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Abstract. Coronavirus disease 2019 (COVID-19), which is caused by the virus known as severe acute respiratory
syndrome coronavirus 2 (SARS-CoV-2), is a respiratory disease. In this paper, we analyze the global stability of a discrete
SARS-CoV-2/HIV co-dynamics model. We create the discrete model by applying a nonstandard finite difference (NSFD)
method. We demonstrate that NSFD retains essential solution properties, including positivity and boundedness. We
determine the fixed points and identify their existence conditions. We investigate the global stability of these fixed
points through the application of the Lyapunov method. To complement our analytical findings, we present numerical

simulations.

1. INTRODUCTION

Coronavirus disease 2019 (COVID-19), a new epidemic that surfaced in late 2019 in China, is a
respiratory illness caused by a virus known as severe acute respiratory syndrome coronavirus 2
(SARS-CoV-2). SARS-CoV-2isindeed an RNA virus, and it belongs to the Coronaviridae family [1].
The primary target of SARS-CoV-2 is the epithelial cells (ECs) in the respiratory system. Specifically,
the virus primarily infects cells in the upper respiratory tract, including those in the nasal passages
and throat, as well as cells in the lower respiratory tract, such as those in the lungs [2]. This is why
COVID-19 primarily presents with respiratory symptoms.

Human Immunodeficiency Virus (HIV), belongs to the family of viruses known as lentiviruses
[3]. It specifically targets the immune system, primarily infecting CD4" T cells, which play a
crucial role in the body’s immune response [3]. Infected CD4™" T cells begin generating new virus
particles, thereby amplifying the infection and diminishing the population of uninfected CD4" T
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cells. This reduction of healthy CD4™ T cells weakens the immune system, rendering the body
incapable of defending against various other infections and illnesses. HIV has the ability to remain
in a dormant state within certain viral reservoirs, such as latently infected CD4" T cells. These
latently infected cells do not produce new viral particles, but they have the potential to be activated
and transformed into actively infected cells. This presents a significant challenge for the immune
system.

There are signs of a rising trend in HIV transmission, particularly in conjunction with other
blood-borne infections such as hepatitis B (and C) viruses, as well as sexually transmitted diseases
like human papillomavirus (HPV), syphilis, Herpes simplex virus (HSV), and chlamydia. The first
reported case of SARS-CoV-2/HIV coinfection involved a 61-year-old man from China and subse-
quent cases were documented in Spain, Italy and the USA [3]. Common symptoms of coinfection
included fever, cough, and shortness of breath [3]. Research indicates that HIV patients face an
elevated risk of experiencing severe COVID-19 symptoms [4]. This risk is further heightened in
HIV patients who are not undergoing antiretroviral therapy or have low CD4+ T cell counts [4, 5].
Additionally, the severity risk increases in the presence of other comorbidities such as hyperten-
sion, diabetes, respiratory disease, cardiovascular disease, and chronic kidney disease [4, 6,7].
According to WHO recommendations [8], numerous COVID-19 vaccines are considered safe for
individuals living with HIV.

Studying mathematical modeling of the dynamics of viral infection within the host may be very
useful in understanding the dynamic behavior of the virus and its target cells as well as immune
cells. This study also helps in understanding the effectiveness of medications, whether individually
or in combination. Coinfection models are essential for comprehending the dynamics of SARSCoV-
2 infection in individuals with HIV, elucidating the role of the immune system, supporting medical
research and identifying improved approaches to treat this vulnerable patient group. In [9] HIV

and SARS-CoV-2 co-dynamics model was formulated as:

X =&-¢pxX -oVX, (1.1)
N =oVX - (p+¢n)N, (1.2)
Y = pN —¢yY — uYQ, (1.3)
V =aYy-¢vV, (1.4)
Q=1n+xYQ- Q- 6DQ, (1.5)
Z=(1-b)0DQ - (a + ¢z)Z, (1.6)
E =bODQ + aZ — ¢EE, (1.7)
D = AE-¢pD, (1.8)

where (X,N,Y,V,Q,Z,E,D) = (X(t),N(t),Y(t),V(t),Q(t), Z(t),E(t), D(t)) represent the concen-
trations of uninfected ECs, latently infected ECs, actively infected ECs, free SARS-CoV-2 particles,
uninfected CD4" T cells, latently infected CD4 T cells, actively infected CD4 " T cells and free HIV
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particles at time t, respectively. ECs are produced from a source at a constant rate £, die at rate px X
and get infected by SARS-CoV-2 at rate oV X. Latently infected ECs proliferate at rate pVX, turn
into actively infected cells at rate pN and die at rate ¢ N. Actively infected ECs die at rate ¢y Y and
are indirectly eliminated by CD4" T cells at rate uYQ. SARS-CoV-2 particles are produced from
infected ECs at rate aY and die at rate ¢y V. Uninfected CD4" T cells are produced at a constant
rate 1), stimulated by infected ECs at rate xYQ, die at rate ¢poQ, and get infected by HIV at rate
ODQ. A fraction b € [0,1] of new infected CD4"T cells will be active and rest 1 — b will be latent.
Latently infected CD47T cells are transmitted into active cells at rate aZ and die at rate ¢zZ.
Actively infected CD4" T die at rate ¢gE. HIV particles are produced by infected CD4 1T cells at
rate AE and die at rate ¢pD.

Model (1.1)-(1.8) is given by nonlinear continuous-time system. The exact analytical solution for
this system remains unknown. Consequently, it is only possible to derive an approximate discrete-
time solution for such a system. Furthermore, real-world experimental data from patients can only
be collected at specific discrete-time points. Classical discretization methods, such as Euler, Runge-
Kutta, and others, can lead to numerical instability and bias when dealing with large step sizes
when used to discretize nonlinear continuous-time models, as pointed out in [10]. Conversely, it is
crucial to employ a discretization method that preserves the fundamental qualitative characteristics
of the original continuous-time model. Mickens [11] introduced a nonstandard finite difference
(NSED) scheme for solving differential equations, which has been effectively applied to various
models for within-host viral mono-infection in references [12]- [21]. Furthermore, in [22] and [23],
NSFD was employed to solve HIV-1/HTLV-I co-dynamics models. However, the discretization of
continuous-time SARS-CoV-2/HIV co-dynamics models has not been previously investigated.

The aim of our current research is to employ the NSFD method for discretizing the SARS-CoV-
2/HIV co-dynamics model. We demonstrate that the solutions of the discretized SARS-CoV-2/HIV
co-dynamics model are both positive and ultimately bounded. We find four fixed points of the
model and establish their existence conditions, which depend on four threshold parameters (TP;,
i=1,2,3,4). To demonstrate the global stability of all fixed points, we apply the Lyapunov method
for discrete-time system. We also conduct numerical simulations to validate the theoretical findings

we have obtained.

2. Tue DiscreTe SARS-CoV-2/HIV co-DYNAMICS MODEL

In this section, we discretize model (1.1)-(1.8) by using NSFD approach as:

X1 — X
—nIJEI(d) == &= PxXny1 = 0VaXus1, (2.1)
N,+1—-N,
% - @VanJrl - (P + ¢N)N"+1' (2'2)
Y, 1-Y,

ntl LA PNut1 — Oy Ynr1 — uWYu1Qn+1, (2.3)
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Vn;[l(:l)vn = aY,i1 - Oy Vs, (2.4)
Qn%;)Qn =1+ kY 41Qn+1 — $oQu+1 — 0Dy Qu1, 2.5)
Znal(;)zn = (1-0)0DuQn11— (a + $z)Zp+1, (2.6)
Enal(;)En = 00D, Q11 + aZyy1 — GEEnt1, 2.7)
Dn#;)m = AEu11 = ¢pDns1. (2.8)

where d > 0 is step size (Xy,,, Nu, Yn, Vi, Qu, Zy, En, D) be an are approximation of the solution of
system (1.1)-(1.8) at the time instants t, = nd and n = {0,1,2,...}. Function I'I(d) is selected such
that I1(d) = d + O(d?) [24] We consider

I1(d) = 1‘;—;W. (2.9)

The initial conditions of system (2.1)-(2.8) are

(Xo, No, Yo, Vo, Qo, Zo, Eo, Dy) € ]Ri ={(X,N,Y,V,Q,Z,E,D) | X>0,N>0,Y >0, (2.10)
V>00>0Z72>0E>0,D>0}.

3. PRELIMINARIES

Let o = min{¢X/¢N/ %/(PV/¢Q/¢Z/ ¢TE/¢D} and Wl = é—*— %n/ WZ = (%Til,wlf W3 = Ewll and

Wy = %Wl and define the regionT = {(X,N,Y,V,Q,Z,E,D) : 0 < X,N,Y < W;,0 <V < W,,0 <
Q,Z,E <Ws3,0 <D < Wy}.

Lemma 1. Any solution of the discrete model (2.1)-(2.8) under initial conditions (2.10) is positive
and ultimately bounded.

Proof Egs. (2.1)-(2.8) yield

ot TG >0
W
Vi = H(ldzfg&l);v”, (3.4)
Qper = I1(d)n + Qn 35)

1+T11(d)(pg — kYn+1 + 6Dy)’

(@) (1= 50D, Qi + Z,
= T T s r) 36)
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I1(d)b0D, Q41 + 11(d)aZ, 11 + Ey
1+ H(d)qbg
D _ H(d)/\En—&-l + Dy,
n+l — 1 —|—H(d)q§1)

Epi1 = 3.7)

(3.8)

We show that (X3, N1, Y1, V1, Q1,Z1,E1,D1) exists uniquely and is positive. If n = 0, then from
equations Egs. (3.1) and (3.2) and the initial conditions Eq. (2.10), we get X; > 0 and N; > 0. From
Egs. (3.3) and (3.5), we get

[T1(d)n + Qo] [1+ T1(d) (v + uQ1)] ‘
|1+ T1(d) (pg + 6Do) | [1 + T1(d) (P + pQ1)] - xT1(d) [T1(d)pNy + Yo

Q1 = (3.9)

Then
A1Q3+B1Q1 +C =0, (3.10)

where

Ay = pI1(d)(1 +T1(d)pg + I1(d)6Dy),

By = [1+ I1(d)q + I1(d)0Dy) | [1 + I(d)by] - xT1(d) [[1(d)pNy + Yo] — uIL(d) [[1(d)n+ Qo]
(3.11)

Cr = = [(1+TI(d)Ppy) (T1(d)n + Qo)] -

Since A; > 0 and C; < 0, then B% —4A1Cq > 0, and hence there exists a unique positive root of Eq.
(3.10) Q1 > 0. From Egs. (3.3),(3.4),(3.6),(3.7) and (3.8), we get

IT(d)pNy + Yo

TR Gy R0 12
Vi = % >0, (3.13)
7, = H(‘j)fr; (?)ffig;b; 250, (3.14)
B — H(d)bGD(l)(il ;(I;E;zgazl +Eo 0, (3.15)
D, = % > 0. (3.16)

Therefore, the solution (X1, N1, Y1, V1,Q1, Z1, E1, D) exists uniquely and is positive. Repeating the
above process for n = 1 we can prove that (Xa, N2, Y2, Vo, Q2, Ly, A;) exists uniquely and is positive.
Mathematical induction provides that for all n > 0, (X, Ny, Yy, Viu, Qn, Zn, Ey, D) exists uniquely
and is positive. By induction, we get X,, > O,N, >0,Y,, >0,V,, >0,Q, >0,Z, > 0,E, > 0, and
D, > 0 Vn > 0. Define a sequence sequence M,;:

uoe

Y
Mn:Xn+Nn+Yn+(§_aVn+%(Qn“‘zn"i’En)‘i‘ZKA ne
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Then
Mn+l —Mn = (Xn—H —Xn) + (Nn-i—l —Nn) + (Yn—H - Yn) + %(Vn-ﬁ—l - Vn) + % [(Qn—H - Qn)
+(Zn+1 - Zn) + (En+1 - En)] + %(Dn+1 - Dn)
Y Y
= I1(d) [5 = ¢xXnt+1 — NNyt — %YnJrl - (Z—a¢vVn+1 + %17 - %(PQQnJrl - §¢Zzn+1

E
_%¢EEn+1 - %(PDDWH]

< T1(d) (5 + %n) —11(d)o [Xnﬂ + Nyt + Yoin + %vnﬂ + £ (Quit + Zuia + Eni)

poe
2xA

— T1(d) (5 + %n) —TI(d)oMy 1.

+ Dn—O—l]

Hence

&k
M, 1@ (=)
M1 < + .
1+11(d)e  1+1I(d)o

Lemma 2.2 in [25] gives

vt o+ (5 () |

This gives, lim sup M,, < Wy, limsup X, < Wy, limsup N, < Wy, limsup Y,, < Wy, limsup V,, < Wy,

n—00 n—00 n—-oo n—00 n—0oo
limsupQ, < Wz, limsupZ, < Ws, limsupE, < W3 and limsupD, < Wjy. Therefore,
n—-o0 n—->o0 n—-00 n—-o00

(X, Nu, Yn, Vi, Qu, Zy, En, Dyy) converges to I'as n — oo.

4. FIXED POINTS

The fixed points of (2.1)-(2.8) satisfy the following:
0=<¢-9xX-0VX,
0= oVX—(p+ N,
0=pN—-¢yY—-uYQ,
0=aY-opyV,
0=n+xYQ-¢$oQ-06DQ,
0=(1-0)0DQ - (a+ ¢z)Z,
0 =bODQ + aZ — ¢k,
0=AE-¢pD.

We find that the system admits four fixed points.
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1) Infection-free fixed point FPy = (X°,0,0,0,Q°%0,0,0), where X° = 4) and Q" = Wthh
always exists.
2) HIV mono-infection fixed point FP; = (X, 0,0,0,0,2,E ﬁ) where
f x-S o= pe¢o(¢:+a) Q.
. 1-b
Z—(1-b)|1—— boPepp | _ PoPEdn( )(TP1 _1),
Oz +a OA(a+ ¢.b) OA(a + ¢2b)
R b
p_ _$otp  nlateb) Q0D 7p 1y,
oA QE ((i)z + OC) oA
R A
B ¢Q+ n(a+ ¢:b) <PQ(TP _1),
Pepp (pz +a) O
_ _noA(a+¢:b) . .
Where TP; = Py b Here, the threshold parameter TP; represents the basic reproduction

of HIV mono-infection. It determines the establishment of HIV infection. We see that X and Q is

always positive, while Z,E and D are positive if TPy > 1. Therefore, FP; exists when TP > 1.

3) SARS-CoV-2 mono-infection fixed point FP, = (X,N,Y,V,Q,0,0,0) where

~ . i Y dYu) - Y )%
gy g 1 g e en)Oy OV o Yo+ QY
a pg — kY povV p
and V satisfies the following equation:
T2+ T,V +Ts

7

apo(apg —xpvV)
where
T1 = kpydro(p + dn),
T2 = pxdpydyx(p + ON) —aodydpvda(p + on) = aonudy(p + o) - Eagprpy,
Ts = —apxpodpvdy (p + Pn) = aundxdv(p + on) +a*Eopio.
We show that Eq. (4.2) has a positive root. We define

2
F(V) _ T1V-4+ TV + T3 ‘
apo(apg — xpyV)
Then
F(0) = Z9x0aPvy(p + o) —agxgviun(p + ¢n) + 2> poopé
a>pgop
_ (p+On) (PxPvdody + dxPvin) (TP, 1)
apoop '
g .
where TP, = P f ¢f£f’§y e This shows that F(0) > 0 when TP, > 1, and

ag
bQ
Vo—= @y

(4.2)
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It follows that there exists a unique V € (0, %) such that F(V) = 0. From Eq. (4.1), we get that
Y>0,0>0,X>0and N > 0. As a result, FP; exists when TP, > 1. The parameter TP, represents
the basic reproduction number of SARS-CoV-2 mono-infection. It determines the establishment of
SARS-CoV-2 single infection.

dv(p + On) [PyAO (@ + dzb) + pdedp (Pz + a)

X= apoA6 (a + ¢zb) !
N _Pxov [pyAO (a + ¢zb) + udedp (¢z + a)] &
= — —|— ,
apoA0 (a + ¢zb) P+ én
g _Oxév AOEp (a+ Pzb)
a0 (p+on) [pyAO (a + pzb) + upedp (pz +a)l’
v _Px N Oar&p (a + Pzb)
0 ovip+on) [PyAO (a+ Pzb) + udpedp (Pz + )]’
g = Peéo (¢z +a)
A0 (a+ pzb)
5 _ 9e0p(1-b)(Pxvr +aodg)
apA6 (a + ¢pzb)
[ap/\Q (a+ ¢zb) ( n N k&p ) _ 1]
a0pg + pxpvr \ (Pedp (dz +a) — (p+ ¢N) [pyAO (a + ¢zb) + udpedp (7 + @)] '
£ _ Polaopg + Pxdvx)
N apA0
[ap/\Q (a+ ¢pzb) ( n N k&p ) _ 1]
aopg + pxPpvr \ (Pedp (dz +a) — (p+ ON) [pyAO (a + ¢zb) + udpedp (7 + )] '
- appqQ + dxpyi
D=—= """ "«
ap0
[a@)\@ (a+ ¢zb) ( n N k&p ) ~ 1}
aopg + pxpvr \ (Pedp (pz +a)  (p+ ¢N) [PyAO (a + ¢zb) + udedp (¢z + )] '
It follows that Z > 0, E > 0 and D > 0 only when
D erint ((¢E¢D?¢Z+H) + <p+q>N>[¢M6<a+$§5>+u¢mn(q>z+a>1) > 1. On other hand, N > 0, Y > 0
and V > 0 if P q)N)[;%ZC(Eg Ef;qu;)zi)y P prwr > 1. Therefore, we can rewrite the components of
FP3 as
o X0 Px9v [PpyA6 (a+ @zb) + ude¢p (¢z + a)]
X= TPy’ N= apoA6 (a + ¢zb) (TPy = 1),
Y= ¢X¢V(TP4 ~1), V= ¢—X(TP4 -1),
ap 0
o= Peop(Pzta) . ¢rgp(1-b)(Pxgv +aoo) (TPs— 1),

A0 (a+ gf)zb) ’ aoA0 (a + ¢Zb)
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E_ ¢D(QQ¢HQQ;\|'9¢X¢VK) (TP3-1),D = W(ﬂ’g -1),
where
_apA0 (a+ ¢zb) n Kep
37 20do + oxdvr \(Gedp (@2 1a) | (p+ on) [brAB (@ + pzb) + et (b7 + a)l)”
- apA6&p (a + ¢zb)

— Pxpv(p + o) [dyA0 (a + dzb) + udrdp (¢z +a)]
Thus, if TP3 > 1 and TP4 > 1, then FP3 exists. Parameters TP3; and TP, determine the situation of
SARS-CoV-2/HIV co-dynamics. The above results can be summarized as:

Lemma 2. There exist four threshold numbers TP; >0, j =1,2,3,4

(a) if TPy < 1, then, the infection-free fixed point, FPy = (x°,0,0,0,Q%0,0,0) is the only fixed
point,

(b) if TPy > 1, then, in addition to FPy, there is a HIV mono infection fixed point, FP; =
(X,0,0,0,Q,Z,E,D),

(c) if TP, > 1, then, in addition to FPy, there is a SARS-CoV-2 mono infection fixed point,

(d) if TP3 > 1 and TP4 > 1, then, in addition to FPy, there is an SARS-CoV-2/HIV co-dynamics
fixed point, FP; = (X,N,Y,V,Q,Z,E, D).

5. GLOBAL STABILITY

In this section we demonstrate the global asymptotic stability of all fixed points using Lyapunov
method. We use the function G(x) > 0 as G(x) = x — 1 —Inx. We have

Inx<x—1. (5.1)

Theorem 5.1. If TP; < 1 and TP, < 1, then FPy = (X°,0,0,0,Q°,0,0,0) is globally asymptotically
stable (GAS).

Proof. We formulate a discrete Lyapunov function E, (X, Ny, Yu, Vi, Qn, Zn, En, D) as

B, = —— XOG(—)+Nn+ Y, +
I1(d) [ X0 p dv

(1+T(d)pv) Va

pp+ON) o (Qn) , palp+¢n) u(p +on)(9z +a)
R— QG(QO) wplarod) " wplatod)
upe(p + on)(Pz +a)

Aol 4 oD (1+11(d)¢p) Dal.

We have, &, > 0 for all X, > 0,N, >0,Y, >0,V, >0,Q, >0,Z, > 0,E, > 0,D, > 0. Further,
E,(Xx°,0,0,0,Q°0,0,0) = 0. Computing AE, = &1 — &, as:

0

- 1 0 Xn-i—l p +¢N QX
AE, = T’l) [X G(w) + Ny + TYnJrl + E (1+T1(d)pv) Vi1



10 Int. ]. Anal. Appl. (2024), 22:69

N H(p :p ON) QG (Qé—gl) 5:&&) : chl);])) Zois ‘U(PKﬂ; zle(quZbJ)r a) .
s e -5

- ey v, - EECES () - SR Bz,

G ;p :Z NJ)F(IZZJ VU, - M)E(Ai:(ffizbj Y (14 11(d)p) Dn]

= sz) [XO(X”“_X” +1n( A ))+(Nn+1—Nn)+ P +p¢N<YnH—Yn>
0

X0 Xut1
+ % 1+ TI(d)Dy) (Vast — Vi) + P‘(P: o) Q (ano— Qn N IH(Q?L ))
E LS (-2 + HELRNOE0 6, )
miﬂfﬁﬁﬁ ) (1+T1(d)¢pp) (Dyy1 — Dn)] ,

Using inequality (5.1) we obtain

AE, < ﬁ [(Xn+1 - X+ X° (% - 1)) + (Nps1 =Ny + p+éN (Yoe1 = Vo)
oX° pp+on) Qu
+ S (L T@)py) (Vi = Vi) + EEEE (Qn+1 0,40 (Qn_+1 _ 1))
pa(p + ¢n) ulp +on)(¢z +a)
W (Zn+1 - Zn) + Kp(()é n Qf)zb) (En+1 - En)
0L LN (14 11(d)0) (Dyin - D) 62
Inequality (5.2), can be written as:
0
- H]gd) [(1 - X)ni—l) (X1 = Xn) + (N1 = Ny) + pt N (Yni1—Yn)
0 0
#2000 (Vo - va) + ML) (1 L), 1)
pa(p + o) ulp+on)(pz +a)
Kp(a + (sz) (Zn+1 _Zn) + Kp((X n qf)zb) (En+1 - En)
RO LN (14 11(d)00) (Drir - D)
From Egs. (2.1)-(2.8), we have
0
A = (1 - X}71<+1) (& = PxXns1 = 0VaXut1) + (0VuXns1 = (p + PN)Ni1)
ptoN 0X°

(PNps1 = Py Vst — WYns1Qn41) + =— (@Y1 = @vVis1) + 0X'Vipq

+
P Pv



Int. J. Anal. Appl. (2024), 22:69 11

0
[,l(p + ¢N) (1 Q )(T] + &Y 541Qn41 — ¢QQ”+1 - QD”Q”'H)

0 _
* QX Vn * Kp Qn+1
% ((1=0)0DyQus1 — (@ + ¢z)Zny1)
u(pK_;((ZN_Z(;fZZb—)’— a> (beDnQn+1 + azn+1 - ¢EEn+1)
Hoe(p + ¢n)(Pz + @) uoe(p + on)(Pz + @)
/\KP(DK + qbe) (AEYI+1 - (PDDH+1) + AKP(O( ¥ (sz) quDi’lJrl
_ uPe(p + ¢n)(Pz + a)cp D
Mepla+ ¢zb)y 00"
Collecting terms yields
- X0 uip+on) Q°
AE, < (1 - Xn+1) (&= pxXnt1) + P A (1 - Qn+1)(n - $Qu+1)
oX'  pton,  plpton) plp+on) (, 0 PpPE(Pz +a)
+(¢Va_ 5 ¢y — P Q )Yn+1+—Kp (QQ _—A(a—l—qbzb) )Dn-
We have

&= ¢xX® and n = $poQ°,

then we obtain

0 0
AS, < (1— XX )(quxo—¢xxn+1)+ ulp :quN) (1— Q§+l)(¢QQO_¢QQn+1)

n+1
(p+¢n) QO) Yoot H(P;;)CPN) (GQO _ Pp¢e(¢pz +a) ) D,

oX®  p+on 1%
(G- et k)
- (% - XY _#p+on) (@ -@)

T X Kp O 0t
L (P4 0w (@vo0+ my) ( asgppo _ 1) Your
pdQ OxPv(p + on) (Pydg + nu) "
| FépPe(p + én) (97 + ) ( noA(a+¢:b) 1)D
kpA(a + Pzb) PoPEPD (P2 + ) !
(X XV upron), (Q1=Q) o+ on)(évdo+m)
ST T gL f b9 (TP = 1) Yo
uppde(p + on)(Pz +a) (TP,-1) D,

KkpA(a + Pzb)
Since TP; <1 and TP, < 1, then &, is monotonically decreasing. Clearly £, > 0, and hence, there
is a limit, lim, e &, > 0 and lim,,,.c AE,, = 0, which provides lim, . X, = X0, limy—e Qn = QY,

limy—00(TP2 —1)Y;41 = 0 and limy o (TP1 — 1)D,, = 0. We study four cases:

(i) TP1 = 1and TP, = 1, and then from Eq. (2.1),

0=&—xX’ - oX° lim V,; = lim V,, =0. (5.3)
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Moreover, from Egs. (2.2), (2.4), (2.5) and (2.6) we get

0= X" lim Vy, = (p + @) lim Nyq = lim N, =0, (5.4)
0=a lim Y1 — qbv lim Vil = lim Y, =0, (5.5)
0 =1+x lim Y,11Q° — poQ" - 0 lim D,Q" = lim D, =0, (5.6)
0= (1-b)0 lim D,Q° - (a + ¢z) lim Z,1 = lim Z, =0 (5.7)

Then, from Eq. (2.8), we have
0= Anh_r)lgo Ey,t1—¢p nh_r)r(}o D, 1= nh_r)rgo E,=0. (5.8)

(ii) TP; =1, TP, < 1 and lim;,—e Y, = 0. Egs. (5.3), (5.4) and (5.6)-(5.8) yield lim, . N, = 0,
im0 V,, =0, lim; 00 Z;, = 0, im0 E;; = 0 and lim,, .o D;; = 0.

(iii) TPy < 1, TP, = 1 and lim,— D, = 0. Egs. (5.3)-(5.5), (5.7) and (5.8) give lim, o N, = 0,
lim, 0 Vy, =0, lim; 0 Y, =0, lim, 00 Z, = 0, and lim,,_, E;; = 0.

(iv) TP1 <1, TP, < 1, limy 00 Yy, = 0 and lim;, .o D, = 0. From Eqgs.(5.3), (5.4), (5.7) and (5.8)
we get lim, . Ny = 0, limy, 00 V;; = 01lim; 00 Z, = 0, and lim, .o E;, = 0.

As a result, if TPy < 1 and TP, < 1, then limy—eo(Xy, Ny, Yn, Vi, Qu, Zu, En,Dy) =
(x°,0,0,0,Q°0,0,0). This provides that, FPy is GAS.O

A

Theorem 5.2. If TPy > 1 and TPy < 1 then FP; = (X, 0,Q,Z,E,D) is GAS.

Proof. Define

1 P+ éN QX
Yn_H(d)[XG(X)+N+ 5 Y+¢—(1+H( Yov) V.,
u(p +¢n) Qu) , palp+oN) o  (Zy\  plp+ON)(Pz+a) .  (E,
+ Kp QG( Q) (a+¢zb)ZG(_)+ kp(a + ¢zb) EG(E)
upe(p + on)(dz +a) ~ - (Dy
R P P (1+H(d)qu)DG(D )]

Obviously Y, > 0 forall X, >0,N, >0,Y, >0,V, >0,Q, >0,Z, >0,E, >0,D;, > 0. Moreover,
Y, (X, 0,0,0,0,2, E,D) = 0. Computing AY, = Y, 41 — Y, as:

Yo = sz) |XG(XXH)

u(p+on)

P 1+ £ (L TH0) Vaia
Qn+1) f“‘a(P + (PN) ZG(ZH—H ) + [J(p + (PN)((PZ + 01) EG(En+1)

T QG( Q /] «xpla+¢zb) z Kp(a +ozb) E

ude(p +on)(¢z +a) Dyi\ o (X, ot o
i Axp(a + ¢zb) (1+11(d )(PD)DG( D+) XG(?)_N”_ ; Y,

A

oX Hp+On) o (Qu)  palp+¢N) 5 (Zs
-5 ey v~ LTRG-S (3]
_#(P+¢N)(¢Z+Q)EG(Q)_#¢E(P+¢N)(¢z+a)

kp(a + ¢zb) E Axp(a + ¢zb)

+ Nn+1 +

(1 +H(d)¢D)DG(%)]



Int. J. Anal. Appl. (2024), 22:69 13

1 [X (Xn—k—lA_ Xn + ln(
X

X
Xn+1

p+ON

- TI(d)

+ (Nu41 = Nu) + (Yos1=Ya)
)

A

g _ H(P+¢N) A Qnt1—Qn (&))
o TI90) (Vi - Vi) LR (B oy e

lua(p—i-(PN) wZns1 = Zn n Zy )) #(p-l_qu)(qbZ'i'a) A(En—&-l_En n( Ey, ))
KP(DéJrfiDZb)Z( 2N (Zn+1 T et o) !
uoe(p + On) (92 + @) »(Dn+1 = Dy Dy
T Aplatogh) LT IE9D) D( bt ln(Dn+1 ))] |
Using inequality (5.1) we get

A

En+1

A

1 o Xu p+ PN oX
AY, < — | X1 - X+ X —-1]4 (Nya1—Ny) + Yii1-=-Y,) + Vi1 =V
H(d) [ n—+1 (Xn—H ) ( n+1 ) p ( n+1 ) (PV ( n+1 )

u(p +on) A Qn ua(p + o) o Zy
T e ol o)) G (s 22 )
u(p +on)(Pz +a) ~( En
wpla+ 67b) (E ~Ent E(En+1 il 1))
uoe(p + on)(Ppz + @) ~( Dy
T Akp(a + o) (D”“ ~PntD (Dnﬂ - 1))]

. N upe(p + on)(Pz +a) upe(p + on)(¢z +a)
+ 0XVyq1 — QXVn + /\Kp(O( T qbzb) ¢DD11+1 - AKP(OZ + ¢Zb)

(PDDn
poe(p +On) (P2 + @) | . ( Dy, )
+ DIn|——]. 5.9
Meplatozb) 000 D (59)
Inequality (5.9), can be written as:
AY, < ——|[1- X (Xn+1—Xn) + (Nys1 —Ny) +
n = H(d) Xn+1 n+1 n n+1 n

p+oN

(Yn+1 - Yn)

_|_

oX w(p + ¢n) Q
¢V(Vn+1 _Vn) + Kp (1_ Qn+1)<Qn+1 _Qn>

iolp 200 (L) g,y M0G0 E

xkp(a+ ¢pzb) Zni1 kp(a+ ¢pzb)
uoe(p + on)(¢z + @) D i o
+ /\Kp(a + ¢Zb) (1 - Dn+1) (Dn+1 - Dn)] + QXVVH-l - QXVn
| HE(p+ on)(dz + a)¢ b .. _ HPE(p+On)(9z +a)
Ap(a+zb) 0T Axp(a+ gzb)
upe(p+on)(pz+a) . ( Dy
T a0 1“(_)‘
From Egs. (2.1)-(2.8) we have
X
AY, < (1 - X

+ ON
P qu (ONpi1 = Oy Yni1 — uYn11Quy1)

E —E
En+1)( n+1 n)

QDDDn

Dn+1

) (5 - QbXXn—H - QVan—H) + (QVan—i-l - (P + QbN)Nn—H)

_|_
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¢ .
+ i—v(ﬂynﬂ —dvVui1) + H(P:F)(PN) (1 2 )(77 + KY511Qn+1 — PoQus1 — 0DnQn+1)

- Qn—H
pa(p + ¢n) 7
kpla+ bzb) (1 B z,m) (1=0)0DuQui1 = (a+ ¢2)Zn11)

#(pK—;((ZN—i)_(;i)ZZb‘;‘ 0() (1 - Ef+1) (b@DnQn+1 +aZ,11— qﬁEEn+1)

uoe(p + ¢n)(¢z +a) (1 D

Axp(a+ ¢zb) Dy

| HPE(p+ On) (P2 + ) Dt — HPE(p + ¢n)(Pz + @)
Axp(a + ¢zb) Axp(a + ¢zb)

upe(p+on)(pz +a) . D,
Apla+ p7b) ‘PDDl“(W)'

Collecting terms we get

) (AEys1 = ¢pDyi1) + 0X Vi1 — 0XV,,

QDDDn

N

X
AY,, < (1 s )(5—¢XXn+1) -
n+1

(p+ on) Q
Kp - (1 Q1 ) (77 - ¢QQH+1) -
pa(p + ¢n) Z . pa(p+on)
~ kp(a+ Pzb) (1=6)0DnQus1 Zyi1 + kp(a+ ¢pzb)
_lp+on)(Pz+a) E _poton)(9z+e)  E
<pla+ 92b)

A

X
Gy Yni1 + i—vaynﬂ

uip+on) Yn+1Q

p+ ON

LH

(a+pz)Z

bbD
nn+1 Ent kp(a+ ¢zb) En+1

M(P+<PN>(¢Z+0‘)¢ g HPE(p+oN)(Pz+a) . D
kp(a + ¢zb) E kp(a+ ¢pzb) -l Dyiq
uPe(p+on)(Pz+a) o pPe(p+on)(pz+a) o ( Dy
+ Axp(a+ ¢zb) $oD + Axp(a+ ¢zb) ¢pDIn (—) '

Utilizing the following conditions for FP;:

(1-0)0DQ = (a + ¢z)Z, bODQ = ¢prE-aZ, AE = ¢pD
we get
X . 1(p + ¢n) Q A
AY, < (1 o ) (QDXX - ¢Xxn+l) + - (1 ~Omn ) (QbQQ - ¢QQ"+1)
+ y(p + ¢N) QDQ (1 _ Q )_ p+ ¢N¢Yyn+1 + gaymrl _ y(p + qu) Yn+1Q
Kp Qi1 Pv

palp+on) o 2 palp+¢n) ,
_ e EE (1-0)6D,,Qp41 Zot + ol + o) (a+¢z)Z

ulp+on)(Pz +a) E  plp+on)(¢z+a) E
T platgb) e T T e o) B
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#(P+<PN)(¢Z+“)¢ p_ HoE(p+ On)(Pz + ) D

kp(a+ ¢pzb) F kp(a + ¢zb) "D,
upe(p+on)(¢z+a) o upe(p+o¢n)(¢z +a) D, )

Mpl@rob) 0T Aeplarom) 7 1“(Dnﬂ |

AN2 A\2
_ (X1 -X)" u(p+¢w)¢ (Qu1-9Q) +(@X AL PN u(p+¢N)Q)Y
Xut1 Kp T Qunt ov p Y p n
HQ(P + QZ’)N) A ( Q _ En-i—lD _ Zn+1E _ DnQn-HZ 1 (&))
Kp(“ + (;/)Zb) ( ) Q Qn-‘rl EADnJrl ZEn+1 DQZH+1 +in Dn+1
(p + (PN) ((PZ + 0() A A ( _ Q _ Qn+1EDn _ En+1D ( D, ))
kp(a+ ¢zb) bobQ|3 Qu+1 DQE,;1 EDn +in Dus1))

Using the following equalities:

ln( D ) = ln( Q )+1n(]§”+1D) +ln(%”+1E) +ln(w), (5.10)
D41 Qn+1 ED, 1 Eyi DOZ,1
ln( D )zln( Q )—i—ln(%)—i—lm(%—ll)). (5.11)
Dn+1 Qn—H DQEn+1 Dn+1
We get
2 A2
K1 =X) wlp+ow)  (Qu1-0Q)
AY, < —¢px - 0
X1 Kp Qni1
n (p+ dn) [PyAB (@ + Pzb) + udedp (¢z + a)] 8
Ap6 (a+ (sz)

( apAO&p (a + ¢zb) ~ )
Oxpv(p + on) [PyA0 (a + ¢zb) + udedp (2 + a)] "

B e L o R o R e R |

kp(a+ ¢zb) Qn+1 EDy 1 ZEn11 DQZy 11
ulp+on)(opz+a) o [ ( Q ) (Qn+1ED ) (En+1D)]
kp(a+ ¢zb) vobQ |G Qnt1 e DOE, 11 +e ED,.q
(%1 =% w(p+on)  (Qui-Q)
_¢X Xn+1 - Kp (PQ Qn+1
(P + ¢N) [PyAO (a + ¢zb) + udpedp (7 + )]
Ap6 (a + ¢zb) (TPy=1) Yoia
_ H(X(p‘f’ﬂbN) _ A A[ ( Q ) ( n+1D) (Zn—HE) (DnQn—Hz)]
kp(a + ¢zb) (1-0)0DQ|G Qn+1 e ED,1 e ZE, 1 e DOZ,11
pp+on)(¢z+a), . [ ( Q ) (QHHED ) (EMD)]
kp(a + ¢pzb) boDQ |G Qnt1 e DQOE, 11 +e ED,.1/]

Since TP; > 1and if TP4 < 1, then Y, is monotonically decreasing. We have Y,, > 0, and hence there

is a limit, lim, . Y, > 0 and thus lim,, AY,, = 0, which gives lim;, . X, = X, limy—e0 Qn = O,
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lim, 00 Z, = Z, lim, e E; = E, lim,, oo D, = D and lim,, oo (TP4—1) Y,,11 = 0. Let us address

the following cases:
(i) TP4 = 1. From Eq. (2.1), we get

0=2¢&-pxX - gx lim V, = lim V, = 0. (5.12)

n—00

Moreover, from Egs. (2.2) and (2.4) we get

0=0X lim v, - (p+ on) lim Nyyq = lim N, = 0. (5.13)
O=plimY, 1 -¢ylimV,, 1 = lim Y, =0, (5.14)
n—-o0 n—00 n—-oo

(ii) TP4 < 1 and then lim,— Y, = 0. Egs. (5.12) and (5.14) we obtain lim,. N, = 0 and

lim,, 0 V,, = 0. Hence, FP; is GAS.O

Theorem 5.3. If TP, > 1and TP3 < 1, then FP, = (X,N,Y,V,Q,0,0,0) is GAS.

Proof. Consider
sz) [xc( L )+NG( = ) p+p¢N G(Y?)+ i—}v( (14 TI(d)ov) VG(VV)
N ulp :p PN) ~ oG (%) (((5 : quNb)) z (pK; iNl(inJ a)

upe(p + on)(¢z +a)
Axp(a + o7b) (1+T11(d)¢p) Dn].

Computing AQ), = Q41 — (), as:

A0 = i [XG(X§1)+NG(N§1) p+¢NYG( ’;1)+2—)§(1+n( )qbv)vc(v”“)

Q, =

E,

T1(d) p v
#p :p ¢N) e (le) N ::r((tf : qf;))) Zoi s u(pK+p (q(bel(qusz;L a) .
M0 0 i), 5[ ()4 (%)
- ;—f (1+11(d)pv) VG (VV) - M%{;PN)QG(%) - %zn
_Hp ;,;((Z Nl(izzb: D, H qu)(\i ;ijfii; 2) (1+H(d)¢>D)Dn]

1 S XnJrl - Xn ( Xn )) S (NnJrl - Nn ( Nn ))
= X — +1In +N|———+1In
I1(d) [ ( X X1 N Np+1

+P+¢NY(Yn+1Y—Yn+1 ( Y, ))+§(1+n( o) 7 (VHHV V”+1n( v, ))

p n+1 (PV Vn+1
u(p+ On) ~ (Qur1 = Qu Qn pa(p + on)
* Kp C ( Q +in (Qn+1 )) kp(a + ¢pzb) (Zni1 = Zn)
uip +on)(Pz +a) HoE(p + o) (Pz + @)
wplat oy b Bt gy (T IH@)¢D) (D - Dn)] :
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Using inequality (5.1) we obtain

A <>[( vor = X[ 1)) (N = ()

p+ (Y, X | V,
(P ( n+1_Yn+Y( _1))+0_(Vn+1_vn+v( _1))
p Vn+1

Yn—i—l <Z5v
ulp+on) Qu ua(p+ on)
+ Kp (Qn+1 Qn + Q(Qn+1 - )) + Kp(a + (sz) (Zn+l - Zn)
ulp +on)(Ppz +a) upe(p + on)(¢z +a)
+ KP(O( + (sz) (El’l-i-l - En) + AKP(OK + (sz) (Dn+1 - DH)]
+ 0XVyp1 = 0XVy + 9507111( Va ), 1oelpton)($z ¥ ) ¢pDyi1

Vn+1) /\Kp(a + (]f)zb)
upe(p + ¢on)(¢z + a)
B v (5.15)

Inequality (5.15), can be written as:

AQ, < ﬁ[(l—%)mﬂ—xm(k ) N+ 1 v,

plpt+on) (- Q _ pa(p + ¢n)
y (1 QM)(QM Q)+ LD
ppe(p + on)(Pz +a)
NRbow (DnH—Dm]
ude(p + on)(Pz + @)
Axp(a+ ¢zb)

1%
+ —(1——)(Vn+1—Vn) + Zy11—Zn)

Vn+1

wip+ ¢n)(Pz +a)
Kp(a+zb)

(EnJrl - En) +

. . . 1%
+ 0XV i1 — 0XVy + 0XV ln( - ) + dpDyi1
Vn+l

_ ue(p+ on)(Pz + a)
Axp(a+ ¢zb)

(PDDn-

From Egs. (2.1)-(2.8) we have

AQy < (1 - XX ) (&= dxXnt1 = 0VauXiuy1) + (1 - NN ) (0VnXnt1 = (p+ ON)Nu+1)
n+1 n+1

+ P +p¢N (1 - Y;: ) (PNn—l—l (PYYn-&-l AuYn—l—lQrH—l) + 2;_)5 (1 - Vr‘z:l ) (ayn+1 - QbVVn-&-l)
+ ‘Ll(p:quN) (1 - QnQ_H) (77 + KYn+lQn+1 - (PQQnJrl - GDnQnJrl)

pa(p + ¢n)

p(a + bsb) ((1=0)0DyQui1 — (a+¢z)Zny1)

ulp+¢n)(¢z +a) uPe(p + ¢n)(¢z + a)

wola+ b,b) (bODyQy i1 +aZyi1 — PpEpi1) + Arep(at -+ fb) (AEy11 = ¢pDyy1)
. . e Vi pde(p + on)(Pz +a) upe(p + on)(Pz +a)

+ 0XVyi1—0XVy + QXVIH(VHH ) + Akpla+ brb) ¢pDpy1 — Akp(a+ bb) ¢pDy.
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By collecting terms we get

X N ) y
AQ, < (1 - ) (& = oxXs1) = VX1 —o— + (p+ )N = (p+ )N
Xn+1 Ny Y1
+ - + - X \% V.
LN v PN o - By, +ng1n( )
P qbV Vn Vn+1

+va+y(p+¢N) (1_ Q

1= ) - 900,)

ulp+on) [~ GePp(Pz +a)
” (GQ_ Aa+9zb) )D”'

Using the conditions of fixed point FP; :

+

&= pxX + oVX,
oVX = (p+¢n)N,
pN = ¢yY +uYQ,

aYy = (]va,
n= ¢QQ - KYQ.
We obtain
X ~ ~ ~ X I V4 Xn+lN
A, <1 - X —odxX, + oVX—-oVX — VX
( Xn+1) (PxX — pxXnt1) +0 4ES vildl
- N1V | oo Pt ON)os B+ ON) g s Q1
+ VX - VX 4 oV X - —YQ+ YQ
Q ¢ NYn-H Q P P
Y1V (p+¢w)( Q ) ~
— XV 4 XV + 1- -
0 ST o " o (0QQ — PQQn+1)
plp+on) o~ ulp+on) o~ Q o (Vn)
—Y + Y + oXVIn
T R T R
oX p+on u(p+on) )
+ - Yn
(¢V P [03% 5 Q| Yus1
(P+<PN)( ~ ¢E¢D(¢z+a))
—|0Q - ———— | D,,.
* Kp Q AMa+ ¢zb)
~\2
_ X(X"+1 -X) _ tpo(p+on) (Quor - Q)Z
X1 KpQu+1 "
< X Van—HN Nn—i-lY Yn—i—l‘7 ( Vn ))
+oVX|4- - — - — - = +1
¢ ( Xor1  VENp1  NYpp: YWt o \Varr

plp+on) ¢ Qui1 Q ulp+on) [~ Gepp(dz +a)
? YQ( 0 ‘Qn+1)+ = (QQ‘ A(a+o7b) )D”'
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Since we have

~\2
_Mf@(z_%_g)_qﬁ (p+ o) (Quia — Q)
p Q Qn+1 © Kp Qns1

~\2 ~\2
_ Hlp+on) Y(Qnﬂ -9 PGR:) (Qi1-9)
Y Qn-H Q Kp Qn-H

~\2
u(p+¢n) (Qui1=0Q)
- Kp Qn+1 (KY - (PQ)

~\2
e+ w) (Qun = 0Q)
Kp Qn—i—lQ

We get

(%1 =X)" o+ on) (Qui1 = Q)

Xnt1 Kkp Qn1Q
X B Vi XnaN B Nyi1Y B Y1V +ln( Vi ))
Xut1 VENupp1  NY,p YV
+ . -~
L et on) (GQ— PEPD(Pz a))Dn.
Kp Ala + ¢zb)
By using the following equality:

X n N n V Nn Y
ln( Vi ):ln( X )-I-ln(‘{’lz(—ﬂl\l)-l-ln(lf +1V)+ln(~ 1 ) (5.17)
Vit Xnt1 n+1 n+1 n+1

+oVX|4-
¢ ( Vn+1

(5.16)

Then Eq. (5.16) becomes
2

(X1 =%)  un(p+ o) (Qui1-Q)
Xnt1 Kp Qn-HQ

- X VXN Y1V N,1Y
—QVX(G( X )+G( /n2 n+1N)+G( Vi1 )+G( Vi1 ))
Xn+1 VXN,41 YViia NYy1
LR (QQ _ Pe¢pp(Pz + Of))Dn.
Kp Aa + ¢zb)
Hence , if TP3 < 1, then FP3 does not exist since D < 0, E < 0 and Z < 0. This gives

Zn+1 —Zy
I1(d)
En+1 —Ep
I1(d)

D,.1—-D
W = AE;11—¢pDyi1 <0.

= (1 - b)QDnQn-H - (a + (PZ)Zn—H < 0/

= beDnQnJrl + aZnJrl - ¢EEH+1 <0,

It follows that (GQ— %)Dn < 0 for all D, > 0.Thus, 00 — %‘W < 0 and since,

TP3 <1, then AQ), < 0, for all n > 0. Therefore, (), is monotonically decreasing. Since (2, > 0,
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then lim,,,00 O, > 0 and thus lim,—,. AQ,, = 0. It follows that, lim,—e X, = X, limy—e N, = N,
limye0 Yy = Y, limyeo Vyy = V, limy,e0 Qn = Q and lim, e (TP3 — 1) D, = 0. The following
cases will be considered:

(i) TP3 =1, and from Eq. (2.8)

0=A hm E i1 - ¢D hm D,y1 = lim E, = lim D, = 0. (5.18)

n—00 n—00

Then, from Eq. (2.6), we have

0= (1-b)0 lim Dy1Q - (a+¢z) lim 7,1 = lim Z, =0 (5.19)

(ii) TP3 < 1and lim, e D, = 0. Eq. (5.18) and (5.19) imply thatlim, ,« Z; = 0 and lim;, o0 E;; =
0. This proves that, FP; is GAS.O
Define a parameter K as:
B apOAn(a + ¢zb)
Pedp(Pz + ) (appg + Pxpvr)”

Theorem 5.4. If TPy > 1and 1 < TP3 <1+ K, then FP3 = (X,N,Y,V,Q,Z,E,D) is GAS.

Proof. Consider

o= i R G+ N6 () + 2056 )+ £ - v )
e () :’:;22 o)+ iﬁiNlﬁjJ“)EG(%)
oy 0 ().

Computing AF, = F, 11 —F, as:

AFy = — [XG( ”“)+NG(N”“) p+¢NYc(Y”“)

H(d) X N P Y
+ @ (1 +11(d)pv) VG(V’gl)+ “(p;qu)QG(le) + :sgiqf;)) ZG(Z”Z“)
ke K:((]Z(Nl(jzzbj “)EG(E'?) e ¢E§i :(flf ((;Z; D (14 11(d)po) DG (2)
-x6(%2) —NG(%) - @Yc(y—ﬁ) - (‘;—X (1 -+ (d)gv) VG (T2
e e () e (R
—M)Eﬁi:(ffii; Y (1 4+ 1)) Dc(%)]

1 = Xﬂ+1 _Xn X Nﬂ-‘rl Nn Nn
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Using inequality (5.1), we obtain
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Inequality (5.20), can be written as:
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From Egs. (2.1)-(2.8) we have
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Using the conditions of fixed point FP;3 :
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Collecting the terms of Eq. (5.21), we get
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By using the following equality:
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We note that AF,, < 0. since 1 < TP3 < 1+ K. Therefore F,, is monotonically decreasing. Since
Fn >0, Thenlim,—e F, > 0and limy, e F, = 0. This gives, limy,—e0 (X, N, Y, Vit, Qu, Zn, En, D) =

6. NUMERICAL SIMULATIONS

To conduct numerical simulations for the discrete-time model (2.1)-(2.8), we use the following
values: & = 0.0224, ¢x = 0.001, p = 4.08, o = 0.001, ¢y = 0.11,a = 024, n = 10, x = 0.1,
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¢g =0.01,a =0.2,¢p7 =0.02,b = 0.7,¢p = 0.5,A =5, pp = 2and d = 0.1. The other parameters
will be chosen below. We take the following initial values:

IV1: (Xo,No, Yo, Vo, Uy, Lo, Ag) = (10,0.0002,0.0003,0.0004, 150, 10, 15, 20),

IV2: (Xo,No, Yo, Vo, Uy, Lo, Ag) = (15,0.002,0.003,0.004, 250, 15, 20, 25),

IV3: (Xo,No, Yo, Vo, Up, Lo, Ag) = (20,0.003,0.004, 0.005, 350, 20, 25, 30).
We choose g, k, ¢y, and A as:

Case (C1) o = 08, p = 1.2, ¢y = 540, and 6 = 0.0002. This gives TP; = 0.9727 < 1 and
TP, = 0.0007 < 1. Figure (1) illustrates that, the concentrations of uninfected epithelial cells and
uninfected CD4" T cells increase and tend to the healthy values X? = 22.41 and U° = 1000, while
the concentrations of other compartments decrease and converge to zero. Therefore, FPj is GAS
and this agrees the result of Theorem 5.1. In this case, both SARS-CoV-2 and HIV are cleared.

Case (C2) p = 0.66, u = 1.2, ¢y = 5.40, and O = 0.0017. These values give TP; = 8.2682 > 1
and TP; = 0.0045 < 1. Figure (2) shows that, the solutions of the discrete-time model tend to the
fixed point FP; = (22.41,0,0,0,120.946,11.9871,17.1016,42.754). Hence, FP; exists and based on
Theorem 5.2, it is GAS. This describes the situation of a patient who infected by HIV, while the
SARS-CoV-2 infected is cleared.

Case (C3) o = 2.8, u = 0.03, pv = 0.04, and 6 = 0.0002, and then TP, = 12.5007 > 1 and
TP3 = 0.9794 < 1. Figure (3) clarifies that the solutions of the discrete-time model reach the fixed
point FP, = (1.8079,0.005,0.001,0.0034,1006.8,0,0,0) for arbitrary initial conditions. Lemma 2
and Theorem 5.3 state that FP, exists and it is GAS. This describes the status of a patient who
infected by SARS-CoV-2, while the HIV infection is removed.

Case (C4) o = 28, p = 0.03, ¢y = 0.2, and O = 0.0017, and thus, TPy = 20.1369 >
1, TPz = 83034 > 1, and TP; < 1+ K = 82437. Figure (4) shows that the solu-
tions of the discrete-time model starting arbitrary initial converge to a fixed point FP3 =
(1.113,0.005, 0.006,0.007,120.946,12.081, 17.236,43.089). Lemma 2 and Theorem 5.4 state that,
FP; exists and it is GAS.
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7. CONCLUSION

In this paper, we constructed a discrete SARS-CoV-2/HIV co-dynamics model that explores
the interplay among eight components: uninfected ECs, latently infected ECs, actively infected
ECs, free SARS-CoV-2 particles, uninfected CD4"T cells, latently infected CD4™ T cells, actively
infected CD4™T cells and free HIV particles. This model has four fixed points depending on the
four threshold parameters (T'P;, i = 1, 2,3, 4) as the following;:

(a) Infection-free fixed point FPy always exists. It is GAS when TPy < 1 and TP, < 1. This
represents the healthy state when the person is free from both SARS-CoV-2 and HIV infections.
(b) The HIV mono-infection fixed point FP; is defined if TP; > 1, and it is GAS if TP4 < 1. This
represents the case of a patient who has contracted HIV infection only.

(c) The SARS-CoV-2 mono-infection fixed point FP; is defined if TP, > 1 and it is GAS if TP3 < 1.
This represents the case of a patient who has only SARS-CoV-2 infection.

(d) The SARS-CoV-2/HIV co-dynamics fixed point FP3 is defined and GAS if TP, > 1 and 1 <
TP3; < 1+ K. This case simulates the occurrence of SARS-CoV-2 infection in individuals who
are already infected with HIV. The numerical results are entirely consistent with the theoretical
results. The model examined in this paper could be enhanced by taking into account time delays
associated with various biological processes. Additionally, incorporating the impact of treatments
might yield significant insights that can contribute to the development of therapies for this specific
group of patients.
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