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Paley Wiener Theorem on a Reductive Lie Group
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Abstract. Let G be a locally compact group, K a maximal compact subgroup of G and δ on arbitrary class of irreducible

unitary representations of K. The spherical Grassmannian Gp,δ is an equivalence class of spherical functions of type

δ−positive of height p. In this work, we give an extension of orbital integral with respect to δ, when G is reductive

Lie group. Moreover, if the discret serie is not empty, we give an extension of Paley-Wiener theorem using a compact

Cartan subgroup of G.

1. Introduction

Let G be a reductive Lie group with non empty discret serie, and K be a compact subgroup of G.

We denote by K̂ the unitary dual of K and byK(G) the subspace of continuous complex functions

on G with compact support.

For all class δ of K̂, we denote by Ic,δ(G), the subspace of K(G) containing K-δ− invariant central

functions on G.

Let E be a space of representation of δ.

Let set χδ = d(δ)ζδwhere d(δ) is the degree of δ and ζδ the character of δ .

A spherical function of type δ is a quasi-bounded continuous and central function φ on G with

values in EndC(E) such that:

χδ ?φ = φ = φ? χδ and the map the

uφ : f 7→ uφ( f ) =
∫

G
f (x)φ(x−1)dx
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is an irreducible representation of the algebra Ic,δ(G).

The spherical Grassmannian Gp,δ(G) of order p according to δ is the set of classes of spherical

functions on G of type δ of height p.

2. The δ-Orbital Integral

Let G be a reductive Lie group with non-empty discret serie,G the Lie algebra of G (G = Lie(G)).

Let H be a Cartan compact subgroup of G and H the associated Cartan subalgebra, U ⊂ G a

completely invariant open set, γ a regular element ofU (γ ∈ Ureg).

One denotes by H0 the identity component of H and K = γH0. K = Lie(K), K is a compact and

normal Cartan subgroup of G and the Weyl group W(G, K) acts on G/K ×Kreg, dg a measure of G
which is invariant on G/K
If δ̌ is the class of contragredient representation of δ in K̂, we have χδ = χδ̌ and we can verify easily,

thanks to Schur orthogonality relationships, that χδ̌ ?χδ̌ = χδ̌.

LetK(U) be the subspace of continuous complex functions onUwith compact support andD(U)

the subspace of indefinitely differentiable functions onU.

Identifyting χδ to a bounded measure on G, we put, for any function f ∈ K(U),

δ f (x) = χδ ? f (x) =
∫

K
χδ̌(k) f (kx)dk

fδ(x) = f ?χδ(x) =
∫

K
χδ(k−1) f (xk)dk

and Iδ(U) = { f ∈ K(U) : f =δ f = fδ̌}.

Let Jc(U) be the set of the K−central functions ofK(U) (ie f (kx) = f (xk), ∀x ∈ U, k ∈ K).

I∞c,δ(U) = Ic,δ(U)∩D(U) where Ic,δ(U) = Iδ(U)∩Jc(U).

Remark 2.1. Denote by uδ̌ an irreducible unitary representation of K in the dual class δ̌ on a space

Eδ̌; for an arbitrary endomorphism T of Eδ̌ defined by the number σ(T) = d(δ̌)tr(T) then, thanks

to Schur Orthogonality Relations, for any

T ∈ Fδ̌ = HomC(Eδ̌, Eδ̌) one has

T =

∫
K

uδ̌(k
−1)σ(uδ̌(k)T)dk

In the sequel, we assume thatUreg = U.

Let f ∈ D(Ureg), the function γ 7→ JG( f )(γ) defined by .

JG( f )(γ) =| det(1−Ad(γ−1))G/K |
1/2

∫
G/K

f (g.γ)dg

is the classical orbital integral of f . The function γ 7→ JG( f )(γ) is G- invariant distribution on

C
∞(Ureg).

The map JG : D(U) → I(U)=JG(U) is linear, continuous and its transpose tJG is a bijection of
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I(U)′ onD(U)′ the space of the G- invariant distribution onU.

tJG :I(U)′ →D(U)′

θ 7→t JG(θ)

∀θ ∈ I(U)′, tJG(θ) is a G− invariant distribution onU.

If f ∈ I∞c,δ(Ureg) and thanks to the isomorphism f 7→ Ψδ
f of I∞c,δ(U) onto U∞c,δ(U),

we can put: JδG( f )(γ) =| det(1−Ad(γ−1))G/K |
1/2

∫
G/K

Ψδ
f (

gγ)dg

where Ψδ
f (

gγ) =
∫

K uδ̌(k
−1) f (kgγ)dk. The δ− orbital integral JδG( f ) of f is defined by

JδG( f )(γ) =| det(1−Ad(γ−1))G/K |
1/2

∫
K

∫
G/K

uδ̌(k
−1) f (kgγ)dgdk

Remark 2.2. If δ is trivial and one dimension, we obtain the classical orbital integral.

Theorem 2.3. Let f ∈ I∞c,δ(U). The map:

JδG( f ) : U → Fδ

γ 7→ JδG( f )(γ)

is K − δ−invariant.
proof.

Let’s put M(γ) = |det(1−Ad(γ−1))G/K |
1/2.

we have:

M(kγk−1) =
∣∣∣det(1−Ad(kγ−1k−1))G/K

∣∣∣1/2

=
∣∣∣∣det

(
Ad(k)Ad(k−1)Ad(k)Ad(k−1) −Ad(kγ−1k−1)

)
G/K

∣∣∣∣1/2

=
∣∣∣∣det

(
Ad(k)Ad(k−1)Ad(k)Ad(k−1) −Ad(k)Ad(γ−1)Ad(k−1)

)
G/K

∣∣∣∣1/2

=
∣∣∣∣det

(
Ad(k)

[
Ad(k−1)Ad(k) −Ad(γ−1)

]
Ad(k−1)

)
G/K

∣∣∣∣1/2

M(kγk−1) =
∣∣∣det(1−Ad(γ−1))G/K

∣∣∣1/2

so M(kγk−1) = M(γ)

Let’s show that JδG( f ) is K-central

JδG( f )(kγk−1) = M(γ)

∫
G/K

Ψδ
f (

gkγk−1)dg

= M(γ)

∫
G/K

∫
K

uδ̌(k̃
−1) f (k̃gkγk−1g−1)dk̃dg

= M(γ)

∫
K

∫
G/K

uδ̌(k̃
−1) f (k̃(gk).γ)dk̃dg
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JδG( f )(kγk−1) = M(γ)

∫
K

∫
G/K

uδ̌(k̃
−1) f (k̃g.γ)dgdk̃, dg is a G− invariant mesure on G/K

= M(γ)

∫
K

∫
G/K

uδ̌(k̃
−1) f (k̃g.γ)dgdk̃

= M(γ)

∫
G/K

(∫
K

uδ̌(k̃
−1) f (k̃g.γ)dk̃

)
dg

= M(γ)

∫
G/K

Ψδ
f (

gγ)dg = JδG( f )(γ)

so JδG( f )(kγk−1) = JδG( f )(γ)

Let’s show that χδ ? JδG( f )(γ) = JδG( f )(γ).

χδ ? JδG( f )(γ) =
∫

K
χδ(k)JδG( f )(k−1γ)dk

=

∫
K
χδ(k)

(
M(k−1.γ)

∫
G/K

Ψδ
f (

gk−1.γ)dg
)

dk

=

∫
K
χδ(k)

(
M(k−1γk)

∫
G/K

Ψδ
f (

gk−1.γ)dg
)

dk

=

∫
K
χδ(k)

(
M(γ)

∫
G/K

Ψδ
f (

gk−1.γ)dg
)

dk

= M(γ)

∫
K
χδ(k)

∫
K

∫
G/K

uδ̌(k̃
−1) f (k̃(gk−1).γ)dgdk̃dk

= M(γ)

∫
K
χδ(k)

∫
K

∫
G/K

uδ̌(k̃
−1) f (k−1.(k̃(g.γ)))dgdk̃dk

= M(γ)

∫
K

∫
G/K

uδ̌(k̃
−1)

(∫
K
χδ(k) f (k−1.(k̃(g.γ)))

)
dkdgdk̃

= M(γ)

∫
K

∫
G/K

uδ̌(k̃
−1)(χδ ? f )(k̃(g.γ))dgdk̃

χδ ? JδG( f )(γ) = M(γ)

∫
K

∫
G/K

uδ̌(k̃
−1) f (k̃g.γ)dgdk̃.

= M(γ)

∫
G/K

Ψδ
f (g.γ)dg

= JδG( f )(γ)

then χδ ? JδG( f ) = JδG( f ).
Therefore JδG( f ) is K − δ-invariant.

In addition we have ∀ f ∈ D(U), JδG( f ) ∈ I∞c,δ(U, Fδ).

Consider the space Γδ(U, Fδ) = I∞c,δ(U, Fδ)∩ I(U, Fδ) with I(U, Fδ) = JδG(D(U, Fδ)) �
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Theorem 2.4. The map JδG : I∞c,δ(U) −→ Γδ(U, Fδ)
f 7−→ JδG( f )

is linear and surjective.
proof.

JδG is linear because of the linearity of integral M(k.γ) = M(γ)

Let’s show that JδG is surjective.
If ϕ ∈ Γδ(U, Fδ) then ϕ ∈ I(U, Fδ) and there exists f ∈ D(U, Fδ) such that
JδG( f ) = ϕ, fK is K−central and χδ ? fK ∈ I∞c,δ(U)

χδ ? fK ∈ I∞c,δ(U)⇒ χδ ? fK ∈ D(U).

JδG(χδ ? fK)(γ) = M(γ)

∫
G/K

(χδ ? fK)(gγ)dg

= M(γ)

∫
G/K

(χδ ? fK)(g.γ)dg

= M(γ)

∫
G/K

(∫
K
χδ(k) fK(k−1.(g.γ))dk

)
dg

= M(γ)

∫
G/K

∫
K
χδ(k) fK((k−1g).(γ))dkdg

= M(γ)

∫
G/K

∫
K
χδ(k)

(∫
K

f
(
k1((k−1g).γ)k−1

)
dk1

)
dkdg

= M(γ)

∫
K
χδ(k)

∫
G/K

∫
K

f (k1((gk−1).γ)k−1
1 )dk1dgdk

= M(γ)

∫
K
χδ(k)

∫
K

∫
G/K

f ((k1g).(k−1
1 .γ))dgdk1dk

=

∫
K
χδ(k)M(γ)

∫
G/K

∫
K

f (k1(g.(k−1.γ)))dk1dgdk

=

∫
K
χδ(k)M(γ)

∫
G/K

f (g.(k−1.γ))dgdk

=

∫
K
χδ(k)

(
JδG( f )(k−1.γ)

)
dk

=

∫
K
χδ(k)JδG( f )(k−1.γ)dk

=

∫
K
χδ(k)ϕ(k−1.γ)dk

= χδ ?ϕ(γ).

JδG(χδ ? fK)(γ) = ϕ(γ), because ϕ ∈ Γδ(U, Fδ) then δ−invariant.
Thus, JδG(χδ ? fK) = ϕ, then JδG is surjective.

We have tJδG : I∞c,δ(U, Fδ)′ → I∞c,δ(U)′ its transpose

Clearly if T ∈ Ic,δ(U, Fδ)′ then tJδG(T) is a G- invariant distribution of type δ.
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If T ∈ I∞c,δ(U)′, then T is K − δ−invariant.

Let us put JδG(I
∞

c,δ(U)) = Iδ(U, Fδ).

Theorem 2.5. Let H be a Cartan subgroup of G and A its vector subgroup such that H = KA. Let A be
the Lie algebra of A.

Let δ ∈ K̂ such that
∫

K
uδ̌(k)dk = IdEδ̌ , then the mapping (uδ̌, ν) ∈ K̂ ×A∗

C
defined by (uδ̌, ν)(kh) =∫

K
uδ̌(k1k)(k1.h)iνdk1 is K − δ−invariant.

Proof. Let’s show that (uδ̌, ν) is K-central.

(uδ̌, ν)K(k̃h̃) =
∫

K
(uδ̌, ν)(kk̃h̃k−1)dk

=

∫
K
(uδ̌, ν)(kk̃k−1kh̃k−1)dk

=

∫
K
(uδ̌, ν)(kk̃k−1(k.h̃))dk

=

∫
K

∫
K

uδ̌(k1kk̃k−1)(k1.(k.h̃))iνdk1dk

=

∫
K

∫
K

uδ̌(k1k)uδ̌(k̃k−1)(k1.k.h̃)iνdk1dk

uδ̌(k̃k−1) ∈ Fδ̌ ⇔ uδ̌(k̃k−1) =

∫
K

uδ̌(k̃
−1
3 )σ(uδ̌(k̃3)uǩ(k̃k−1))dk̃3

(uδ̌, ν)K(k̃h̃) =
∫

K

∫
K

uδ̌(k1k)
(∫

K
uδ̌(k̃

−1
3 )σ(uδ̌(k̃3)uǩ(k̃k−1))dk̃3

)
× (k1k.h̃)iνdk1dk

=

∫
K

∫
K

uδ̌(k1k)uδ̌(k̃
−1
3 )σ(uδ̌(k̃3)uǩ(k̃k−1))(k1k.h̃)iνdk̃3dk1dk

=

∫
K

∫
K

uδ̌(k1k)uδ̌(k̃
−1
3 )σ(uδ̌(k

−1k̃3)uǩ(k̃))(k1k.h̃)iνdk̃3dk1dk

(uδ̌, ν)K(k̃h̃) =
∫

K

∫
K

∫
K

uδ̌(t)uδ̌(k̃
−1
3 )σ(uδ̌(k

−1k̃3)uǩ(k̃))(t.h̃)
iνdtdkdk̃3

=

∫
K

∫
K

∫
K

uδ̌(t)uδ̌(k̃
−1
3 k)σ(uδ̌(k

−1k̃3)uǩ(k̃))(t.h̃)
iνdtdkdk̃3

=

∫
K

∫
K

∫
K

uδ̌(t)uδ̌((k
−1k̃3)

−1)σ(uδ̌(k
−1k̃3)uǩ(k̃))(t.h̃)

iνdtdkdk̃3

=

∫
K

(∫
K

∫
K

uδ̌(t)uδ̌((k
−1k̃3)

−1)σ(uδ̌(k
−1k̃3)uǩ(k̃))dkdk̃3

)
(t.h̃)iνdt

=

∫
K

uδ̌(t)uδ̌(k̃)(t.h̃)
iνdt
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=

∫
K

uδ̌(tk̃)(t.h̃)
iνdt

(uδ̌, ν)K(k̃h̃) = (uδ̌, ν)(k̃h̃).

Then (uδ̌, ν) is K-central.

Let’s show that χδ ? (uδ̌, ν)(k̃h̃) = (uδ̌, ν)(k̃h̃)

χδ ? (uδ̌, ν)(k̃h̃) =
∫

K
χδ(k)(uδ̌, ν)(k

−1k̃h̃)dk

=

∫
K
χδ̌(k)(uδ̌, ν)(k

−1k̃h̃)dk

=

∫
K
χδ̌(k)

(∫
K

uδ̌(k1k−1k̃)(k1.h̃)iνdk1

)
dk

=

∫
K

d(δ̌)tr(uδ̌(k))
(∫

K
uδ̌(k1k−1k̃)(k1.h̃)iνdk1

)
dk

=

∫
K

∫
K
σ(uδ̌(k))uδ̌(k1k−1k̃)(k1.h̃)iνdk1dk

=

∫
K

∫
K

uδ̌(k1)uδ̌(k
−1k̃)σ(uδ̌(k))(k1.h̃)iνdk1dk.

=

∫
K

∫
K

uδ̌(k1)uδ̌(t)σ(uδ̌(k̃t−1))(k1.h̃)iνdk1dt

=

∫
K

∫
K

uδ̌(k1)uδ̌(t)σ(uδ̌(t
−1)uδ̌(k̃))(k1.h̃)iνdk1dt

=

∫
K

uδ̌(k1)

(∫
K

uδ̌(t
−1)σ(uδ̌(t)uδ̌(k̃))dt

)
(k1.h̃)iνdk1

=

∫
K

uδ̌(k1)uδ̌(k̃)(k1.h̃)iνdk1

=

∫
K

uδ̌(k1k̃)(k1.h̃)iνdk1

= (uδ̌, ν)(k̃h̃).

Then χδ ? (uδ̌, ν)(k̃h̃) = (uδ̌, ν)(k̃h̃).
Therefore (uδ̌, ν) ∈ Ic,δ(H). �

If (uδ̌, ν) ∈ Gp,δ(H) then the spherical Fourier transform of type δ is defined by this relation:

F ( f )(uδ̌, ν) =
∫

H
f (kh)(uδ̌, ν)((kh)−1)dkdh, where f ∈ Ic,δ(H)

Let G be a reductive Lie group, H a Cartan subgroup of G, H = Lie(H) and M = Z(G,HR). the

centralizer of HR ∈ G
Let P = MN a parabolic subgroup of G containing M, N nilradical and K a compact maximal

subgroup of G and η = Lie(N).
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Let X(M) be the set of characters of M.

Put

0M =
⋂

ζ∈X(M)

ker(|ζ|)

where |ζ|(x) = |ζ(x)| (x ∈M), M =0MA is a Langlands decomposition of M.

Let M =0MA be the Langland decomposition of M and ∆ a positive root system of the pair

(GC,KC). Θ
0M
(uδ̌,∆)

the invariant distribution associated to (uδ̌, ∆)

let put

ΘM
((uδ̌,ν),∆)

= IG
M

(
Θ

0M
(uδ,∆)

⊗ ν
)

3. Paley-Wiener Theorem of Type δ

We denote by ρ∆ one half the sum of positive roots associated to lie algebra of G. ε the sigature

of Weyl group, and ∆ a positive root system.

For all r > 0, and we denote by PWδ(H)r the space of function

F : Gp,δ(H) −→ End(E) such that:

(1) ν 7→ F(uδ̌, ν) is holomorphic onA?
c

(2) ∀N ∈N; ∃CN ≥ 0 : such that | F(uδ̌, ν) |≤ CN
(
1 + ‖(uδ̌, ν)‖

)−N
er‖Imν‖.

(3) F
(
ω.(uδ̌, ν)ζω.ρ∆−ρ∆

)
= ε(ω)F(uδ̌, ν), ∀ω ∈W.

Let put: PWδ(H) =
⋃
r>0

PWδ(H)r. We endow PWδ(H)r with the topology defined by these semi-

norms :

Sk(F) = sup
(uδ̌,ν)

(
1 + ‖(uδ̌, ν)‖

)k
| F(uδ̌, ν) |

with inductive limit topology.

PWδ(H)∆ =
{
F ∈ PWδ(H)/F

(
(uδ̌, ν)(ω

−1hω)ζω.ρ∆−ρ∆(h)
)
= ε(ω)F(uδ̌, ν)

}
I∞c,δ(H)−∆ =

{
f ∈ I∞c,δ(H)/ f (g−1hg) = ε(g)ζρ∆−g.ρ∆ f (h); h ∈ Hreg

}
Theorem 3.1.

F

(
I∞c,δ(H)−∆

)
= PWδ(H)∆

where the map f 7→ F f is the spherical Fourier transform of type δ.

Proof. PWδ(H) is a closed subspace of PW(H, EndC(E)), then PWδ(H) is a Frechet space.

Let put Zδ,P(H) the subspace of functions ϕ of Gp,δ(H).

There exists z ∈ (End(E))? such that

∀c1, c2, · · · , cn ∈ C; xi ∈ G and i ∈ 1, n; 〈
∑

cic jϕ(xi; x−1
j ), z〉 ≥ 0
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Thanks to the Bochner theorem, there exists a measure µ̂ such that:

f (kh) =
∫

Zδ,P(H)
F(uδ̌, ν)(uδ, ν)(kh)dµ̂(uδ̌, ν)

∀F ∈ PWδ(H); we have F f = F

F f (uδ̌, ν) =
∫

Zδ,P(H)
f (kh)(uδ̌, ν)

−1(kh)dkdh.

φ ∈ GP,δ(H)⇔ (uδ̌, ν) ∈ GP,δ(H)

fK(x) =
∫

Zδ,P(H)
F(uδ̌, ν)(uδ̌, ν)K(x)dµ̂(uδ̌, ν).

As (uδ̌, ν)K(x) = (uδ̌, ν)(x)

fK(x) =
∫

Zδ,P(H)
F(uδ̌, ν)(uδ̌, ν)(x)dµ̂(uδ̌, ν).

and f ?χδ(x) =
∫

K
χδ(k−1) f (xk)dk

f (kh) =
∫

Zδ,P(H)
F(uδ̌, ν)(uδ̌, ν)(kh)dµ̂(uδ̌, ν)

f =
∫

Zδ,P(H)
F(uδ̌, ν)(uδ̌, ν)dµ̂(uδ̌, ν)

f ?χδ(x) =
(∫

Zδ,P(H)
F(uδ̌, ν)(uδ̌, ν)dµ̂(uδ̌, ν)

)
?χδ(x)

=

∫
Zδ,P(H)

F(uδ̌, ν)(uδ̌, ν)?χδ(x)dµ̂(uδ̌, ν).

Moreover, (uδ̌, ν) ∈ GP,δ(H) then (uδ̌, ν)?χδ(x) = (uδ̌, ν)(x) then

( f ?χδ)(x) =

∫
Zδ,p(H)

F(uδ̌, ν)(uδ̌, ν)dµ̂(uδ̌, ν)

 (x)
then f ?χδ(x) = f (x).
So we have f ∈ I∞c,δ(H).

If F ∈ PWδ(H)∆, ∀ω ∈WC, we have

F
(
g.(uδ̌, ν)ζg.ρ∆−ρ∆

)
= ε(g)F(uδ̌, ν), g ∈ G

f (g.h) =
∫

Zδ,P(H)
F(uδ̌, ν)(uδ̌, ν)(g.h)dµ̂(uδ̌, ν)

=

∫
Zδ,P(H)

F(g.(uδ̌, ν))(uδ, ν)(h)dµ̂(uδ̌, ν)

=

∫
Zδ,P(H)

ε(g)ζρ∆−gρ∆(h)F(uδ, ν)(uδ, ν)(h)dµ̂(uδ, ν).

= ε(g)ζρ∆,−g.ρ∆(h) f (h).
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Thus, f ∈ I∞c,δ(H)−∆ and the surjection is proved..

Let fix some conjugacy classes of Cartan subgroup of G, H1, ..., Hk ∈ Car(G) and ∆1, ..., ∆k the

correspondant positive root system. Then ∀ f ∈ I∞c,δ(G), and F ( f )Hi ∈ PWδ(Hi)
∆i . �

Let T be a torus and let ∆ be a positive root system in the set of roots of T.

Let H be a compact Cartan subgroup.

For any ϕ ∈ I∞c,δ(H)−∆, there exists f ∈ I∞c,δ(G) such that(
b−∆ JδG( f )

)
(t) = ϕ(t) ∀t ∈ Hreg and (JδG( f ))T ≡ 0

for any non compact Cartan subgroup.

Theorem 3.2. The map F given by

F :I∞c,δ(G) −→
k⊕

i=1

PWδ(Hi)
∆i

f 7−→ F ( f ) =
k∑

i=1

F ( f )Hi

is surjective.

Proof. Let put F =
∑

Fi ∈

k⊕
i=1

PWδ(Hi)
∆i .

Thanks to theorem 3.1, there exists φi ∈ I∞c,δ(Hi)
∆i such that F (φi) = Fi.

Let put CG,Hi(γ) =| Hi/Z(G,γHi) | .

The function CG,Hiφi ∈ I∞c,δ(Hi)
−∆i and there exists f ∈ I∞c,δ(G) such that

b−∆i(JδG( f ))Hi = CG,Hiφi

where b∆ is the projection of I∞c,δ(G) onto I∞c,δ(G)∆ defined by

b∆(γ) = Πα∈∆
1− ζα(γ−1)

| 1− ζα(γ−1) |
. We have

C−1
G,Hi

(
b−∆i J

δ
G( f )Hi

)
= φi

F

(
C−1

G,Hi

(
b−∆i J

δ
G( f )Hi

))
= F (φi)

F

(
C−1

G,Hi

(
b−∆i J

δ
G( f )Hi

))
= F ( f )Hi .

Then F : I∞c,δ(G)→
⊕k

i=1 PWδ(Hi)
∆i is surjective �
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