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Abstract. The current manuscript aims to introduce complex-valued intuitionisitic fuzzy metric spaces as a fresh
perspective on complex-valued fuzzy metric spaces and intuitionistic fuzzy metric spaces. Existence together with
distinctiveness of the fixed points within maps with diverse contractive criteria in this novel space are established.
Additionally, our work yields a few common fixed-point findings for intuitionistic fuzzy Banach contraction on this
newly introduced space. The outcomes presented in this study go beyond the existing literature, adding to the growing
body of knowledge in this field. Our research outcomes are exemplified through examples that are included in this
paper to help readers better grasp our findings. Our paper concludes with a discussion of how our findings can be

applied to the problem of determining the presence of an exclusive solution for Fredholm integral equations.

1. INTRODUCTION

Fixed-point theory is a powerful tool in mathematical analysis that has broad applicability. The
renowned Banach contraction principle, which originated in [4], is widely employed in solving
problems related to the existence of solutions in nonlinear analysis. It has been generalized into

various versions of fixed-point theorems and has been developed using different approaches.
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Ambiguous and vague situations in natural phenomena or real-life problems cannot always
be expressed by mathematical models using classical set theory. To tackle this issue, Zadeh [27]
established fuzzy sets, indicating an element’s membership in a set by assigning it a value from
the interval [0, 1]. Later, Atanassov [2] proposed intuitionistic fuzzy sets, which allow for the rep-
resentation of degree of uncertainty when assigning element’s membership and non-membership
in a set.

Kramosil and Michalek [18] put forth fuzzy metric spaces, extending probabilistic metric spaces.
The investigation into fuzzy metric fixed-point idealogy was pioneered under Grabiec [11]. By
introducing G-Cauchy sequences and G-completeness, he laid the foundation for a fuzzy coun-
terpart of Banach contraction principle on fuzzy metric spaces inspired by [18]. George and
Veeramani [8] altered fuzzy metric spaces in 1994, which resulted in the emergence of a Hausdorff
topology on such spaces. They also proposed modifications to Grabiec’s Cauchy sequence concept
and demonstrated various fixed-point outcomes on the modified spaces. In 2004, Park [21] put
forward the framework of intuitionistic fuzzy metric spaces which broaden fuzzy metric space’s
scope. Up to the present moment, researchers continue to delve deeper into the exploration of
fuzzy metric fixed-point theory. The research diverges primarily into two directions: broadening
the category of fuzzy metric spaces to encompass a more general scope (detailed exploration is
available in [5,6,19,20,22,25]), and investigating the presence of fixed points for mappings subject
to numerous contractive conditions (for detailed insights, refer to [1,9,10,23]).

Complex-valued metric spaces were brought into metric fixed-point theory by Azam et al. [3]
in 2011. They deviated from the conventional method of employing the set of positive real
numbers, instead utilizing ordered complex numbers to attain fixed-point outcomes for mappings
subject to rational inequality criteria. Recently, Shukla et al. [24] employed this concept in the
realm of fuzzy metric fixed-point theory. By defining complex-valued fuzzy metric spaces, they
formulated several fixed-point findings for transformationst fulfilling certain contractive criteria
on such spaces. In the present era, significant research interest is directed towards exploring fixed-
point findings for mappings with complex-valued fuzzy metric approach. Prominent examples of
such research include the works of [7,28] and the extensive investigations conducted by Humaira
et al. [12-16], which derived numerous relevance outcomes, along with practical applications.

This manuscript presents a novel extension to the category of fuzzy metric spaces through
introduction of complex-valued intuitionistic fuzzy metric spaces. This new concept general-
izes both complex-valued fuzzy metric spaces by [24] alongside intuitionistic fuzzy metric spaces
by [21]. Several fixed-point outcomes for transformations subject to contractive constraints in
newly defined spaces are presented. Furthermore, we expand fuzzy variant of Banach contrac-
tion to intuitionistic fuzzy spaces, establishing common fixed-point outcomes within complex-
valued intuitionistic fuzzy metric spaces. Practical examples, including application are provided

to demonstrate the usefulness and relevance of our results.
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2. PRELIMINARIES

This section offers a concise rundown of essential notions within complex-valued fuzzy metric
spaces, as established in prior works by [24]. In the present work, the notations IN, No and C refer
to, in order, the collection of natural numbers, non-negative integers, and complex numbers. For
every z € C, we express z = a + ib by (a,b) where a is the real part and b is the imaginary part. Let
P =1{(a,b):0<a<0,0<b< oo} cC. Wedenote (0,0) and (1,1) in C as 6 and ¢ respectively.
We denote closed unit complex interval as 7 = {(a,b) : 0 < a < 1,0 < b < 1}, alongside the open
unit complex interval 7o = {(a,b) : 0 < a < 1,0 < b < 1}. Furthermore, Py is designated as
{(a,b) :0<a<o00,0<b< oo}

A partial order < is imposed on C, where ¢; < ¢; if and only if c; — c; € P, where c1,c, € C. We
write ¢1 < ¢ to express Re(c2) > Re(c1) and Im(c2) > Im(cq). It is evident that c; < ¢, implies and
is implied by ¢z —c; € Po. Let {c,} be a sequence in C. If ¢,11 < ¢, or ¢, < ;41 holds for each n
belonging to IN, then {c,} is termed monotonic sequence in relation to <.

In the context of a subset K of C, an element infK € C is known as the infimum or greatest
lower bound of K provided that it acts as lower bound of K, which means inf K < k for each k € K
along with [ < inf K for any other lower bound I of K. We introduce sup K in a similar way as the

supremum or least upper bound of K.

Remark 2.1 ( [24]). Given that c, € P for every n € IN, all statements below hold:
(1) If {cu} is a monotonic sequence in relation to < and for some a, p € P satisfy a < ¢, < p for each
n € IN, it follows that a limit ¢ € P exists where c, — casn — oo.
(2) While < does not establish a total ordering on C, it does create a lattice structure on C.
(3) For K C C, if every k € K satisfies a« < k < p for some a, € C, then inf K and sup K are present.

Remark 2.2 ( [24]). Given that c,, c;, € Py for each n € IN,the following assertions are valid:
(1) If for every n € IN, we have ¢, < c;, < € along with ¢, — € as n approaching oo, it follows that
c,="¢.
(2) Whenever c, < z for each n € N plus there is ¢ € P such that lim, . ¢, = ¢, ¢ < z holds.
(38) Whenever z < c,, for each n € N plus there is ¢ € P such that lim, . ¢, = ¢, z < ¢ holds.

Definition 2.1 ( [24]). Consider Z as nonempty set. Complex fuzzy set I is described as the mapping from
Z to closed unit complex interval 1.

Definition 2.2 ( [24]). A binary operation * that maps from I X I to I is referred to as complex-valued
t-norm when it satisfies conditions below:

(1) Oxc=0,0+c=cforeveryce I;

(2) = is associative and commutative;

(8) c3*cq = cp *cy given that c3 > c1,c4 > c3 for each ¢y, ¢2, c3, ¢4 belonging to 1.

Example 2.1 ( [24]). Assuming c; = (a;, b;) € T where i = 1,2, binary operations tp,*m,*L L X T —> T
are defined as follow:
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(1) c1#p c2 = (a1a2, b1b2);
(2) c1#mc2 = (minfay, a2}, min{by, by});
(3) ¢1*L c2 = (max{ay +az — 1,0}, max{b; + b, —1,0}).

Consequently, +p, *m, * are complex-valued t-norms.

Definition 2.3 ( [24]). Suppose Z represents nonempty set, * is a continuous complex-valued t-norm and
[ is a complex fuzzy set defined on Z? x Py whereby criteria below hold:

(1) T(@,x,c) > 6;

(2) T(@,#,c) = ¢ for each ¢ € Py if and only if @ = x;

3) T(@,%,¢c) =T(x%,®,c);

@) T(o,¢,c+) =T(@,n,¢)+T(x,¢,);

B) T'(@,x,-) : Py — I is continuous;
for every @, x,¢c € Zand c,c’ € Py.

Then, (Z,T,*) is termed complex-valued fuzzy metric space together with T is referred to as complex-

valued fuzzy metric on Z. T characterizes the closeness degree between a pair of points in the set Z relative

to a complex factor ¢ € P.

3. COMPLEX-VALUED INTUITIONISTIC FUZZY METRIC SPACES

The presentation and analysis of properties for complex-valued intuitionistic fuzzy metric spaces

are main focus of this section.

Definition 3.1. A binary operation ¢ that maps from I X I to I is referred to as complex-valued t-conorm
when it satisfies conditions below:

(1) co0 =c,cot = Cforeveryce I;

(2) ¢ is associative and commutative;

(3) cz3ocy =1 ¢ cp given that c3 > c1,c4 = ¢ for each ¢y, ¢2, c3, ¢4 belonging to 1.

Example 3.1. Assuming c; = (a;,b;) € I where i = 1,2, binary operations on, om, o1, : I X I — I are
defined as follow:

(1) c1onc2 = (a1 +az, by + by) — (@142, b1b2);
(2) ¢1 om 2 = (max{ay, ax}, max{by, bo});
(3) croLcr = (min{al + a5, 1}, min{b; + b, 1})

Consequently, on, om, o1, are complex-valued t-conorms.

Remark 3.1. Both binary operations t-norm and t-conorm, are commonly utilized in fuzzy set theory,
particularly in [0, 1] and lattice cases. The former interprets as the common region between two fuzzy sets,
in an alternative expression, conjunction in fuzzy logic. The latter, which serves as a duality of t-norm,
is interpret as the combination region of two fuzzy sets, in an alternative expression, disjunction in fuzzy

logic. Further insights into both t-norm and t-conorm concepts are encouraged to refer [17] and [26].
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Definition 3.2. Suppose Z represents nonempty set, + and o are continuous complex-valued t-norm and
t-conorm, respectively, and T', A are complex fuzzy sets defined on Z* X Py whereby the following conditions
hold:

1) T(@,#,¢) + Alo,n,c) < ¢

() I'(@,%,c) > 6;

3) I'(o, %, c) = { for each c € Py if and only if ® = x;

“) I'(@,#,¢c) =T(%,®,c);

) I'@,¢,c+¢) =T(o,n,¢)*T(x%,¢,c);

6) T'(@,x,-) : Py — I is continuous;

(7) Ao, n,¢c) <

(8) A(@,x,c) = 0 for every c € Py if and only if © = x;

9) Ao, n,¢c) = A, @,c);

(10) A(ca g,c—i—c ) <A@, %,¢) o A(x,¢,c);

(11) Ao, : Py — 1 is continuous;
foreach @, »,c € Zand c,c’ € Py.

Then, (Z,T, A, *,¢) is known as complex-valued intuitionistic fuzzy metric space while the pair (T, \)
is referred to as complex-valued intuitionistic fuzzy metric on Z. The pair (I, \) characterizes the closeness
degree and the non-closeness degree between a pair of points in the set Z relative to a complex parameter
c € Po.

Remark 3.2. Given a complex-valued fuzzy metric space (Z,T,+), one approach for defining a complex-
valued intuitionistic fuzzy metric space is to consider (Z,T,€ —T, %, o), where both complex-valued t-norm
+ and complex-valued t-conorm o have association, for instance, ¢y o ca = € — ((£ —c1) * (€ —c2)) for every
c1,00 € 1.

Example 3.2. Consider (Z,d) as a metric space. For c¢; = (a;, b;) € I wherei = 1,2, two binary operations

*y, and o, are defined by
c1*cp = (min{ay, az}, min{by, bp}) and c1 ¢ c; = (max{ay, ax}, max{by, ba}).

Let complex fuzzy sets I and A be defined as follow:

a+b d(o, )
. *Tv A N St A
crbrdaal Mee) = ey

forallo,n € Zand c = (a,b) € Po. As aresult, (Z,T,\, %y, om) is a complex-valued intuitionistic fuzzy

I'o,n,c)=

metric space.

Example 3.3. Consider Z = (0,00) and a mapping T : Py — (0,0). Define two binary operations *
and o by ¢1 *cx = (a1a2,b1b2) and ¢1 o ¢ = (a1 + az, by + ba) — (a1a2, b1by) where ¢; = (a;, b;) € I for
i =1,2. Let complex fuzzy sets I and A be defined as follow:

—(@—n)? —(@—x)?
I'@,x,c)= (exp T)& Al@,n,c) = 1—expT ¢
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for each ®,x € Z and ¢ = (a,b) € Py. Asaresult, (Z,T,\,*, o) is a complex-valued intuitionistic fuzzy

metric space.

Lemma 3.1. Given that (Z,T, A, *, o) is a complex-valued intuitionistic fuzzy metric space, I (@, »,-) is
non-decreasing and A(@, x,-) is non-increasing, that is, for any c,c’ € Py with ¢ < ¢’, it follows that
I'@,x,¢) <T(@,x,c)and A(®, %, c) = Ao, n,c") for every @, x € Z.

Proof. Taking into account ¢, c” € Py where ¢ < ¢’, this implies that ¢’ — ¢ € Py. Utilizing condition
(5) from Definition 3.2, we have
I'(@,x,¢)=T(o,n,c —c+c)
>IN0, —c)*T'(®,x,c)
={+T(@,x,0)
=T (@, ,c0).

Hence, I'(@, #,¢’) = T'(®, %, ¢). On the other hand, utilizing condition (10) from Definition 3.2, we

have
A@,n,c") = Ao, %, —c+c)
<A@,0,c —c)o AN@,x,c)
=0 A@,n,c)
=A@, #,¢).
Hence, A(@,%,¢’") < Al@, %, ¢). O

Definition 3.3. Consider (Z,T, A, *, o) as a complex-valued intuitionistic fuzzy metric space. We say that
sequence {@,} in Z converges to @ € Z provided that all v € 1 as well as ¢ € Py, the condition below is

satisfied by some ng € IN:
['(@n, @,¢) > {—rand Aoy, @,c) <r foralln> ny.

Definition 3.4. Consider (Z,T, A\, *, ) as a complex-valued intuitionistic fuzzy metric space. A sequence
@y} in Z shall be referred to as Cauchy sequence provided that

].im inf r((Dn, (Dm, C) - [,

n—o0 m>n

lim sup A(@n, @, c) =0

n—oo m>n
forall c € Py.
A complex-valued intuitionistic fuzzy metric space (Z,T,\,*, <) is considered complete provided that

each Cauchy sequences in Z converges.
Below are examples to illustrate the concepts outlined in the Definitions 3.3 and 3.4.

Example 3.4. Examine the complex-valued intuitionistic fuzzy metric space denoted as (Z,T, A, #, om)
in Example 3.2. Moreover, set Z = [2,3] and define metric d as d(®, ») = |® — x| for all @, x € Z. Let the
sequence {@y} = {2+ 1} and @ = 2.
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Now we verify that T (@, ®,c¢) > € —r for each r = (r1,12) € Toand ¢ € Py. For the real part,

a+b
Re(T(@y, @,¢c) =t +71) = D don ) -1+n
nr

b
a+b+12+4 -2

As n approaches infinity, we have Re(T'(@,, ®,c) — € +r) — r1. Consequently, for each r € I together
with ¢ € Py, there is always an N7 € IN in which Re(T (@,, @,¢) =€+ ) > 0 holds for all n > Nj.
The procedure for the imaginary part follows the same steps, leading to Im(T' (@, @,¢) — €+ 1) — 12 as
n approaches infinity. Consequently, for each v € Iy and c € Py, there is always an N, € IN in which
Im(T(@y, @,¢) = €+7r) > 0 holds for all n > Ny. Therefore, for every r € I and ¢ € Py, by taking
np = max{Ny, N2}, we establish T (@,, ®,c) > € —r for all n > ny.

Now we verify that A(@y,, ®,c) <t forevery r = (r1,12) € I and c € Py. For the real part,

d(@n, @)
a+b+d(on, o)
2+ -2

r - 1
a+b+2+, -2
1

n

Yo+l

Re(r— Aoy, @,c)) =1 —

As n approaches infinity, we have Re(r — A(@n, @,c)) — r1. Consequently, for each r € I and ¢ € Py,
there is always an Ny € IN in which Re(A(®p, @,c) — € +r) > 0 holds for all n > Ny. The procedure for
the imaginary part follows the same steps, leading to Im(r — A(@n, @,c)) — 12 as n approaches infinity.
Consequently, for each r € I and ¢ € Py, there is always an N, € IN in which Im(r — A(@n, @,¢)) > 0
holds for all n > Na. Therefore, for every r € 1y and c € Py, by taking ny = max{Ny, Na}, we establish
A(@y, @,c) <1 for each n > ny.

Each conditions specified in Definition 3.3 are met. Therefore, we can conclude that {2 + 1} converges to
2.

Example 3.5. Employing the same settings as in the previous example, we will show that {2 + 1} is a

Cauchy sequence. For all ¢ € Py and any n,m € IN where m > n,

a+b
a+b+d(@n, on)
a+b
a+b+2+1-(2+3)
a+b
a+b+]L-1

m

I'(@n, @m,c) =
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and
d(@n/ (Dm>

a+b+d(@n, on)
2+ -2+
a+b+2+1-(2+1)

A(@y, @, c) =

14
a+b+|i-1

As m,n approaches infinity, we observe that T (@, @m,c) — € and A(@n, @m,c) — 60, which leads to
im0 infysn T'(@p, @, ¢) = € and lim, e sup,,.,, A(@n, @m,c) = 0. Hence, we demonstrate that

{2+ L} is a Cauchy sequence.

Lemma 3.2. Given that (Z,T, A, *, <) is a complex-valued intuitionistic fuzzy metric space. The sequence
{@n} in Z converges to @ € Z if and only if limy—e I' (@, @,¢) = € and limy—,eo A(@y, @,c) = O are
satisfied for each ¢ € Py.

Proof. Assume that lim e I'(@p, @, ¢) = € and lim,—,e0 A(@p, @, ¢) = 6 for each ¢ € Py. Consider
a fixed element c in Py. Given any r € 1, it is possible to locate a real number ¢ > 0 where z < r
hold for all z € C with |z| < ¢. Taking into account this specific ¢, we can identify an 19 € IN such
that

[€ =T (@n, @,c)| < e and |A(@y, @,c)| < &  for every n > ny.
These two inequalities imply that
{-T (o, @,c) <7
—T(@y,@,c)<r—¢
[(@p,@,c)> -1
as well as
A(@y, @,c) <r
for every n > ng respectively. Therefore, {®,} is converging to @ € Z.
Conversely, let ¢ € Py fixed and a real number ¢ > 0 be given. Assume that {®,} converges
to @ € Z, that is, for every r € I, an ny € IN can be chosen such that I'(®,, ®,c) > € —r and

AN(@n, @,c) < rforalln > ng. A complex number r € I is picked in a way that |r| < e. It follows
that

|6 —T(@n, @,¢)| <|rl < e and Aoy, @,c)| <|rl <& forany n > np.

Therefore, lim, o I'(@y, @, ¢) = € and lim;,—,c0 A (@, ®,c) = O is satisfied for every c € Py. O

Lemma 3.3. Given that (Z,T, A, *,©) is a complex-valued intuitionistic fuzzy metric space. {®@,} in Z is
considered Cauchy sequence if and only if for each r € I and c € Py, one can find an ng € IN satisfying

I'(@n, @m,c) > € —rand A(@,, @y, c) <t forall n,m > ny.
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Proof. Suppose that sequence {@,} is Cauchy. Let c € Py be fixed, then for each r € 7 one can find
no € N satisfying £ — inf,,», T'(@p, @, ¢) < r and sup,,. , A(@n, @y, c) < 1 for all n > ny. Here we
consider 3 situations. For the case where m > n > ny, this leads to { — r < infys, [' (@, @, ) <
I'(@n, @, c) and A(@y, @, c) < sup,,., A@n, @m,c) < 1. Now if m = n > ng, then £ —r < £ =
I'(@n, @m,c) and A(@,, @, c) = 6 < r. Last but not least, for the case where n > m > ny, it follows
that £ —r < infysp T(@m, @n,¢) < T(@m, @y, ¢) = T(@n, @m,c) and A(@y, @y, ¢) = A(@p, @, c) =
suppsml (@n, @m, c) < r. Hence, we conclude that ' (@, @, ¢) > € —r as well as A(@n, @m, c) < r for
any n,m > .

Conversely, let c € P, fixed and a real number ¢ > 0 be given. Assume that for all r € 7, one can
identify an n9 € IN in which I'(@,, @, ¢) > € —r and A(@y, @m,c) < r for any n,m > ng. It follows
that

{-2r <{—r < inf I'(@,, @, C)
m>n

and

sup A(@n, @m,c) <r<2r
m>n

for all n > ng. Pick a complex number r € 7 which satisfies |r| < §, then we have
[€ — inf T (@, @, ¢)| < 2|7| < € and |sup A(@n, @m, )| < 2|r| < € for every n > ny.
m>n m>n
Hence, we have limy,_,co infysy I' (@4, @, ¢) = €and lim, o sup,,. , A(@y, @, c) = 6, which means

that sequence {®@,} is Cauchy. m|

4. FIXED-POINT RESULTS

Our focus will now shift to the presence and distinctiveness of fixed points for self-mappings
tulfilling specific contractive criteria within complex-valued intuitionistic fuzzy metric space. Con-
sider a sequence {c,} that belongs to C, we say that lim,_,. ¢, = c0 = (o0, 00) whenever in the case

of each c € C, one can find an ng € N satisfy ¢, > c for any n > ny.
Theorem 4.1. Let (Z,T, A, *,¢) be a complete complex-valued intuitionistic fuzzy metric space with the
property that any sequence {c,} in Py satisfies lim;,_ ¢, = oo implies

lim infI'(®, %,¢,) = ¢, lim sup A(@,%,¢,) =6
n—o00 ye/ n—oo uez

forany @ € Z. Suppose a self-mapping f : Z — Z satisfies subsequent condition:
I'(fo, fx,kc) =T (@,x,c) and A(fo, fx, k) < A, x,c) 4.1)

forall ®,x € Z and ¢ € Py, where k € (0,1). Then mapping f possesses a unique fixed point that lies
within Z.

Proof. Consider an arbitrary point @ in Z. A sequence {®,} is defined in Z as @, = f@®,- for every
n € IN. The existence of an 1y € IN where @,, = @,,-1 secures @, as a fixed point of f. Now, we

consider @, # @,-1 for each n € IN and establish the Cauchy nature for sequence {@,}.
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For every n € N as well as a fixed ¢ € Py, let us define
Ay = {T(@n, @m,c) :m>n}C I,
By = {A(@y, ®m,c) :m>n} C 1.

As 0 < T(@n, @m,c) =< € for each n € IN where n < m, following from Remark 2.1, the infimum
of A, that is, inf A, = a, is present in every n € IN. Similarly, since 8 < A(®@p, @m,c) < ¢ for
all n € N where m > n, following from Remark 2.1, the supremum of 8B,, that is, sup 8,, = B, is

present in every n € IN. For c € Py and n,m € N where m > n, using (4.1), we obtain

c
I'(@p+1, @mt1,¢) =T (font1, fomc) =T (ch,cDm, E) 4.2)

and
c
A(@ps1, @m+1,¢) = A(f@n, fom,c) < A((Dn,(Dm, E)' (4.3)

Since k € (0,1), by Lemma 3.1, it follows that

c
r (ch, ®m, —) > T'(@y, @m,c) and A (can, @,

p E) < A(@y, @, C).

k
which in turn yields

I[(@p41, @m+1,€) = T(@n, @m, )
and

A(CDn—HI Om+1, C) < A((Dn/ Dy, C)

for each nn,m € N where m > n. Checking the infimum of I' and supremum of A above, it leads to
O<a,<ap1=3 O0=2Pp1=pu=¢

for any n € IN. Hence, both {a,} and {f,} are monotonic sequences in . By Remark 2.1, there exist
complex numbers «, € P satisfying lim, . a, = a and lim, fz = B. By (4.2) and (4.3), we

have

. ) c
a1 = inf T'(@y41, @pt1,¢) = inf F(@n,@m,—)
m>n m>n k

and

c
Bry1 = sup A(@p41, @my1,¢) < supA(ch, @m, %)
m>n m>n

for c € Py and n € IN. Apply (4.1) successively on the inequalities above, we get
Qpiq = Inf T (ch,cDm, E)
m>n k

. c
> infT (CDn—l,CDm—l, —)
m>n k2

. c
>infT (can_z, @m-2, —)

m>n k3
> ...

> inf T ¢
z rlnr;n @0, Om-ns il
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and

Cc
ﬁnJrl < sup A ((Dn/ [y E)

m>n

Cc
< sup A|@y-1, ®m-1, )
m>n k

Cc
< Sup A (DH—ZI Om-2, _3
m>n k

Cc
< sup A @0, Om—n, P
m>n k

for ¢ € Py and n € IN. Furthermore, we obtain

> inf T € ) > infr <
aVH—l = 7’}1111’! (DO/ @m—nr k”'H = ;relz (DO/ %/ kn+1

and
Brn+1 S sup A (cDo, Omi—n, L) <supA (cao, X, L)
o kn+1 XeZ kn+1
for any ¢ € g and n € IN. In the case where n approaches infinity on both sides of the inequalities
above, as lim,_,e ¢/k"T! = oo for any c € Py, by the limit of monotonic sequences {a;}, {5,} along
with the hypothesis, we yield

— i > lim inf T (@ ¢
a = lim @,y > lim in 0, X, preS

n—oo ye/

and
. } c
= < — =
p = Hm By < lim T;EA((DO’ % kn+1) 6

which imply a = £ and g = 0. Thus,

lim inf I'(@,41, @p41,¢) = lim a, = ¢,
n—o00 m>n n—oo

lim sup A(@y+1, @my1,¢) = lim B, =6

n—oo m>n n—oo

for all c € Py which show sequence {®@,} is Cauchy.
Given that (Z,T, A, *, ¢) is complete, Lemma 3.2 implies the existence of @ € Z satisfying

lim I'(@,, ®,¢) = € and lim A(@,, @®,¢c) =6 foranyc € Po. (4.4)

n—oo n—oo

As a consequence of conditions (5), (10) of Definition 3.2 and (4.1), for any ¢ € Py, we can conclude
that

I[N, fo,c) = F(ca, @41, %) * r((Dn+1,fCD, %)

C C
r (cD, @y, 5) + I (fcan,fca, E)

= F(ca, @n+1, %) * F(ch,cD, 2C_k)
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and

Ao, fo,c) <A (cD, ®ni1, %) oA (can+1,fca, %)

= A(ca, @n+1, %) o A(fcon,fcv, %)

<A (cD, @1, g) oA (ch,cD, 2—Ck) .
Now taking the limit as n — oo for both inequalities above, using (4.4) along with Remark 2.2, it
follows that
I'@, fo,c) =¢and A(@, fo,c) = 6

for every c € Py. By conditions (3) and (8) of Definition 3.2, it can be deduced that ® = f®, that
is, @ is a fixed point of f.

To establish the uniqueness, assume z is a different fixed point of f than @. This implies there
exist some ¢’ € Py in which I'(®,z,¢") # { and A(®,z,¢") # 6. Apply (4.1) successively, we have

IN@,z,c) =T(fo, fz,c) = F(CD’Z’ %,)

c
>T (CD, zZ, ﬁ)

and

for each n in IN. Subsequently, we deduce that
I'@,z,c) >T(cD z C—,)> inff(ca z C—/)
7 <=7 — 7 <=7 kn —_ KGZ 7 =7 kn
and

A((D,Z, c’) < A(cD,Z, Ii_”) < T?ZDA((D'Z' ]i_”)

Since k € (0,1), it is clear that lim,, . ¢’ /k" = co. Therefore, taking the limit of n — oo on the both
inequalities, by hypothesis, it leads to

IN@,z,c') =¢and A(@,z,c') =06

which is a contradiction. Hence, I'(@, z,¢) = € and A(®, z,c) = 0 for every ¢ € Py. From conditions
(3) and (8) of Definition 3.2, it can be deduced that @ = z, which validates the uniqueness fixed
point of f. O
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Remark 4.1. In Theorem 4.1, replacing (4.1) with the following contractive condition of mapping f and
the proof remains similar:

I'(fo, fx,K(c)c) =T (@, x,c) and A(fo, fx,K(c)c) < Al@, ,¢)

for every @, x € Z and ¢ € Py, with K represents a mapping from Py to (0,1).

Example 4.1. Assume (Z,d) is a metric space where Z = [0, 1] together with d(®, x) = | — x| for all
®,n € Z. Define complex-valued t-norm = and complex-valued t-conorm o by w1 * w2 = (12, v1v2)
and w1 ¢ wp = (max{y, p2}, max{vy,v2}) for all w1 = (u1,v1), w2 = (U2,v2) € I respectively. Let
complex-valued fuzzy sets I and A be defined as

ab dlo,n
drd@n) MeRO =g +(d(@,)%)
forall®,x € Zand ¢ = (a,b) € Py. The fact that (Z,T, A\, *, ©) is a complete complex-valued intuitionistic
fuzzy metric space induced by metric d can be established without much effort. Suppose we have a sequence
{cn} in Py in which ¢, = (a,,by,) for each n € N satisfying lim,_,c ¢, = 0. When @ € Z is fixed and
n € N is arbitrary, together with the fact that 0 < d(@, ) < 1 for every x € Z, this implies that

I'@,xn,c)=

> infT'(@, %, cy)
nezZ

anby

%e7 by + (@, %)
a,by,

anby +sup, ., d(@, %)

L)
anb, +1
As n becomes infinitely large, we arrive at

. . . anbn
>~ >~
{ > glngo;relgr((n, X, Cn) = 7}11‘1;10 b1

t=1¢

which leads to the conclusion that limy,_,c infyez T'(®, %, ¢,) = €. In addition, we have
0 <sup A(@, #,cy)
unezZ
d(@, %)
=—sup ———
D b+ d(@, %)
_ sup,,., d(®, )
anbn + inf;(ez d((D, %)

As n becomes infinitely large, we arrive at

1
t=0

0 < lim sup A(®@, #,¢,) < lim
uezZ =00 4,0y

n—00

which leads to the conclusion that lim,_. sup,,., A(®, %,c,) = 0.
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Consider a self-mapping H : Z — Z expressed by Ho = @/2 for all ® € Z. If we pick a real number

ke[1/2,1) c (0,1), then H satisfies (4.1) for any @, x € Z and c € Py. Indeed, since 2k > 1, we have
kab
r ke) = ¢
(Ho, Hxke) = o a e 910
_ kab
~ kab+12-%
_ kab ‘
kab + 3|@ — x|
_ 2kab
 2kab + @ — |
> Lg
ab + |@ — x|
=T (@, x,c)

forany @, x € Zand c = (a,b) € Py. In addition, we have

 d(Ho, Hx)
AH®, Mo ke) = e, 750

@ pas

2 2

T kab+12-%

1
l@ — |

~ kab + @ — x|

_ o—4

 2kab + |@ — x|
|® — x|

T ab+ |- |

=A@, %,¢)

forany @, € Z and c = (a,b) € Py. As a consequence, each requirements specified in Theorem 4.1 are
met. The sole fixed point of H is 0.

Example below serves to illustrate the assumption of Theorem 4.1 is not redundant.

Example 4.2. Consider Z = IN. Define two binary operations = and o by c1*cy = (a1az,biby) and
c10cp = (a1 +az, by + by) — (a1a2, b1by) for any c; = (a;, b;) € I wherei = 1,2. Let complex fuzzy sets
I' and A be defined as follow:

min{w®, #}

(@, x,¢) = DX o A (@, ,¢) = (1

B min{®, x} )
max{®, %}

max{®, %}
for every @, x € Z as well as ¢ = (a,b) € Po. The fact that (Z,T, A\, *,¢) is a complete complex-valued
intuitionistic fuzzy metric space is established without much effort. Consider a self-mapping H : Z — Z

expressed by @ + 5 for all ® € Z. Let sequence {c,} defined as c, = (n,n) for each n in IN. From the way
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{cn} is constructed, there is no ambiguity in lim, . ¢, = co. For each @ € Z, a fixed x € Z where @ # x

and any n € IN, it can be concluded that

. . . min{®, %
inf T'(®@, #,c,) = inf min{@, %} , _
neZ xeZ max{, #}

and
min{®, x} )f B

sup A(@, x,cy) = sup (1 "~ max{@, %}

nez nez

Consequently, we obtain

lim inf T'(@, %,¢c,) =0 # ¢

n—oo yez

and
lim sup A(@, #,¢cy) =€+ 0
=0 yez

forall® € Z. Forany k € (0,1), ®, x € Z and c € Py, observe that

min{®? + 5, #% + 5}
max{®? + 5, x%2 + 5}
min{®, %}
~ max{o, #}

I'(Ho, Hx, ke) =

=T(@,x,c)

and

A(Ho, Hx, ke) = (1_ min{@2+5,%2+5})

max{®? + 5, #2 4 5}

<(1- o)

=A@, #,¢).

Thus mapping H satisfies (4.1) but it does not has any fixed point in Z.

For subsequent result, ¥ is defined as a collection of all mapping 1 : 7 — 1 in which  is
continuous, ¢(c) > ¢ for each c € Ty, Y(¢) = € and lim,, " (c) = € for all ¢ € T. Likewise, ® is
defined as a collection of all mapping ¢ : 7 — I in which ¢ is continuous, ¢(c) < cforall ¢ € 7,
¢(0) = 0 and limy,—,00 ¢"(c) = O forallc € 1.

Theorem 4.2. Suppose that (Z,T, A\, *, o) is a complete complex-valued intuitionistic fuzzy metric space.

If a self-mapping f : Z — Z satisfies subsequent condition:
I'(fo,fx,c) = ¢ (@ x,c)) and A(fo, fn,c) < p(A(®, x,¢)) (4.5)

forall @, x € Zand c € Py, where Y € ¥ and ¢ € . Then mapping f possesses a unique fixed point that
lies within Z.

Proof. Consider point @y € Z arbitrary. A sequence {®,} is defined in Z as @, = f@,-1 for every
n € IN. The existence of an ng € IN where @,, = @y,-1 secures @, as a fixed point of f. Now, we

consider @, # @,-1 for each n € IN and establish the Cauchy nature for sequence {®@,}.
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For every n € N as well as a fixed ¢ € Py, let us define
Ay = {T(@n, @m,c) :m>n}C I,
B = {A(@y, dm,c) :m>n} C 1.
As 0 < T'(@y, @m,c) = € for each m € IN where n < m, following from Remark 2.1, the infimum
of Ay, that is, inf A, = a, is present in every n € IN. Similarly, since 6 < A(@n, @m,c) < ¢ for

all n € N where n < m, following from Remark 2.1, the supremum of 8B,, that is, sup 8, = B, is

present in every n € IN. By (4.5), for all n,m € N where m > n, it follows that
I'(@n+1, @mt1,¢) =T (fou, fom,c) = P(T (@4, @m,c)) > T'(@n, @m, ) (4.6)
and
A(@p+1, @Om+1,¢) = A(f@n, fom, ) 2 P(A(@n, @m, c)) < A(@n, @m, C). (4.7)

From this, we can conclude that
r(®1’l+1/ (Derl/ C) > F((Dn/ O, C)

and
A(@n+1/ fomy1, C) < A((Dn/ oy C)
for any n,m € IN where m > n along with ¢ € Py. Taking the infimum of I and supremum of A
above, it follows that
(>ap1>2a,20, 0=2Pu1 P3¢

for each n belongs to IN. Thus, both {a,,} and {,} are monotonic sequences in . By Remark 2.1,
there exist two elements a, f € P satistying lim;, . a;, = a and lim, e 8, = B. From (4.6) and
(4.7), by applying (4.5) successively, we have
r(@nJrl/ Opi+1, C) z w(r(@m O, C))
= IPZ(T(CDn—l, ©m-1, C))

> ...

> Y"(T' (@0, @m-n,c))

and
A(@nt1, @mi1,¢) = P(A(@n, D, C))

< qbZ(A(ch_1,cDm_1,c))

< ...

< ¢"(A(@0, @m-n,C))
for each n € IN where m > n and ¢ € Py. It follows that
Ap41 = 1}113:1 l,bn (r((DO/ Om—n, C))

and
But1 =< sup ¢" (A(@o, @m—n,C)).

m>n
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for each n € IN along with ¢ € Py. In the case where n approaches infinity on both sides of the

inequalities above, we deduce that

L "
a> 21_1)1010 1}&& V" (T(@0, @m—n,C))

= lim " (T(@0, @mn, )

n—00

=7

and
B = lim sup ¢" (A(@o, @m-n,C))

=00 y>n

= lim ¢"(A(@0, @p—n,C))

n—oo
=0.
Hence, « = ¢ and p = 0.This means that

lim inf T'(@,41, ®m+1,¢) = lim a,, = ¢,
n—oo m>n n—-oo

lim sup A(@y+1, @m+1,¢) = lim B, =0
n—oo m>n n—oo
for all c € Py which indicate that sequence {®,} is Cauchy.
Given that (Z,T, A, *,¢) is complete, Lemma 3.2 implies the existence of @ € Z satisfying

lim I'(@,, ®,¢) = € and lim A(@,, @®,¢c) =6 foranyc € Po. (4.8)

n—oo n—oo
As a consequence of conditions (5), (10) of Definition 3.2 and (4.5), for any ¢ € Py, we can conclude

that

c
2

and

When we consider both of the above inequalities and take the limits as n approaches infinity, by

utilizing (4.8), we can conclude that

I'@, fo,c) =tand A(®, fo,c) = 6
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for any ¢ € y. By conditions (3) and (8) of Definition 3.2, it can be deduced that ® = f®, that s,
@ is a fixed point of f.

To establish uniqueness, assume z is a different fixed point of f than @ # z. For any ¢ € Py, by
(4.5), it leads to

I'@,z,¢c) =T(fo, fz,c) = Y(I'(®,z,¢)) > T'(®,z,c¢)
and
A@,z,¢c) = A(fo, fz,¢c) < Pp(A(®,z,¢)) < A(®,z,¢)

resulting in a contradiction. As a result, x = z which demonstrates the uniqueness. m]

5. COMMON FIXED-POINT RESULTS

This section presents a generalization of fuzzy Banach contraction concept to complex-valued
intuitionistic fuzzy metric spaces and provides several common fixed-point findings for two map-

pings fulfilling the contraction below on these spaces.

Definition 5.1. Suppose that (Z,T, A, *,¢) is a complex-valued intuitionistic fuzzy metric space. A pair
of self-mappings F,G : Z — Z is referred to as an intuitionistic fuzzy Banach contraction provided that

there is real number k € (0,1) where
t-T(Fo,Gn,c) <k(t-T(@,x,c)),
5.1
AFo,Gu,c) kAo, x,c) 61

holds for any @, x € Z and c € Py.

Theorem 5.1. Let (Z,T, A, =, o) be a complete complex-valued intuitionistic fuzzy metric space and a pair
of self-mappings ¥ ,G : Z — Z be a intuitionistic fuzzy Banach contraction. Then mappings ¥ and G
possess a unique common fixed point which lies within Z.

Proof. Consider an arbitrary point @ € Z. A sequence {®,} is defined in Z as

@n+1 = F @2n,
@2n+2 = GO +1
for any n € INg. The existence of an 1y € N where @,, = @,,+1 guarantees that @,, is a common
tixed point of ¥ and G. Indeed, if there is n € INp in which @, = @2,+1, it indicates @, is a fixed
point of ¥ . Furthermore, utilizing (5.1), we have
£ =T (@241, @2n+2,¢) = € =T (F @21, GO2141,C)
< k(€ =T (@2n, @20+1,¢))
=k(t-10)
=0
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and
A(@2n41, @2n42,¢) = A(F @20, G241, C)

< kA (@2, D241, C)

=k(0)

= 6.
for every c € Py. It follows that I'(@2,+1, @2n+42,¢) = € and A(@2,41, @2n+2,¢) = 6. By conditions
(3) and (8) of Definition 3.2, @2,+1 = @2p+2 = G®2n+1, Which indicate that @;,41 is a fixed point
of G. Since @2, = @2,+1, wWe can infer that @y, is a common fixed point of ¥ and G. In similar
fashion, if there is n € INg in which @,11 = @244, using (5.1) we can show that @41 is a common
fixed point of ¥ and G.

Assume both @, @,1 are always distinct for each n € INg. We shall consider two cases. For the

tirst case suppose n is odd. Substitute @ = @,-1 and % = @, in (5.1), for all ¢ € Py we obtain
- r(@nl CDH+1/ C) ={- F(TCDH—L g(Dﬂl C)
<k(f-T(®y-1,@n,¢))

<l —T(®y-1,@n,c¢)

and
A(@y, @py1,¢) = ANF @p-1, Gy, C)
< kA(@y-1,@n,c)
< A(@y-1, @y, ).
It follows that
I'(@n, @p11,¢) > T(@p-1, @n, C)
and

A(@n, @n11,¢) < A(@p-1, @y, C)
for any ¢ € Py. For second case suppose 7 is even. Substitute @ = @, and x = @,-1 in (5.1), for all
¢ € Py we obtain
{—T(@p41,@n,¢) = € —T(F oy, Gdy-1,c)
<k(€-T(@n, @p-1,c))
<l —T(®n, @p-1,¢)

and
A((Di’H—l/ CDn/ C) - A(T(Dn/ g(an—l/ C)

< kA(@n, @4-1,C)
<A@y, @y-1,¢).
It follows that
I'(@n, @p11,¢) > T(@p-1, @n, C)
and

A(@n, ®pi1,¢) < A@n, Dy-1,€)
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for any ¢ € Py. Therefore, we conclude that
r((Dn/ Dp+1, C) > r((Dn—ll @Dy, C)/ A((Dﬂl Op+1, C) < A((Dnl Oy-1, C)

for every n € Np and ¢ € Py. Denote I'(®,, @p+1,¢) = A, and A(@p, @y41,¢) = By, for all n € INy.

Since
[ Z ﬂn > \?{n_l > 6

and
0<8B,<8B,.1<¢

for each n € Ny, it leads to the conclusion that both sequences {A,} and {$,,} are monotonic in P.
By Remark 2.1, one is possible to locate «, § € P satisfying

lim A, =a, lim B, =p.

n—oo n—oo

Utilizing (5.1), for n € INg and ¢ € Py we obtain
{—T (@, @pt1,¢) k(=T (@41, @n,¢))
{— Ay <k(€—Ay-q)

and
A((Dn/ Dn+1, C) < kA((Dn—ll @n, C)
B, <kB,_q.

As n becomes infinitely large for both inequalities, we arrive at
(—a=<k(l-a)

and

B < kB.
Aske (0,1),if @ < € and B > 6, it will lead to a contradiction. Therefore, « = £ and f = 6 which
means that

lim I'(@,, @p11,¢) = ¢,

n—oo

lim A(®,, ®y+1,¢) =0

n—oo

for every n € INg and c € Py.
We will now establish the Cauchy nature for sequence {@,}. For every n € INj as well as fixed
c € Py, consider
Cn = {T'(@n, @m,c) :m>n}C 1,
Dy = {A(@y, @y, c) :m>n} CT.
Since 0 < T'(@y, @m,c) < € and 6 < A(@m, @y, ¢) < €, by Remark 2.1, the infimum of complex
fuzzy set I'(@,, @m, ¢) and the supremum of complex fuzzy set A(@,, @m, c) exist. For any positive
integer m > n, by applying condition (5) of Definition 3.2 successively, we have

C Cc c
F(CDn/ O, C) = r ((Dn/ (Dn+l/ )* T ((Dn+1/(Dn+2/ —) #ooex ((Dm—ll D, —) .
m-n m-n m
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It follows that
lim inf T'(@,, @y, c) = €5 Cx---% L

n—oo m>n
=¢
which leads to

lim inf T'(@;,, @y,c) = ¢
n—oo m>n

for every ¢ € Py. On top of that, For any positive integer m > n, by applying condition (10) of
Definition 3.2 successively, we have

C C C
AN(@n, @m,c) <A (can, @nt1, ) oA (can+1, ®nt2, ) oo A (CDm—lr @m, —) .
m-n m — m-n

n
This implies
lim sup A(@y, @m,c) <0000---00

n—o0 m>n
=0
which leads to
lim sup A(@n, @p,c) =0

n=% y>n
for all c € Py. Hence, sequence {@,} is Cauchy.
Given that (Z,T, A, *, ¢) is complete, Lemma 3.2 indicates the presence of u € Z satisfying

lim T'(@y,u,c) = € and l1m A(@y,u,c) =0

n—oo

for all c € Py. For any n € INg and ¢ € Py, by (5.1) we yield
€ — r(?u,g(Dz,H_l,C) =< k(f - F(u, @2n+1zc))

<{— F(u, CDZn_H,C)

and
AN(Fu,Goyi1,¢) 2 kA (1, @241, )
< A(u, @z41,¢).
These imply that
T(Fu,Goyi1,¢) > T(u, @2y41,¢) (5.2)
and
A(Fu,Goyi1,¢) < A, @441,¢) (5.3)

for each n € INg and ¢ € Py. As a consequence of conditions (5), (10) of Definition 3.2, (5.2) and
(5.3), for any n € INp and ¢ € Py, we can conclude that

T'(u,Fu,c)= F(u @242, = )*F(casz,?’u 2)

=T (H ®2n+2, + I (§®2n+1,TM )
( (

=T Fu, G, = )

u/ (DZVH-ZI ) * r

F(u ©2n+2, 5 *T(M O2n41, 5 )
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and
c

A, Fu,c) <A (u, @242, = 2

Cc

oA (®2n+2/ T”/ _)
C c

< A (1/[, CDZVl+2/ E) oA (u/ @2n+1, E)

As n becomes infinitely large for both inequalities, we arrive at

Gaoni1, Fu, )

Fu, G, 5 )

T'(u,Fu,c)="Cand A(u,Fu,c) =0

for all ¢ € Py. By conditions (3) and (8) of Definition 3.2, it means that u = Fu. Using similar
steps as above one can deduce that

I'(u,Gu,c) = €and A(u,Gu,c) = 6

for all ¢ € Py. By conditions (3) and (8) of Definition 3.2, it means that u = Gu. As a result,
u = Fu = Gu which indicates u is common fixed point of both both ¥ and G.

To establish the uniqueness, assume v is a different fixed point of f in which v # u. It is possible
to locate ¢ € Py satisfying I'(u,v,c) # € and A(u,v,c) # 6. By (5.1),

¢-T(u,v,c) =€-T(Fu,Go,c)
<k(¢-T(u,v,c))
<¢-T(u,v,c)

and

A(u,v,¢) = AN(Fu,Go,c)
<kA(u,v,c)
< A(u,v,c)
which contradicts with our assumption. Thus I'(1,v,¢) = € and A(u,v,c) = 0 for all ¢ € Py.

By conditions (3) and (8) of Definition 3.2, we conclude that # = v which demonstrates the

uniqueness. O

Corollary 5.1. Let (Z,T,A,*,¢) be a complete complex-valued intuitionistic fuzzy metric space. If a
self-mapping F : Z — Z satisfying
(-T(Fo,Fxnc)<k(t-T(o,x,c)),
AFo,Fnc) kAo, x,c)
for every @, n € Z and c € Py, in which k € (0,1). Then mapping F possesses a unique fixed point that

lies within Z.

Proof. The conclusion can be derived by substituting ¥ = G into Theorem 5.1. m]

Below, an instance effectively highlights the concept expounded in Corollary 5.1.
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Example 5.1. Let Z = [0,1]. Two binary operations = and o are defined as c1 *c; = (a1a2,b1b2) and
10y = (maxay, ay, maxby, by) for each ¢; = (a;, b;) € I wherei = 1,2. Let complex fuzzy sets T and
A be defined as follow:

ab + min{o, «}
ab + max{wo, »}

max{®, #} — min{®, %})
ab + max{®, #}

I(@,x,c) = 6, A@,xc) =
| | (

forall®,x € Zand c = (a,b) € Py. The fact that (Z,T, A\, , o) is a complete complex-valued intuitionistic
fuzzy metric space is established without much effort.

Define F : Z — Z by ¥ = @/2 where ® € Z. For any @, x € Z satisfying @ < x, it is clear that
F o < F . It follows that

ab + max{F @, F #}
ab+F o ‘
ab+Fx

Z(ﬂb+®)€

I(Fo,Fx,c) = (ab + min{F @, 7’%})

ab+x
=T(@, x,c).
If we pick any k € (1,1), we have
(-T(Fo,Fxn,c) 2k(t-T(@,x,c))
for every @, x € Z and ¢ = (a,b) € Py. Similarly, we able to deduce that
AFo,Fnc) kAo, x,c)

for every @, x € Z and c = (a,b) € Py. The graphical view of these two inequalities are shown in Figure 1
and Figure 2 respectively. Consequently, each conditions specified in Corollary 5.1 are met. Particularly, 0

is the unique fixed point of .

Ficure 1. Graphical view of inequality £ —T'(F @, F #,c) < k(¢ -T'(®,x,c)), where
the blue color plane represents the left-hand side and the brown color plane repre-
sents the right-hand side, when k = 2/3 and c = (2,5).
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Ficure 2. Graphical view of inequality A(F®, F #,c) < kA(®, %, c), where the red
color plane represents the left-hand side and the brown color plane represents the
right-hand side, when k = 2/3 and c = (2,5).

Theorem 5.2. Suppose that (Z,T, A\, *, o) is a complete complex-valued intuitionistic fuzzy metric space.
If commuting pair of self-mappings F,G : Z — Z satisfying
(-T(F"®,G"n,c) <k(t-T(o,x,c)),
ANF"0,G"x,c) <kA(®,x,c)
forany @, x € Z, ¢c € Py and n € IN, in which k € (0,1). Then mappings ¥ and G possess a unique

common fixed point that lies within Z.

Proof. Each conditions in Theorem 5.1 are fulfilled by both #" and G". Consequently, they possess

a unique common fixed point u in Z, for instance, ¥ "u = G"u = u. From the fact that
F'"Fu=FF"u=Fu,

it can be inferred that #u is a point fixed by F". Since mappings ¥ and G commute, we can write
G'Fu=FG"u=%Fu

which shows that Fu is a point fixed by G". Consequently, Fu serves as common fixed point of "
and G" .
Similarly, from the fact that
G'Gu=GG"u = Gu,

it can be inferred that Gu is a point fixed by G". Since mappings ¥ and G commute, we can write
F'Gu = GF"'u = Gu
which shows that Gu is a point fixed by ¥". Consequently, Gu serves as common fixed point of
F"and G".
In light of the common fixed point of #" and G" being unique, this indicates that u = Gu = Fu.

As aresult, u serve as the point shared and fixed by # and G. Obviously, any common fixed point
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of ¥ and G remains a common fixed point of #" and G". For this purpose, the common fixed

point of ¥ and G is uniquely determined. m]
Corollary 5.2. Suppose that (Z,T, A\, *, <) is a complete complex-valued intuitionistic fuzzy metric space.
If a self-mapping F : Z — Z satisfying
(-T(F"o,F"xn,c) 2k((-T(o,x,c)),
ATF "o, F"n,c) <kA(@,x,c)
forany @,x € Z, c € Py and n € IN, in which k € (0,1). Then, F possess a unique fixed point that lies
within Z.

Proof. The conclusion can be derived by substituting # = G into Theorem 5.2. m]

6. APPLICATION TO FREDHOLM INTEGRAL EQUATIONS OF SECOND KIND

This section explore how Theorem 4.1 is employed to demonstrate the presence of a unique
solution for Fredholm integral equations. The set C([0,1],R) denotes the collection of every
continuous functions that map the interval [0,1] to R. Below is an example of a second-kind

nonlinear Fredholm integral equation:

1
wﬂ=Q@+VLawﬁM@¢@Ms 61)

where Q represents real valued function that is continuous on the interval [0, 1], w(t,s) represents
the kernel of the integral function, x (s, ¥’(s)) represents continuous and nonlinear function defined

on [0,1] xR and /() represents function that we wish to be determined.

Theorem 6.1. Consider Z = C([0,1],R). Suppose that the conditions outlined below are met:

(1) an element a € (0,1) can be located in which

(5, 9(s)) = x(s,(s))l < algp(s) = p(s)l
forany ,¢ € Zands € [0,1];

@ [ w(ts)ds <p;
(3) y*p*a? <k< 1.

Consequently, integral equation (6.1) admits a unique solution in Z.

Proof. Given a mapping ¥ : Z — Z defined by

1
?wﬂ=Q@+y£aw@Mawm%

for every ¥(t) € Z and t € [0,1]. Let complex-valued t-norm and complex valued t-conom be
defined by #, and ¢, respectively. Furthermore, I'(®@, %, ¢) and A(®, %, c) defined by

(1) — p(t)P

a+b B ‘
S atbp() - eP

A+ b+t - ¢(t)|2€’

T(y(t), ¢(t),c) A(E), ¢(t), )
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forally,p € Z,c = (a,b) > 0and t € [0,1]. The fact that (Z, T, A, *, ¢) is a complete complex-valued
intuitionistic fuzzy metric space is established without much effort.
Forall ,¢p € Zand t € [0, 1], it follows that

2

1 1
F(t) - Fo(t)R = ]au) Tty fo w(t,5)x(5, P(s))ds - Q(t) — fo w(t,5)x(5, ¢ (s))ds)

2

1 1
[ atsictsvends- [ oot o)
0 0

2

<y (folw(t,S)dS) (s, 9(s)) = x(s, 0 ()P

<Y’y (s) - P(s)P
<KY(s) = o (s)P
Now, for all i, ¢ € Z and ¢ € P, it leads to
k(a+D) p
k(a+b) +|1F () = F o(t))?
k(a+b)

> 4
k(a+b) +kyp(t) — o(t)P
a+b

T A+ b+ () - ¢(t)|2€
=T((t), ¢(t),c)

LT (1), F¢(t) ke) =

and
[Fp(t) - F ot
k(a+0b) +|Fu(t) —Fo(t)P

AFY(), F¢(t), ke) =

(1 k(a+ b) )

Ka 10 790 - TR

(1 k(a+Db)
k(a+b)+kly(t) -

B k(a+ D)

‘(1 ka1 0) + kg () — p(OP )5

B -9P
PR

= A1), 6(1),0)

As a consequence, all the requirements specified in Theorem 4.1 are met, indicating # possesses a

IA

S0P )"

unique fixed point in Z. Stated differently, a unique solution to (6.1) exists in C([0, 1], R). o
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