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Abstract. We propose a mathematical model for the Zika virus (ZIKV) spread under the influence of a seasonal environ-
ment. The basic reproduction number R was calculated for both cases, the fixed and seasonal environment permitting
the characterisation of the extinction and the persistence of the disease for both cases. We proved that the virus-free
steady state is globally asymptotically stable if Ry < 1, while the disease will be persist if Ry > 1. Finally, extensive

numerical simulations are given to confirm the theoretical findings.

1. INTRODUCTION

Infectious diseases are communicable diseases. They are transmitted either directly from one
person to another as is the case for the flu, measles or diphtheria. among others; either through
a vector such as the mosquito for chikungunya or malaria, the tick for Lyme disease, etc. ; either
through the environment passing through for example through food or water for salmonellosis or
cholera. Many pathogens are present and circulate simultaneously in populations and are there-
fore likely to interact both with their environment and with each other. These interactions occur at
different levels, from the population to the host scale, and are likely to affect the epidemiological
dynamics of the pathogens concerned or the diseases they cause. The interactions studied in this
thesis work are intra-host interactions only [1]. The Zika virus is a Flavivirus, of the Flaviviridae
family, like the West Nile virus, those of yellow fever and dengue. The Zika virus is transmitted
primarily by mosquitoes of the Aedes genus. Aedes mosquitoes generally bite during the day. The
main vector of the Zika virus, Aedes aegypti, is found mainly in tropical and subtropical regions.
As for Aedes albopictus, it is present in more temperate zones, on all continents, with the exception

of Antarctica. Primates (humans and non-humans) constitute the reservoir of the virus [2]. In 70
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to 80% of cases, no symptoms are apparent. In others, symptoms are usually mild and last 2 to 7
days. They are mainly characterized by (low-grade) fever, joint pain, conjunctivitis and skin rashes.
Other symptoms include fatigue, muscle pain and headaches [3]. Rare cases of encephalopathy,
meningoencephalitis, myelitis, uveitis and severe thrombocytopenia have been reported. Neuro-
logical complications such as Guillain-Barré syndrome (GBS) have been documented in people
infected with the Zika virus. GBS is often triggered by a bacterial or viral infection. In the case
of the Zika virus, an unusual increase in GBS cases has been reported in countries affected by
the virus. Data currently suggests a causal link between Zika virus infection and GBS, with the
most likely hypothesis being that the virus is a trigger for GBS. A causal relationship has been
established between prenatal Zika virus infections and cases of microcephaly and other congenital
brain abnormalities [4]. Indeed, maternal-fetal transmission of the Zika virus is possible, and it
can cause adverse events in the fetus: fetal death in utero, microcephaly, malformations of the
brain, limbs and eyes. The World Health Organization (WHO) estimates that 5 to 15% of infants
born to mothers infected with the Zika virus during pregnancy may have complications related to
the virus. Birth defects can occur as a result of symptomatic or asymptomatic infection. The risk
is greater if the mother contracts the virus during the first trimester, but all trimesters are at risk.
Other complications include stillbirths and prematurity.

A mathematical model is the representation of an object, a system, a phenomenon, a theory
through mathematical language. This representation is necessarily a simplification of reality,
based on a set of hypotheses. Depending on the objective sought when constructing the model,
the hypotheses will not be the same and the way of representing the same object will be different.
For example, a plastic bottle will not be represented in the same way in models seeking to study
its resistance to changes in temperature. temperature, to optimize the production of a mineral
water company or to improve recycling processes. A model must be adapted to the question it
seeks to answer, neither too complex nor too simple. The formulation of hypotheses is therefore
essential in order to include all the aspects necessary for the study of the problem and to avoid any
redundancy or superfluity [5]. The role of a mathematical model is to represent an aspect of reality
in a correct manner as simply as possible, according to the principle of parsimony. In the case of the
study of infectious diseases, the primary objective is often to describe the mode of transmission of
the pathogen or disease considered, based on surveillance data to try to understand the biological
mechanisms at play [5]. Once a model can adequately reproduce the data already available, it can
potentially be used for prediction or evaluation of public health measures. In a compartmental
model, the population is distributed into different compartments according to the infectious status
of the individuals. This infectious status is the only characteristic allowing individuals to be
discriminated: within a compartment they are indistinguishable from each other. The dynamics
of this type of model is generally governed by a set of equations differentials. Several researchers
worked on some mathematical models for several infectious diseases [6-10]. In particular, the

modeling of the behavior of Zika virus was considered in several works [11,12].
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Note that seasonality in infectious is very repetitive [13]. In particular, each year with the
return of cold weather, infectious diseases spread among the population. Although they are
often temporary and harmless, they can nevertheless be much more serious, particularly in the
weakest people. Several works modeling the infectious diseases that reflect the seasonality were
considered [14-16]. The basic reproduction number is expressed either using the time-averaged
system (autonomous) as in [17,18] or other definition as in [10,19,20]. In [21-26], several epidemic
models were considered under the influence of seasonality. We aim in this paper to study the
impact of seasonality on the dynamics of ZIKV. The basic reproduction number is expressed as
the spectral radius of a linear integral operator. We analysed the global stability of the disease-free
solution where we proved that it is globally asymptotically stable if Ry < 1. However, Ry > 1, we
proved that the dynamics is persistent. We validate the theoretical results trough several numerical
tests.

The rest of this article is organized as follows. In Section 2, we discuss the bilinear ZIKV model
influenced by the seasonality. In Section 3, we consider on the case of fixed environment, and
we calculated Ry and we studied the global analysis of both, the disease-free and the endemic
equilibrium points. However, in section 6, we focus on the stability of virus-free periodic solution
and the persistence of the disease for the case of seasonal environment. We give several numerical

test confirming the theoretical results. Finally, in section 7, we give some concluding remarks.

2. MATHEMATICAL MODEL FOR Zika Uirus DYNAMICS IN A SEASONAL ENVIRONMENT

The virus is spread as follows. Mosquitoes contract the virus by biting human infected with it.
They the transmission of the virus increases by biting an uninfected human [27]. The mathematical
model for Zika virus spread that we proposed here is a compartmental one. Therefore, the model

is given by the fifth dimensional system of differential equations hereafter.

Su(t) = Sp(t) = pu(t)Lo(t)Si(t) — di () Su(t),

I(t) = pu(OL(t)Su(t) — (ru(t) +dn(t))In(t),

Ry(t) = m(H)I(t) —dn()Ry(8), (2.1)
Sv(t) = an<t> - pv(t)Ih(t)Sv(t) - dv(t)sv(t)z

L(t) = po(OIu(t)Su(t) = do(B)o(t).

Sy, I and R, describe the susceptible, infected and recovered in the human population, respec-
tively. S, and I, describe, respectively, the susceptible and infected in the mosquito population.

More details concerning the significance of the model parameters are given in Table 1.
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Notation | Definition
Si?n Periodic recruitment rate of human population
S, Periodic recruitment rate of mosquito population
On Periodic contact rate between I, and Sy,
Po Periodic contact rate between I, and S,
d, Periodic natural death rate of human population
dy Periodic natural death rate of mosquito population
T Periodic natural recovery rate of symptomatic infective human population

TaBLE 1. Parameters and variables of system (6.1).

The model parameters satisfy the following assumption:

Assumption 2.1. The functions S (t), S (1), pn(t), po(t), dn(t), do(t), and 1y (t) are non-negative
continuous bounded and T-periodic.

3. CASE OF FIXED ENVIRONMENT

By considering fixed parameters for the model (2.1), we obtain a simple mathematical model
equivalent to the ones given in [28-30].

S = S —puloSn—diSy,

Iy = puloSp— (ry +dp)ly,

Rh = T’hIh - thh/ (31)
Sv = S?n - pvlhsv —dySy,

Iv = vath - dvlv-

We aim in section to study firstly the behavior of the model (3.1). We start by giving some basic
classic properties.

3.1. Basic properties. The variables of the model (3.1) remain positive and bounded and the
system is conservative.

Lemma 3.1.

gh v
I ={(Sy, IRy S0, Ib) €ER% : Ny = =", N, = =
dh dz;

is a positively invariant attractor of all solutions of system (3.1) where Ny, = Sy, + I, + Ry and N, = S, + I,
are the total population sizes of human and mosquitoes, respectively.



Int. J. Anal. Appl. (2024), 22:71 5

Proof. We have

Spls,=0 = S! >0,
Iilb—o = puleSy=0,
Rylr=0 = mly 20,
Sols,—0 = S >0,
I.v |I,,:O = vath > 0.

Thus one can deduce that the closed non-negative cone ]Ri is positively invariant by system (3.1).

h st :
From Egs. (3.1) we get N, = S?ﬂ —dyNy,. Hence Nj, = d_l: if N (0) = d_l: Similarly, Ny = S7 —dyNo.
SY v
Hence N, = == if N,(0) = —~. O
dy dy

3.2. Steady states: Existence and uniqueness. The next-generation matrix method introduced
by Diekmann [31,32]. In compartmental models describing the infectious diseases transmis-

sion, this method is used to derive the basic reproduction number. In our case, by consid-

h
0 dp 0
ering F = v d |and V = [ Vh‘g " p ), we obtain the next generation matrix
_in 0 v
p'U dv .
FVv-l = 0,5 dod | and then the basic reproduction number (spectral radius of FV1)
Uin
— 0
do(rp + dp)
for (3.1) is given by.
PnpoS!t S?
Ro=r(FV!) = | 57—
dydy (rp + dp)
Lemma 3.2. o If Ry <1, then model (3.1) has a trivial steady state E,.

o IfRo > 1, then model (3.1) has two steady states Ey and E*.

Proof. Let E(Sy, I, Ry, Su, I,) be any steady state satisfying

0=5" — puloSy — dnSp,

0 = pploSp = (rn + di) I,

0= T’hlh - thh/ (3.2)
0= S?n = poliSy — dySy,

O - vath - dUIU'
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which is equivalent to

5 — Sh, = (ru+ du)1y _ %_ (Vh+dh)1
Tnln
Rh = d_r
h
I B PthSv . % PUIh (3'3)
’ dy dy Pth + dv,
s?
Sy = ———.
’ dv + Pth
From the second equation of system (3.2), we have
0 = puloSp— (rn+dn)ly
(3.4)

Sh_pupol (S?n (i + dy)
dy Pvlh -+ d’y dh dh
If I, = O, then we get a steady state given by the ZIKV-free steady state

St SY
Eo=|-2,0,0,-2,0|. If I, # 0, define the function
dh dv

SY pwpo (SL (rw+dy)
—_m_ Y [(_m AR TR _
f(Iy) = 2. Pv1h+dv(dh i Ih) (rp +dp).
Then we obtain
. S?n PhrPo S?n
I;lll_l)'{)1+f(1h) = A 4o dn (rn +dn)

= (m+d)(RE-1)>0if Ry > 1.

Now, we have

oy = Shpee (o (i) (g
dy hosp \d Ay ne
Pv%‘i‘v

h

£ = _S_E’nPh_P%(S?n (itd)) o pipn (ot
' dv vah+dv dh

IA
e
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_ st
Thus f is an decreasing function. Then the equation f(I;) = 0 admits a unique solutionI;, € (0, f ).
h
Therefore,
_ Slhn (Vh + dh) -
§ = o DA
d}i d,
Ry = 2,
o 35
[, = Cn_peb >
? dy Pvlh +dy
5Y
I _ in__ ,
’ dy + Pvlh
and the infected steady state E* = (S, I, Ry, Su, I,) exists only if Ry > 1. O

4. LOCAL STABILITY OF STEADY STATES

The Ry rate is important to determine the risk of a new pathogen causing an epidemic (impossible
if Ry < 1, possible if Ry > 1) and to estimate the final size of the epidemic, with or without control

measures.
Theorem 4.1. If Ry < 1, then the trivial equilibrium point Ey is locally asymptotically stable.

Proof. The Jacobian matrix of system (3.1) at a point (Sy, I, Ry, So, L)) is given by:

_<phlz] —|—dh) 0 0 0 —phsh
pnly —(rp+dy) O 0 PnSh
] = 0 n —dh 0 0
0 —PuSo 0  —(polp+do) 0
0 vav 0 pvlh _dv
The Jacobian matrix evaluated at Ey is then given by:
st
—dy 0 0 0 -pno
dy,
St
0 —(rmm+dy O 0 phd—m
Jo=] o0 h —d, 0 0
s?
O _pvﬂ 0 _dU O
do
s?
O ‘Ovd_Z: 0 O _dv
Jo admits five eigenvalues. The first three eigenvalues are given by Ay = A, = —d;, < 0 and
Az = —d, < 0. The other two eigenvalues are those of the following sub-matrix
sh
—(n i) pr
S := v
in _d
Po—— v
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where the trace is given by
Trace (So) = —(ry +dy, +dy) <0

and the determinant is given by
s
Det (So) = dyo(ry, +dy) — phppff =d,
h Yo

Then all eigenvalues must have negative real parts once Ry < 1 and the trivial equilibrium point

(rn +dp) (1 = R3).

Ey is then locally asymptotically stable once Ry < 1. m]

Theorem 4.2. If Ry > 1, then the endemic equilibrium point E* = (Sy, I, Ry, Sy, L) is locally asymptoti-

cally stable.

Proof. The Jacobian matrix at the endemic equilibrium E* = (S;,, I, Ry, Sy, I,) is given by:

_(thv + dh) 0 0 0 _Phgh
p;jv —(rp+dy) 0O 0 Phgh
i = 0 h —d, 0 0
O _p'USU 0 _(pyjh + d-(;) 0
0 pvsv 0 PvTh _dv
The characteristic polynomial is then given by:
—(X + pth + dh) 0 0 _Phgh
pth —(X + 1+ dh) 0 0 Phgh
P(X) = 0 T —(X +dp) 0 0
0 —poSo 0 —(X+ poly + dy) 0
0 pUSU 0 pyTh _(X + dz])
—(X + pth + dh) 0 0 _Phgh
pth —(X+r,+dp) 0 0 Phgh
0 0 0 ~(X+dy)  —(X+d)
—(X—thjv—Fdh) 0 0 0
I —(X d 0 0
= (x| P )
0 Ty —(X + dh) 0
0 _pvgv 0 _(X + PvTh + dv)
~(X+ puly + d) 0 0 —PnSh
I -(X d 0 S
X+ dy) pnlo (X + 1y, +dp) PnSh
0 T -(X+dy) 0
O _p'US'U 0 O

=(X 4 do) (X + dp) (X + poli + do) (X + pplo + di) (X + 13, + i)
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—(X + p;jv + dh) _Phgh

_pvgv(X + dv) (X + dh) 7 G
pnly PrSh

= —(X+dy)(X+ dh)[(X + poly + do) (X + pplo + dy) (X + Ry + diy) — popnSiSo(X + dh)]-

Then Ay = —d, < 0 and A, = —dj, < 0 are two eigenvalues. The other three eigenvalues are the

roots of

Q(X) = (X+ poly+do)(X+ pulo +dp) (X + 1y + di) = popnSnSo(X + dy)
= X3+ (poly + do + pnlo +dy + 1y + djy) X2
+ ((polp + do + 11+ d) (pulo + dn) + (poli + do) (ry + di) — PopnSuSs) X
(poli + do) (pnlo +d) (rw + di) — dnpopnSnSo
= X +@X®+nX+a

where

ay = poly + do + pply + dy + 1, + dj, > 0,
a1 = (poly +do + 1+ dp) (ol + di) + (polyy + do) (1 + A1) — PoprSnSo,
ag = (PvTh + dv)(p;jv + dh)(l’h + dh) - dhpvphghgv-

oSh
= ,andd =
h v

S
pol h ° , we obtains

Using the fact that r, +d), =

> (poly +dy)(pnlo +dn) + (rw 4 dn) (pulo + dp) + prpoloSi > 0,
apg = Pvpijvghgv + PthIvgh(pth + dh) >0,
ara; —apg = (PvTh +d, + Pth + dh)(PvTh +d, )(phT + dh)

+(vah +dy + pnlo +dp + 1, + dh) tn + dp) (pnly + dp)

a

%mh+%+mh+@+m+mzmh+d ) (rn +dp)
+onpoloSu(poly + do + 11, + dy)
{Wﬁ+%+mﬂ+@+m%wﬁﬁv
(mﬁ+%+mL+@wa+%)

+(vah +dy + pnlo + dy + 1y + dj,

\%

only +dp)
(4 dn) (puly +dy)

— —

%mﬂ+%+mh+@+m+@%wﬁﬁv
{mﬁ+%+mﬂ+@+m%wﬁﬁv
+onpoloSi(poln + do + 11, + dy)
= (th +do + pulo + dh)(PvTh +do) (pnlo + di)
+(th +do + pplo + dy + 1, + dh)(rh +di) (prlo + dn) + dnpopnSuSo

> 0.
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Then the eigenvalues have negative real parts. Therefore, the equilibrium E* (exists if Ry > 1) is

locally asymptotically stable. m]

5. (GLOBAL PROPERTIES OF STEADY STATES

Theorem 5.1. By considering the dynamics (3.1), if Ry < 1, then Ey is globally asymptotically stable.

Proof. Assume that Ry < 1 and define the following Lyapunov function Uo(Sy, In, Ry, So, I):

d st
Uy in
Uo (S, In, Ry, So, Iy) = —1Ij + =1L
Ph dy
h S?
Clearly, Uo(Sp, In, Ry, So, I) > 0 for all Sy, I, Ry, Sy, I, > 0 and Uy (f,o, 0, f,O] = 0. The deriva-
h v
tive of Uy with respect to time along system (3.1)is given by:
du d sl
d_to = p_:(PthSh = (rm+ dh)lh) + d—m(pvlhsv - dva)
do I,— Sh dy)l Sh I SU —d,l,
< —
< p(Ph o (rn + h)h) d(thd )
dU Sh Sfln S?]’l
< _(phI <rh + dh)lh) + _(Pvlh_ - dvIv)
Sv d, .
< _1 N
< [ i ph(rh+dh) I
do(ri + dn) (S5 ShiPrPe
< —1|I,
Ph dydy (r 4 dn)
d d
Pn
If Ry <1, then dd% < O0forall Sy, I, Ry, Su, I, > 0. Let Wy = {(Sh,lh,Rh,Sv, I): dd% = 0}. It can
be easily shown that Wy = {Ep} . Applying LaSalle’s invariance principle [33] (see [34] for other
applications), we deduce that Eg is GAS when Ry < 1. ]

We use the same process as in [6] and we define the set
Q= {(Sh,Ih,Rh,SU,IU) €R’:0<8,<5,0<I,<I,,0<R, <R;,0<5,<5,0<I,< Iv}.
Theorem 5.2. If Ry > 1, then E = (S, Iy, Ry, S, I,) is globally asymptotically stable in Q).

Proof. Consider the positive function defined by G(s) = s —1 —1Ins. Let the Lyapunov function
U(Sp, I, Ry, So, Iy) given by

1 I I 1 1 I
_ G(i)+ I G(—h)+ (Rp—Ry)?* + — G(§)+ _ G(_—”).
puly  \Sn)  puloSy \Ii poly p0So \Iv

U(Sh/ Ih/ Rh; Sv/ Iv) =
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It is easy to see that U(Sy, I, Ry, Su, I) > 0 for all Sy, I, Ry, Sy, I, > 0 and U(Sy, I, Ry, Sp, I,) = 0.

Calculating ddll along the solutions of (3.1), we obtain

al 1 Sh 1
— = ——|1- St — pplySy — dy S —(1- 2| (pnlSy, — )1
T Phlvsh( Sh)( puloSy = duSp) + P_thSh( )(Ph 0= (ru+dn)In)
1 SU
+(Ry, = Ry) (ruly — dpRy) + " 1- 5_) (Sj.’n — polSy — dev)
1 I
— (1 - — 1S, — dyl,
‘|’va01 ( )(th vv)
Applying the steady state conditions for E
St = puluSy + diSy, (1 + di) Iy = puloSi, S2, = polnSo + doSo, doly = poliSo,
we get
au 1 Sy _
— = —(1-— »Sn + d,Sy, — pnloSy, — d3,S
it phlvsh( Sh)(P 1nSh = PuloSy — dSp)
1

T—==(1- _h) (pnloSp = (1 +dn)In) + (R = Ryy) (ruly — duRy)
pnluSy, L
1
L 1,50 + duSy — polSo — oS
—|-pvthU §v) (polySo + — PolySy — dySy)
1 I
+— - _U) (Pvlhsv - dvIv)
vavlv 11_7 )
4y (Sn—5p) 1 ( S )
_ + = (1= 3| (pulsS1 = pikeS
AR paH (onloSn — puloSn)
1 I
e _h) (pnloSn — (rn +dp)Iy) + (Ry, = Ry,) (il — dyRy,)
PrloSh Iy ,
d’(] (S’U - SU) 1 S
Y +—|1-= IS, IS
vah_Sv S, ] vahS ( 5 )(Pv hov — Polp 0)
I, I,
I - 1,S, —d, 1
vathIv IU) (pv " ’ v) ~
_ A (Su=Sw? dy (Se=S50)% | 1 (1_ﬂ)(j 3 — 1,S,)
phTySh S Pvl_hgv 5o Ivsh Sn ’ ’

1 Iy S
(1 - —) IUSh IvSh_—h + (Rh - Rh) (Thlh - thh)
1 oS I I,

_ _ dh (Sh_sh) _ dy (S -5 ) _*_(1_& (1_105}1)
pthgh Sh Pvl_hgv Sv Sh I_vgh
—I—(l——)(l ] {h)—i—(Rh—Rh) rh(%_sh_Rh)_thh
LS, I dy
5, LS\ Iif. L\(LS, I
+(1_S_U)(1_Thgv)+i(1_z)(Thgv TU)
o dy (Sh=S)* dy (So=50) - &) | LSy
B phjvsh Sh PvTth Su Sh Tvgh
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Phjvs}i S PolpSo Sy Sy Tvgh
I L,S I _ _ _
—h)(h D) Ry = Ra) (13— S) + (1 + ) (Ra = Ra)
I )\L,S, I

1- i)(l - {h§”)+ 1—’1(1 - T—”)({h%’ - I—”)
SU Ith Iv Iv Ihsv Iv

Therefore, d—l;[ < 0 forall S;,,I;, Ry, Sy, I, € Q) and é—l;l = 0 if and only if (Sp, I, Ry, So, L) =
(Sp, I, Ry, Sp, I,) = 0. By applying the LaSalle’s invariance principle [33], one can easily deduce
that E is globally stable (see [35-37] for other applications). m]

5.1. Numerical examples. In this section, we adopted the numerical simulations validating an-
alytical findings for the case of fixed environment. The numerical values of py,, po, dp, dy and 7y,

are considered in Table 2. In Figures 1-2, the calculated trajectories of dynamics (3.1) converge

TasLE 2. Used values for py, py, dy, dy and ry,.

Parameter p, po dp do 1y
Value 1.2 09 09 07 16

asymptotically to & if Ry > 1. However, in Figures 3-4, the calculated trajectories of the dynamics
(3.1) converge to the disease-free steady state &y, then confirming the global asymptotic stability
of &y if Ry < 1. In Figures 2 and 4, different initial conditions were considered and for each one of

them, the solution converge to the same steady state.

Si(t)
—Iin(t)
——Ru(t)
—5,() |
— @ |

t

Ficure 1. Behavior of the dynamics (6.1) for Si?n =5and 5] = 4thenRy ~ 4.4263 >
1.
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13

Sn(t) 1

1.

Ficure 3. Behavior of the dynamics (6.1) for S?n = 0.75and S = 0.6 then Ry

0.6639 < 1.

2

1.5

Sn(t) 1

Ficure 4. Behavior of the dynamics (6.1) for S?n = 0.75 and S = 0.6 then Ry

0.6639 < 1.

~
~

~
~
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6. CASE OF SEASONAL ENVIRONMENT

Let return to the main dynamics (2.1) for a seasonal environment. Since recovered compartment

doesn’t affect any of the other compartments, we consider only the following reduced dynamics

Sp(t) = St () = pu(£) Lo (£)Su(t) — dn(t)Sn(t),

In(t) = pu(B) Lo () S (t) = (1 (t) 4 di(£))In(t),

Ry, (t) = () In(t) = dn () Ru(t), (6.1)
(

Su(t) = S5, () = po(D)In(£) Su(t) = du()So(1),
L,(t) = P() n(£)So(t) = do () o (t).

For any continuous, positive T-periodic function g(t), we define g = 1’1[121%() g(t)and g’ = n%er\) q(t).
tel0 te

6.1. Preliminary. Let A(t) tobe a T-periodic m X m matrix continuous function that it is irreducible

and cooperative. Let B4(t) to be the fundamental matrix with positive entries, solution of
w(t) = A(t)w(t). (6.2)

Let us denote the spectral radius of the matrix f4(T) by r(Ba(T)). By using the Perron-Frobenius
theorem, one can define r(B4(T)) to be the principal eigenvalue of f4(T). According to [38], we

have:

Lemma 6.1. [38]. (6.2) admits a positive T-periodic function x(t) such that w(t) = x(t)e® with
a = 2 In(r(pa(T)).

In order to define the disease-free periodic trajectory of model (6.1), let us consider the subsystem

{ Su(t) = Sk, (6) = du(£)S1(1),

Su(t) = S5,(6) ~ dol()Su(0).

with the initial condition (S4(0),5,(0)) € R%. The dynamics (6.3) has a unique T-periodic
trajectory (Sj,(t),S,(t)) such that 5, (t) > 0 and S,(#) > 0. This solution is globally attractive in R? ;
therefore, the dynamics (6.1) admits a unique disease-free periodic trajectory (Sy(t),0,0,S,(t),0).

(6.3)

Let us define o(t) = rgi(?(y(t), m(t)) and then we have

Proposition 6.1. The compact set
h ot
Zu:{(sh/IhIthSU/IU)ERi /Sh"‘[h—f—RhSd;ln,SU—{—I Sﬂ}

1
h dU

is a positively invariant and attractor of trajectories of dynamics (6.1) with
lim S, (£) + I (£) + R (£) = Su(t) =0,
tlim Su(t) + I,(t) — Su(t) = 0.
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Proof. Using the dynamics (6.1), we obtain

Su(t) + In(t) + Rp(t)

St (t) —dp(t) (S (t) + In(t) + Rp(t))

n_ gl
< o dh(sh(t)+1h(t)+Rh(t))hu (6.5)

IA

0, if Sy(t) + I (t) + Ry (t) >

7

dl
and

So(t) +Io(t)

S?n(t) - dv(t) (Sv(t) + Iv(t))
827 = db(Sult) + (1) 66

'0

0, if Sp(t) + L,(t) > -2,
d,

IA

IA

Let Y1(t) = Su(t) + I(t) + Ry(t) and Ya(t) = Sy(t) + L,(t). For x1(t) = Y1(t) — Sp(t),t = 0, it
follows that x1(t) = —d;(¢)x1(t), and thus hm x1( ) = }Lr?o(Yl(t) - Su(t)) = 0. By the same way,
let xo(t) = Ya(t) = Sy(t),t > 0, then x5 (t) < d (t)x2(t), and thus tli_)rgxz(t) = tli)rglo(Yz(t) - S,(t)) =
0. m]

In section 6.2, we aim to define the basic reproduction number; Ry, the disease-free and then its
global stability for Ry < 1. Later, in section 6.3, we aim to prove that compartments I, (t) and I, (t)

persists if Ro > 1.

6.2. Disease-free trajectory. By using the definition of Ry given by the theory in [20]. For
Y = (Ih/ I‘()/ Rh/ Sh/ S?})/ let

pr(t)Lo () Sn(t) (rn(t) + dn(t))1n(t)
po(E)In(t)So(t) do(t)Lo(t)
F(tY) = 0 , V(1Y) = dn (H)Ry(¢) , and V*(t,Y) =
0 Pn(t)Lo(£)Sn(t) + dn(t)Sn(t)
0 Po (D)1 () So(t) + do(t)Su(t)
0
0
( )Ih(t) . Our aim is to satisfy conditions (A1)—(A7) in [20, Section 1]. The dynamics (6.1) can
si (1)
S5, (1)
take the form hereafter:

Y=FY)=V(Y)=F(Y)=V(tY)+V(tY). (6.7)

Thus, the first five conditions (A1)—(Ab) are satisfied.
The dynamics (6.7) has a disease-free periodic solution Y(t) = (0,0,0,5,(t),S,(t)). Let
ft, Y1) = FY)=V(£Y)+VT(tY) and M(t) = (W) where fi(t,Y(t)) and
Y; are the i-th components of f(t,Y(f)) and Y, respectively.] A :Sg)i(rlrl];je calculation give us
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—dy(t) 0 0
M(t) = 0 —dy(t) 0 and thus 7(Bp(T)) < 1. Therefore, the trajectory Y (t) is linearly

asymptotically stable in )5 = {(O, 0,0,5,,5,) € Ri} Therefore, the condition (A6) in [20, Section
1] is also fulfilled.

oFi(t, Y(t
Let us define F(t) and V(t) to be two matrices defined by F(t) = (—TZ( (£)

and
8Y]- )1si, <3

IV;(t, Y(t ,
IVilt ¥(t)) where F;(t,Y) and V;(t,Y) are the i-th components of ¥ (¢,Y) and

V(t) = ( )

9V 1<i,j<3
V(t,Y), respectively. A simple calculation by using (6.7) give us the expressions of matrices F(t)
and V() as the following:

0 pu(t)Sn(t)
0

,V(t):[(rh(t)+dh(t)) 0 )

0 dy (1)

Consider Z(t1, ) to be the three by three matrix solution of the system %Z (t1,02) ==V (t1)Z(t1,t2)
for any t; > tp, with Z(#1, 1) = I3, i.e., the 3 X 3 identity matrix. Therefore, condition (A7) is also
fulfilled.

Denote by Cr the ordered Banach space of T-periodic functions that are defined on R — RR?,
with the maximum norm ||.|| and the positive cone C; ={Y € Cr: Y(s) 20, foranys € R}.

Consider the linear operator K : Ct — Cr given by

(Ko)(w) = j:o Z(w,w—-z)F(w-z)p(w—-2)dz, YweR,peCr (6.8)

Therefore, the basic reproduction number, Ry, of dynamics (6.1) is given by Ry = r(K).
Thus, the local stability of the disease-free periodic trajectory, Ey(t) = (S,(t),0,0,5,(t),0), of the
dynamics (6.1) with respect to Ry is given hereafter.

Theorem 6.1. [20, Theorem 2.2]
° Ro <1l e V(ﬁp_v(T» <1
° 7{0 =1 T’(ﬁp_v(T)) =1
e Ro>1 & r(Brv(T)) > 1

Then, &y (t) is asymptotically stable if Ry < 1, however, it is unstable if Ry > 1.
Theorem 6.2. &y(t) is globally asymptotically stable if Ry < 1. It is unstable if Ry > 1.

Proof. By Theorem 6.1, one has &y (t) is locally stable if Ry < 1 however it is unstable if Ry > 1.
Therefore, it remains to satisfy the global attractivity of Ey(t) once Ry < 1. Using (6.4) in Proposition
6.1, for any m; > 0, 3 T; > 0 such that Sj(t) + I(t) + Ry(t) < Sp(t) +mq and Sy(t) + L(t) <
Su(t) + my for t > Ty. Therefore, Sj,(t) < S,(t) + my and Sy(t) < Sy(t) + my; and

{Mt) < on(OLE) (Sn(t) +m1) = (m(£) + di ()T (E), 69
<

L(t) < po(O)I(t)(So(t) +m) —do(D)o(t),
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for t > T1. Let M3 (t) be the two by two matrix function given hereafter

0 pult) )
Pv(t) 0 .

using the equivalences in Theorem 6.1, one has r(¢r-v(T)) < 1. By choosing m; > 0 satisfying

My(t) = ( (6.10)

r(@r—v+mm,(T)) <1 and we consider the dynamics hereafter,

{ Tn()) = pu(DI (1) (Su(t) +m) = (ru(t) + (1)) Tu(h),

K AR d (6.11)
L) = po(OL(E)(Solt) +my) = do()L(8).

Using Lemma 6.1, there exists a positive T-periodic function x1 (t) such that w(t) < x1(t)e"! with

I (t
w(t) = ( IhEt; )and ap = %ln (r(@r=v+mm,(T)) < 0. Thus, tlim I,(t) = 0 and tlim I,(t) = 0.

Furthermore, we have that tlim Sn(t) = 8Su(t) = tlim Z1(t) = I(t) = Ry(t) = Sp(t) = 0 and tlim Su(t) —
Su(t) = tlirn Zo(t) = I,(t) — Sy(t) = 0. Then, we deduce that the disease-free periodic trajectory
&o(t) is globally attractive. o

6.3. Endemic trajectory . Note that the dynamics (6.1) admits >* as an invariant compact set. Let
Yo = (51(0),1,(0), R(0), S5(0),1,(0)) and Y1 = (5,(0),0,0,5,(0),0). Define £ : RS — R> to be
the Poincaré map related to the dynamics (6.1) with Yy — u(T, Y?), where u(t, Y?) is the unique
solution of dynamics (6.1) and initial condition u(0,Y?) = Y € ]Ri. Let us define

O = {(Sp I, Ry, Su, L) € RE}, Qg = Int(R%.) and 90 = Q' \ Qp.
() and () are both positively invariant. # is point dissipative. Define
M, = {(Yo) € 90 : P*(Yo) € 9, for any k > 0}.
By using the persistence theory given in [39] (also in [38, Theorem 2.3]), we have
My =1{(5,,0,0,5,,0), S, >0,S, > 0}. (6.12)

It is easy to see that My 2 {(5,,0,0,5,,0), S, >0,S, >0} To prove that M, \
{(54,0,0,5,,0), S, >0,S, >0} = 0, consider (Yy) € My )\ {(5,,0,0,5,0), S, >0,S, >0}. If
I,(0) = 0 and 0 < I;(0), then I,(t) > 0 for all t > 0. Then I, (t)—o = po(0)I;(0)S,(0) > 0.

If I,(0) > 0 and I;;(0) = 0, then I,(+) > 0 and Sj,(¢) > 0 for all f > 0. Thus, for all > 0, we obtain

+ dy(2))dz v f () + N

: e
Ii(t) = [Ih(0)~|—fo (ph(a))lv(a))Sh(a)))ef(; ! dw

for all t > 0. This means that Y (t) ¢ dQ) for 0 < t < 1. Therefore, () is positively invariant from
which we deduce (6.12). Using the previous discussion, we deduce that there exists one fixed

point Yy of £ in My. We deduce, therefore, the uniform persistence of the disease as follows.
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Theorem 6.3. Assume that Ry > 1. The dynamics (6.1) admits at least one periodic solution such that
there exists ¢ > 0 that satisfies ¥ Yo € Ry x Int(R%) x Ry x Int(R..) and

li¥ninflh(t) >e>0, li¥ninflv(t) >e>0.

Proof. We aim to prove that # is uniformly persistent with respect to (o, d()9) which permits to
prove that the solution of the dynamics (6.1) is uniformly persistent with respect to (g, dQ)) by
using [39, Theorem 3.1.1]. From Theorem 6.1, we have r(¢r_yv(T)) > 1. Therefore, there exists
& > 0 such that r(@r_v_gum, (T)) > 1. Define the system of equations:

{smo::syo—mam%m—mﬁwmm
$3(t) = SU(t) - po(t)asSy(t) —do(£)S5(1).

P associated with the dynamics (6.13) admits a unique fixed point (S%,5%) which is globally

(6.13)

attractive in IRi. By using the implicit function theorem, & +— (5!, 5?) is continuous. Thus, a > 0
can be chosen small enough such that 5" (t) > 5, (t) —= &, and S%(t) > S,(t) =&, V¥ t > 0. Using the
continuity property of the solution with respect to the initial condition, da* such that Y, € ()p with
Yo —u(t, Y1)l < a*; then

lu(t,Yo) —u(t, Y1)l <afor0<t<T.

We prove by contradiction that
limsup d(P*(Yo), Y1) = a* V¥ Yo € Qp. (6.14)

k—o0

Suppose that lim sup d(P*(Yy), Y1) < & for some Yy € Q. We can assume that d(P*(Yy), Y1) < o
k— o0

for all k > 0. Therefore
lu(t, PX(Yo)) —u(t, Y1) <a¥Vk>0and0<t<T.
Fort>0,lett = kT + t;, where t; € [O, T)and k = L%J . Therefore
lu(t, Yo) —u(t, Y1)l = llu(ty, P*(Yo)) — u(ty, Y1)|| < a for all t > 0.
Set (Sy (), In(t), Ry (t), Su(t), I, (t)) = u(t, Yo). Therefore 0 < I, (), I,(t) < a,t > 0 and
{smo Sk (1) = pu(B)aSu(t) = du(H)Su(b),
Su(t) SY (£) = po(t)aS,(t) — dy() Sy (t).
P applied to the dynamics (6.13) admits a fixed point (5",59) that it is globally attractive with

Sh(t) > 5, —&, and §9(t) > S,(t) — &; then, A To > Osuch that Sj,(t) > 5j,(t) — £and S, (t) > S, (t) - &
fort > T>. Then, for t > T>, we have
{mm > p(B)Lo(£) (Su(t) = &) = (ru(t) + di (£)) I (8),
L(t) 2 po()In(£)(So(t) = &) = do(t) o ().
Since r(@r_v_em, (T)) > 1, then by using Lemma 6.1, there exists a positive T-periodic function
x2(t) such that J(t) > e™!x,(t) where ay = %ln r (Qr-v—em, (T)) > 0, then tli)r?o I(t)(t) = oo which

contradicts the boundedness of the solution. Therefore, (6.14) is satisfied and ¥ is weakly uniformly

(6.15)

vV v

(6.16)
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persistent with respect to (g, d(). By applying Proposition 6.1, # has a global attractor. We
deduce that Y7 is an isolated invariant set inside Q) and that W*(Y7) N Qg = 0. All trajectories inside
M, converges to Y1 which is acyclic in M,. Applying [39, Theorem 1.3.1 and Remark 1.3.1], we
deduce that # is uniformly persistent with respect to (Qg, dQ)). Moreover, by using [39, Theorem
1.3.6], P has a fixed point Yo = (Sp, I, Ry, 5o, I) € Qo with Yo € Ry x Int(R%) x Ry X Int(R4.).
Suppose that S, = 0. From the first equation of the dynamics (6.1), 5 (t) satisfies

Su(t) = Sh(t) = pu(HL(1)Sh(t) = di(£)Si(t), (6.17)

where §), = gh(nT) =0,n=1,2,3,---. By using Proposition 6.1, ¥ m3 > 0, 3 T3 > 0 such that
L(t) < Sf: + mg for t > T3. Then, we obtain

Su(t) = St (£) = pr(t) (ST + m3)Sy(t) —dy(t)Su(t), for t > Ts. (6.18)

d 7 such that nT > T; for all n > 71. Therefore

1) 5100+ fﬂs?n(w)e | (ph<s><s;;‘;+m3>+dh<s>)dsdw]e_ [
0

for all n > 7 which contradicts the fact that 5,(nT) = 0. Then, 5,(0) > 0 and Y is a positive
T-periodic solution of the dynamics (6.1). m]

" (ph(s)(s;;j V) + dy (s))ds

6.4. Numerical examples. In this subsection, we used some numerical example to validate theo-

retical findings. The periodic functions are given as follows

Sh(t) = S?f(l + Sf’nl cos(2n(t+¢))), S (t) = Sz?(l + anl cos(2mt(t+ ¢))),

P = P+ phos(ai+9)  pul) = P14 pheoserlt+9)) o
dy(t) = d)(1+4d, cos(2n(t+¢))), dp(t) = dY(1+dlcos(2n(t+¢))), '
m(t) = 1’2(1 —1—1’}11 cos(2n(t+ ¢))), ,

with IS?nll, IanlI, Ip;I, Ipzljl, Id}ll, |dl], |7’,11| and |u'| describe the seasonal cycles frequencies, however, ¢

Sho Sz,?/ ‘021 pg/ dg/ dg/ 1/‘2/ uol Sl‘,ll S?nll p;l/ p?ljl d]:,lll

describes the phase shift. The numerical values of S}, i

dzl,, r}l and u! are considered in Table 3.

TasLE 3. Used values for ¢, pg, pg, dg, 49, 72, ght Sf’y}, pi, pzl,, d}ll, d! and r;lz.

in’

0 0 40 40 0 gl 1 1 1 T o A
Parameter ¢ p, py, d, dy, 1, S, S p. p, 4 d, 71

Value 0 12 09 09 07 16 013 019 011 012 03 04 038

Two scenarios were consider here. The first one was allocated to the case where only the contact
rates are seasonal. The second case was allocated to the case where all parameters are periodic.
Let us start be the case where only the contact rates, p, and p, are seasonal functions reflecting
periodic contact between human and mosquito. We give the results of some numerical simula-

tions confirming the stability results for system (6.1). The approximation of the basic reproduction
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number Ry was performed using the time-averaged system. In Figures 6-5, the calculated tra-
jectories of the dynamics (6.1) converge asymptotically to the periodic solution corresponding to
the disease persistence if Ry > 1. In Figures 5 and 7, different initial conditions were considered
and for each one of them, the solution converge to the same periodic solution. In Figures 8 and
7, the calculated trajectories of the dynamics (6.1) converge to the disease-free periodic solution
&Eo(t) = (S*(¢),0,0,P*(t)) for the case where Ry < 1.

1.

Ficure 6. Behavior of the dynamics (6.1) for SZ? = 5and Sf}? = 4 then Ry ~ 4.4263 >
1.
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Ficure 7. Behavior of the dynamics (6.1) for SZ? = 0.75 and Sff = 0.6 then Ry =~
0.6639 < 1.
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Ficure 8. Behavior of the dynamics (6.1) for SZ? = 0.75 and S? = 0.6 then Ry ~
0.6639 < 1.

In the second part, we performed numerical simulations for the system (6.1) where all parameters
were set as T-periodic functions. The basic reproduction number Ry was agian approximated by
using the time-averaged system. In Figures 10-9, the calculated trajectories of the dynamics
(6.1) converge asymptotically to the periodic solution corresponding to the disease persistence if
Ro > 1. In Figures 9 and 11, different initial conditions were considered and for each one of them,
the solution converge to the same periodic solution. In Figures 12 and 11, the calculated trajectories
of the dynamics (6.1) converge to the disease-free periodic solution & (t) = (S*(¢),0,0,P*(t)) for

the case where Ry < 1.
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Ficure 10. Behavior of the dynamics (6.1) for SZ? = 5 and SZ? = 4 then Ry ~
44263 > 1.
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Ficure 11. Behavior of the dynamics (6.1) for SZ? = 0.75 and Sz? = 0.6 then Ry ~
0.6639 < 1.
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Ficure 12. Behavior of the dynamics (6.1) for S?}? = 0.75 and Sfr? = 0.6 then Ry ~
0.6639 < 1.

7. CONCLUSIONS

In this paper, we studied a mathematical model for Zika virus dynamics when influenced by the
seasonality. In the first step, we studied the autonomous system. The basic reproduction number
was calculated and the equilibria of the dynamics were identified and characterised. In the second
step, we studied on the non-autonomous dynamics and we defined the basic reproduction number,
Ro by using a linear integral operator. It is deduced that if Ry < 1, all solution of the dynamics
converge to the disease-free periodic trajectory and that the disease persists if Ry > 1. Both
cases were performed by some numerical tests confirming the theoretical results highlighting the
seasonality influence on the dynamics.
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