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SOME RESULTS ON THE DRAZIN INVERSE OF A MODIFIED
MATRIX WITH NEW CONDITIONS

ABDUL SHAKOOR*, HU YANG AND ILYAS ALI

ABSTRACT. In this article, we consider representations of the Drazin inverse
of a modified matrix M = A — CD®B with the generalized Schur complement
Z = D — BAYC under different conditions given in recent articles on the
subject. Numerical example is given to illustrate our result.

1. INTRODUCTION

The importance of the Drazin inverse and its applications to singular differential
equations and difference equations, to Morkov chains and iterative methods, to
cryptography, to numerical analysis, to structured matrices and to perturbation
bounds for the relative eigenvalue problems can be found in [1-3].

Let C™*" represent the set of m x n complex matrices. Let A € C"*", then
there exist a unique matrix A4 € C"*" satisfying the following equations:

(1.1) ARFLAD — gF - Ad g4l — Ad AAT = AdQ,

A% is called the Drazin inverse of A, where k = ind(A) is the index of A, the smallest
nonnegative integer for which rank(A**1) = rank(A*) (see[1-3]). In particular,
when ind(A) = 1, the Drazin inverse of A is called the group inverse of A. If A is
nonsingular, it is clearly ind(A) = 0 and A% = A~!. Throughout this article, we
denote by A™ = I — AA? and define A° = I, where I is the identity matrix with
proper sizes.

In 1975, Shoaf [4] derived the result of the Drazin inverse of a modified square
matrix, in 1994, Kala et al. [5] gave an explicit representation for the generalized
inverse of a modified matrix, and in 2002, Wei [6] have discussed the expression of
the Drazin inverse of a modified square matrix A — C'B. Recently, in 2013, Dopa-
zo et al. [7], Mosié¢ [8] and Shakoor et al. [9] presented some new results for the
Drazin inverse of a modified matrix M = A — CDB in terms of the Drazin inverse
of the matrix A and the generalized Schur complement Z = D — BAC under the
following conditions:

(1) A™C =0, CD™ =0, D"B=0, Z"B=0, CZ™ =0 (see [7]);
(2) BAT =0, CD™=0, D"B=0, ZTB=0, CZ™ =0 (see |
(3) ATC =CD™, D™B =0, DZ™ =0 (see [8]);
(4)
(5) A

=
=

4 BA’r D”B, CD™ =0, Z™D =0 (see [8]);
5 =0, CD"Z9B =0, CDZ™B =0, CZD"B =0, CZ"DB = 0 (see
[9]);
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(6) BA™ =0, CD"Z9B =0, CDZ™B =0, CZD™B=0 CZ"DB =0 (see
9).

Moreover, Shakoor et al. [9] gave some new results for the Drazin inverse of the
modified matrix M = A — CD?B, when the generalized Schur complement Z = 0
under the following conditions:

(7) A"C =0, CD™T'B =0, CDI"B =0, CTYD™"B =0 CTI™D%B = 0 (see
[9]);

(8) BA™ =0, CD™'TI''B =0, CDT"B =0, CT'D"B =0 CT™DB = 0 (see [9]).

In this article, we consider the Drazin inverse of a modified matrix M = A —
CD“B in terms of the Drazin inverse of the matrix A and the generalized Schur
complement Z = D — BAYC under conditions weaker than conditions (5) and (6) in
[9], which extends some results in [7,8]. Furthermore, we consider some results for
the Drazin inverse of the modified matrix M = A — CD%B, when the generalized
Schur complement Z = 0 under different conditions in [9]. Finally, we give a
numerical example to illustrate our result.

2. THE DRAZIN INVERSE OF A MODIFIED MATRIX

In this section, we consider the Drazin inverse of a modified matrix M = A —
CD%B in terms of the Drazin inverse of the matrix A and the generalized Schur
complement Z = D — BA?C' is not necessarily invertible under different conditions
presented in [7,8,9].

Let A, B,C, D € C™"*". Throughout this section, we use the following notations:

(2.1) M =A-CD'B, Z=D - BA“C
and
(2.2) K = A%C, H=BAY ' = HK.

First, we present the following theorem.

Theorem 2.1. Let A, B, C, and D be complex matrices, where ind(A) = k. If
A™C =CD™, CD?*Z™B =0, CZD"™B =0 and CZ"D?B = 0, then
k—1
(2.3) M= A+ KZ'H =Y (A*+ KZ'H)""' KZ*BA'A
i=0
and ind(M) < ind(A).

Proof. Let X = A+ KZ?H. The assumption A"C' = CD™ implies that AAYC =
CDD?. Firstly, we note the facts:

MX = AAY4 AACZBAY -~ CDBAY — CDY(D — Z)Z*BA?
= AAY+CDDZ?BA? - CDDZ?BA? — CDZ"BA?
(2.4) = AA?
and
XM = A'A4 AYCZYBA?A - A'CDYB — ACZY(D — Z)DB

A%A — AYCZBA™ — AYCZ™ DB
(2.5) = AA-KZ‘BA™.
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From (2.4), we have

k—1
MMY = MX-MX Z X'KZ9BA'A™
1=0
k—1
(2.6) = AAT-) X'KZ'BA'AT
1=0
and using (2.5), we get
k—1 )
MM = XM - Z XTI K Z4B AL A™ M
1=0
k—1

AlA — KZBA™ — Z Xt 74 B A+ AT

1=0

k—1
(2.7) = A'A-> X'KZ'BAA™.
i=0
Thus
MM?* = MeM.

Secondly, from (2.7) and A™M? = 0, we obtain

k—1
MMMY = (A'A-) X'KZ'BA'A™)M*
=0
= AlAM?

= M

Finally, we shall prove that M — M?2M¢ is a nilpotent matrix. From (2.6), we get

M—M*MY = [I- MMM
k—1
= (I-AA"+) X'KZ'BA'A™)M
=0
k—1 ' 4
= AA™ 4+ X'KZ'BA™'A™,
=0

By induction on integer n > 1, we have
k:71 . .
(2.8) (M — M>M*)" = A"A™ + > X'KZ'BA™" A",
i=0
From (2.8), it gives that (M — M2M%)¥ = 0, where k = ind(A). Therefore, we
conclude that M*+1 M9 = M* and ind(M) < ind(A), that completes the proof. [J

From Theorem 2.1, we obtain the following corollaries.
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Corollary 2.2 ([8]). Let A, B, C, and D be complex matrices, where ind(A4) = k.
If A"C = CD", Z"B =0, D"B =0 and CZ™ = 0, then

k—1
M*=A'+ KZ'H =) (A*+ KZ'H)"" KZ*BA' A
=0

and ind(M) < ind(A).
Corollary 2.3 ([8]). Let A, B, C, and D be complex matrices, where ind(A4) = k.
If A"C =CD™, DZ™ =0 and D™B =0, then

k—1
M= A+ KZ'H =) (A*+ KZ'H)""' KZ*BA' A
1=0

and ind(M) < ind(A).
In the same way, we give a new theorem.

Theorem 2.4. Let A, B, C, and D be complex matrices, where ind(A) = k. If
BA™ =D™B, CD"Z%B =0, CD*Z"B =0 and CZ"D%B = 0, then

k—1
M4 =AY+ KZ'H =Y ATA'CZ'H(A* + KZ'H)"™!
=0

and ind(M) < ind(A).
Similarly, from Theorem 2.2. we have the following corollaries.

Corollary 2.5 ([8]). Let A, B, C, and D be complex matrices, where ind(A) = k.
If BA™T=D™B, CD™ =0, Z™B =0 and CZ™ =0, then

k—1
M= A"+ KZ'H - ATA'CZ'H(A* + KZ'H)'"!
=0

and ind(M) < ind(A).
Corollary 2.6 ([8]). Let A, B, C, and D be complex matrices, where ind(A4) = k.
It BA" = D*B, CD™ =0 and Z*D = 0, then

k—1
M= A+ KZ'H -y ATA'CZ'H(A* + KZ'H)"™*!
=0

and ind(M) < ind(A).
Now, we consider some results for the Drazin inverse of the modified matrix

M = A — CD?B, when the generalized Schur complement Z = 0 under different
conditions in [9].



ON THE DRAZIN INVERSE OF A MODIFIED MATRIX 195

Theorem 2.7. Let A, B, C, and D be complex matrices, where ind(A) = k. If
Z =0, AC=CD™, D™B =0 and DI'™ = 0, then
k—1
M= (I — KT9H)AYI — KTYH) + Z[(I — KTH)AY" " 2KT?BA'A™
i=0
(2.9)
and ind(M) < ind(A).

Proof. Let X = (I — KT'*H)A%(I — KT'?H). The assumptions A"C = CD™ and
DI'™ = 0 imply that AA?C = CDD? and DI'™ = 0. Firstly, we note the facts:

MX = (A—AACTYBAY —CDB + CDDT?BAY)AYT — KTYH)
= (A—CD'B)(A? - (AY)2CT?BAY)
= AA? - AdCTIBAY - CDIBAY 4 CDUTTYBAY
= AAY - KTYH — CDT"BA?

(2.10) = AA? - KTYH.
Since DDYB = B, A¢C = A’CDD? and DI™ = 0, then
XM = (I-KT'H)AYA—-CD'B— A'CT'BAYA+ AYCT?DD?B)

= (I-KU'H)AYA—-CD'B — ACT'BAYA + AYCT?B)
= (A%~ AYCTIB(AY?)(A — CDYB + ACTYBA™)
= A%A - AYCDIB+ (AY)2CT'BA™ — AYCT?BA? + AYCTTDYB
—AYCTIB(A)3CTIBA™
= AYA— KTYH + (I — AYCTYBAY)(A2CTYBA™ — AYCDDI" DB
(2.11) = A%A— KT9H + (I - KT"H)A*KTBA™.
From (2.10), we have
k—1
MX + M(I — KI4H)A? Z[(I — KT9H) A KTIBAA™
=0

MM?

k—
AAY — KT'H + (AA" — CD*BA%) Y "[(I - KT"H) A" KTYBA' A"
i=0

[u

<

k—1
(212) = AAY—KT'H+) [(I - KT"H)A " KT BA A"
=0
and using (2.11), we get
k—1
XM+ [(I - KT'H)AY) "2 KT BAA™ M
1=0

MM

k—1
= A'A— KTYH + (I - KT'H)A’KT?BA™ + Y [(I — KT"H)A")"*?
1=0
x KTYBA™T AT
k—1
(213) = AA—-KT'H+) [(I - KT“H)AY)"" KT*BA'A™.
=0
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Thus
MM = MIM.
From (2.13) and A™M? = 0, we obtain
k—1
MIMM?® = (A'A— KT'H + Y [(I - KT*H)A)" "' KT“BA"A™) M*
1=0
= (A%A - KT'H)M?
= M*
By using (2.12) and D™B = 0, we get
k—1
M—M*M* = AA™ - [(I - KTH)AYKT'BA™ A",
=0

By induction on integer n > 1, we have
k—1
(M — M?M*)™ = A"A™ =3 (I — KT"H) A KT*BA™" A"
i=0
From above expression, it follows that (M — M2?M%)* = 0, where k = ind(A).
Therefore, we obtain that M*+t1M? = M* and ind(M) < ind(A), which completes
the proof. [J

In similar way, we present another result of this paper.

Theorem 2.8. Let A, B, C, and D be complex matrices, where ind(A) = k. If
Z =0, BA"=D"B, CD™ =0 and I"D = 0, then
k—1
M= (I — KT9H)AYI — KT'H) + Z ATA'CTYH[AY(I — KTH)]*2
i=0
and ind(M) < ind(A).

In the end of this section, we give a numerical example to demonstrate our re-
sult of a modified matrix. This numerical example describes matrices A, B, C' and
D which do not satisfy the conditions of [7, Theorem 2.1] nor the conditions of
[8, Theorem 1] but they satisfy the conditions of Theorem 2.1. Therefore, we can
apply the formula given in Theorem 2.1 to obtain the Drazin inverse of a modified
matrix M.

Numerical example 2.9. Consider the matrices
1 00 -1 -1
(oo a)om(2 i) e=( 0 0 )oo=() 1)
0 0 0 0 0
Note that ind(A) = 1 and ind(D) = 1, then we obtain

100 0 0 0
Al=[ 0 0 0 |,4" =10 1 0 ,Dd:<(1)(1)>,D“:<8_11>.
00 0 0 0 1
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Now we have

and
3

_ . dov 1 d_l 3 1 Tr_} 0 -1
Z=D BAC_(O o)’Z_g 00) %73 0 3 )

It can be calculated that:
(i) CZ™ # 0, so the conditions given in [7, Theorem 2.1] are not satisfied.
(ii) DZ™ # 0, thus the conditions given in [8, Theorem 1] are not satisfied.

On the other hand, we can observe that A"C' = CD™, CD*Z"B =0, CZ*D™B =
0 and CZ™DB = 0. Then applying Theorem 2.1, we obtain

(3 11
Md:§000
00 0
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