conditions (4.4), (4.5) are satisfied, and let (R, B,H1, D, e,Hy, S, a) € Ky with
L # 0. Then, system (2.1) goes through a Neimark-Sacker bifurcation at the equilibrium point Pg when the
bifurcation parameter S varies in a small neighbourhood of

1/a
S — aR
0 ((ReB—RD—RHz—eBHl)) '

If £ < 0, the equilibrium point bifurcates in an attracting invariant closed curve for S > 0. If L > 0, a

repelling invariant closed curve bifurcates from the equilibrium point for S < 0.

4.2. Period-doubling bifurcation. The following lemma is utilized to demonstrate the period-
D+ H, ReB—-RD —RH; —eBH; ) with

eB ' eB?

doubling bifurcation of system (2.1) at the point P = (
ReB > RD + RH; + eBHj.

Lemma 4.1 ( [29,30]). [Existence of period-doubling bifurcation] Assume that Uy = Gs(Uy) is a n-
dimensional discrete dynamical system where s € R is a bifurcation parameter. Let U be an equilibrium
point of Gs and suppose that the characteristic equation of the Jacobian matrix Mj(U*) = (aij)nxn of
n-dimensional map Gs(Uy) is expressed as

ps(y) =" +ary" "+ +apay +an. (4.8)

Here, a; = aj(s,u), i = 1,2,3,---,n and u is a control parameter. Suppose that Ag(s,u) =1,

AT (s,u),-+, Ay (s, u) are a sequence of the determinants described by

Af(s,u) =det(Ny+=Na), i=1,2,--,n, (4.9)
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where
a az i1 An—i+1  An—it+2 ap-1 Qn
1 m ai_o Ap-it2  Op-it+3 a, 0
N1 = 0 1 ai_3 |, No = (4.10)
-1 ay 0 0
0 0 0 1 ay 0 0 0

Furthermore, suppose that the following statements hold.

C1- Eigenvalue criterion: ps,(=1) = 0, AT (so,u) > 0, ps,(1) >0, AF (so,u) >0,i=n-2,n—-

4,---,1(or 1), when n is even (or odd), respectively.
L Y (=) o
C2- Transversality criterion: —; . , # 0, where a’ represents the derivative of a(s)
o1 (=D (n =i+ 1)aig :

at s = so. Then, a period-doubling bifurcation exists at critical value sg.

Theorem 4.2. System (2.1) goes through a P-D bifurcation at the positive equilibrium point Pg, if the
following conditions hold:

1+Q>0,
1+P+Q=0,
1-P+Q>0.

Hence, the period-doubling bifurcation takes place at S if the parameters (R, B, Hy,D,e,H»,S, &) vary in a
neighborhood of the set

(R,B,H1,D,e,Hy,S,a) € R®|R*(D + Hy) > 4eB(ReB — RD — RH, — eBH;), a € (0,1]
_ 1
= S—s — (a(R(D+H2)—\/RZ(D+H2)2—4eB(D+H2)(ReB—RD—RHz—eBHl)))"‘ S ( sucB )%
(D+Hy)(ReB—RD—-RH,—eBH;) ’ R(D+H,)
Or,
(R,B,Hi,D,e,Hy,S,a) € R®|R*(D + Hy) > 4eB(ReB — RD — RHz — ¢BH;), a € (0, 1]
_ 1
= S—5,— (a(R(D+H2)+ \/R2(D+H2)2—4eB(D+H2)(ReB—RD—RHz—eBHl)))“ S+ ( 0B )%
(D+H,)(ReB-RD-RH,—¢BH}) ’ R(D+Hy)

Proof. Using Lemmas 3.6, and 4.1, and from the evaluation of Eq. (3.5) of system (2.1) at Pg, we

1

have
AF(S)=1>0,
(S) =1+Q>0,
(-1)%p(-1) =1+P+Q=0,
p(l)=1-P+Q>0,
if and only if
S5, a(R(D + Hy) ¥ \RE(D + Ha)? — 4¢B(D + Hy)(ReB — RD — RH, — eBHy)) |*

(D + H,)(ReB — RD — RH, — eBH, )
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and R*(D + Ha) > 4eB(ReB — RD — RH; — eBH}).

Furthermore, the transversality condition is

P’ + Q/ B 2 \/RZ (D —+ Hz)z - 4€B(D + Hz) (REB —RD - RHZ - eBHl))
P+2 (ReB—RD — RH; — eBH1)

a-=1

o a(R(D+Hy) + \/RZ(D+H2)2—4eB(D+H2)(ReB—RD—RH2—eBH1)) “ 20
(D + Hy)(ReB — RD — RH, — eBH7) ’
: y __ dP y _ dQ
with P’ = ﬁ|5:51,2 and Q' = E|S=sl,2 .
As a result, the period-doubling bifurcation occurs at S. ]

5. Cuaos CoNTROL

It is worth noting that the chaos consists of many periodic points and orbits that depend
massively on the initial conditions. Thus, the outcome of a chaotic system is unpredictable and
uncertain. A control tool is necessary. Several techniques, such as the state feedback method, the
hybrid control method, and the pole-placement technique [31-34] can be used to control a chaotic
behavior of dynamic models. This part utilizes the state feedback process to control the chaos

behavior of system (2.1). System (2.1) can be easily expressed as

Ui = uie(R(l—”i)—Bvi—Hl)%—Xn(un,vn)’
s (5.1)
Vip1 = Uie(eBLli_D_Hz)Tl
where X, (un, vn) = P1(xn —x) + B2 (yn — y*) is the feedback controlling force and B1, B2 present

feedback gains. The Jacobian matrix of system (5.1) is given by

Ann—-p1 An—-p2

C] Pg) — s
(Fe) Al A
where
R(D + Hy)S* D + H,)S*
Aqq :(1_¥), A12=—¥,
eBa ex
ReB — RD — RH, —eBH7)5% RS* RSu*

aB o a

It is worth noting that the characteristic equation of Jacobian matrix Cjp,) is
72— (A + A — B1)7 + An(A1n — p1) — An (A — B2) = 0. (5.2)

Let 71 and 7, be the roots of Eq. (5.2). Then, we have

71+ 72 =An+An -1, and 7172 = A (A1 — 1) — A21(A12 — B2). (5.3)
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The lines of the marginal stability L}, L2, and L3, are derived by solving 7172 = 1, 71 = 1 and
y1 = —1, respectively. These conditions guarantee that [1>| = 1. Then, we derive the marginal
stability lines as follows:

Ll : Anpr—Anpr = ApAi —ApAa —1,
L2 B1(1-Ap)+ B2An = -1 - ApAi + AnAn + A + A,
L3 P1(1+Axn)—PaAn =1+ ApAi — AyAn + Al + An.

Therefore, L}, L2, and L3, in (81, B2)-plane give a triangular region which leads to |71 | < 1.

6. NUMERICAL SIMULATION

This section is added to present some critically numerical examples to show the theoretical
results we have shown in this paper. The following fixed parameter values and initial conditions

are used in the given figures.

Cases Fixed parameter Initial conditions | Bifurcation parameters

Case (1) | R =14.5,B =15.26, H; = 1.14,D = 045, | up = 0.1671 and Sp = 0.1239 and
e=0.6,H, = 1.08 and @ = 0.95 vg = 0.7167 0<5<024

Case(2)| R=82B=65H; =179, D =0.75, up = 0.6499 and 51 =10.3713
e=049, H, =132and o = 0.95 vg = 0.1663 0<5<0.65

TaBLE 2. Parameter values and initial conditions.

Example 6.1. This example uses the parameter values and initial conditions given in Case (1). Using these
values, system (2.1) has a unique positive equilibrium point Pg. Therefore, the Jacobian matrix of system
(2.1) calculated at Pk is giving by

0.6492 -0.3692

M;(Pe) =
0.9502  1.0000

Here, the characteristic equation of the previous matrix is shown as follows:
p(y) =7*-1.6492y +1 =0,
whose eigenvalues are
y1,2 = 0.8246 ¥ 0.5658i,

with |y12| = 1. This makes sure that model (2.1) faces a Neimark-Sacker bifurcation at Pg as bifurcation
parameter S passes through So = 0.1239. The bifurcation behaviors for both prey and predator populations
are presented in Figs 1a and 1b, respectively, while the maximum Lyapunov exponent is depicted in Fig
1c. From the bifurcation plots, it is obvious that the equilibrium point is locally asymptotically stable when

S < 0.1239, and loses its stability when S = Sy = 0.1239. As a result, a closed invariant curve is formed
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around the equilibrium point. When the considered model passes the value S = Sy, the point Pg becomes
unstable and periodic orbits appear at 0.148 < S < 0.174 (see Figs 2). Figs. 3 and 4 represent some
phase portraits of system (2.1). Other phase portraits are shown in 3a and 3c for the values S = 0.021
and S = 0.121, respectively. In this figures, the equilibrium point P is stable. At S = 0.1239, a closed
invariant curve establishes around the point Pg as can be seen in Fig. 4a. The point Pg becomes unstable
at S = 0.12408, as all orbits (with initial conditions inside and outside the closed invariant curve) travel
toward the closed invariant curve (see Fig. 4c). Lastly, chaotic attractors are plotted in Figs. 5a and 5b
when S = 0.19 and S = 0.24, respectively.

Example 6.2. We take the parameter values and initial condition of Case (2). For these parametric values
the system (2.1) has a unique positive equilibrium point Pg. The Jacobian matrix of system (2.1) evaluated
at P is giving by:

-1.1886 -1.7349

My (Pe) =
02175  1.0000

whose characteristic equation is
p(y) =% +0.1886y — 0.8114 = 0.

The eigenvalues are given by
y1=1 y,=08114,
and ly,| # 1. Furthermore
AF(S)=1>0,
AT (S) =1+ D =0.1886 > 0,
p(-1)=1+T+D =0,
(

p(1) =1-P+Q = 03773 > 0,

that confirms that the system (2.1) experiencing period-doubling bifurcation at positive equilibrium point
Pk as bifurcation parameter S passes through S = 0.3713. It can be noted from the bifurcation diagrams of
U, and vy, (shown in Fig. 6a and Fig. 6b, respectively) that the positive equilibrium point Pg of system (2.1)
is stable for 0 < S < 0.3713 while this point loses its stability through a period doubling bifurcation when
S > 0.3713. The maximum Lyapunov exponents associated with bifurcation diagrams is drawn in Fig. 6c.
This surely verifies the existence of the chaotic behavior and period orbits in the parametric space. From Fig.
6c we note that some "Maximal LE” values are positive and some of them are negative. Thus, there exists
a stable equilibrium point or stable period orbits in the chaotic region. Moreover, there is a period doubling
cascade in orbits of periods-2,4,8,16 (see Figs. 7b, 7c, 7d).

Example 6.3. In this example, we apply a state feedback control method by choosing the parameter values
R =145,B=1526,H; =114, D =0.45,¢e = 0.6, H, = 1.08, « = 0.95, and S = 0.126 and the initial
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conditions (uo,vo) = (0.167,0.716). Hence, the corresponding controlled form is given by

U1 = wiExp (14.5(1 - u;) — 15.260; — 1.14) 0.1471 — By (u; — 0.167) — B2 (v; — 0.716)),
6.1)
vir1 = viExp ((9.15u; — 1.53) 0.1471) .

The Jacobian matrix for system (6.1) is given by
0.6492 - p1  —0.3692 - B>

C —
J(P) 0.9502 1.0000

Furthermore, the lines of marginal stability L}, L2, and L3, are provided by

Ll : B1—0.9502& = —4.4409 X 1077,
L2, : 0.95028, = —0.3508,
L3 : 2B1—0.95028, = 3.6492,

The marginal lines L}, L2, and L3, specify a triangular region (called the region of stability) in the (B1,B2)-

plane. This region is bounded by these lines of the controlled system (6.1) which are plotted in Fig. 7a.
When 1 = 1.9 and B, = 1.36, the equilibrium point Pk is locally asymptotically stable (see Fig. 8b) for the

controlled system (6.1). However, the point Pg becomes unstable in the original system (2.1) (see Figure 9).

0.05 0.1 041239 0.15 0.2 0.24 0.05 0.1 0.1239 0.15 02 0.24
s s

(a) Bifurcation diagram for prey pop-(8) Bifurcation diagram for predator

ulation. population.

0.05 0.10.1239 0.2 025 03
s

(c) Maximum Lyapunov exponent.

Ficure 1. Graphs (a) and (b) illustrate the Neimark-Sacker bifurcation of system (2.1) while
graph (c) presents the maximum Lyapunov exponent for system (2.1) at the parameter

values and condition of Case (1) in Table 2.
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u, (Prey)
o
E
v._(Predator)

n

o .
0.159  0.162 017 0174 0.148 0.159  0.159
s

(a) (8)

Ficure 2. Graphs (a) and (b) illustrate the Neimark-Sacker bifurcation of sys-
tem (2.1) at the parameter values and condition of Case (1) in Table 2 and
S €]0.148,0.174].
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(a) Phase portrait of model (2.1) when(s) Time evolution of u, and v, when
S =0.012. S =0.012.
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(c) Phase portrait of model (2.1) when(p) Time evolution of u;, and v, when
S =0.121. S =0.121.

Ficure 3. Phase portraits for S = 0.012,0.121 of system (2.1) and time evolution of
prey and predator at the parameter values and condition of Case (1) in Table 2.
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(a) Phase portrait of model (2.1) when(s) Time evolution of 1, and v, when
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(c) Phase portrait of model (2.1) when(p) Time evolution of u, and v, when
S = 0.12408. S = 0.12408.

Ficure 4. Phase portraits for S = 0.1239, 0.12408 of system (2.1) and time evolution
of prey and predator at the parameter values and the conditions of Case (1) in Table
2.

Ficure 5. Phase portraits for S = 0.203, 0.24 of system (2.1) at the parameter values
and the conditions of Case (1) in Table 2.
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(c) Maximum Lyapunov exponent.

Ficure 6. Graphs (a) and (b) illustrate the period-doubling bifurcation of system
(2.1) while graph (c) presents the maximum Lyapunov exponent for system (2.1) at

the parameter values and the conditions of Case (2) in Table 2.

7. CONCLUSION

To sum up, this paper has investigated the dynamical behaviors of fractional-order Lotka-
Volterra model with a harvesting effect using stability and bifurcation theory. In particular, we
have obtained the fixed points, local stability, bifurcation and some numerical schemes for system
(1.1). We have found that the considered system has three main equilibrium points in which one of
them is positive. In Lemmas 3.3 and 3.4, we have analysed the stability of the first two equilibrium
points while Lemma 3.5 shows the stability of the positive fixed point. In Theorem 4.1, we have
proved the existence of the Neimark-Sacker bifurcation of system (2.1) which is occurred at the
point Pr under certain conditions given in this theorem. For instance, Example 6.1 has used the
values of the parameters given in Case (1) to verify that model (2.1) goes through a Neimark-Sacker
bifurcation at Pg as the bifurcation parameter S passes through Sop = 0.1239. This can be clearly seen
in in Figs 1a and 1b. In Fig 1c, we have plotted the maximum Lyapunov exponent. In Figs. 3 and 4,
we have demonstrated some phase portraits of system (2.1) for various values of the parameter S.
It can be observed that the trajectories form a limit cycle when the parameter S increases. Theorem
(4.2) has illustrated that system (2.1) faces a period-doubling bifurcation at the positive equilibrium
point P when some conditions, given in Theorem (4.2), are satisfied. Moreover, the phase portraits

of system (2.1) and its time evolution are plotted in under the coefficients R = 14.5, B = 15.26,
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Hy =114,D = 045,¢ = 0.6, H, = 1.08, @« = 0.95, and S = 0.126. The used techniques can be
utilized to be applied on other fractional-order models with some effects.

0.1663 \ 022
() 021 |t

nnnnn
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0.166255 3 R N
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064987 064983 0.64989 06499 0.64991 0.54992 0.64993 03 04 05 06 07 08 09 1
u
h

(a) Phase portrait of model (2.1) when(s) Phase portrait of model (2.1)
S =10.33. whenS = 0.42.

024 7 028

(c) Phase portrait of model (2.1) when(p) Phase portrait of model (2.1) when
S = 0.456. S =0,4673.

Ficure 7. Phase portraits for S = 0.33 (Stability), 0.42 (Period-2), 0.456 (Period-4)
and 0.4673 (Period-8) of the system (2.1) and time evolution of prey at the parameter

values and the conditions of Case (2) in Table 2.
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Ficure 8. Triangular stability region bounded by L}, L2, and L3, of the controlled
system (6.1) and time evolution of prey and predator for (1, 2) = (1.9,1.36).
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Ficure 9. Phase portraits for R = 14.5, B = 15.26, H; = 1.14, D = 0.45, ¢ = 0.6,
Hp = 1.08, a = 0.95, and S = 0.126 of system (2.1), and time evolution of prey and
predator for system (2.1).
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