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Abstract. An observation that shows greater than all the preceding observations, is called record. The characterization
results via conditional expectation based on record values are expressed for family of Rayleigh distribution. Moreover,

entropies based on distribution function are discussed and enumerated.

1. INTRODUCTION

The records are reported naturally in several fields of study e.g., sports, medical sciences,
engineering, and traffic among others. [1] proposed and documented the applications of record
values in literature. The detailed treatments on record values have been reported thoroughly,
see [2,3] and [4] for instance.

Let X1, X5, -+, X; be a sequence of independent and identically distributed (IID) random vari-
ables (RVs) having cumulative distribution function (CDF) F(x) and probability density function
(PDF) f(x). We consider upper and lower record values in this article.

1.1. Upper Record: The joint PDF of the r upper record (UR) values is

r—1 )
flx1, %0, %) = Hf(x,)%, —00<X] <Xp < --< X, <00, (1.1)
i=1 !

The marginal PDF of rth UR values is given as

fu (%) = (r_ll)! [~InF(x)] f(x), —eo<x<oo (1.2)
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while joint PDF of X,y and Xy ) is

futs) (xy) = ﬁ [~ In(F(@))]"™ [~ In(F(y)) + In(F ()™
x%f(y), —00 < X < Xg < 00, (1.3)
Then, the conditional PDF of (Xy;(5)|Xy () = x) is mentioned below.
Fug X =) = ey FIE@) RS, for 1sres

Power Rayleigh (PR) distribution was introduced by [5]. A random variable (r.v.) X is said to
have PR distribution, if its PDFpgr and CDFpr are given respectively by

$2P
flx) = %xzﬁ‘le_ﬁ, a,>0, x>0. (1.5)
o
2P
F(x) = 1-e22, a,>0, x>0. (1.6)
The k' moments via UR for PR distribution is
k
(202)% _( k
E(xXk )= r(— ) 1.7

The explorative study on PR distribution, see [5].

1.2. Lower Record: Lower record (LR) values have their own significance in specific problems
of study. For example, marketing index, freestyle swimming, or marathon walks are interesting
information for investors, participants, and observers. The joint PDF of the r LR values is

r—1

Xi
f(xl,xZ,~~-,xr):Hf(xr)%, —00 < X1 <Xp < - < Xp <00, (18)
i=1 !
The marginal PDF of rth LR values is given as
1 r—
f (%) = =] [—InF(x)] 1f(x), —00 < x < 00, (1.9)

and joint PDF of X; ) and X ) is

frws () = m [~ In(F(x))]"" [~ In(F(y)) + In(F(x))]" "
f()

me(y), —00 < Xy < Xg < 00. (1.10)
The conditional PDF of (X ()|Xy(,) = x) is given as
1 s—r-1 £ (
F(Xu0lKui) =) = gy FInE() + In(F@) {,(—y; for 1<r<s.  (L11)
The powered inverse Rayleigh (PIR) distribution is given by Nashaat [1]
2a

flx,a,0) = me‘ﬁ, x>0, a,0>0 (1.12)
X
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TasrLE 1. The characteristics of means and variances for PRD are based on UR values.

E(X’&(l)) E(X’l‘m))
a\p| 05 10 15 20 25 30 |a\B| 05 10 15 20 25 30
05| 25 062 071 076 080 0.82] 05| 1.0 093 094 095 096 0.96
1.0 20 126 112 107 106 1.03| 1.0 | 40 187 149 1.34 126 121
15| 45 189 147 131 124 1.18| 15| 90 280 196 1.65 1.49 1.39
20| 80 252 178 151 139 1.30|20 | 160 3.73 238 1.90 167 1.53
25| 125 315 207 1.69 152 140| 25| 250 4.67 276 212 1.82 1.64
30| 18 378 233 1.85 1.64 149|3.0| 360 560 3.11 233 196 175
E(X’&(3)) E(X’{I(4))
a\B| 05 10 15 20 25 30 |a\B| 05 10 15 20 25 3.0
05| 1.5 117 1.102 1.07 1.05 1.04| 05| 20 137 122 1.16 112 1.10
1.0 60 235 174 151 139 131|10| 80 274 193 1.64 148 1.39
15| 135 352 229 185 163 1.50| 15| 18 411 255 2.00 1.74 1.59
20| 240 469 278 213 1.83 1.65|20 | 32 548 3.09 232 196 175
25| 375 587 322 239 200 1.78|25| 50 6.85 3,58 259 214 1.88
30| 540 7.04 3.64 261 216 1.89|3.0| 72 822 404 284 230 2.00
Var(X’l‘l(l)) Var(X’L‘I(Z))
a\p| 05 10 15 20 25 30 |a\B| 05 10 15 20 25 30
05| 025 0.0 0.07 0.06 0.03 003|05| 05 014 0.06 0.03 002 0.02
1.0 | 40 042 017 011 005 0.06| 10| 80 050 017 0.07 0.05 0.03
15| 2025 094 029 0.17 006 0.07| 15| 405 1.16 024 0.08 0.04 0.03
20| 64 1.66 043 022 0.08 0.09| 20 | 128 207 034 0.13 0.06 0.04
2.5 [156.25 2.60 0.60 0.28 0.09 0.10| 2.5 | 3125 3.19 046 0.18 0.09 0.06
30| 324 375 074 034 010 0.11]3.0| 648 4.64 058 0.17 0.10 0.06
Var(X’iIm) Var(X’&(4))
a\B| 05 10 15 20 25 30 |a\B| 05 10 15 20 25 30
05| 075 0.3 0.04 004 002 002|05| 1 012 0.05 0.02 002 0.01
1.0 | 12 048 0.16 006 003 0.02| 10| 16 049 0.17 0.05 0.03 0.04
1.5 | 60.75 1.10 021 0.9 006 004| 15| 8 119 018 0.11 0.05 0.02
20| 192 197 027 016 007 0.06| 20| 256 1.97 0.31 0.09 0.04 0.02
25 [468.75 3.04 042 0.16 0.09 0.06| 25| 625 239 037 0.14 0.06 0.05
30| 972 442 048 020 0.1 0.07| 3.0 | 1296 4.43 048 0.16 0.07 0.04

The CDF of PIR distribution is

1
F(x,a,0) =¢ 0%,

x>0, a6 >0.
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The k'™ moments via LR for PIR distribution is

¢ (@51 [k
E(X} () = (n—1)!r(ﬂ+”)' (1.14)

TaBLE 2. The characteristics of means and variances for PIRD based on LR values
at6 = 1.

E(Xi(n)) Var(Xp(n))

a\n| 1 2 3 4 5 6 7 |a\n| 1 2 3 4 5 6 7

089 133 166 194 218 240 2.60 021 023 024 024 025 024 024
091 113 128 138 147 154 1.60 0.06 0.05 0.02 003 0.019 0.028 0.04
093 108 1,18 124 129 133 1.37 0.03 0.02 0.09 0.002 0.005 0/071 0.003
094 106 113 117 121 123 1.27 0.03 0.006 0.003 0.01 0.006 0.027 0.012

B W N -
B W N R

2. CHARACTERIZATIONS

Characterization properties confirm a distribution is mathematically sound and informative and
support practicing researchers in deciding on the applicability of the model in introducing it to a
population from which samples are available. This important method spread in various directions.
e.g., recurrence relation, truncation, hazard rate function, conditional expectation, and many more.
Several authors have paid attention to characterizing the distribution via a conditional approach.
Alist of contributors is given to the readers for detailed review, see [7]- [17]. The following relations
between PDFs and CDFs are satisfied.

flx) = %xzﬁ_lﬁ(x). (2.1)
) = SaE) 22)

Theorem 2.1. Let X ~ PRD(a, B) with CDFpg and PDFpg. Then for 1 <r <s

E[Y Xy Xup) =x)] =xF +2(s—r)a?, x€(0,0), (2.3)
where ¢ = yF.
Proof. From (1.3), we have

Elp(XuolXur =] = oy [ -+

Using PDFpr (1.5) and CDFpg (1.6) in (2.4), we have

= 2 2811 p28-1 [ 28
_ 1 f A sl I A 1P 25)
[(s—7r) Jy 202 242 a?
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2

Letting t = % - % Then (2.5) reduces to
1

— - 2 2B | gs—r—1 ,—t
F(s—r)jo‘ [Za t+x ]t e 'dt. (2.6)
Simplifying (2.6), it leads to (2.3).

For the sufficiency part, we began with,

spr(x) = P 4+ 2(s - r)a2 (2.7)
o | oI+ ) Fwdy = 4 (0)P) 29
Differentiating above expression w.r.t. x,
o J, ) + ) R )y = 6, (IR + F(3)ga()
Sopr+1(x) = gélr(x)% + &sir(¥)
G A g
F(x) Qor+1(x) —&ar(x) a2
26
Flx) = e,
Theorem 2.1 is completed. ]

Corollary 2.1. As the conditions mentioned in Theorem 2.1 and for 1 <r <s <t
Elo(Xuey — Xu) | Xup) = x)] = 2(t = s)a?
if and only if (1.6) holds.
Proof. Proof is easy, hence omitted. m]

Theorem 2.2. Let X ~ PIRD(a, 0) with CDFpjr F(x) and PDFpig f(x). Then for 1 <r <s

E[Y(Xu(o)Xug) = %)] = x7* + (s =1)6, x € (0,00). (2.9)
where = y~2%.
Proof. From (1.11), we have
1 * -r=1 f(y)
E[Y(Xp()| Xy = )] = o) fo ¥ [=In(F(y)) +In(F(x))]’ mdy- (2.10)
Using PDFpyg (1.12) and CDFpyg (1.13) in (2.10), we have
s—r—1
1 Y | 1 1 20 |-k
= @ - « et ldy, 2.11
F(S—V) fo Yy [QyZa QxZa] 9y2a+1e ! Yy ( )
Letting t = ﬁ - ﬁ, then (2.11) reduces to

1 ” 1 s—r—1 ,—t
= = . 2.12
F(s—r)f(; (t+6x2“)t et (212)



6 Int. . Anal. Appl. (2024), 22:82

Simplifying (2.12), it leads to (2.9).

For the sufficiency part, we consider.

g (X) =X + (s—1)0 (2.13)
! fxllf [~ In(F(y)) + In(F)] " f(y)dy = go (x)F () (2.14)
T(s—7)Jo sir ' '
Differentiating (2.14) w.r.t. x, we obtain,
o [ ¥ W) I E@)F L iy = 6, (OFG) + f g (1)
Gsir+1(x) = 8;|r(x)% + & (%)
fx) g4
F(x) B Ssir1(X) — gopr (%) © Ox2atl
which is (2.2) hence, Theorem 2.2 is completed. m|

Corollary 2.2. As the conditions mentioned in Theorem 2.2 and for 1 <r <s <,
E[Y(Xy) = Xps)lXp(ry) = x)] = (t—5)0

if and only if X ~ PIRD(a, 6).

3. EnTROPY

[18] introduced the concept of entropy based on the PDE. There are several extensions of
Shannon entropy reported in the literature. There are some situations where Shannon entropy
is not suitable to calculate the uncertainty for the event. To counter this problem, an alternative

measure of entropy based on the CDF are reported, which is mentioned below.

3.1. Cumulative Residual Entropy. The cumulative residual entropy (CRE) based on survival

function is defined as (see, [19]).
CRE(X) = —f F(x)InF(x)dx.
0

Theorem 3.1. Let X ~ PRD(a, B) has the finite mean. Then the CRE ofX can also be expressed in terms
of UR values as follows

CRE(X) = E(Xy) - p (3.1)
where

u= (2a2)ﬁr($+1).
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Proof. The CRE is

CRE(X) = - foo F(x)InF(x)dx
0
= —FPR(X) lanR(x)x|: —L X [lanR(x)pr(x) + pr(x)] dx
= —]‘mx[lnFPR(x)]pr(x)dx—f‘Oo x fpr (x)dx (3.2)
0 0
Upon simplification (3.2), we obtain (3.1). m|

TasLE 3. CRE based on specific values of a and f.

a\p| 05 1.0 15 20 25 30
05| 050 030 023 019 0.16 0.14
1.0 | 200 0.61 037 0.27 020 0.18
1.5 | 450 091 049 034 025 0.21
20| 800 123 0.60 039 0.28 0.23
25 (1250 153 0.70 043 0.30 0.24
3.0 |18.00 1.82 0.78 048 0.32 0.26

3.2. Cumulative Entropy. The cumulative entropy (CE) based on distribution function is defined

as (see, [20]).

CE(X) = —fooo F(x)InF(x)dx.

Therefore, CE for PIRD is given as

oz1 (1
CE(X) = 55 r(£+1).

TaBLE 4. Values of CE for different parameters.

a\o 1 2 3 4 5

0.445 0315 0.258 0.223 0.200
0.227 0.136 0.099 0.079 0.068
0.155 0.086 0.062 0.048 0.040
0.117 0.064 0.044 0.035 0.028

B~ LW N -

CONCLUSION

The family of Rayleigh distribution is successfully characterized by conditional expectation

based on upper-lower record values. The entropies are also tabulated for these distributions. It

is expected the proposed technique will attract more consideration in the field of mathematical

statistics.
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