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Abstract. Coronavirus disease 2019 (COVID-19), which is caused by the virus known as severe acute respiratory

syndrome coronavirus 2 (SARS-CoV-2), is a respiratory disease. In this paper, we analyze the global stability of a discrete

SARS-CoV-2/HIV co-dynamics model. We create the discrete model by applying a nonstandard finite difference (NSFD)

method. We demonstrate that NSFD retains essential solution properties, including positivity and boundedness. We

determine the fixed points and identify their existence conditions. We investigate the global stability of these fixed

points through the application of the Lyapunov method. To complement our analytical findings, we present numerical

simulations.

1. Introduction

Coronavirus disease 2019 (COVID-19), a new epidemic that surfaced in late 2019 in China, is a

respiratory illness caused by a virus known as severe acute respiratory syndrome coronavirus 2

(SARS-CoV-2). SARS-CoV-2 is indeed an RNA virus, and it belongs to the Coronaviridae family [1].

The primary target of SARS-CoV-2 is the epithelial cells (ECs) in the respiratory system. Specifically,

the virus primarily infects cells in the upper respiratory tract, including those in the nasal passages

and throat, as well as cells in the lower respiratory tract, such as those in the lungs [2]. This is why

COVID-19 primarily presents with respiratory symptoms.

Human Immunodeficiency Virus (HIV), belongs to the family of viruses known as lentiviruses

[3]. It specifically targets the immune system, primarily infecting CD4+ T cells, which play a

crucial role in the body’s immune response [3]. Infected CD4+ T cells begin generating new virus

particles, thereby amplifying the infection and diminishing the population of uninfected CD4+ T
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cells. This reduction of healthy CD4+ T cells weakens the immune system, rendering the body

incapable of defending against various other infections and illnesses. HIV has the ability to remain

in a dormant state within certain viral reservoirs, such as latently infected CD4+ T cells. These

latently infected cells do not produce new viral particles, but they have the potential to be activated

and transformed into actively infected cells. This presents a significant challenge for the immune

system.

There are signs of a rising trend in HIV transmission, particularly in conjunction with other

blood-borne infections such as hepatitis B (and C) viruses, as well as sexually transmitted diseases

like human papillomavirus (HPV), syphilis, Herpes simplex virus (HSV), and chlamydia. The first

reported case of SARS-CoV-2/HIV coinfection involved a 61-year-old man from China and subse-

quent cases were documented in Spain, Italy and the USA [3]. Common symptoms of coinfection

included fever, cough, and shortness of breath [3]. Research indicates that HIV patients face an

elevated risk of experiencing severe COVID-19 symptoms [4]. This risk is further heightened in

HIV patients who are not undergoing antiretroviral therapy or have low CD4+ T cell counts [4,5].

Additionally, the severity risk increases in the presence of other comorbidities such as hyperten-

sion, diabetes, respiratory disease, cardiovascular disease, and chronic kidney disease [4, 6, 7].

According to WHO recommendations [8], numerous COVID-19 vaccines are considered safe for

individuals living with HIV.

Studying mathematical modeling of the dynamics of viral infection within the host may be very

useful in understanding the dynamic behavior of the virus and its target cells as well as immune

cells. This study also helps in understanding the effectiveness of medications, whether individually

or in combination. Coinfection models are essential for comprehending the dynamics of SARSCoV-

2 infection in individuals with HIV, elucidating the role of the immune system, supporting medical

research and identifying improved approaches to treat this vulnerable patient group. In [9] HIV

and SARS-CoV-2 co-dynamics model was formulated as:

Ẋ = ξ−φXX − %VX, (1.1)

Ṅ = %VX − (ρ+ φN)N, (1.2)

Ẏ = ρN −φYY − µYQ, (1.3)

V̇ = aY −φVV, (1.4)

Q̇ = η+ κYQ−φQQ− θDQ, (1.5)

Ż = (1− b)θDQ− (α+ φZ)Z, (1.6)

Ė = bθDQ + αZ−φEE, (1.7)

Ḋ = λE−φDD, (1.8)

where (X, N, Y, V, Q, Z, E, D) = (X(t), N(t), Y(t), V(t), Q(t), Z(t), E(t), D(t)) represent the concen-

trations of uninfected ECs, latently infected ECs, actively infected ECs, free SARS-CoV-2 particles,

uninfected CD4+T cells, latently infected CD4+T cells, actively infected CD4+T cells and free HIV
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particles at time t, respectively. ECs are produced from a source at a constant rate ξ, die at rate φXX
and get infected by SARS-CoV-2 at rate %VX. Latently infected ECs proliferate at rate %VX, turn

into actively infected cells at rate ρN and die at rate φNN. Actively infected ECs die at rate φYY and

are indirectly eliminated by CD4+T cells at rate µYQ. SARS-CoV-2 particles are produced from

infected ECs at rate aY and die at rate φVV. Uninfected CD4+T cells are produced at a constant

rate η, stimulated by infected ECs at rate κYQ, die at rate φQQ, and get infected by HIV at rate

θDQ. A fraction b ∈ [0, 1] of new infected CD4+T cells will be active and rest 1 − b will be latent.

Latently infected CD4+T cells are transmitted into active cells at rate αZ and die at rate φZZ.

Actively infected CD4+T die at rate φEE. HIV particles are produced by infected CD4+T cells at

rate λE and die at rate φDD.

Model (1.1)-(1.8) is given by nonlinear continuous-time system. The exact analytical solution for

this system remains unknown. Consequently, it is only possible to derive an approximate discrete-

time solution for such a system. Furthermore, real-world experimental data from patients can only

be collected at specific discrete-time points. Classical discretization methods, such as Euler, Runge-

Kutta, and others, can lead to numerical instability and bias when dealing with large step sizes

when used to discretize nonlinear continuous-time models, as pointed out in [10]. Conversely, it is

crucial to employ a discretization method that preserves the fundamental qualitative characteristics

of the original continuous-time model. Mickens [11] introduced a nonstandard finite difference

(NSFD) scheme for solving differential equations, which has been effectively applied to various

models for within-host viral mono-infection in references [12]- [21]. Furthermore, in [22] and [23],

NSFD was employed to solve HIV-1/HTLV-I co-dynamics models. However, the discretization of

continuous-time SARS-CoV-2/HIV co-dynamics models has not been previously investigated.

The aim of our current research is to employ the NSFD method for discretizing the SARS-CoV-

2/HIV co-dynamics model. We demonstrate that the solutions of the discretized SARS-CoV-2/HIV

co-dynamics model are both positive and ultimately bounded. We find four fixed points of the

model and establish their existence conditions, which depend on four threshold parameters (TPi,

i = 1, 2, 3, 4). To demonstrate the global stability of all fixed points, we apply the Lyapunov method

for discrete-time system. We also conduct numerical simulations to validate the theoretical findings

we have obtained.

2. The Discrete SARS-CoV-2/HIV co-dynamics model

In this section, we discretize model (1.1)-(1.8) by using NSFD approach as:

Xn+1 −Xn

Π(d)
= ξ−φXXn+1 − %VnXn+1, (2.1)

Nn+1 −Nn

Π(d)
= %VnXn+1 − (ρ+ φN)Nn+1, (2.2)

Yn+1 −Yn

Π(d)
= ρNn+1 −φYYn+1 − µYn+1Qn+1, (2.3)
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Vn+1 −Vn

Π(d)
= aYn+1 −φVVn+1, (2.4)

Qn+1 −Qn

Π(d)
= η+ κYn+1Qn+1 −φQQn+1 − θDnQn+1, (2.5)

Zn+1 −Zn

Π(d)
= (1− b)θDnQn+1 − (α+ φZ)Zn+1, (2.6)

En+1 − En

Π(d)
= bθDnQn+1 + αZn+1 −φEEn+1, (2.7)

Dn+1 −Dn

Π(d)
= λEn+1 −φDDn+1. (2.8)

where d > 0 is step size (Xn,, Nn, Yn, Vn, Qn, Zn, En, Dn) be an are approximation of the solution of

system (1.1)-(1.8) at the time instants tn = nd and n = {0, 1, 2, ...}. Function Π(d) is selected such

that Π(d) = d + O(d2) [24] We consider

Π(d) =
1− e−φXd

φX
. (2.9)

The initial conditions of system (2.1)-(2.8) are

(X0, N0, Y0, V0, Q0, Z0, E0, D0) ∈ R8
+ = {(X, N, Y, V, Q, Z, E, D) | X > 0, N > 0, Y > 0, (2.10)

V > 0, Q > 0, Z > 0, E > 0, D > 0}.

3. Preliminaries

Let σ = min{φX,φN, φY
2 ,φV,φQ,φZ, φE

2 ,φD} and W1 = ξ +
µ
κη, W2 = 2a

φY
W1, W3 = κ

µW1, and

W4 = 2κλ
µφE

W1 and define the region Γ = {(X, N, Y, V, Q, Z, E, D) : 0 < X, N, Y < W1, 0 < V < W2, 0 <

Q, Z, E < W3, 0 < D < W4}.

Lemma 1. Any solution of the discrete model (2.1)-(2.8) under initial conditions (2.10) is positive

and ultimately bounded.

Proof Eqs. (2.1)-(2.8) yield

Xn+1 =
Π(d)ξ+ Xn

1 + Π(d)(φX + %Vn)
, (3.1)

Nn+1 =
Π(d)%VnXn+1 + Nn

1 + Π(d)(ρ+ φN)
, (3.2)

Yn+1 =
Π(d)ρNn+1 + Yn

1 + Π(d)(φY + µQn+1)
, (3.3)

Vn+1 =
Π(d)aYn+1 + Vn

1 + Π(d)φV
, (3.4)

Qn+1 =
Π(d)η+ Qn

1 + Π(d)(φQ − κYn+1 + θDn)
, (3.5)

Zn+1 =
Π(d)(1− b)θDnQn+1 + Zn

1 + Π(d)(α+ φZ)
, (3.6)
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En+1 =
Π(d)bθDnQn+1 + Π(d)αZn+1 + En

1 + Π(d)φE
(3.7)

Dn+1 =
Π(d)λEn+1 + Dn

1 + Π(d)φD
. (3.8)

We show that (X1, N1, Y1, V1, Q1, Z1, E1, D1) exists uniquely and is positive. If n = 0, then from

equations Eqs. (3.1) and (3.2) and the initial conditions Eq. (2.10), we get X1 > 0 and N1 > 0. From

Eqs. (3.3) and (3.5), we get

Q1 =
[Π(d)η+ Q0] [1 + Π(d)(φY + µQ1)][

1 + Π(d)(φQ + θD0)
]
[1 + Π(d)(φY + µQ1)] − κΠ(d) [Π(d)ρN1 + Y0]

. (3.9)

Then

A1Q2
1 + B1Q1 + C1 = 0, (3.10)

where

A1 = µΠ(d)(1 + Π(d)φQ + Π(d)θD0),

B1 =
[
1 + Π(d)φQ + Π(d)θD0)

]
[1 + Π(d)φY] − κΠ(d) [Π(d)ρN1 + Y0] − µΠ(d) [Π(d)η+ Q0] ,

(3.11)

C1 = − [(1 + Π(d)φY)(Π(d)η+ Q0)] .

Since A1 > 0 and C1 < 0, then B2
1 − 4A1C1 > 0, and hence there exists a unique positive root of Eq.

(3.10) Q1 > 0. From Eqs. (3.3),(3.4),(3.6),(3.7) and (3.8), we get

Y1 =
Π(d)ρN1 + Y0

1 + Π(d)(φY + µQ1)
> 0, (3.12)

V1 =
Π(d)aY1 + V0

1 + Π(d)φV
> 0, (3.13)

Z1 =
Π(d)(1− b)θD0Q1 + Z0

1 + Π(d)(α+ φZ)
> 0, (3.14)

E1 =
Π(d)bθD0Q1 + Π(d)αZ1 + E0

1 + Π(d)φE
> 0, (3.15)

D1 =
Π(d)λE1 + D0

1 + Π(d)φD
> 0. (3.16)

Therefore, the solution (X1, N1, Y1, V1, Q1, Z1, E1, D1) exists uniquely and is positive. Repeating the

above process for n = 1 we can prove that (X2, N2, Y2, V2, Q2, L2, A2) exists uniquely and is positive.

Mathematical induction provides that for all n ≥ 0, (Xn, Nn, Yn, Vn, Qn, Zn, En, Dn) exists uniquely

and is positive. By induction, we get Xn > 0, Nn > 0, Yn > 0, Vn > 0, Qn > 0, Zn > 0, En > 0, and

Dn > 0 ∀n ≥ 0. Define a sequence sequence Mn:

Mn = Xn + Nn + Yn +
φY

2a
Vn +

µ

κ
(Qn + Zn + En) +

µφE

2κλ
Dn.
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Then

Mn+1 −Mn = (Xn+1 −Xn) + (Nn+1 −Nn) + (Yn+1 −Yn) +
φY

2a
(Vn+1 −Vn) +

µ

κ
[(Qn+1 −Qn)

+(Zn+1 −Zn) + (En+1 − En)] +
µφE

2κλ
(Dn+1 −Dn)

= Π(d)
[
ξ−φXXn+1 −φNNn+1 −

φY

2
Yn+1 −

φY

2a
φVVn+1 +

µ

κ
η−

µ

κ
φQQn+1 −

µ

κ
φZZn+1

−
µ

2κ
φEEn+1 −

µφE

2κλ
φDDn+1

]
≤ Π(d)

(
ξ+

µ

κ
η
)
−Π(d)σ

[
Xn+1 + Nn+1 + Yn+1 +

φY

2a
Vn+1 +

µ

κ
(Qn+1 + Zn+1 + En+1)

+
µφE

2κλ
Dn+1

]
= Π(d)

(
ξ+

µ

κ
η
)
−Π(d)σMn+1.

Hence

Mn+1 ≤
Mn

1 + Π(d)σ
+

Π(d)
(
ξκ+µη
κ

)
1 + Π(d)σ

.

Lemma 2.2 in [25] gives

Mn ≤

(
1

1 + Π(d)σ

)n

M0 +

(
ξκ+ µη

κσ

) [
1−

(
1

1 + Π(d)σ

)n]
.

This gives, lim sup
n→∞

Mn ≤W1, lim sup
n→∞

Xn ≤W1, lim sup
n→∞

Nn ≤W1, lim sup
n→∞

Yn ≤W1, lim sup
n→∞

Vn ≤W2,

lim sup
n→∞

Qn ≤ W3, lim sup
n→∞

Zn ≤ W3, lim sup
n→∞

En ≤ W3 and lim sup
n→∞

Dn ≤ W4. Therefore,

(Xn,, Nn, Yn, Vn, Qn, Zn, En, Dn) converges to Γ as n→∞.

4. Fixed points

The fixed points of (2.1)-(2.8) satisfy the following:

0 = ξ−φXX − %VX,

0 = %VX − (ρ+ φN)N,

0 = ρN −φYY − µYQ,

0 = aY −φVV,

0 = η+ κYQ−φQQ− θDQ,

0 = (1− b)θDQ− (α+ φZ)Z,

0 = bθDQ + αZ−φEE,

0 = λE−φDD.

We find that the system admits four fixed points.
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1) Infection-free fixed point FP0 = (X0, 0, 0, 0, Q0, 0, 0, 0), where X0 = ξ
φX

and Q0 =
η
φQ

, which

always exists.

2) HIV mono-infection fixed point FP1 = (X̂, 0, 0, 0, Q̂, Ẑ, Ê, D̂), where

X̂ = X0 =
ξ
φX

, Q̂ =
φEφD(φz + α)

θλ(α+ φzb)
=

Q0

TP1
,

Ẑ = (1− b)
[

η

φZ + α
−

φQφEφD

θλ(α+ φzb)

]
=
φQφEφD(1− b)
θλ(α+ φzb)

(TP1 − 1),

Ê = −
φQφD

θλ
+
η(α+ φzb)
φE (φZ + α)

=
φQφD

θλ
(TP1 − 1),

D̂ = −
φQ

θ
+

λη(α+ φzb)
φEφD (φZ + α)

=
φQ

θ
(TP1 − 1).

Where TP1 =
ηθλ(α+φzb)

φQφEφD(φz+α)
. Here, the threshold parameter TP1 represents the basic reproduction

of HIV mono-infection. It determines the establishment of HIV infection. We see that X̂ and Q̂ is

always positive, while Ẑ, Ê and D̂ are positive if TP1 > 1. Therefore, FP1 exists when TP1 > 1.

3) SARS-CoV-2 mono-infection fixed point FP2 = (X̃, Ñ, Ỹ, Ṽ, Q̃, 0, 0, 0) where

Ỹ =
φV

a
Ṽ, Q̃ =

η

φQ − κỸ
, X̃ =

(ρ+ φN)(ỸφY + Q̃Ỹµ)

ρ%Ṽ
, Ñ =

ỸφY + Q̃Ỹµ
ρ

, (4.1)

and Ṽ satisfies the following equation:

T1Ṽ2 + T2Ṽ + T3

aρ%(aφQ − κφVṼ)
= 0, (4.2)

where

T1 = κφYφ
2
V%(ρ+ φN),

T2 = φXφYφ
2
Vκ(ρ+ φN) − a%φYφVφQ(ρ+ φN) − a%ηµφV(ρ+ φN) − ξa%ρκφV,

T3 = −aφXφQφVφY(ρ+ φN) − aµηφXφV(ρ+ φN) + a2ξ%ρφQ.

We show that Eq. (4.2) has a positive root. We define

F(V) =
T1V2 + T2V + T3

aρ%(aφQ − κφVV)
.

Then

F(0) =
−aφXφQφVφY(ρ+ φN) − aφXφVµη(ρ+ φN) + a2φQ%ρξ

a2φQ%ρ

=
(ρ+ φN)(φXφVφQφY + φXφVµη)

aφQ%ρ
(TP2 − 1),

where TP2 =
aξ%ρφQ

φXφV(ρ+φN)(φYφQ+ηµ)
. This shows that F(0) > 0 when TP2 > 1, and

lim sup
V→

aφQ
κφV

−

F(V) = −∞.
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It follows that there exists a unique Ṽ ∈
(
0, aφQ

κφV

)
such that F(Ṽ) = 0. From Eq. (4.1), we get that

Ỹ > 0, Q̃ > 0, X̃ > 0 and Ñ > 0. As a result, FP2 exists when TP2 > 1. The parameter TP2 represents

the basic reproduction number of SARS-CoV-2 mono-infection. It determines the establishment of

SARS-CoV-2 single infection.

4) SARS-CoV-2/HIV co-dynamics fixed point FP3 = (X̄, N̄, Ȳ, V̄, Q̄, Z̄, Ē, D̄), where

X̄ =
φV(ρ+ φN) [φYλθ (α+ φZb) + µφEφD (φZ + α)]

aρ%λθ (α+ φZb)
,

N̄ = −
φXφV [φYλθ (α+ φZb) + µφEφD (φZ + α)]

aρ%λθ (α+ φZb)
+

ξ
ρ+ φN

,

Ȳ = −
φXφV

a%
+

λθξρ (α+ φZb)
(ρ+ φN) [φYλθ (α+ φZb) + µφEφD (φZ + α)]

,

V̄ = −
φX

%
+

θaλξρ (α+ φZb)
φV(ρ+ φN) [φYλθ (α+ φZb) + µφEφD (φZ + α)]

,

Q̄ =
φEφD (φZ + α)

λθ (α+ φZb)
,

Z̄ =
φEφD(1− b)(φXφVκ+ a%φQ)

a%λθ (α+ φZb)
×[

a%λθ (α+ φZb)
a%φQ + φXφVκ

(
η

(φEφD (φZ + α)
+

κξρ

(ρ+ φN) [φYλθ (α+ φZb) + µφEφD (φZ + α)]

)
− 1

]
,

Ē =
φD(a%φQ + φXφVκ)

a%λθ
×[

a%λθ (α+ φZb)
a%φQ + φXφVκ

(
η

(φEφD (φZ + α)
+

κξρ

(ρ+ φN) [φYλθ (α+ φZb) + µφEφD (φZ + α)]

)
− 1

]
,

D̄ =
a%φQ + φXφVκ

a%θ
×[

a%λθ (α+ φZb)
a%φQ + φXφVκ

(
η

(φEφD (φZ + α)
+

κξρ

(ρ+ φN) [φYλθ (α+ φZb) + µφEφD (φZ + α)]

)
− 1

]
.

It follows that Z̄ > 0, Ē > 0 and D̄ > 0 only when
a%λθ(α+φZb)
a%φG+φXφVκ

(
η

(φEφD(φZ+α)
+

κξρ
(ρ+φN)[φYλθ(α+φZb)+µφEφD(φZ+α)]

)
> 1. On other hand, N̄ > 0, Ȳ > 0

and V̄ > 0 if a%λθξρ(α+φZb)
φXφV(ρ+φN)[φYλθ(α+φZb)+µφEφD(φZ+α)]

> 1. Therefore, we can rewrite the components of

FP3 as

X̄ =
X0

TP4
, N̄ =

φXφV [φYλθ (α+ φZb) + µφEφD (φZ + α)]

aρ%λθ (α+ φZb)
(TP4 − 1),

Ȳ =
φXφV

a%
(TP4 − 1), V̄ =

φX

%
(TP4 − 1),

Q̄ =
φEφD (φZ + α)

λθ (α+ φZb)
, Z̄ =

φEφD(1− b)(φXφVκ+ a%φQ)

a%λθ (α+ φZb)
(TP3 − 1),
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Ē =
φD(a%φQ + φXφVκ)

a%λθ
(TP3 − 1), D̄ =

a%φQ + φXφVκ

a%θ
(TP3 − 1),

where

TP3 =
a%λθ (α+ φZb)
a%φQ + φXφVκ

(
η

(φEφD (φZ + α)
+

κξρ

(ρ+ φN) [φYλθ (α+ φZb) + µφEφD (φZ + α)]

)
,

TP4 =
a%λθξρ (α+ φZb)

φXφV(ρ+ φN) [φYλθ (α+ φZb) + µφEφD (φZ + α)]
.

Thus, if TP3 > 1 and TP4 > 1, then FP3 exists. Parameters TP3 and TP4 determine the situation of

SARS-CoV-2/HIV co-dynamics. The above results can be summarized as:

Lemma 2. There exist four threshold numbers TP j > 0, j = 1, 2, 3, 4

(a) if TP1 ≤ 1, then, the infection-free fixed point, FP0 = (X0, 0, 0, 0, Q0, 0, 0, 0) is the only fixed

point,

(b) if TP1 > 1, then, in addition to FP0, there is a HIV mono infection fixed point, FP1 =

(X̂, 0, 0, 0, Q̂, Ẑ, Ê, D̂),

(c) if TP2 > 1, then, in addition to FP0, there is a SARS-CoV-2 mono infection fixed point,

FP2 = (X̃, Ñ, Ỹ, Ṽ, Q̃, 0, 0, 0),

(d) if TP3 > 1 and TP4 > 1, then, in addition to FP0, there is an SARS-CoV-2/HIV co-dynamics

fixed point , FP3 = (X̄, N̄, Ȳ, V̄, Q̄, Z̄, Ē, D̄).

5. Global stability

In this section we demonstrate the global asymptotic stability of all fixed points using Lyapunov

method. We use the function G(x) ≥ 0 as G(x) = x− 1− ln x. We have

ln x ≤ x− 1. (5.1)

Theorem 5.1. If TP1 ≤ 1 and TP2 ≤ 1, then FP0 = (X0, 0, 0, 0, Q0, 0, 0, 0) is globally asymptotically
stable (GAS).

Proof. We formulate a discrete Lyapunov function Ξn(Xn, Nn, Yn, Vn, Qn, Zn, En, Dn) as

Ξn =
1

Π(d)

[
X0G

(Xn

X0

)
+ Nn +

ρ+ φN

ρ
Yn +

%X0

φV
(1 + Π(d)φV)Vn

+
µ(ρ+ φN)

κρ
Q0G

(
Qn

Q0

)
+
µα(ρ+ φN)

κρ(α+ φZb)
Zn +

µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
En

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD)Dn

]
.

We have, Ξn > 0 for all Xn > 0, Nn > 0, Yn > 0, Vn > 0, Qn > 0, Zn > 0, En > 0, Dn > 0. Further,

Ξn(X0, 0, 0, 0, Q0, 0, 0, 0) = 0. Computing ∆Ξn = Ξn+1 − Ξn as:

∆Ξn =
1

Π(d)

[
X0G

(Xn+1

X0

)
+ Nn+1 +

ρ+ φN

ρ
Yn+1 +

%X0

φV
(1 + Π(d)φV)Vn+1
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+
µ(ρ+ φN)

κρ
Q0G

(
Qn+1

Q0

)
+
µα(ρ+ φN)

κρ(α+ φZb)
Zn+1 +

µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
En+1

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD)Dn+1 −X0G

(Xn

X0

)
−Nn −

ρ+ φN

ρ
Yn

−
%X0

φV
(1 + Π(d)φV)Vn −

µ(ρ+ φN)

κρ
Q0G

(
Qn

Q0

)
−
µα(ρ+ φN)

κρ(α+ φZb)
Zn

−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
En −

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD)Dn

]
=

1
Π(d)

[
X0

(
Xn+1 −Xn

X0 + ln
(

Xn

Xn+1

))
+ (Nn+1 −Nn) +

ρ+ φN

ρ
(Yn+1 −Yn)

+
%X0

φV
(1 + Π(d)φV) (Vn+1 −Vn) +

µ(ρ+ φN)

κρ
Q0

(
Qn+1 −Qn

Q0 + ln
(

Qn

Qn+1

))
+
µα(ρ+ φN)

κρ(α+ φZb)
(Zn+1 −Zn) +

µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
(En+1 − En)

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD) (Dn+1 −Dn)

]
.

Using inequality (5.1) we obtain

∆Ξn ≤
1

Π(d)

[(
Xn+1 −Xn + X0

(
Xn

Xn+1
− 1

))
+ (Nn+1 −Nn) +

ρ+ φN

ρ
(Yn+1 −Yn)

+
%X0

φV
(1 + Π(d)φV) (Vn+1 −Vn) +

µ(ρ+ φN)

κρ

(
Qn+1 −Qn + Q0

(
Qn

Qn+1
− 1

))
+
µα(ρ+ φN)

κρ(α+ φZb)
(Zn+1 −Zn) +

µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
(En+1 − En)

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD) (Dn+1 −Dn)

]
. (5.2)

Inequality (5.2), can be written as:

=
1

Π(d)

[(
1−

X0

Xn+1

)
(Xn+1 −Xn) + (Nn+1 −Nn) +

ρ+ φN

ρ
(Yn+1 −Yn)

+
%X0

φV
(1 + Π(d)φV) (Vn+1 −Vn) +

µ(ρ+ φN)

κρ

(
1−

Q0

Qn+1

)
(Qn+1 −Qn)

+
µα(ρ+ φN)

κρ(α+ φZb)
(Zn+1 −Zn) +

µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
(En+1 − En)

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD) (Dn+1 −Dn)

]
.

From Eqs. (2.1)-(2.8), we have

∆Ξn ≤

(
1−

X0

Xn+1

)
(ξ−φXXn+1 − %VnXn+1) + (%VnXn+1 − (ρ+ φN)Nn+1)

+
ρ+ φN

ρ
(ρNn+1 −φYYn+1 − µYn+1Qn+1) +

%X0

φV
(aYn+1 −φVVn+1) + %X0Vn+1
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+ %X0Vn +
µ(ρ+ φN)

κρ

(
1−

Q0

Qn+1

) (
η+ κYn+1Qn+1 −φQQn+1 − θDnQn+1

)
+
µα(ρ+ φN)

κρ(α+ φZb)
((1− b)θDnQn+1 − (α+ φZ)Zn+1)

+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
(bθDnQn+1 + αZn+1 −φEEn+1)

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(λEn+1 −φDDn+1) +

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn+1

−
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn.

Collecting terms yields

∆Ξn ≤

(
1−

X0

Xn+1

)
(ξ−φXXn+1) +

µ(ρ+ φN)

κρ

(
1−

Q0

Qn+1

) (
η−φQQn+1

)
+

(
%X0

φV
a−

ρ+ φN

ρ
φY −

µ(ρ+ φN)

ρ
Q0

)
Yn+1 +

µ(ρ+ φN)

κρ

(
θQ0
−
φDφE(φZ + α)

λ(α+ φZb)

)
Dn.

We have

ξ = φXX0 and η = φQQ0,

then we obtain

∆Ξn ≤

(
1−

X0

Xn+1

) (
φXX0

−φXXn+1

)
+
µ(ρ+ φN)

κρ

(
1−

Q0

Qn+1

) (
φQQ0

−φQQn+1

)
+

(
%X0

φV
a−

ρ+ φN

ρ
φY −

µ(ρ+ φN)

ρ
Q0

)
Yn+1 +

µ(ρ+ φN)

κρ

(
θQ0
−
φDφE(φZ + α)

λ(α+ φZb)

)
Dn

= −φX

(
Xn+1 −X0

)2

Xn+1
−
µ(ρ+ φN)

κρ
φQ

(
Qn+1 −Q0

)2

Qn+1

+
(ρ+ φN)(φYφQ + ηµ)

ρφQ

(
aξ%ρφQ

φXφV(ρ+ φN)(φYφQ + ηµ)
− 1

)
Yn+1

+
µφDφE(ρ+ φN)(φZ + α)

κρλ(α+ φZb)

(
ηθλ(α+ φzb)

φQφEφD(φz + α)
− 1

)
Dn

= −φX

(
Xn+1 −X0

)2

Xn+1
−
µ(ρ+ φN)

κρ
φQ

(
Qn+1 −Q0

)2

Qn+1
+

(ρ+ φN)(φYφQ + ηµ)

ρφQ
(TP2 − 1)Yn+1

+
µφDφE(ρ+ φN)(φZ + α)

κρλ(α+ φZb)
(TP1 − 1)Dn.

Since TP1 ≤ 1 and TP2 ≤ 1, then Ξn is monotonically decreasing. Clearly Ξn ≥ 0, and hence, there

is a limit, limn→∞ Ξn ≥ 0 and limn→∞ ∆Ξn = 0, which provides limn→∞Xn = X0, limn→∞Qn = Q0,

limn→∞(TP2 − 1)Yn+1 = 0 and limn→∞(TP1 − 1)Dn = 0. We study four cases:

(i) TP1 = 1 and TP2 = 1, and then from Eq. (2.1),

0 = ξ−φXX0
− %X0 lim

n→∞
Vn ⇒ lim

n→∞
Vn = 0. (5.3)



12 Int. J. Anal. Appl. (2024), 22:69

Moreover, from Eqs. (2.2), (2.4), (2.5) and (2.6) we get

0 = %X0 lim
n→∞

Vn − (ρ+ φN) lim
n→∞

Nn+1 ⇒ lim
n→∞

Nn = 0, (5.4)

0 = a lim
n→∞

Yn+1 −φV lim
n→∞

Vn+1 ⇒ lim
n→∞

Yn = 0, (5.5)

0 = η+ κ lim
n→∞

Yn+1Q0
−φQQ0

− θ lim
n→∞

DnQ0
⇒ lim

n→∞
Dn = 0, (5.6)

0 = (1− b)θ lim
n→∞

DnQ0
− (α+ φZ) lim

n→∞
Zn+1 ⇒ lim

n→∞
Zn = 0 (5.7)

Then, from Eq. (2.8), we have

0 = λ lim
n→∞

En+1 −φD lim
n→∞

Dn+1 ⇒ lim
n→∞

En = 0. (5.8)

(ii) TP1 = 1, TP2 < 1 and limn→∞ Yn = 0. Eqs. (5.3), (5.4) and (5.6)-(5.8) yield limn→∞Nn = 0,

limn→∞Vn = 0, limn→∞ Zn = 0, limn→∞ En = 0 and limn→∞Dn = 0.

(iii) TP1 < 1, TP2 = 1 and limn→∞Dn = 0. Eqs. (5.3)-(5.5), (5.7) and (5.8) give limn→∞Nn = 0,

limn→∞Vn = 0, limn→∞ Yn = 0, limn→∞ Zn = 0, and limn→∞ En = 0.

(iv) TP1 < 1, TP2 < 1, limn→∞ Yn = 0 and limn→∞Dn = 0. From Eqs.(5.3), (5.4), (5.7) and (5.8)

we get limn→∞Nn = 0, limn→∞Vn = 0 limn→∞ Zn = 0, and limn→∞ En = 0.

As a result, if TP1 ≤ 1 and TP2 ≤ 1, then limn→∞(Xn, Nn, Yn, Vn, Qn, Zn, En, Dn) =

(X0, 0, 0, 0, Q0, 0, 0, 0). This provides that, FP0 is GAS.�

Theorem 5.2. If TP1 > 1 and TP4 ≤ 1 then FP1 = (X̂, 0, 0, 0, Q̂, Ẑ, Ê, D̂) is GAS.

Proof. Define

Υn =
1

Π(d)

[
X̂G

(Xn

X̂

)
+ Nn +

ρ+ φN

ρ
Yn +

%X̂
φV

(1 + Π(d)φV)Vn

+
µ(ρ+ φN)

κρ
Q̂G

(
Qn

Q̂

)
+
µα(ρ+ φN)

κρ(α+ φZb)
ẐG

(Zn

Ẑ

)
+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
ÊG

(En

Ê

)
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD) D̂G

(Dn

D̂

)]
.

Obviously Υn > 0 for all Xn > 0, Nn > 0, Yn > 0, Vn > 0, Qn > 0, Zn > 0, En > 0, Dn > 0. Moreover,

Υn(X̂, 0, 0, 0, Q̂, Ẑ, Ê, D̂) = 0. Computing ∆Υn = Υn+1 − Υn as:

Υn =
1

Π(d)

[
X̂G

(Xn+1

X̂

)
+ Nn+1 +

ρ+ φN

ρ
Yn+1 +

%X̂
φV

(1 + Π(d)φV)Vn+1

+
µ(ρ+ φN)

κρ
Q̂G

(
Qn+1

Q̂

)
+
µα(ρ+ φN)

κρ(α+ φZb)
ẐG

(Zn+1

Ẑ

)
+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
ÊG

(En+1

Ê

)
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD) D̂G

(Dn+1

D̂

)
− X̂G

(Xn

X̂

)
−Nn −

ρ+ φN

ρ
Yn

−
%X̂
φV

(1 + Π(d)φV)Vn −
µ(ρ+ φN)

κρ
Q̂G

(
Qn

Q̂

)
−
µα(ρ+ φN)

κρ(α+ φZb)
ẐG

(Zn

Ẑ

)
−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
ÊG

(En

Ê

)
−
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD) D̂G

(Dn

D̂

)]
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=
1

Π(d)

[
X̂

(
Xn+1 −Xn

X̂
+ ln

(
Xn

Xn+1

))
+ (Nn+1 −Nn) +

ρ+ φN

ρ
(Yn+1 −Yn)

+
%X̂
φV

(1 + Π(d)φV) (Vn+1 −Vn) +
µ(ρ+ φN)

κρ
Q̂

(
Qn+1 −Qn

Q̂
+ ln

(
Qn

Qn+1

))
+
µα(ρ+ φN)

κρ(α+ φZb)
Ẑ

(
Zn+1 −Zn

Ẑ
+ ln

(
Zn

Zn+1

))
+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
Ê
(

En+1 − En

Ê
+ ln

(
En

En+1

))
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD) D̂

(
Dn+1 −Dn

D̂
+ ln

(
Dn

Dn+1

))]
.

Using inequality (5.1) we get

∆Υn ≤
1

Π(d)

[
Xn+1 −Xn + X̂

(
Xn

Xn+1
− 1

)
+ (Nn+1 −Nn) +

ρ+ φN

ρ
(Yn+1 −Yn) +

%X̂
φV

(Vn+1 −Vn)

+
µ(ρ+ φN)

κρ

(
Qn+1 −Qn + Q̂

(
Qn

Qn+1
− 1

))
+
µα(ρ+ φN)

κρ(α+ φZb)

(
Zn+1 −Zn + Ẑ

(
Zn

Zn+1
− 1

))
+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)

(
En+1 − En + Ê

(
En

En+1
− 1

))
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)

(
Dn+1 −Dn + D̂

(
Dn

Dn+1
− 1

))]
+ %X̂Vn+1 − %X̂Vn +

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn+1 −

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̂ ln

(
Dn

Dn+1

)
. (5.9)

Inequality (5.9), can be written as:

∆Υn ≤
1

Π(d)

[(
1−

X̂
Xn+1

)
(Xn+1 −Xn) + (Nn+1 −Nn) +

ρ+ φN

ρ
(Yn+1 −Yn)

+
%X̂
φV

(Vn+1 −Vn) +
µ(ρ+ φN)

κρ

(
1−

Q̂
Qn+1

)
(Qn+1 −Qn)

+
µα(ρ+ φN)

κρ(α+ φZb)

(
1−

Ẑ
Zn+1

)
(Zn+1 −Zn) +

µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)

(
1−

Ê
En+1

)
(En+1 − En)

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)

(
1−

D̂
Dn+1

)
(Dn+1 −Dn)

]
+ %X̂Vn+1 − %X̂Vn

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn+1 −

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̂ ln

(
Dn

Dn+1

)
.

From Eqs. (2.1)-(2.8) we have

∆Υn ≤

(
1−

X̂
Xn+1

)
(ξ−φXXn+1 − %VnXn+1) + (%VnXn+1 − (ρ+ φN)Nn+1)

+
ρ+ φN

ρ
(ρNn+1 −φYYn+1 − µYn+1Qn+1)
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+
%X̂
φV

(aYn+1 −φVVn+1) +
µ(ρ+ φN)

κρ

(
1−

Q̂
Qn+1

) (
η+ κYn+1Qn+1 −φQQn+1 − θDnQn+1

)
+
µα(ρ+ φN)

κρ(α+ φZb)

(
1−

Ẑ
Zn+1

)
((1− b)θDnQn+1 − (α+ φZ)Zn+1)

+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)

(
1−

Ê
En+1

)
(bθDnQn+1 + αZn+1 −φEEn+1)

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)

(
1−

D̂
Dn+1

)
(λEn+1 −φDDn+1) + %X̂Vn+1 − %X̂Vn

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn+1 −

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̂ ln

(
Dn

Dn+1

)
.

Collecting terms we get

∆Υn ≤

(
1−

X̂
Xn+1

)
(ξ−φXXn+1) −

ρ+ φN

ρ
φYYn+1 +

%X̂
φV

aYn+1

+
µ(ρ+ φN)

κρ

(
1−

Q̂
Qn+1

) (
η−φQQn+1

)
−
µ(ρ+ φN)

ρ
Yn+1Q̂

−
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θDnQn+1

Ẑ
Zn+1

+
µα(ρ+ φN)

κρ(α+ φZb)
(α+ φZ)Ẑ

−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθDnQn+1

Ê
En+1

−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
αZn+1

Ê
En+1

+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
φEÊ−

µφE(ρ+ φN)(φZ + α)

κρ(α+ φZb)
En+1

D̂
Dn+1

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̂ +

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̂ ln

(
Dn

Dn+1

)
.

Utilizing the following conditions for FP1:

ξ = φXX̂, η = φQQ̂ + θD̂Q̂,

(1− b)θD̂Q̂ = (α+ φZ)Ẑ, bθD̂Q̂ = φEÊ− αẐ, λÊ = φDD̂,

we get

∆Υn ≤

(
1−

X̂
Xn+1

) (
φXX̂ −φXXn+1

)
+
µ(ρ+ φN)

κρ

(
1−

Q̂
Qn+1

) (
φQQ̂−φQQn+1

)
+
µ(ρ+ φN)

κρ
θD̂Q̂

(
1−

Q̂
Qn+1

)
−
ρ+ φN

ρ
φYYn+1 +

%X̂
φV

aYn+1 −
µ(ρ+ φN)

ρ
Yn+1Q̂

−
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θDnQn+1

Ẑ
Zn+1

+
µα(ρ+ φN)

κρ(α+ φZb)
(α+ φZ)Ẑ

−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθDnQn+1

Ê
En+1

−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
αZn+1

Ê
En+1
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+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
φEÊ−

µφE(ρ+ φN)(φZ + α)

κρ(α+ φZb)
En+1

D̂
Dn+1

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̂ +

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̂ ln

(
Dn

Dn+1

)
.

= −φX

(
Xn+1 − X̂

)2

Xn+1
−
µ(ρ+ φN)

κρ
φQ

(
Qn+1 − Q̂

)2

Qn+1
+

(
%X̂
φV

a−
ρ+ φN

ρ
φY −

µ(ρ+ φN)

ρ
Q̂
)

Yn+1

+
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̂Q̂

(
4−

Q̂
Qn+1

−
En+1D̂
ÊDn+1

−
Zn+1Ê
ẐEn+1

−
DnQn+1Ẑ
D̂Q̂Zn+1

+ ln
(

Dn

Dn+1

))
+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθD̂Q̂

(
3−

Q̂
Qn+1

−
Qn+1ÊDn

D̂Q̂En+1
−

En+1D̂
ÊDn+1

+ ln
(

Dn

Dn+1

))
.

Using the following equalities:

ln
(

Dn

Dn+1

)
= ln

(
Q̂

Qn+1

)
+ ln

(
En+1D̂
ÊDn+1

)
+ ln

(
Zn+1Ê
ẐEn+1

)
+ ln

(
DnQn+1Ẑ
D̂Q̂Zn+1

)
, (5.10)

ln
(

Dn

Dn+1

)
= ln

(
Q̂

Qn+1

)
+ ln

(
Qn+1ÊDn

D̂Q̂En+1

)
+ ln

(
En+1D̂
ÊDn+1

)
. (5.11)

We get

∆Υn ≤ −φX

(
Xn+1 − X̂

)2

Xn+1
−
µ(ρ+ φN)

κρ
φQ

(
Qn+1 − Q̂

)2

Qn+1

+
(ρ+ φN) [φYλθ (α+ φZb) + µφEφD (φZ + α)]

λρθ (α+ φZb)
×(

a%λθξρ (α+ φZb)
φXφV(ρ+ φN) [φYλθ (α+ φZb) + µφEφD (φZ + α)]

− 1
)

Yn+1

−
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̂Q̂

[
G

(
Q̂

Qn+1

)
+ G

(
En+1D̂
ÊDn+1

)
+ G

(
Zn+1Ê
ẐEn+1

)
+ G

(
DnQn+1Ẑ
D̂Q̂Zn+1

)]
−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθD̂Q̂

[
G

(
Q̂

Qn+1

)
+ G

(
Qn+1ÊDn

D̂Q̂En+1

)
+ G

(
En+1D̂
ÊDn+1

)]

= −φX

(
Xn+1 − X̂

)2

Xn+1
−
µ(ρ+ φN)

κρ
φQ

(
Qn+1 − Q̂

)2

Qn+1

+
(ρ+ φN) [φYλθ (α+ φZb) + µφEφD (φZ + α)]

λρθ (α+ φZb)
(TP4 − 1)Yn+1

−
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̂Q̂

[
G

(
Q̂

Qn+1

)
+ G

(
En+1D̂
ÊDn+1

)
+ G

(
Zn+1Ê
ẐEn+1

)
+ G

(
DnQn+1Ẑ
D̂Q̂Zn+1

)]
−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθD̂Q̂

[
G

(
Q̂

Qn+1

)
+ G

(
Qn+1ÊDn

D̂Q̂En+1

)
+ G

(
En+1D̂
ÊDn+1

)]
.

Since TP1 > 1 and if TP4 ≤ 1, then Υn is monotonically decreasing. We have Υn ≥ 0, and hence there

is a limit, limn→∞ Υn ≥ 0 and thus limn→∞ ∆Υn = 0, which gives limn→∞Xn = X̂, limn→∞Qn = Q̂,
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limn→∞ Zn = Ẑ, limn→∞ En = Ê, limn→∞Dn = D̂ and limn→∞ (TP4 − 1)Yn+1 = 0. Let us address

the following cases:

(i) TP4 = 1. From Eq. (2.1), we get

0 = ξ−φXX̂ − %X̂ lim
n→∞

Vn ⇒ lim
n→∞

Vn = 0. (5.12)

Moreover, from Eqs. (2.2) and (2.4) we get

0 = %X̂ lim
n→∞

Vn − (ρ+ φN) lim
n→∞

Nn+1 ⇒ lim
n→∞

Nn = 0. (5.13)

0 = µ lim
n→∞

Yn+1 −φV lim
n→∞

Vn+1 ⇒ lim
n→∞

Yn = 0, (5.14)

(ii) TP4 < 1 and then limn→∞ Yn = 0. Eqs. (5.12) and (5.14) we obtain limn→∞Nn = 0 and
limn→∞Vn = 0. Hence, FP1 is GAS.�

Theorem 5.3. If TP2 > 1 and TP3 ≤ 1, then FP2 = (X̃, Ñ, Ỹ, Ṽ, Q̃, 0, 0, 0) is GAS.

Proof. Consider

Ωn =
1

Π(d)

[
X̃G

(Xn

X̃

)
+ ÑG

(Nn

Ñ

)
+
ρ+ φN

ρ
ỸG

(Yn

Ỹ

)
+
%X̃
φV

(1 + Π(d)φV) ṼG
(Vn

Ṽ

)
+
µ(ρ+ φN)

κρ
Q̃G

(
Qn

Q̃

)
+
µα(ρ+ φN)

κρ(α+ φZb)
Zn +

µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
En

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD)Dn

]
.

Computing ∆Ωn = Ωn+1 −Ωn as:

∆Ωn =
1

Π(d)

[
X̃G

(Xn+1

X̃

)
+ ÑG

(Nn+1

Ñ

)
+
ρ+ φN

ρ
ỸG

(
Yn+1

Ỹ

)
+
%X̃
φV

(1 + Π(d)φV) ṼG
(Vn+1

Ṽ

)
+
µ(ρ+ φN)

κρ
Q̃G

(
Qn+1

Q̃

)
+
µα(ρ+ φN)

κρ(α+ φZb)
Zn+1 +

µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
En+1

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD)Dn+1 − X̃G

(Xn

X̃

)
− ÑG

(Nn

Ñ

)
−
ρ+ φN

ρ
ỸG

(Yn

Ỹ

)
−
%X̃
φV

(1 + Π(d)φV) ṼG
(Vn

Ṽ

)
−
µ(ρ+ φN)

κρ
Q̃G

(
Qn

Q̃

)
−
µα(ρ+ φN)

κρ(α+ φZb)
Zn

−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
En −

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD)Dn

]
=

1
Π(d)

[
X̃

(
Xn+1 −Xn

X̃
+ ln

(
Xn

Xn+1

))
+ Ñ

(
Nn+1 −Nn

Ñ
+ ln

(
Nn

Nn+1

))
+
ρ+ φN

ρ
Ỹ

(
Yn+1 −Yn

Ỹ
+ ln

(
Yn

Yn+1

))
+
%X̃
φV

(1 + Π(d)φV) Ṽ
(

Vn+1 −Vn

Ṽ
+ ln

(
Vn

Vn+1

))
+
µ(ρ+ φN)

κρ
Q̃

(
Qn+1 −Qn

Q̃
+ ln

(
Qn

Qn+1

))
+
µα(ρ+ φN)

κρ(α+ φZb)
(Zn+1 −Zn)

+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
(En+1 − En) +

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD) (Dn+1 −Dn)

]
.
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Using inequality (5.1) we obtain

∆Ωn ≤
1

Π(d)

[(
Xn+1 −Xn + X̃

(
Xn

Xn+1
− 1

))
+

(
Nn+1 −Nn + Ñ

(
Nn

Nn+1
− 1

))
+
ρ+ φN

ρ

(
Yn+1 −Yn + Ỹ

(
Yn

Yn+1
− 1

))
+
%X̃
φV

(
Vn+1 −Vn + Ṽ

(
Vn

Vn+1
− 1

))
+
µ(ρ+ φN)

κρ

(
Qn+1 −Qn + Q̃

(
Qn

Qn+1
− 1

))
+
µα(ρ+ φN)

κρ(α+ φZb)
(Zn+1 −Zn)

+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
(En+1 − En) +

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(Dn+1 −Dn)

]
+ %X̃Vn+1 − %X̃Vn + %X̃Ṽ ln

(
Vn

Vn+1

)
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn+1

−
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn. (5.15)

Inequality (5.15), can be written as:

∆Ωn ≤
1

Π(d)

[(
1−

X̃
Xn+1

)
(Xn+1 −Xn) +

(
1−

Ñ
Nn+1

)
(Nn+1 −Nn) +

ρ+ φN

ρ

(
1−

Ỹ
Yn+1

)
(Yn+1 −Yn)

+
%X̃
φV

(
1−

Ṽ
Vn+1

)
(Vn+1 −Vn) +

µ(ρ+ φN)

κρ

(
1−

Q̃
Qn+1

)
(Qn+1 −Qn) +

µα(ρ+ φN)

κρ(α+ φZb)
(Zn+1 −Zn)

+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
(En+1 − En) +

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(Dn+1 −Dn)

]
+ %X̃Vn+1 − %X̃Vn + %X̃Ṽ ln

(
Vn

Vn+1

)
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn+1

−
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn.

From Eqs. (2.1)-(2.8) we have

∆Ωn ≤

(
1−

X̃
Xn+1

)
(ξ−φXXn+1 − %VnXn+1) +

(
1−

Ñ
Nn+1

)
(%VnXn+1 − (ρ+ φN)Nn+1)

+
ρ+ φN

ρ

(
1−

Ỹ
Yn+1

)
(ρNn+1 −φYYn+1 − µYn+1Qn+1) +

%X̃
φV

(
1−

Ṽ
Vn+1

)
(aYn+1 −φVVn+1)

+
µ(ρ+ φN)

κρ

(
1−

Q̃
Qn+1

)
(η+ κYn+1Qn+1 −φQQn+1 − θDnQn+1)

+
µα(ρ+ φN)

κρ(α+ φZb)
((1− b)θDnQn+1 − (α+ φZ)Zn+1)

+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
(bθDnQn+1 + αZn+1 −φEEn+1) +

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(λEn+1 −φDDn+1)

+ %X̃Vn+1 − %X̃Vn + %X̃Ṽ ln
(

Vn

Vn+1

)
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn+1 −

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn.
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By collecting terms we get

∆Ωn ≤

(
1−

X̃
Xn+1

)
(ξ−φXXn+1) − %VnXn+1

Ñ
Nn+1

+ (ρ+ φN)Ñ − (ρ+ φN)Nn+1
Ỹ

Yn+1

+
ρ+ φN

ρ
φYỸ +

ρ+ φN

ρ
µỸQn+1 −

%X̃
φV

aYn+1
Ṽ

Vn+1
+ %X̃Ṽ ln

(
Vn

Vn+1

)
+ %X̃Ṽ +

µ(ρ+ φN)

κρ

(
1−

Q̃
Qn+1

)
(η−φQQn+1)

+

(
%X̃
φV

a−
ρ+ φN

ρ
φY −

µ(ρ+ φN)

ρ
Q̃
)

Yn+1

+
µ(ρ+ φN)

κρ

(
θQ̃−

φEφD(φZ + α)

λ(α+ φZb)

)
Dn.

Using the conditions of fixed point FP2 :

ξ = φXX̃ + %ṼX̃,

%ṼX̃ = (ρ+ φN)Ñ,

ρÑ = φYỸ + µỸQ̃,

aỸ = φVṼ,

η = φQQ̃− κỸQ̃.

We obtain

∆Ωn ≤

(
1−

X̃
Xn+1

)
(φXX̃ −φXXn+1) + %ṼX̃ − %ṼX̃

X̃
Xn+1

− %ṼX̃
VnXn+1Ñ
ṼX̃Nn+1

+ %ṼX̃ − %ṼX̃
Nn+1Ỹ
ÑYn+1

+ %ṼX̃ −
µ(ρ+ φN)

ρ
ỸQ̃ +

µ(ρ+ φN)

ρ
ỸQ̃

Qn+1

Q̃

− %X̃Ṽ
Yn+1Ṽ
ỸVn+1

+ %X̃Ṽ +
µ(ρ+ φN)

κρ

(
1−

Q̃
Qn+1

)
(φQQ̃−φQQn+1)

−
µ(ρ+ φN)

ρ
ỸQ̃ +

µ(ρ+ φN)

ρ
ỸQ̃

Q̃
Qn+1

+ %X̃Ṽ ln
(

Vn

Vn+1

)
+

(
%X̃
φV

a−
ρ+ φN

ρ
φY −

µ(ρ+ φN)

ρ
Q̃
)

Yn+1

+
µ(ρ+ φN)

κρ

(
θQ̃−

φEφD(φZ + α)

λ(α+ φZb)

)
Dn.

= −φX

(
Xn+1 − X̃

)2

Xn+1
−
µφQ(ρ+ φN)

κρQn+1

(
Qn+1 − Q̃

)2

+ %ṼX̃
(
4−

X̃
Xn+1

−
VnXn+1Ñ
ṼX̃Nn+1

−
Nn+1Ỹ
ÑYn+1

−
Yn+1Ṽ
ỸVn+1

+ ln
(

Vn

Vn+1

))
−
µ(ρ+ φN)

ρ
ỸQ̃

(
2−

Qn+1

Q̃
−

Q̃
Qn+1

)
+
µ(ρ+ φN)

κρ

(
θQ̃−

φEφD(φZ + α)

λ(α+ φZb)

)
Dn.
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Since we have

−
µ(ρ+ φN)

ρ
ỸQ̃

(
2−

Qn+1

Q̃
−

Q̃
Qn+1

)
−φQ

µ(ρ+ φN)

κρ

(
Qn+1 − Q̃

)2

Qn+1

=
µ(ρ+ φN)

ρ
Ỹ

(
Qn+1 − Q̃

)2

Qn+1
−φQ

µ(ρ+ φN)

κρ

(
Qn+1 − Q̃

)2

Qn+1

=
µ(ρ+ φN)

κρ

(
Qn+1 − Q̃

)2

Qn+1

(
κỸ −φQ

)
= −

µη(ρ+ φN)

κρ

(
Qn+1 − Q̃

)2

Qn+1Q̃

We get

∆Ωn ≤ −φX

(
Xn+1 − X̃

)2

Xn+1
−
µη(ρ+ φN)

κρ

(
Qn+1 − Q̃

)2

Qn+1Q̃

+ %ṼX̃
(
4−

X̃
Xn+1

−
VnXn+1Ñ
ṼX̃Nn+1

−
Nn+1Ỹ
ÑYn+1

−
Yn+1Ṽ
ỸVn+1

+ ln
(

Vn

Vn+1

))
+
µ(ρ+ φN)

κρ

(
θQ̃−

φEφD(φZ + α)

λ(α+ φZb)

)
Dn. (5.16)

By using the following equality:

ln
(

Vn

Vn+1

)
= ln

(
X̃

Xn+1

)
+ ln

(
VnXn+1Ñ
ṼX̃Nn+1

)
+ ln

(
Yn+1Ṽ
ỸVn+1

)
+ ln

(
Nn+1Ỹ
ÑYn+1

)
. (5.17)

Then Eq. (5.16) becomes

∆Ωn ≤ −φX

(
Xn+1 − X̃

)2

Xn+1
−
µη(ρ+ φN)

κρ

(
Qn+1 − Q̃

)2

Qn+1Q̃

− %ṼX̃
(
G

(
X̃

Xn+1

)
+ G

(
VnXn+1Ñ
ṼX̃Nn+1

)
+ G

(
Yn+1Ṽ
ỸVn+1

)
+ G

(
Nn+1Ỹ
ÑYn+1

))
+
µ(ρ+ φN)

κρ

(
θQ̃−

φEφD(φZ + α)

λ(α+ φZb)

)
Dn.

Hence , if TP3 ≤ 1, then FP3 does not exist since D̄ ≤ 0, Ē ≤ 0 and Z̄ ≤ 0. This gives

Zn+1 −Zn

Π(d)
= (1− b)θDnQn+1 − (α+ φZ)Zn+1 ≤ 0,

En+1 − En

Π(d)
= bθDnQn+1 + αZn+1 −φEEn+1 ≤ 0,

Dn+1 −Dn

Π(d)
= λEn+1 −φDDn+1 ≤ 0.

It follows that
(
θQ̃− φEφD(φZ+α)

λ(α+φZb)

)
Dn ≤ 0 for all Dn > 0.Thus, θQ̃ − φEφD(φZ+α)

λ(α+φZb) ≤ 0 and since,

TP3 ≤ 1, then ∆Ωn ≤ 0, for all n ≥ 0. Therefore, Ωn is monotonically decreasing. Since Ωn ≥ 0,



20 Int. J. Anal. Appl. (2024), 22:69

then limn→∞Ωn ≥ 0 and thus limn→∞ ∆Ωn = 0. It follows that, limn→∞Xn = X̃, limn→∞Nn = Ñ,

limn→∞ Yn = Ỹ, limn→∞Vn = Ṽ, limn→∞Qn = Q̃ and limn→∞ (TP3 − 1)Dn = 0. The following

cases will be considered:

(i) TP3 = 1, and from Eq. (2.8)

0 = λ lim
n→∞

En+1 −φD lim
n→∞

Dn+1 =⇒ lim
n→∞

En = lim
n→∞

Dn = 0. (5.18)

Then, from Eq. (2.6), we have

0 = (1− b)θ lim
n→∞

Dn+1Q̃− (α+ φZ) lim
n→∞

Zn+1 =⇒ lim
n→∞

Zn = 0 (5.19)

(ii) TP3 < 1 and limn→∞Dn = 0. Eq. (5.18) and (5.19) imply that limn→∞ Zn = 0 and limn→∞ En =

0. This proves that, FP2 is GAS.�

Define a parameter K as:

K =
a%θλη(α+ φZb)

φEφD(φZ + α)(a%φQ + φXφVκ)
.

Theorem 5.4. If TP4 > 1 and 1 < TP3 ≤ 1 + K, then FP3 = (X̄, N̄, Ȳ, V̄, Q̄, Z̄, Ē, D̄) is GAS.

Proof. Consider

∆zn =
1

Π(d)

[
X̄G

(Xn

X̄

)
+ N̄G

(Nn

N̄

)
+
ρ+ φN

ρ
ȲG

(Yn

Ȳ

)
+
%X̄
φV

(1 + Π(d)φV) V̄G
(Vn

V̄

)
+
µ(ρ+ φN)

κρ
Q̄G

(
Qn

Q̄

)
+
µα(ρ+ φN)

κρ(α+ φZb)
Z̄G

(Zn

Z̄

)
+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
ĒG

(En

Ē

)
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD) D̄G

(Dn

D̄

)]
.

Computing ∆zn = zn+1 − zn as:

∆zn =
1

Π(d)

[
X̄G

(Xn+1

X̄

)
+ N̄G

(Nn+1

N̄

)
+
ρ+ φN

ρ
ȲG

(
Yn+1

Ȳ

)
+
%X̄
φV

(1 + Π(d)φV) V̄G
(Vn+1

V̄

)
+
µ(ρ+ φN)

κρ
Q̄G

(
Qn+1

Q̄

)
+
µα(ρ+ φN)

κρ(α+ φZb)
Z̄G

(Zn+1

Z̄

)
+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
ĒG

(En+1

Ē

)
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD) D̄G

(Dn+1

D̄

)
− X̄G

(Xn

X̄

)
− N̄G

(Nn

N̄

)
−
ρ+ φN

ρ
ȲG

(Yn

Ȳ

)
−
%X̄
φV

(1 + Π(d)φV) V̄G
(Vn

V̄

)
−
µ(ρ+ φN)

κρ
Q̄G

(
Qn

Q̄

)
−
µα(ρ+ φN)

κρ(α+ φZb)
Z̄G

(Zn

Z̄

)
−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
ĒG

(En

Ē

)
−
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
(1 + Π(d)φD) D̄G

(Dn

D̄

)]
=

1
Π(d)

[
X̄

(
Xn+1 −Xn

X̄
+ ln

(
Xn

Xn+1

))
+ N̄

(
Nn+1 −Nn

N̄
+ ln

(
Nn

Nn+1

))
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+
ρ+ φN

ρ
Ȳ

(
Yn+1 −Yn

Ȳ
+ ln

(
Yn

Yn+1

))
+
%X̄
φV

(1 + Π(d)φV) V̄
(

Vn+1 −Vn

V̄
+ ln

(
Vn

Vn+1

))
+
µ(ρ+ φN)

κρ
Q̄

(
Qn+1 −Qn

Q̄
+ ln

(
Qn

Qn+1

))
+
µα(ρ+ φN)

κρ(α+ φZb)
Z̄

(
Zn+1 −Zn

Z̄
+ ln

(
Zn

Zn+1

))
+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
Ē
(

En+1 − En

Ē
+ ln

(
En

En+1

))
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
×

(1 + Π(d)φD) D̄
(

Dn+1 −Dn

D̄
+ ln

(
Dn

Dn+1

))]
.

Using inequality (5.1), we obtain

∆zn ≤
1

Π(d)

[(
Xn+1 −Xn + X̄

(
Xn

Xn+1
− 1

))
+

(
Nn+1 −Nn + N̄

(
Nn

Nn+1
− 1

))
+
ρ+ φN

ρ

(
Yn+1 −Yn + Ȳ

(
Yn

Yn+1
− 1

))
+
%X̄
φV

(
Vn+1 −Vn + V̄

(
Vn

Vn+1
− 1

))
+
µ(ρ+ φN)

κρ

(
Qn+1 −Qn + Q̄

(
Qn

Qn+1
− 1

))
+
µα(ρ+ φN)

κρ(α+ φZb)

(
Zn+1 −Zn + Z̄

(
Zn

Zn+1
− 1

))
+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)

(
En+1 − En + Ē

(
En

En+1
− 1

))
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
×(

Dn+1 −Dn + D̄
(

Dn

Dn+1
− 1

))]
+ %X̄Vn+1 − %X̄Vn + %X̄V̄ ln

(
Vn

Vn+1

)
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn+1 −

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̄ ln

(
Dn

Dn+1

)
. (5.20)

Inequality (5.20), can be written as:

∆zn ≤
1

Π(d)

[(
1−

X̄
Xn+1

)
(Xn+1 −Xn) +

(
1−

N̄
Nn+1

)
(Nn+1 −Nn) +

ρ+ φN

ρ

(
1−

Ȳ
Yn+1

)
(Yn+1 −Yn)

+
%X̄
φV

(
1−

V̄
Vn+1

)
(Vn+1 −Vn) +

µ(ρ+ φN)

κρ

(
1−

Q̄
Qn+1

)
(Qn+1 −Qn)

+
µα(ρ+ φN)

κρ(α+ φZb)

(
1−

Z̄
Zn+1

)
(Zn+1 −Zn) +

µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)

(
1−

Ē
En+1

)
(En+1 − En)

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)

(
1−

D̄
Dn+1

)
(Dn+1 −Dn)

]
+ %X̄Vn+1 − %X̄Vn + %X̄V̄ ln

(
Vn

Vn+1

)
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn+1

−
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn +

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̄ ln

(
Dn

Dn+1

)
.
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From Eqs. (2.1)-(2.8) we have

∆zn ≤

(
1−

X̄
Xn+1

)
(ξ−φXXn+1 − %VnXn+1) +

(
1−

N̄
Nn+1

)
(%VnXn+1 − (ρ+ φN)Nn+1)

+
ρ+ φN

ρ

(
1−

Ȳ
Yn+1

)
(ρNn+1 −φYYn+1 − µYn+1Qn+1) +

%X̄
φV

(
1−

V̄
Vn+1

)
(aYn+1 −φVVn+1)

+
µ(ρ+ φN)

κρ

(
1−

Q̄
Qn+1

)
(η+ κYn+1Qn+1 −φQQn+1 − θDnQn+1)

+
µα(ρ+ φN)

κρ(α+ φZb)

(
1−

Z̄
Zn+1

)
((1− b)θDnQn+1 − (α+ φZ)Zn+1)

+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)

(
1−

Ē
En+1

)
(bθDnQn+1 + αZn+1 −φEEn+1)

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)

(
1−

D̄
Dn+1

)
(λEn+1 −φDDn+1) + %X̄Vn+1 − %X̄Vn + %X̄V̄ ln

(
Vn

Vn+1

)
+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn+1 −

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̄ ln

(
Dn

Dn+1

)
.

By collecting terms we get

∆zn ≤

(
1−

X̄
Xn+1

)
(ξ−φXXn+1) +

(
%X̄
φV

a−
ρ+ φN

ρ
φY −

µ(ρ+ φN)

ρ
Q̄
)

Yn+1

− %VnXn+1
N̄

Nn+1
+ (ρ+ φN)N̄ − (ρ+ φN)Nn+1

Ȳ
Yn+1

+
ρ+ φN

ρ
φYȲ +

ρ+ φN

ρ
µȲQn+1

−
%X̄
φV

aYn+1
V̄

Vn+1
+ %X̄V̄ +

µ(ρ+ φN)

κρ

(
1−

Q̄
Qn+1

)
(η−φQQn+1)

+
µ(ρ+ φN)

κρ
θDnQ̄−

µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θDnQn+1

Z̄
Zn+1

+
µα(ρ+ φN)

κρ(α+ φZb)
(α+ φZ)Z̄

−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθDnQn+1

Ē
En+1

−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
αZn+1

Ē
En+1

+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
φEĒ−

µφE(ρ+ φN)(φZ + α)

κρ(α+ φZb)
En+1

D̄
Dn+1

+
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̄

+ %X̄V̄ ln
(

Vn

Vn+1

)
−
µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDDn +

µφE(ρ+ φN)(φZ + α)

λκρ(α+ φZb)
φDD̄ ln

(
Dn

Dn+1

)
.

Using the conditions of fixed point FP3 :

ξ = φXX̄ + %V̄X̄,

%V̄X̄ = (ρ+ φN)N̄,

ρN̄ = φYȲ + µȲQ̄,

aȲ = φVV̄,
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η = φQQ̄− κȲQ̄ + θD̄Q̄,

(1− b)θD̄Q̄ = (α+ φZ)Z̄,

bθD̄Q̄ = φEĒ− αZ̄,

λĒ = φDD̄,

we get

∆zn ≤

(
1−

X̄
Xn+1

)
(φXX̄ −φXXn+1) − %V̄X̄

X̄
Xn+1

+ %X̄V̄ + −%V̄X̄
VnXn+1N̄
V̄X̄Nn+1

+ %X̄V̄

− %X̄V̄
Nn+1Ȳ
N̄Yn+1

+ %X̄V̄ −
ρ+ φN

ρ
µȲQ̄ +

ρ+ φN

ρ
µȲQ̄

Qn+1

Q̄
− %X̄V̄

Yn+1V̄
ȲVn+1

+ %X̄V̄

+
µ(ρ+ φN)

κρ

(
1−

Q̄
Qn+1

)
(φQQ̄−φQQn+1) −

µ(ρ+ φN)

ρ
ȲQ̄ +

µ(ρ+ φN)

ρ
ȲQ̄

Q̄
Qn+1

+
µ(ρ+ φN)

κρ
θD̄Q̄−

µ(ρ+ φN)

κρ
θD̄Q̄

Q̄
Qn+1

−
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̄Q̄

DnQn+1Z̄
D̄Q̄Zn+1

+
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̄Q̄−

µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθD̄Q̄

DnQn+1Ē
D̄Q̄En+1

−
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̄Q̄

Zn+1Ē
Z̄En+1

+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθD̄Q̄ +

µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̄Q̄

−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθD̄Q̄

En+1D̄
ĒDn+1

−
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̄Q̄

En+1D̄
ĒDn+1

+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθD̄Q̄ +

µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̄Q̄ + %X̄V̄ ln

(
Vn

Vn+1

)
+
µ(ρ+ φN)

κρ

(
θQ̄−

φEφD(φZ + α)

λ(α+ φZb)

)
Dn +

µ(ρ+ φN)

κρ(α+ φZb)
bθD̄Q̄ ln

(
Dn

Dn+1

)
+
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̄Q̄ ln

(
Dn

Dn+1

)
.

= −φX
(Xn+1 − X̄)2

Xn+1
−
µ(ρ+ φN)

κρ
φQ

(Qn+1 − Q̄)
2

Qn+1
−
ρ+ φN

ρ
µȲQ̄

(
2−

Qn+1

Q̄
−

Q̄
Qn+1

)
+ %V̄X̄

(
4−

X̄
Xn+1

−
VnXn+1N̄
V̄X̄Nn+1

−
Nn+1Ȳ
N̄Yn+1

−
Yn+1V̄
ȲVn+1

+ ln
(

Vn

Vn+1

))
+
µ(ρ+ φN)

κρ
θD̄Q̄

(
1−

Q̄
Qn+1

)
+
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̄Q̄

(
3−

DnQn+1Z̄
D̄Q̄Zn+1

−
Zn+1Ē
Z̄En+1

−
En+1D̄
ĒDn+1

+ ln
(

Dn

Dn+1

))
+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθD̄Q̄

(
2−

DnQn+1Ē
D̄Q̄En+1

−
En+1D̄
ĒDn+1

+ ln
(

Dn

Dn+1

))
. (5.21)

Since we have

−
ρ+ φN

ρ
µȲQ̄

(
2−

Qn+1

Q̄
−

Q̄
Qn+1

)
−
µ(ρ+ φN)

κρ
φQ

(Qn+1 − Q̄)
2

Qn+1
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=
µ(ρ+ φN)

ρ
Ȳ
(Qn+1 − Q̄)

2

Qn+1
−
µφQ(ρ+ φN)

κρ

(Qn+1 − Q̄)
2

Qn+1

=
µ(ρ+ φN)

ρ

(Qn+1 − Q̄)
2

Qn+1

(
Ȳ −

φQ

κ

)
=
µ(ρ+ φN)(κφXφV + a%φQ)

a%κρ
(Qn+1 − Q̄)

2

Qn+1
(TP3 −K − 1) .

Collecting the terms of Eq. (5.21), we get

∆zn ≤ −φX
(Xn+1 − X̄)2

Xn+1
+
µ(ρ+ φN)(κφXφV + a%φQ)

a%κρ
(Qn+1 − Q̄)

2

Qn+1
(TP3 −K − 1)

+ %V̄X̄
(
4−

X̄
Xn+1

−
VnXn+1N̄
V̄X̄Nn+1

−
Nn+1Ȳ
N̄Yn+1

−
Yn+1V̄
ȲVn+1

+ ln
(

Vn

Vn+1

))
+
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̄Q̄

(
4−

Q̄
Qn+1

−
DnQn+1Z̄
D̄Q̄Zn+1

−
Zn+1Ē
Z̄En+1

−
En+1D̄
ĒDn+1

+ ln
(

Dn

Dn+1

))
+
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθD̄Q̄

(
3−

Q̄
Qn+1

−
DnQn+1Ē
D̄Q̄En+1

−
En+1D̄
ĒDn+1

+ ln
(

Dn

Dn+1

))
. (5.22)

By using the following equality:

ln
(

Vn

Vn+1

)
= ln

(
X̄

Xn+1

)
+ ln

(
VnXn+1N̄
V̄X̄Nn+1

)
+ ln

(
Nn+1Ȳ
N̄Yn+1

)
+ ln

(
Yn+1V̄
ȲVn+1

)
,

ln
(

Dn

Dn+1

)
= ln

(
Q̄

Qn+1

)
+ ln

(
DnQn+1Z̄
D̄Q̄Zn+1

)
+ ln

(
Zn+1Ē
Z̄En+1

)
+ ln

(
En+1D̄
ĒDn+1

)
,

ln
(

Dn

Dn+1

)
= ln

(
Q̄

Qn+1

)
+ ln

(
DnQn+1Ē
D̄Q̄En+1

)
+ ln

(
En+1D̄
ĒDn+1

)
.

Then Eq. (5.22) becomes

∆zn ≤ −φX
(Xn+1 − X̄)2

Xn+1
+
µ(ρ+ φN)(κφXφV + a%φQ)

a%κρ
(Qn+1 − Q̄)

2

Qn+1
(TP3 −K − 1)

− %V̄X̄
[
G

(
X̄

Xn+1

)
+ G

(
VnXn+1N̄
V̄X̄Nn+1

)
+ G

(
Nn+1Ȳ
N̄Yn+1

)
+ G

(
Yn+1V̄
ȲVn+1

)]
−
µα(ρ+ φN)

κρ(α+ φZb)
(1− b)θD̄Q̄

[
G

(
Q̄

Qn+1

)
+ G

(
DnQn+1Z̄
D̄Q̄Zn+1

)
+ G

(
Zn+1Ē
Z̄En+1

)
+ G

(
En+1D̄
ĒDn+1

)]
−
µ(ρ+ φN)(φZ + α)

κρ(α+ φZb)
bθD̄Q̄

[
G

(
Q̄

Qn+1

)
+ G

(
DnQn+1Ē
D̄Q̄En+1

)
+ G

(
En+1D̄
ĒDn+1

)]
.

We note that ∆zn ≤ 0. since 1 < TP3 ≤ 1 + K. Therefore zn is monotonically decreasing. Since

zn ≥ 0, Then limn→∞ zn ≥ 0 and limn→∞ zn = 0. This gives, limn→∞(Xn, Nn, Yn, Vn, Qn, Zn, En, Dn) =

(X̄, N̄, Ȳ, V̄, Q̄, Z̄, Ē, D̄). Hence, FP3 is GAS.�

6. Numerical simulations

To conduct numerical simulations for the discrete-time model (2.1)-(2.8), we use the following

values: ξ = 0.0224, φX = 0.001, ρ = 4.08, φN = 0.001, φY = 0.11, a = 0.24, η = 10, κ = 0.1,
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φQ = 0.01, α = 0.2, φZ = 0.02, b = 0.7 ,φE = 0.5, λ = 5, φD = 2 and d = 0.1. The other parameters

will be chosen below. We take the following initial values:

IV1 : (X0, N0, Y0, V0, U0, L0, A0) = (10, 0.0002, 0.0003, 0.0004, 150, 10, 15, 20),

IV2 : (X0, N0, Y0, V0, U0, L0, A0) = (15, 0.002, 0.003, 0.004, 250, 15, 20, 25),

IV3 : (X0, N0, Y0, V0, U0, L0, A0) = (20, 0.003, 0.004, 0.005, 350, 20, 25, 30).

We choose %, κ, φV, and λ as:

Case (C1) % = 0.8, µ = 1.2, φV = 5.40, and θ = 0.0002. This gives TP1 = 0.9727 < 1 and

TP2 = 0.0007 < 1. Figure (1) illustrates that, the concentrations of uninfected epithelial cells and

uninfected CD4+T cells increase and tend to the healthy values X0 = 22.41 and U0 = 1000, while

the concentrations of other compartments decrease and converge to zero. Therefore, FP0 is GAS

and this agrees the result of Theorem 5.1. In this case, both SARS-CoV-2 and HIV are cleared.

Case (C2) % = 0.66, µ = 1.2, φV = 5.40, and θ = 0.0017. These values give TP1 = 8.2682 > 1

and TP4 = 0.0045 < 1. Figure (2) shows that, the solutions of the discrete-time model tend to the

fixed point FP1 = (22.41, 0, 0, 0, 120.946, 11.9871, 17.1016, 42.754). Hence, FP1 exists and based on

Theorem 5.2, it is GAS. This describes the situation of a patient who infected by HIV, while the

SARS-CoV-2 infected is cleared.

Case (C3) % = 2.8, µ = 0.03, φV = 0.04, and θ = 0.0002, and then TP2 = 12.5007 > 1 and

TP3 = 0.9794 < 1. Figure (3) clarifies that the solutions of the discrete-time model reach the fixed

point FP2 = (1.8079, 0.005, 0.001, 0.0034, 1006.8, 0, 0, 0) for arbitrary initial conditions. Lemma 2

and Theorem 5.3 state that FP2 exists and it is GAS. This describes the status of a patient who

infected by SARS-CoV-2, while the HIV infection is removed.

Case (C4) % = 2.8, µ = 0.03, φV = 0.2, and θ = 0.0017, and thus, TP4 = 20.1369 >

1, TP3 = 8.3034 > 1, and TP3 < 1 + K = 8.2437. Figure (4) shows that the solu-

tions of the discrete-time model starting arbitrary initial converge to a fixed point FP3 =

(1.113, 0.005, 0.006, 0.007, 120.946, 12.081, 17.236, 43.089). Lemma 2 and Theorem 5.4 state that,

FP3 exists and it is GAS.
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Figure 1. Solutions of system (2.1)-(2.8) with initial conditions IV1-IV3 in case of

TP1 < 1 and TP2 < 1.
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Figure 2. Solutions of system (2.1)-(2.8) with initial conditions IV1-IV3 in case of

TP1 > 1 and TP4 < 1.
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Figure 3. Solutions of system (2.1)-(2.8) with initial conditions IV1-IV3 in case of

TP2 > 1 and TP3 < 1.
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Figure 4. Solutions of system (2.1)-(2.8) with initial conditions IV1-IV3 in case of

TP4 > 1 and TP3 > 1.
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7. Conclusion

In this paper, we constructed a discrete SARS-CoV-2/HIV co-dynamics model that explores

the interplay among eight components: uninfected ECs, latently infected ECs, actively infected

ECs, free SARS-CoV-2 particles, uninfected CD4+T cells, latently infected CD4+T cells, actively

infected CD4+T cells and free HIV particles. This model has four fixed points depending on the

four threshold parameters (TPi, i = 1, 2, 3, 4) as the following:

(a) Infection-free fixed point FP0 always exists. It is GAS when TP1 ≤ 1 and TP2 ≤ 1. This

represents the healthy state when the person is free from both SARS-CoV-2 and HIV infections.

(b) The HIV mono-infection fixed point FP1 is defined if TP1 > 1, and it is GAS if TP4 ≤ 1. This

represents the case of a patient who has contracted HIV infection only.

(c) The SARS-CoV-2 mono-infection fixed point FP2 is defined if TP2 > 1 and it is GAS if TP3 ≤ 1.

This represents the case of a patient who has only SARS-CoV-2 infection.

(d) The SARS-CoV-2/HIV co-dynamics fixed point FP3 is defined and GAS if TP4 > 1 and 1 <

TP3 ≤ 1 + K. This case simulates the occurrence of SARS-CoV-2 infection in individuals who

are already infected with HIV. The numerical results are entirely consistent with the theoretical

results. The model examined in this paper could be enhanced by taking into account time delays

associated with various biological processes. Additionally, incorporating the impact of treatments

might yield significant insights that can contribute to the development of therapies for this specific

group of patients.
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