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Abstract. This paper presents a pathogen dynamics models with impaired of cytotoxic T lymphocytes (CTLs) function.
The models includes both pathogen-to-cell and cell-to-cell modes of transmission which are represented by general
nonlinear functions. The basic reproduction number Rj is determined and two equilibrium points are calculated.
Nonnegativity and boundedness of the solution are proved. Lyapunov function and LaSalle’s invariance principle are
used to prove the global stability of each equilibria. Simulations are used to illustrate the theoretical results. A study
is conducted on the effect of impaired CTL-cell functions and time delays on pathogen dynamics. Finally, we have

observed that increasing of time delay will suppress the pathogen replication.

1. INTRODUCTION

The dynamics of human pathogens within hosts have been described by a variety of mathe-
matical models in recent years (see [1]- [17]). In several pathogen infection models, cytotoxic T
lymphocyte (CTL) immune response has been considered. The presence of antigens stimulate
immunity and neglect the impairment of CTL immunity in [19]- [28]. In several studies, immune
impairment has been associated with pathogen infection models [29]- [31]. It has been reported
in several papers that there are two ways of pathogen transmissions, pathogen-to-cell and cell-
to-cell [39]- [47]. Several papers studied the effect of the immune impairment with cell-to-cell

transmission [48]- [51]. Elaiw at al. in [48] studied the following model:

U(t) =Y - U(t) -mV(HU(t) - mX(HU(t), (1.1)
X(t) = mV(H)U(t) + mX(H)U(t) - OX(t) — CX(£)Q(t), (1.2)
V(t) = QX(t)dy -ZV(t), (1.3)
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Q(t) = ¥X(t) = AQ(t) - BX(1)Q(1), (14)

where U(t), X(t), V(t) and Q(t) are, respectively, the concentrations of uninfected cells, infected
cells, pathogen and CTLs at time t, respectively The uninfected cells are restored at rate Y and
die at rate ®U. The infected cells are killed by CTLs at rate CXQ and die at rate ®X. Pathogens
proliferate at rate (0X and die by rate V. CTLs are proliferated at rate ¥YX and die by rate
AQ. The impairment of the CTL is represented by fXQ. The uninfected cells become infected at
rate 71 VU + 2 XU. After that some research studied the above model by changing the nonlinear
incident rate [50]- [51]. In addition, other papers studied this model by adding time delay [49].
In [50], the pathogen-to-cell and cell-to-cell incidence rates were descibed by K;(V)M(U) and
K> (X)M(U) where Ky, K; and M are general functions. However, the intracellular time delay was
neglected in [50].

In our research, we studied two general pathogen dynamics models, by taking into account (a)
CTL immune impairment, (b) distributed-time delays (c) general pathogen-to-cell and cell-to-cell
incidence rates, H1(V, U) and Hy (X, U), respectively. These incidence rates H; (V, U) and H» (X, U)
are more general than the model in [50]. In the second model, we take into account two type of
infected cells, latently infected cells and actively infected cells. We proved that all solutions are
nonnegativity and boundedness. Lyapunov functions are constructed in order to establish the

global stability of the equilibrium.

2. MODEL WITH GENERAL RATE OF INCIDENCE

In this section, we present a pathogen dynamics model with general pathogen-to-cell and cell-
to-cell incidences as follows:

U(t) =Y -®U(t) — [H (V(t), U(t)) + Ha(X(t), U(t))], (2.1)

f1
X(t) = fo e P (y) [Hi(V(t =), U(t—y)) + Ha(X(t =), U(t —y))] dy

- OX(t) - CX()Q(), 22)
2
=0 f eV gy (y)X(t=y)dy ~ZV (), (2.3)
Q(t) AQ(E) = BX(1)Q(1). (24)
The uninfected cells are become infected at rate Hq(V(t),U(t)) + Ha(X(t),U(t)). Denote
yn = e PV¢1(y), ff yudy. Define Wi(U) = limy_,o+ Hl(“;’u) = £H;(0,U),Wo(U) =
limy_,g+ Hl())(( ) _ aXHZ(O U). Functions H; and H satisfy the following conditions:

(A1) H;(V, U) is continuously differentiable, H;(V,U) > 0, and H;(V,0) = 0,H;(0, U) = 0 for all
V,U>0andi=1,2,
(A2) VD) T 5 0 for all V, U > 0,

(A3) Z( ) >0, W;(U) >0forallU >0,i=1,2,
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(A4) Z (H"%'”)) <0, forall V>0,i=1,2.

The initial condition of (2.1)-(2.4) are
U(r) = y¢a(r),  X(r) = o(r), (2.5)
V(r)=1s(r),  Q(r) = ¢a(r),
Yi(r) 20,re[-A,0], i=1,2734,

where, A = max{fi, f2}, ¥i € C(|-A,0],Rx) and C is the Banach space of continuous functions

mapping from [—-A, 0] to Rxo with the norm ||1)[11|| = sup |¢1(9)| fory;eC, i=1,2,..,6. We note
-A<0<0

that model (2.1)-(2.4) with initial conditions (2.5) has a unique solution. All parameters of model

(2.1)-(2.4) are positive.

2.1. Basic properties. We will analyze the non-negativity and finiteness of model (2.1)-(2.4) solu-

tions in this subsection:

Lemma 2.1. There is a positively invariant compact set for the model (2.1)-(2.4).

O ={(UX,V,Q) e R :0< U, X <Np,0< V <N;,0< Q< Ny} (2.6)

Proof. It is obvious that
U|(U:0) - Y > 0,

t t fl
X(t) = fo o~ L ercam f By () [E(V(E - y), Ut - 7))

0
FHa(X(E), U(E)] dy + pa(0)e” b (©+CQu)r

>0,
t fa
V(t) = ¢3(0)e‘2t + Qf P Gard) f e‘ﬁZVX(t —y)dydz > 0,
0 0

t r
Q(t) = f e_fz(A+5X(f))dtlfx(t)dy+¢4(O)e—f0(A+ﬂX(t))dt.
0

This is proof that the model (2.1)-(2.4) is positively invariant property of lRiO.
Let C; = fofl y(Y)U(t—y)dy + X,

f1
¢ = [ 0 Y (V)Y —@U(t—y) = [Hi(V(t =), U(t =) + Ho(X(t =), U(t =)} dy

fi
t,on () L (V(E=y), U(t=y)) + Ha(X(t = y), U(t = y))] dy - ©X(t) - CX(£)Q(¢)

fi
=Yz - N2 (NU(t = y)dy - ©X(t) - CX(1)Q(t)
f1

<Yz -0 ( ; (Ut =y)dy + X(t)
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<Yz; —01Cy,

where, 09 = min{®,0}. Then lim;,supCi(f) < Ny, Ny = Yo 1t follows that 0 <

01

lim;_,0 sup U(#) and lim;_,., sup X(#) < Nj for all t > 0. Moreover, let C; = %V + %Q, then

) ® f2 (C)
G =35 (O ) y2(V)X(t=y)dy =2V (1) |+ 5 (FX(1) = AQ(E) - BX(H)Q(t))
® Q) ©) ex OA
= S 2N+ 7 Ni - ﬁxa)Q(t) ~20 71 - 20
@) G Q)N OA
< EZZNl + ZNl - EV(t) - EQU)
< %zle + %Z\h —02(,

%Zerﬁ-%Nl

5 It follows that 0 <

lim;_,eo sup V(t) < N3 and 0 < limy, sup Q(t) < Ny forallt > 0, where N3 = 2@% and Ny = %ﬁ\h.

This prove the boundedness of U, X, V and Q. ]

where, 0o = min{X, A}. Then lim; o sup C2(f) < N, N, =

The next lemma will introduce the equilibrium existence for the model (2.1)-(2.4).

Lemma 2.2. Assume that conditions Al through A4 have been satisfied, and define Ry > 0 is the basic
reproduction number of model (2.1)-(2.4).

(i) if Ro < 1, then only one equilibrium T exists,

(ii) if Ro > 1, therefore two equilibria 'y and I'y exist.

Proof. The equilibria satisfy the following equations

0=Y-®U-[H(V,U)+Hy(X,U)], 2.7)
0 =z [Hy(V, U) + Ha(X, U)] - ®X — CXQ, (2.8)
0=20X-XV, (2.9)
0=¥X-AQ-pXQ, (2.10)

where z, = fooo 6(y —yn))e 79 dy = e 1% n =1,2,3. Clear, from Egs. (2.7)-(2.10) we obtain that

the model has uninfected equilibrium I'y = (Up, 0,0, 0), such that Uy = % Also, if X # 0 we can
define another equilibrium I' = (U, X, V, Q) that has satisfied the following equation

21 [Hl(V, U) + HQ(X, U)]

0= e

-0-CQ,

where
. ZzQX Q . ¥X
X T BXH+A

and U has satisfied the following equation

1%

0=Y-®U-[H(V,U) +Hy(X, U)],
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define a function H on [0, ) by

Z1 [H1(V, U) =+ HZ(X, U)]

G(X) = e -0 -CQ. (2.11)
From Eq (2.11) and the boundedness of H; and H, we obtain limx_, e Ll (X’u) = liqumw =0.
Y
Therefore limy_,.,G(X) = - — ?C < 0and limx—0G(X) = (222210 2 H;(0,Up) + 21 aXH2<0 Uo))
ZzQXl

© > 0. Hence there exists X; € (0, ) and from Egs. (2.7)-(2.10), we have V; =

X
Q1 = B +1A > 0 when ® [(2262)120 aaXHl(O Uo) + Z®1£{H2(O UO)) 1] > (. Consequently, the basic
1

infection reproduction number Ry can be defined as:

> 0 and

Ro = Ro1 + Roz, (2.12)

where Ry; = 225120 £<H1(0 Up) and Ry = 3 a‘;Hz(O Up). It implies that Iy = (U, X1, V1, Q1) exists
if Ry > 1. O

2.2. Global characteristics. Inthe nextsubsection, we will study the global stability of equilibria of
the model (2.1)-(2.4) by generating appropriate Lyapunov function. Define a function g : (0, o) —
[0,00) as g(v) =v—1-Inv.

Theorem 2.1. For model (2.1)-(2.4), if Ry < 1, then I'g is globally asymptotically stable (GAS).

Proof. Let us create a function Y1 (U, X, V,Q) as

u
Wi (Up)

Wi (U)
Uy

do|+ X

Y1(U,X,V,Q) =2 u_uo_

A y
+fy1 (V)f[H1(V(t—n),U(t—n))+Hz(X(t—n),U(t—n))]dndy

0 0
4

f2
®R° f )fx(t—q)dqder@RmVJr@(1_RO)Q.
0

ZzQ b4
0

Y
Obviously, Y1(Up,0,0,0) = 0 and Y1(U,X,V,Q) > 0 for all U,X,V,Q > 0. By calculating dd_tl
along the model (2.1)-(2.4), we get

dy; Wi (Uy)
— =zl1-
dt w1 (U)

e[ o
[ w0

— [ O (V=) UGt =) + Ha(X(e =), UG =) dy

) [Y = ®U - (Hy(V, U) + Ho(X, U))]
V(t=y) U(t-y)) + Ha(X(t =), U(t-y))]dy - O©X - CXQ

V(t), U(t)) + Ha(X(t), U(t))] dy

= ©
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C) 2 OR :
+ —Ron f y2(y) [X = X(t=p)]dy + g[o f (1) X(t=y)dy =2V
2 0 22 0

+ M (YX-AQ- ﬁXQ)
z1 W1 (Uop)

¥
D) v - dU) + ———2 (Hy(V, U) + Hy(X, U))
1

i )
Wi (Up) Wy (U)
ORy (" YOR
- f vay)Xdy - =5V
V4 0 2

) (C .\ ﬁ@uw- RO))XQ e :FRO)AQ'

- ORo X +

vy _ ( Wi ( Uo 2w (o) (Wi(U)V + Wa(U)X)

dt (u) W)

@Rm f2 ®R01
ORX + f(; y2(y)Xdy — Y0z 1%

_( o(1- Ro))XQ_ (1- Ro) O(1-Ry)A

<z ( Wi ( Uo)

f2
- ORX + ®R°1 f yaly)Xdy - Z=R0ty,
0
(1 - R O(1 -
—( 0))XQ - RO) ———0Q,

<z (1 - VVVV11((LLII)) ) (Y - ®U) + (@222201 vt @Rozx)

2
+ P fo ya(y)xdy - 2Ry,

)Y oU) +

) Y @u —|—Zl (Wl(uO)V+ Wz(Uo)X)

Z2 2Q
BO(1-Ry) O(1-Ry)A
— ORX — (c + T)XQ -—— Q

From Remak 1 and using Y = ®Uj and we obtain

dYq Wl(Uo))(l_ﬂ)_(C+ﬁ®(1—ﬂo

)
WSYzl(l_ W (U) Uy ¥ )XQ_

O(1-Ry)A
¥

Q.

We have we have ( wl(( )) ) (1 - ) < 0 from assumption A2. Obviously, if Ry < 1, then ddlt <0

forall U, X, V,Q > 0. Moreover ddlt = 0 if and only if U(t) = Up and Q(t) = 0. Let Dy be largest

le
dr
tend to Dy. For each element in Dy we U(t) = Uy and Q(t) = 0. Hence, from Eq. (2.4) we obtain

Q(t) = 0="¥X(t) - AQ(t) - BX()Q(t),

invariant subset of Dy where Dy = {(U X, V,Q): = 0} . The solutions of the model (2.1)-(2.4)
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thus X(t) = 0. Eq. (2.2) yields
X(t) =0 =Hy(V,Uy),

then Hy(V(t)) = 0 that yields V() = 0. It follows that Dy has a single point which is (Uj, 0, 0,0).
By using LaSalle’s invariance principle (L.I.P), I'y is GAS when Ry < 1.

Theorem 2.2. For the model (2.1)-(2.4), I'1 is GAS when Ry > 1.

Proof. By constructing a function Y>(U, X, V, Q) as:

u
Hq(Vq,Uy)
H1 (Vl, U)

A Y
f Of[ 1 (Ve Uy) (H“V;(@fﬁﬂ n)))
|

X
Yz(u,X,V,Q):Zl u-u - doe +X1g(—)

+H2(X1,U1)G(
Hy(Vi ) | r(OX(t-n)
z11(V1, Ug -1
LA f y2(7) f G( X )dndy
0 0

z1H1(V1, Uy)
2V

1% C

Vi )+ (T—ﬁQ)(Q_Ql)2'

Vlg(

Note that ¥ = gQ; = 5% > 0. Obviously Y2(U,X,V,Q) > 0 for all U,X,V,Q > 0 and

Y>(Uy, X1, Vi, Q1) = 0. Moreover

vz _ z (1 - M) [Y - ®U - [Hy(V, U) + Hy(X, U)]]

at Hy(Vy,U)
+(1—%)Ulyl<w[ (V(t=y), U(t-y)) +Ha(X(t—y) U(t—y))]—@JX—CXQ]
1 Hy(V,U) Hi(V(t-y) U(t-7)) Hy(V(t=y) U(t-y))
+ fo %W)Hl("lful)[m(vl,ug T H(V, Uy) ““( Hi(V, )
L Hy(X,U) Ha(X(t-y) U(t-y)) Hy(X(t-y), U(t-y))
+L yl(y)HZ(Xl,LIl) [Hz(Xl,Ul) - HZ(Xl, U1> o ( HZ(X/ U)
f
Z—1H1§‘//11,U1) f]/z ) [QX—QX(t—y)—Hn X(t);y)]
0
Z—lng";l' WY xe-y)-2v) + —f‘f_—ﬁgj)) (¥X - AQ - BXQ)

Hi(V1,Uy)

=z (1 - _Hl(Vll Ui)) T

TR ) (v, 0) + Fa (), U(0)

)(Y—q>u)+zl(
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—®(X—X1)—CQ(X—Xl)—folyl(y) [Hi(V(t=y),U(t=y)) + Ha(X(t—y), U(t-y))]d X

X
Z]H](V], ul) QV1X(t—)/)
5 (QX —IV-—— ZVl)
+ fﬁ;gg (¥X - AQ-BXQ). 213)

Applying the equilibrium conditions for I'y:

Y - ol
z1 [Hy(V1, Ur) + Ha(Xq, Uy)]

ZzQXl
¥X, =
we get
aYs Hy(Vy,Uy) ( u
= dU 1-———||1-—
it 121( Hy (V1 U) U,

( Hl(Vl, ul)Hz(X, U) X

= H;(V1,U1) + Ha(X3, Uy)
= 0X; + CX101,
=2V,

AQl + ﬁxl Ql/

) 1(H1(V,U) v

R 71) (Vi L))

"\ Hy (Vy, U)Hp (X, Uy) Xl)[HZ(Xl )]

H{(Vy,U
+Z1H1(V1,U1)[2— 1V 1)—

Hy (V(t -

y),U(t—y))X1 X

-y),Ut-y))
Hi(V,U)

Hy(X(t-y), U(t=1)X

Hy (Vy, U)
" (Hl(V(t

)]—f—Zle(Xl u)|2-

Hq(Vq, Ul) X1
1(V, Uy)
H1(V1,U)

Hy (X3, U1) Xy
X ViX(t-7y)

H
+ 21 1(V1 u1) [Xl VX1

A+BX
~clgag ) Q-

Eq. (2.14) can be simplified as

[ y)ég 1)
Xt

+1+In

H(X

)

(2.14)

Xh‘fh?ﬁ ;
+quuh&;fi )( T@ﬁ?)
. g5
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H](V],ul) _Hz(X(t—)/),U(t—)/))Xl XL(Xl,LIl)

—+ Zle(Xl, Ul) [3 -

Hy(Vy, U) Ha(Xq, Up)X ~ XiL(X, U)
Hy(X(t-y), U(t-y)) A+ BX
““( (X, 1) )]‘C(‘f—ﬁQl)(Q‘Q”z'

Since

In

(Hl(V(t —y), Uit~ 7))) _ ln(Hl(V(t —y), Ut~ V))Xl) N ln(Hl(Vlr Lh))
Hy(V, U) Hy(Vy, Up)X Hy(Vy, U)
ViX(t-v) VH;(Vy,U) X(t-y)

thh—p= +ln(V1H1(V,U))_ln( X )

ln(HZ(X(t_V)/u(t—V>)) Hl(Vl, Uy) +H2(X(t—y),u(t—y))X1 tIn XL(Xy, Uy)
Hy (X, U) Hl(Vl/u) Hy (X, U)X X1L(X, U)
1 H1(Ve, W) +H2(X(f—7)fu(f—)/))x1
H (Vy,U) Hy(Xq,Uq)X
tin Hl(Vl, U)H(X3, Ul)X
H1(V1,U1)H2(X U)X1
we get
dYZ Hl(Vl, Ul) u Hl(V U) v Hl(Vlr U)
- Ptz 1( Hy(Vy, U) )(1_U)+21H1(V1’u1)(H1(V1, u) Vl)[l_ Hy(V, U)]
LX,Uu) X L(Xy, Uy) VH; (Vy, U
z1Hy (X, Uy) (—L(X1,U1) - X_1)[ I ]+Z1H1 Vi, Uy) [G(VlHl v.0) ]
Hy(Vy, Uy) Hy(V(t-y) U(t-y))X ViX(t-y)
+z1H1(Vq, Uy) [G(—Hl(vlz ) ) + G( H1(V1, T5e )+ ( VX )]
Hi(Vy,Uy) Hy(X(t - u(t- y )X XL(Xy,Uy)
+z1Ho (X3, Uy) [G(—Hl(vlru) )+G( Hz(X1,U1)X1 )+G(X1L X,U) )]
A+ BX
_C(‘I’—ﬁQl) (Q-Q)
Using Remak 2 we get
Hi(Vy,Uy) u
(1_ Hi (v, U) )(1_E) =0,
and
(Hl(“i’ u _ Hl(gi’ U)) [Hy(V,U) = Hy(Vy, U)] <0,
it follows

(Hl(V/ u K) [1 B Hl(VLU)] <0
Hm(V,U) W Hi(V, U)

Hence, we obtain that d;? <0and dyz = (O at the point (U3, X1, V1,Q1). Let D, the largest invariant
subset of the set {(U X, V,Q): dYZ = 0} Thus, the solutions of model tend to 9. It is clear that
D4 has unique point that is I';. Thus, the global asymptotic stable of I' obtains from L.LP. m]
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3. MODEL WITH LATENTLY INFECTED CELLS

In this section, we present a pathogen dynamics model with general pathogen-to-cell and cell-
to-cell incidence as follows:

U(t) =Y -®U(t) - [Hi(V(t), U(t)) + Ha(X(t), U(t))], (3.1)

L(t) = (1—”)f018_ﬁ”81(7/) [Hi(V(E=y), U(t=y))

FH(X(E =), U(t= )] dy - (@ + DL (H), (32)

X(t) Zﬂfoze_ﬁ”gz(y) [Hi(V(£=y), U(t-y)) + Ha(X(t=y), U(t=y))] dy

_OX(t) + bL(t) - CX(HQ(D), (3.3)
V() =0 fo e o () X( - y)dy — SV (8), (3.4
OF) = ¥X(t) - AQ(E) ~ BX(DQ(H), (35)

where, L(t) and X(t) are the concentration of the latently and productivity infected cells at time ,
respectively. The fractions (1 —n) and n with 0 < n < 1 are the probabilities that upon infection,
uninfected cells will become either latently infected or productively infected, b is the average
number of latently infected cells become productively infected cells and d is death rate constant of
the latently infected cells. All other parameters have the same meaning as model (5)-(8).

The initial condition of (3.1)-(3.5) are

U(r) = ¢a(r),  L(r) = ¢a(r), (3.6)
X(r) =4s(r),  V(r) =¢a(r),

Q(r) = ¢s(r),

Yi(r)=0,re[-A,0], k=1,2,..,5.

where, A = max{fi, f2, f3}, ¥i € C(]-A,0],R50) and C is the Banach space of continuous functions
mapping from [-A, 0] to Ry with the norm ||gbl|| = sup |1,bi(9)| fory;eC, i=1,2,..,6. We note
~1<6<0

that model (3.1)-(3.5) with initial conditions (3.6) has a L_mique solution. All parameters of model
(3.1)-(8.5) are positive.

3.1. Basic properties. In this subsection we will discuss the non-negativity and finiteness of model
(3.1)-(3.5) solutions:

Lemma 3.1. For the model (3.1)-(3.5), a positively invariant compact set exists
O = {(UL,X,V,Q e Ry :0< UL X<Np,0<V<N3,0<Q<Ny). (3.7)

Proof. Clearly
U|(uzo) =Y> 0,
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t f1
L(t) = (1-n) f e~ (0)1-) f B gy (y) [y (V(E-7), Ut - 7))

0
+Ha(X(t=y), Ut~ y))] dy +¢2(0)e” M > 0,
t t f
X(t) = f ek <®+CQ“))‘”f ne P2y () [Hy(V(t =), U(t—y))
0 0
FHo (X(8), U(1))] + BL(E)dy + p3(0)e™ b ©+CQ0t 5 o

t f
V(t) = 1P4(O)e'2t + Qf o~ 2(t-2) f e'ﬁZVX(t —y)dydz > 0,
0 0

t " .
Q(t) — f e_j; (A+ﬁX(t))dt‘FX(t)d')/ + IPS(O)E—IO(A-FﬁX(t))dt 2 0,
0

This is an evidence for the positively invariant property of IR5>O for the model (3.1)-(3.5). Let
f f ;
Cr=(1-n) [['yn()U(E=y)dy +n [7 ya(y)U(t = y)dy + L+ X,

fi
Ci=(1-n) i (Y -@U(t—y) - [Hi(V(t=y), U(t-y)) + Ho(X(t=y), U(t=y)]}dy
f2
+n ; (Y -@U(t-y) - [Hi(V(t=y), U(t-y)) + H2o(X(t=y), U(t - y)]}dy
fi

+(1-n) .o () L (V(E=y), U(t=y)) + Ha(X(t = y), U(t = y)] dy — (d + b)L(t)

[0 [ (V=7 U= 7)) + Ha(X( =), Ult = )] dy - OX()

—CX(H)Q(t) + bL(t).

Then
1
C1=Y(1-n)z1 + Ynz - <1>f (Ut —y)dy
0

- fo (Ut - y)dy - OX(t) - CX(HQ(t) — dL(1)

fi
<Y(1-n)z; +Ynz; - ® ; n(y)U(t—y)dy
fo
—® | va(y)Ult=y)dy - OX(t) —dL(t)

< Y(l - TZ)Zl + Ynzy — 02Cy,

where, 01 = min{®,0,d}. Then lim;_,supC(t) < Ny, Ny = YAmz4¥nz 1y gollows that

02

0 < limy,e sup U(t), lim;—,eo sup L(t), limy—,eo sup X(#) < Ny, for all + > 0. Moreover, let C; =
KCH o
20V T 19Q
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2= e (ﬂ [ yz@)xa—y)dy—zva)]
+ 1o (¥X(1) - AQ() - BX(HQ(1))

) Oz h
G, < TZNl N1 =@ | p()U(t-y)dy
0

ez . ©Op

- —V(f) 1

OA
o X(HQ(H) - 77 Q1)

< %zle + %X(t) - 020y,

Oz
< Ny, N, = # It follows that 0 <
lim; e sup V(t) < N3 and 0 < limieosup Q(t) < Ny for all £ > 0 if, where N3 = % and

Ny = 4‘3\]2. This prove the boundedness of U, L, X, V and Q. ]

where 0, = min{X, A}. Then lim;_,o sup C(f)

The equilibrium’s existence for the model (3.1)-(3.5) will be introduced in the following lemma.

Lemma 3.2. Suppose that Assumption A1-A4 are satisfied and let Ry > 0 be the basic reproduction number
of model (3.1)-(3.5).

(i) if Ro < 1, then only one equilibrium T exists,

(ii) if Ro > 1, therefore two equilibria 'y and I'y exist.

Proof. To calculate the equilibria we let

0=Y-®U-[H(V,U)+Hy(X,U)], (3.8)
0=z (1-n)[Hi(V,U) +Hay(X,U)] - (d+b)L(t), (3.9)
0 = zon [Hy(V,U) + Hy(X, U)] - ©X - CXQ, (3.10)
0=2z;0X -V, (3.11)
0=Y¥X-AQ-pXQ. (3.12)

From Egs. (3.8)-(3.12) we find that the model has uninfected equilibrium I'y = (Uo,0,0,0,0),
where Uy = é and If X # 0 we can define another equilibrium I' = (U, L, X, V, Q) satisfying the

following equation

0=2z120 (1 - Tl) [H1(V, U) + HQ(X, U)] - (d + b)ZQL,
0 =2z12om [H1<V, U) -+ Hz(X, U)] - Oz1X 4 bz1L — Cz1 XQ,

0=2z120 [H](V, U) + HZ(X, U)] —Oz1X-Cz1XQ+ (bZl - (d + b)Zz) L,

such that
z1(1-n) [Hi(V,U) + Ho(X, U)]

(d+1b) = L(t),
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bz2 (1-n) [Hi(V,U) + Hy(X, U)]

0= d+b) +nz1z2 [H1(V, U) + Hy(X, U)] = @21 X — Cz1 XQ,
bz2 (1-n) [H(V,U) + Ho(X, U)]  pzz
1 4 7 122
= H{(V H> (X — _
0 d+b0)X T [H1(V,U) + Hy (X, U)] — Oz, = Cz1Q,
V= 230X o ¥YX
= ¥ s - ﬁX—{—Al

and U satisfy the following equation
0=Y-®U-[H(V,U)+H X, U)],

define a function H on [0, o) by

bz3 (1-n) [H1(V,U) + Hy(X,U)]  nzzy
_ +

[Hy(V,U) + Hy(X, U)] = Oz — Cz;Q, (3.13)

(d+b)X X
Eq (3.13) and the boundedness of H; and H, imply that limx_,c Hl(}‘;’u) = limxﬁww = 0.
‘ Yz.C ‘ b2 (1-n)| B2 2 Hy (0,Up )+ 2 Ha (0,Uy
Hence limx_,G(X) = -0z — ﬁl < 0 and limx_,0G(X) = [ - ) = ]
nzlzz[ > ale(O Uy) + aXHZ(O llg] ©z; > 0. Consequently there exists X; € (0,00) and
0OXxX ¥YX
from Eqgs. (3.8)-(3.12), we have V; = 232—1 > 0 and Q1 = ﬁX1—|—1A > 0 when

bz (1-
Oz [ (Zdlj_b)n) [2320 ai(Hl(O Up) + 6XH2(O uo)] 2 nz [2320 2 H, (0, Up) + 3XH2<O uo)] 1] > (. Thus,
we can define the basic infection reproduction number Ro as:
Ro = Ro1 + Roz, (3.14)
where R = Ri1 + Ra1, Rz = Riz + Rp, Ry = "G X2 L Hi (0, Uo), Riz = & 5Ha(0, Up), Ry =

0 X JX @ X

b b .
LA 82 2 Hy (0, Up) and Ry = =8 & Ho (0, Up). Tt follow that Ty = (Uy, L1, X1, V1, Q1) exists

if Ry > 1. O

3.2. Global characteristics. In the following subsection we are going to confirm the global stability
of the model (3.1)-(3.5) equilibria by creating appropriate Lyapunov function.

Theorem 3.1. For model (3.1)-(3.5), if Ry < 1, then I'g is GAS.
Proof. Define Y1 (U,L,X,V,Q) as

u
Wi (Up) b
ma | @)

Uop

bz1 (1—n)

L+X
(d+D)

Yl(U,L,X,V,Q)z( +nzz) U-=upy-

4

h
f "y f Hi (V(t =), U(t = 1)) + Ha(X(t — ), U(t ~ 7))] dndy
0 0

2 Y
f f U(t— ) + Ha(X( ), Ut~ n))] dndy
0
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f3 4
®
+5{7€21 +R11}fy3 (V)fx(t_ﬂ) dndy
0 0
©) O(1-Ro)
+23—Q{R21+R11}V+ ¥ Q.
Clearly, Y1(U,X,V,Q) >0forall U, X, V,Q > 0 and Y;(Uy,0,0,0) = 0. Calculating % along the

model (2.1)-(2.4), we get

b(1-n)
(d+D)
b(d +b)
~ (d+Db)
— @X(t) - CX(H)Q(t) + bL(t)

fo 16‘ﬁ1”g1 () [Hi(V(t=y), U(t=y)) + Hao(X(t=y), U(t-y))] dy

L(t) +n fo 2 e P ga(y) [HL(V(E=y), U(t—y)) + Ha(X(t = y), U(t = y))] dy

b

h
#2028 [ ) v, o) + a0, 0
0
f

- b(EilJr_;)) Ofyl () Hi(V(t=y), U(t—y)) + Ha(X(t—y), U(t = y))| dy

f2
+n fyz () [Hi(V(#), U(t)) + Ha(X(t), U(t))] dy
0

f2
=1 [y () V(=) U= ) + Ha(X(0 =), U(e = )] dy
0

@ #
+£{R21+R11} ; y3(y) [X=X(t=y)ldy
® s
+ — {Ro1 + Ru} (Q y3(V)X(t_V)dV_ZV(t>]
Zgﬂ 0

+ 6(1; Ro) (¥X - AQ - BXQ).

Using Y = ®Uj and from Remak 1 we get

L e

Y
From assumption A2 we have we have (1 - VV\Gl((li;))) ) (1 - u%) < 0. Clearly if Ry < 1, then % <0

forall U,L,X,V,Q > 0. Moreover % = 0if and only if U(t) = Up and Q(t) = 0. Let
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Z)oz{(ULXVQ) d;;

model (3.1)-(3.5) tend to Dy. For each element in Dy we U(t) = Uy and Q(t) = 0. Thus Eq. (3.5)
yields

L 0} and Dy be largest invariant subset of 9. The solutions of the

Q(t) = 0 ="¥X(t) - AQ(t) - BX(H)Q(t),
hence X(t) = 0. From Eq. (3.3) we have

X(t) =0= Hl(V, U()),

then H;(V(t)) = 0. which yields V(t) = 0. it fllows that Dy contains a single point which is
(Up,0,0,0,0). L.LP implies that I'g is GAS when R < 1.

Theorem 3.2. For the model (3.1)-(3.5), I’y is GAS when Ry > 1.
Proof. Constructing a function Y>(U,L,X,V,Q) as

u
Hi(Vy,Uy)
H; (Vl, U)

bz1 (1—n)

TED) 40

YZ(U,L,X,V,Q):( +an) u-1u -

U,

+<dib>ng(L)+Xlg(X)
4

n), U(t—n))
H V,U G dnd
1V th) f ( H1 Vlful) Y

0
)4
b(1-n) n), U(t-n))
+ ED) Ofm y) Ha (X1, Un) OfG( Hz Xl,ul) )dndy

VG U )),
Hy(Vy,Uy)

+”6[J/2 (V)sz(leul)G(

Hy (X(t—n), U(t - 17)))
Hy (X3, Uy)

f3 4
H1(V1,U1) bZl 1-n f f QX(t—ﬂ)
G dnd
=V ( d+b) +”ZZ) Y x )
0

0

Hy(Vy,Uy) (bzy (1-n) 1% C
o e ) vis () + sy @@

Note that ¥ — pQ; = 52 > 0. Clearly Y2(U,L,X,V,Q) > 0 for all U,L,X,V,Q > 0 and
Y, (Uy, Ly, X1, V1, Q1) = 0. Moreover

v, (b21 (1-n) nzz) (1_ Hy(Vy, Uy)
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* (dib) 1- %)[“—") f () [ (V(E= ), U(t = 7)) + Ha(X(E = y), U(E= 7))

f
—<b+d>u+(1—§)[n ) [ V(=) U(t=) + Ha(X (=), U(t=))]

—@X — CXQ + bL]
b(1-n) (N Hy(V,U)
+ (d+b) ‘f(; yl(y)Hl(V]th)[Hl(Vl, ul)
_Hi(V(t-y), ut-y)) (Hl(V(t—V)/U(t—V)))]
H1<V1,u1) Hy(V, U)
b(1-n) (N Hy(X,U)  Hp(X(t-y) Ult-y))
+b) Hy (X3, Uy) Hy(Xq, Uy)
\%

+1In

1 () Ha (X0, 1) [

Hy(X(t—vy), U(t- Hi(V,U)

Hz(X U) Hy(Vq,Uy)

(t=y), U(t-y))
H(Vy, Uy)

[ H(XU)  Ha(X(t=y),U(t-))

Hy (X1, Uy) Hy(Xq, Uy)

Y ))] +n sz y2(y)Hi(V1, Uh) [

Hy(V(t-y),U(t-y)) fo
( Hy(V,U) )] T | va(y)Ha(Xy, )

()

d
+1n(
i

+1In

+In

+ nzz) fyg (y) [QX— QX(t-y)) +1In
0

Hl(Vl, Ul) (bZl (1 - Tl)

X(t-y)
2 d+b) X ]dy

Hy(Vy,Uy) (bzl (1-n) +n22)(1_ﬁ) ny3 (y)X(t—y))dy—ZV]
0

Wi (d+Db) %

oy (A0 #X0

- (bz(ld(i;)rl s ”Zz) (1 - PI?l((“/;l',LZ;;) (Y - ®U) + bLy + bL;l

" (bzfd(;;l '+ ”ZZ) (1 - I}Iﬂ((Vvl{,Llel; ) (?&Vvﬂﬂ%)) [HL(V(£), U(8)) + Ha(X(8), U(1))]
b L

T l(l —n) fo 1 vi(y) [Hi(V(t=y), U(t=y)) + Ha(X(t=y), U(t - y))]ldy

(d+0b) L
-0 (X-X1)-CQ(X-X1)
—foznyz(y) [Hi(V(t=y), U(t=y)) + Ho(X(t =), U(t - y))] d)/%

+ nzz) fyg (y) [QX— QX(t-y)) +1In
0

Hl(Vl, Ul) (bZl (1 - Tl)

X(t-y)
@+0) X ]dy
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A (B ) nya () X(t - 7))dy —zv]
_H (gxll,lul) (bz(ld(l+ —b)n) n nzz) QO f ys (y) X(t- y))dy% +2V;
+ % (X - AQ-BXQ). (3.15)

Applying the equilibrium conditions for I'y:

Y - ®U; = Hi1(Vy,Uy) + Ha (X3, Uy)
21(1=n) [Hy(V1, Uy) + Ha (X1, Us)] = (b+d) Ly,
nzp [Hy(V1, Uy) + Ha(Xq, Up)] + bLy = ©X; + CX1Qy,
z300X1 = XV7,
¥Xi = AQ1 +pX1Q1,

we get

R e i [

+(bz1 (-n )(Hl(V,U) 1%

(d+b) 1(V1, U) _Vl) [Hl(vll ul)]

H
Hi(Vy,Up) Hy(X, U) X

2
(b21 (1-n) nz)( B
(d+0) JNHI(Vvi, ) Ho (X, th) X
LX1 bZl (1 - l’l) Hl(Vl, Ul)
X ( (d+D) )Hl(Vth)[l_ Hi (v, U)
_Hl(V(t—V),UO—V))LlH (Hl(V(f—V)zUU—V)))]
Hy(Vy, UL Hi(V, U)

+b

Hq(Vy, Uy)
+ ﬂZzHl(Vl, Ul) [2 - Hl(Vl, u)
CHi(V(E=y) Ult-y)X _£+IH(H1(V(t—y),U(t—7/)))]
Hy(Vy, U)X X1 Hi(V,U)
bz, (1-n) Hy(Vy,Up) X
S L] (R e

_Hz(X(t—V)ru(t—)/))L1+l (HZ(X(t—y),U(t—)/)))]
Ha(X1, Uy)L Ha(X, U)

Hi(Vi,lh) X X

WL U XX

_mX(E-y) Ult-y)X (HZ(X(t—V)/U(t—V)))]
Ha(X1, Up)X Hy(X, U)

+ (7122) Hz(Xl, ul) [2 —

—) [HZ(V], Ul)] + bLq + bl (

%)
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+ (bz(ld(i;)”) + nzz)Hl(Vl uy) [;é %le) +1+4 1%@)]

_ (A+5X
¥ - B

Eq. (2.14) can be simplified as

Jio-ar

dﬁ_q}ul(bm (1-n) +nzz)(1_H1(Vl'ul))(1_£)

at (d b) Hy(Vy, U) u;
W (i KO By
D)
d+b )Hl Vi Ul)[4_ 1;111((‘1//11’,%3 - iﬁ ‘%

_Hi(V(E=y), Ut =)L

1
Hy(V1, Ur)L +in

(H1(V(f—7/)zu(t—7/)))_ VH;(Vy, U)]
Hy(V,U) ViH(V, U)
Hl(Vl,Ul) B VH1(V1,U)
Hl(Vl,U) V1H1(V, U)

+ TlZzHl(Vl, Ul) [3 -

CHi(V(E-p) Ut -y)X _5HH(Hl(V(t—y),U(t—y)))]
Hi(Vy, Uh)X Xi Hi(V,U)
bZl (1—TZ) Hl(Vl,U1) LX X X
+( D )Hz(xl,ul)[4— Bl L1§_X_1+X_1

Ha(X(t= ), U(t=y))Ly (H2<X<t —y) Ut —y)))_ L%, un]
Hy (X1, Up)L Hy(X, U) Ls(X, U)
+ (122) Ha (X, ) [3 _ ijll((‘x//l{ LLI;)> _ Lz(ég 5?

_HZ(X(t—V)zu(t—V))Xl_Hn(Hz( (t—y) U(t- 7/)))]
)

Hy(Xq, Up)X Hy(X, U
+(% -I—nzz)Hl(Vl ) [;é Vl);(Xl ) 4 +1n(X(t}; y))]
- (;\:L;Q)i) (Q-Q1)%
we get
% - (bz(ld(i;)n) " nzz) (1 B 11731((“//11:%)) ) (1 B Ugl)
B D -

+(bzl (1-n)

Ly(X1,U1) Xy Ly(X, U)
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bzy (1-n) Hy(Vy,Ur) LXy ViX(t—y) X(t-y)
+( (d+Db) )Hl(V1IU1)|:5_H1(V11u) _Ll)é_ VX +1n( X )
_Hi(V(tE-y) U(t-y))L I (Hl(V(t—)/)/U(t—)/)))_VHl(Vlfu)]

Hi(Vy,Up)L Hi(V,U) ViH(V, U)
Hy(Vy,Uy)  VHi(Vy,U) X(t=y)
+”ZZH1(V1’U1)[4_ H(V,U)  ViHy(V,U) ( X )

Hi(V(t-y) Ult=y)X1 ViX(t-y) . (Hl(V(f—V)/U(f—V)))]
Hy(V1, U)X VX Hy(V, U)
bz (1-n) Hi(Vy,U1) LX; X X
( (1d+b> )Hz(Xl/LIl) [4_ Hi(Vy,U) Ll)é X " X
KU | (O U) L)
Hy(Xy, Uy)L Hy (X, U) Ls(X, U)
Hy(Vy,Uy) B Ls(Xq, Uy)
Hy(Vy,U)  Li(X, U)
CH(X(t-y) Ult-y)X I(HZ(X(f—V)/U(t—V)))]
H», (Xl, Ul)X H»> (X, U)
A+ BX
_C(‘P—ﬁg

+ (1’122) Hz(Xl, Ul) [3 -

Jio-ar

We get

o (S -

bZl (1 - 1’[) Hl(V, U) V Hl(Vl, U)
+( (d+0b) " nzz)(Hl(Vlf uy 71) (V1. th)] [1 C Hy(V,U) ]

(S o (s - -

(S oo e (ox) o)
(v o )

— nzoHy (Vi Uy) [+G (I;((“//ll”%)) ) +G ( VQ;(;— V) )

. (Hl(V(t — ), U(t- )/))Xl) (VH1(V1, u) )]

Hy(V1, U)X ViHL (V, U)
bz (1-n) Hi(Vy, Uy) LX XLy(X1, Uy)
bz )Hz(Xl,Ul) [G( I‘Ill(Vll,ul) )+ G(ﬁ) + G(—XlLs()li, ul) )

G

Hy(X(t=y),U(t-7))L )]
Hy (X3, UL )L

— (nzp) Ha (X4, Un) [G (11_31<(‘\//11’,Ll[11))) +G (%) +G (})((I;(L}((;LLI;)) )
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G(Hz(X(t —y) Ut-y)X )]

Hy(Xy, U)X
B A+ BX B )
clgag ) Q-
Since
Hy(V(t-y), U(t-y))\ | (Hi(Vy,U;) LX; ViX(t-y)
ln( H,(V,U) ) - ln( H,(Vy, U) )+ln(L1X)+ 7%
ln(VHl(Vl, U) i In Hl(V(t - )/), U(t - y))Ll ) _ ln(X(t - )/)
ViH, (V, U) Hi(Vy, Uy)L X )
In Ha(X(t=y), U(t-y))\ In Hy(Vy,Uy) i In LXq In XLs(Xq, Uy)
Hy(X, U) O Hy(Vy, 1) L1X X1Ls(X, U)
Hy(X(t—y), Ut —y))L
+1In
H(Xy,U;p)L
. Hi(Vy,Uy) B XHy(Vy, U)Hy (X, Uy)
Hi(V3,U) L1 X X1H1(Vy, Uq)Ha (X, U)
Hy(X(t—y), U(t—y))L
+1In .
H(Xq,Uq)L
Using Remak 2 we get
Hy(Vq, Up) u
[T )0 -w)=0
and

(Hl(vr u) Hi(Vy, U)

1% 2 ) [Hi(V,U) - Hy(Vy,U)] <0,

it follows

<0

(v vl - ]

Hence, we obtain that % < 0 and % = 0 at the point (Uj,L1, X1, V1,Q1). Let D the largest
invariant subset of the set {(U, L,X,V,Q): % = 0}. Thus, the solutions of model tend to D;. It
is clear that D contains unique point which is T';. The global asymptotic stability of T; follows
from L.L.P. O

4. NUMERICAL SIMULATIONS AND DISSECTION

In this section, we propose example and carry out numerical simulations to approve our theo-

retical results shown in this paper. All of numerical computations are carried out by MATLAB.
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4.1. Example of the model (2.1)-(2.4). To perform numerical simulations and demonstrate the
global asymptotic stability of the equilibria of models, we choose the following functions ,
Hl(V, uy = ﬂgx, and HZ(X, uy = %, where 11,12, a1, 1 are nonnegative constants. We
can easily see that H;(V,U) and H(X, U) are continuously differentiable functions, moreover,

they satisfy the following;:
H;(V,U) > 0and H;(0,U) = H;(V,0) =0,i = 1,2, forall U > 0 and V > 0, thus, A1 is satisfied.
We have

OHi(V,U) _ mV__dH(V,U) _ omU
8U 1 + 0(1V ! 8V (1 + 0(1V)2 ’
8H2 (X, U) ThX aHz (X, U) mu
e > O, = > 0,
au 1+aX au (14 a1X)?

forall X, V, U > 0, hence A2 is satisfied, Wi (U) = Z0% — 175 0, Wy (1) = 220U _ 175 0, for

U > 0. Hence W1 (U) = W,(U) =1 > 0, it means A3 satisfied. Moreover, we have
i(Hl(V, U)) —1710(1V

= <0, forall V,U > 0,
v\ Vv (14 a1V)?

H> (X, U X
i( 2( )) _ o 5 <0, forall X, U > 0,
X X (1+a1X)

Then, A4 is satisfied. In addition, we choose particular form of probability distributed function as

follows:
gn(y)=0(y-ya) n=12,

where 6(.) is Dirac delta function we have
f gu(y)y =1 n=1.2,
0
we have .
Zy = f 5(y —yn))eOndy = e n=1,2,
0

fom 5y =y1))e VI Hi(V(t—y), U(t—y))dy = e O Hy(V(t = 1), U(t=1)),

[ er=yanerxe—piy = e xe=ya).
0

Hence, the model becomes

- mQ-a) VU  m(1-ap) XU
U=Y-oU ( 1+ a1V 1+ aX ) (1)
. nie 10 (1—01)V(t—)/1)u(f—7/1)+772€_y191 (1-a) X(t=y1) U (t=y1)

o 1+a1V 1+arX

- OX -CXQ, (4.2)

V=0e7%(1-a3)X(t—y,) -2V, (4.3)
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Q=YX-AQ-BXQ, (4.4)

where the efficacy of drug a; is introduced to reduce the transmission of infection through cell-free
mode. This efficacy is mainly reverse transcriptase inhibitors (RT1Is) in the case of HIV. The efficacy
of drug a is introduced to block cell-to-cell infection that targets the factors required for synapse
formation under the assumption that such a drug exists. The third efficacy of drug a3 is applied
to prevent the pathogen protease from cleaving the pathogen polyprotein into functional units
which is called protease inhibitors (PIs) in the case of HIV.We have 0 < a, < 1,n = 1,2. The basic

reproduction number of models is given by

Qe72%2¢711%n; (1 —ay) (1 —a3) N 12677191 (1 — )

Ry —
0 oxr 0

Up.

We shall carry out numerical simulations for the model (4.1)-(4.4) using the parameters values
given in Table 1. We choose three initial conditions as:

IC1: U(0) = 600,X(0) =8.5,V(0) =15,Q(0) = 3.5,

IC2: U(0) =1150,X(0) = 3,V(0) =12,Q(0) = 2.5, and

IC3: U(0) = 800,X(0) =5,V(0) =8,Q(0) = 1.5.

Case (1) To study the effect of 17; on equilibria stability:

We choose, a1 = ap = 0.1 § = 0.1 and 1, is varied as:

(i) if 71 = 0.1, then we compute Ry = 122780 > 1. Lemma 2 states that the model

has two equilibria I') and I'y. As we can see from Figure 1 that numerical results agree
with theoretical results of Theorem 2 and the model solutions converge to the equilibrium
'y = (323.309,9.4310,13.517,3.6161) for all IC1-IC3.
(ii) if 7 = 0.001 then, Ry = 0.9149 < 1. From Lemma 2, the model has only one equilibrium
I'p. For Figure 1 we note that, uninfected cells concentration is growing up to its original value
Up = 1667, while the concentration of infected cells, pathogens and CTL cells are decreasing and
approaching zero for IC1-IC3. It shows that, I'y is GAS and this means that the pathogens are
cleaned up, so it supports Theorem 1.

Case(2) Effect of saturation parameter: We choose @ = a; = a» on the pathogen dynamics.
parameter Moreover, we take the following initial condition IC4: U(0) = 1250, X(0) = 3,V(0) =
5,Q(0) = 3.2. Figure 2 shows that as « increased, the concentration of the uninfected target cells
is increased while the the concentrations of infected cells, pathogen particles, and CTL cells are
decreased. We note that the parameter a has no effect on the stability of equilibria since Ry does
not depend on a.

Case(3) Effect of antiviral treatment on the stability of equilibria:

To study the effect of antiviral treatment on pathogen dynamics. The basic reproduction number
of the model is given by Ry = (1—a)Roz + (1—a)* Ry Since the target of antiviral drugs is to
clear the pathogen particles from the body, then we have to determine the minimum drug efficacy

amin such that Ry < 1 for all a,,;4, < a < 1. We can find the value of a,,;, by solving the following
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Parameter Value Parameter Value Parameter Value

Y 250 2 0.01 )Y 3
P 0.15 ® 5.4 Y 04
r 1 q 0.04 A 0.1
B 0.1 @) 5 m,a1,ar  varied

TaBLE 1. Parameters values of the model (4.1)-(4.4).

Algebraic equation:
Ro = (1-a)Rop + (1-a)* Ry = 1,
letb =1 —a,then (1—a) Ry, + (1 —a)>Ro1 — 1 = 0. The roots given by
bRoz + PRy —1 =0,

hence

Roz £ 47%52 + 4R

b= ,
2
Roo + ‘,R%Z + 4R
a=1- 5 .

For this purpose, we let 7y = 0.001, @ = 0.1, and a is varied. Suppose a new set of initial conditions
as: IC5: U(0) = 1500, X(0) = 1,V(0) = 1.3,Q(0) = 2. As it is illustrated in Figure 3 that as a is
increased, the uninfected cells concentrations are increased. While the infected cells concentration
and the pathogens are decayed as a result of CTL cells concentration is increased.

(i) I'y when if 0 < a < 0.2810.

(ii) I'o when a > 0.2810.

Case (4) Effect of time delay on the pathogen dynamics:

For this, let n; = 0.001, and a; = a» = 0.1 is varied. We suppose the initial conditions

IC6: U(0) = 1250,X(0) =4,V(0) =7,Q(0) = 3.5. By solving Ro(y) = 1, we get y = 1.3944. It
follows

(i) I1when 0 < y < 1.3944.

(ii) I'o when y > 1.3944.

We observe that the increases of time delays play the same influence of treatment.

Figures 4 with Theorem 2 have proved the compatibility of numerical and theoretical results.

4.2. Example of the model (3.1)-(3.5). In this subsection, we will implement numerical simulations
for a special case of the model (3.1)-(3.5) as:

m (1—611) vu 2 (1—612) XUu

U=Y-dU-
1+a1V 1+aX

(4.5)
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—y161 _ _ _ —1161 _ _ _
—(d+D)L, (4.6)
. n(nle‘mez (A=) V(i=y2) U(t=ya) 1o (1-a2) X(t=y2) U(t~ 72))
1+mV 1+ aX
—@X - CXQ +bL, (4.7)
V=0Qe"%(1-a3)X(t—y3) -2V, (4.8)
Q =¥X-AQ-pXQ, (4.9)

where the parameters values given in Table 1. We suppose that a; = a; = a with no loss of
generality.
The basic reproduction number of models is given by

(b (1 =n) eI\ [Qe % (1—a1) (1-a3) 12 (1-a2)
Ro_( (d+b) )[ oz o ]UO

—y30
+ (ne202) [Qe PEmA-a)(d-a) m(l-6n)

()X G

We will choose three sets of initial conditions as:

IC1: U(0) =900,L(0) = 8.5,X(0) =15,V (0) = 200, Q(0) = 0.06,

IC2: U(0) =800,L(0) =7,X(0) =10,V(0) = 150,Q(0) = 0.6, and

IC3: U(0) = 600,L(0) =5,X(0) =5,V (0) =100,Q(0) = 0.4.

Case (1) Effect of n; on equilibria stability:

We choose @ = 0.01, = 0.1,n = 0.5,c = 0.1,a = 0.9 and 7, is varied as:

(i) if n; = 0.001, 2 = 0.001, then we compute Ry = 0.7478 < 1. From Lemma 4 we have that the
model has only one equilibrium I'g. We observe from Figure 5 that, uninfected cells concentration is

|

rising and tends its free-disease value Uy = 1350, on the other hand we find that the concentrations
of latently infected cells, productively infected, pathogens and CTL cells are decreasing and tend
to zero for IC1-IC3. This proves that, I'g is GAS, the pathogen will be cleared and this consistent
with Theorem 3.

(ii) if n; = 0.001,72 = 0.01, then, Ry = 2.1862 > 1. As we discussed before in Lemma 4 that
the model has two positive equilibria I'y and I';. We note that Figure 5 results are consistent with
Theorem 4 results. It is seen that, the solutions of the model converge to the endemic equilibrium
I'1 = (726.1863,17.9913,126.3050, 458.4638,0.9932) for all IC1-IC3.
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