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Abstract. The vital goals of this manuscript are to combine metric-like spaces with S—metric spaces under a control
function to obtain a new space called the controlled S—metric-like spaces (CSMLSs, for short). Under this name,
many fixed-point (FP) results have been obtained for multi-valued mappings (MVMs). In addition, we present several
non-trivial examples to back up our statements. The results obtained generalize and unify many results in the same
direction. Finally, to support and test the adequacy of the theoretical results, the existence of the solution to the

differential inclusion problem (DIP) was studied as a type of application.

1. INTRODUCTION

Let O be a non-empty set and y : O — O be a self-mapping. A FP of u is a solution to
an equation u(9) = 9. Theorems dealing with the existence and construction of a solution to an
operator equation u(9) = 9 are considered the mostimportant part of fixed point theory. Theorems
concerning the existence and development of a solution to the operator equations u(9) = 9 are
regarded as the most significant portion of FP theory. This theory is a well-known study subject
in nonlinear analysis. Among its essential theorems, Banach’s and Brouwer’s FP theorems are

crucial.
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Banach’s FP theorem, in particular, is an important tool in the metric theory of FPs. Its generaliza-
tions are crucial in many various domains, including physics, resolving electric circuit equations,
etc. [1-5]. Numerous papers have been written to investigate and solve a wide range of practical
and theoretical problems using Banach’s FP theorem and its generalization; see [6-9].

In 1906, Fréchet [10] proposed the metric space (MS) concept. Since this date, many writers
have been interested in exploiting the metric function by introducing various restrictions in order
to extend and expand the idea of MSs. For more details, we direct the reader to the papers [11-16].

Czerwik [17] developed the concept of b—MS in 1993 as a generalization of MS. To broaden
the definition of b-MS, Kamran et al. [18] proposed the concept of an extended b—MS in 2017.
In 2018, Mlaiki et al. [19] introduced a brand-new type of extended b—MS called controlled MS.
Later, many authors examined controlled MSs and arrived at various FP findings for single and
MVDMs; see [20-25], for more information. In 2012, S-MS was investigated by Sedghi et al. [26] as
a generalization of G-MS [27] and D-MS [28]. Also, they obtained some FP results for S—MSs.

Nadler [29] demonstrated one of the more exciting and well-known generalizations by utilizing
the Hausdorff metric, which is defined on a family of closed and bounded subsets of a complete
MS. He was the first to propose the concept of multivalued contraction maps. We recall a few
common notations and words for the reader’s benefit.

Let (O, w) be a MS (where w refers to the distance) and %, U be a non-empty closed bounded
(compact) subsets of U, respectively. The symmetric functional Z : O x O — R, = [0, +)

described as
Z(¢,) = max{D (¢, ¥),D (¢,9)},
where

D (¢,¢) = sup inf w(0, 9), for all ¢,y € O,
O dey

is called the Hausdorff metric. The same author proved a FP theorem for MVMs that satisfy
the symmetric contraction condition. Following that, some exciting FP results for MVMs were
discovered; see, for example [30-35].

Similar to the previous approach, in this manuscript, we merge metric-like spaces with S-metric
spaces using a control function to produce a new space known as CSMLSs. Further, some FP
findings for MVMs have been obtained under this space. In addition, we provide several non-
trivial examples to support our claims. The results produced generalize and unify several results
in the same direction. Finally, as a sort of application, the existence of the solution to the DI was

explored to support and test the adequacy of the theoretical results.

2. PRELIMINARIES WORK

Here, to be thorough, we will now recollect certain fundamental definitions, premises, lemmas,
and necessary results from the current literature for our research.

Assume that O is a non-empty set with a parameter 1 > 1. Let { : U XU — [0, ) be a control
functionand w, : GX0 — [0, ) be a mapping fulfilling the assumptions below forall 6, 9, p € O,
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(m) w,(0,9) =0ifand only if 6 = 9;

(m2) wy(0,9) = 0implies O = 9;

(M3) wy(6,9) = wy(3,0);

(1) @y(6,9) < wy(6,p) +wn(p,9);

(15) @y(6,9) < (wy(6,p) + wy(p, 9));

(6) @n(6,9) <C(6,p) wy(0,p) +T(p, ) wy(p,9).

Definition 2.1. The pair (U, a),,) is called
(i) metric-like space [17] if the axioms (12) — (11a) are satisfied.
(i) b—MS [37] if the axioms (1), (n3) and (n5) hold.
(iii) b—metric-like space [37] if the axioms (12), (n3) and (ns) are true.
(iv) controlled MS [19] if the axioms (11), (n3) and (ne) are fulfilled.

Definition 2.2. [38] Assume that O # 0 is a given set and S : O° — R, (where 0° = Ux O x O) isa

function fulfilling the hypotheses below for all 0,9, p,v € O,

(@) S(6,9,p) =0iff 0 =9 =p;
(b) S (Q,S,p) <S5(6,0,v)+S(8,9v)+S (p,p,v) .
Then, (O, S) is an S—MS and S is called an S—metric on O.

Example 2.1. [39] Let U = [0, 00) and C > 0. Define S : 0° — R by

0, fo=39=p,
5(6,9,p) = i =f
max{0,9,p}—C  otherwise.
Then S is an S—MS on O.
Example 2.2. [39] Let O = [0, ). Describe S : O° — R as

0, ifo=39=p,

5(0,9,p) =
( 2 { 0+39+2p  otherwise.

Then S is an S—MS on O.

Definition 2.3. [40] Let O # 0 be a given set, 6 > 1and S, : O° — R (where O° = U XV x O) bea

function satisfying the axioms below for all 6,9, p,v € O,
(s1) 5o (6,9,p) =0iff 0 =9 = p;
(s2) S54(0,6,8) =S5 (8,9,0);
(b) S5(6,98,p) <a[Ss(0,0,v) + S5 (8,8,v)+ S, (p, p,v)] -
Then, (O, S,) is an S;—MS and S, is called an S;—metric on O.

Example 2.3. [40] Let O # 0 be a given set with card (O) > 5 and O = Oy x O, be a partition of O such

that card (O1) > 4. Assume that ¢ > 1 and forall 6,9,p € O,
0, ifo=9=p,
Ss(6,9,p) =1 30, if (6,9,p) € Ui‘,
1 if(6,9,p) ¢U§.
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Then S, is an S,—metric on O.
3
Definition 2.4. [39] Let (O, S) be an S—MS. Describe the function Sz : (UCb) - R, as

Sz (91,92,93) = Zs (91,93) + Zs (92, 93) ,

where Zs (91,92) = max{z(p1,92),2zs(92,91)}, zs(p1,92) = sup{S(b,b,¢2):bepi} and
S(b,b,92) = inf{S(b,b,c) : c € ga}. Further, Sz is called the Hausdorff S—metric on O induced by
S.

3. A CSMLS AND TOPOLOGICAL PROPERTIES

This part is concerned with introducing the idea of the CSMLS and studying its topological
properties in terms of convergence, Cauchy sequences, and some examples, in addition to pre-
senting some results for FPs under this new distance. Here, we suggest the control function
C:0% = [1,0).

Definition 3.1. Let O # 0 be any set and S : 0% — R and C : O3 — [1,00) be functions such that for
all 0,9,p,v €O,
(CS1) S(6,9,p) = 0implies 0 = 9 = p;
(CS2) S(0,9,p)<C(6,0,v)5(6,0,v)+C(9,9,v)S(9,9,v)+C(p,p,v)S(p,pv).
Then, (O, S, C) isa CSMLS.

Remark 3.1. It should be noted that the class of CSMLS is larger than the class of S—metric-like space.
Further, every S—metric-like space is CSMLS with C(.,.,.) = 1.

Example 3.1. Consider O = [0,1] and describe the functions S : 0% — [0, +o0) and  : U — [1,+00)
as S (6,9,p) = |6—p|2+|8—p2,and

max{%, L 1l ifo£0, 9+0, p#0,
C(QIS/P):{ {918 P} if P

otherwise,

receptively. Then, a trio (O, S, C) is a CSMLS.

Verifications. We realize the following cases:
(i) If6 =9 =p=0,0r0 =93 = p # 0, the investigation is trivial.
(i) If0#0,9+#0,p#0with0 >v, 8 >vand p > v, we have

$(0,9,0) = |0-p[ +]s-pf =|0-v+v-p[ +]s-v+v-p[
= |6—v|2—|—|v—p|2—|—2(9—v) (v—p)—|—|8—v|2—|—|v—p|2—|—2(8—v) (v—-p)

< 10—y +|v—p| +210 = vy —p|+ 19 =vP+ |y —p + 219 =l |y -]

- (IQ—V|2+|9—V|2+|p—v|2)+(|v—p|2+|v—p|2)
+2[v—p| (10 =v|+ 19 =)

< (IQ—V|2+|19—1/|2+|p—v|2)+(|p—p|2+|p—p|2)
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+2]p—p| (10 = vI+ 18 = v])
_ (|9—v|2+|8—v|2+|p—v|2)

< S(o-ve 19 -v+]p—of)

= max{é, é, 11/} (2 |6 — v|2) + max{%, é, %} (2 |9 — v|2)

111 2
+max{;,5,;}(2|p—v| )
= ((6,6,v)5(6,0,v)+C(5,9,v)S5(9,9,v)+C(p,p,v)S(p,pv).

(iii) if O #0,9#0,p #0withO <v,d <vand p <v, we get

C(6,0,v)S(0,0,v)+C(9,9v)S(8,9,v)+C(p,p,v)S(p p,v)

— max{%, é, %} (2 16— v|2) + max{%, %, %} (2 19 — v|2)

111 2
+max{—,—,—}(2|p—v|)
ppv
1 , 1 , 1 2
- 2(5|9—v| + 519 +5|p—v|)
> §(|9—v|2+|8—vlz+|p—v|2) (since @ <v, § <vand p <v)
> 10-v2+|p—[ +18—vP
— Ww=0P+|v-p[ + -
2 2 2, .
> |p—6| —|—|p—p| —|—|p—8| (since p <v)
2 2
= |o-p[ +[9-p[ =5(6,9,p).
(iv) if 6,9, p € O —{0}, we have C(.,.,.) = 1 and Condition (CS 2) is met directly.

From the above cases we deduce that (O, S, () is a CSMLS.

In the context of CSMLS (U, S, (), we define a topology s on O whose base is the family of
open-balls defined by pg = {G € U : G is a union of open balls} .

Example 3.2. Let O = [0, +o0) with the S—metric

O, #9:‘9:,0/

5(0,9,p) =
(6:%:0) {max{|6|,|8|,

p|} otherwise,

for C > 0. Also, assume the control function

111 .
C(6,9,p) = max{},$, 1}, f0#0,920,p20,
o L, otherwise,
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Then for v € O and A > 0, we have

0, fA<r,
Bs(A, 1) = [0,7) zf <r
AL, ifAxr,
where Bg(A, r) refers to an open ball with radius r and center A and it is described as
Bs(A,r) ={peU:S(p,p,A) <r}, forr>0.

Definition 3.2. Let (O, S, () be a CSMLS, then S is continuous if S (Oy, Su, pu) — S (6,9, p) , whenever

0, — 0,9, = Sand p, — p,as u — oo, but the converse is not true.
The example below illustrates the above definition.
Example 3.3. Let O = [0, +00), define S : O° - R and C : O° — [1, +0) by

_ 1 if (6,9,p) = (1,2,3),
5(6:%p) = { o - p|2 +]9- p|2 otherwise,

and
C(6,9,p) = { max{$, §, 5}, fO#0, 9 ;e.o, p#0,
L otherwise,
According to Example 3.1, if (0,9,p) # (1,2,3), for v € O, then a trio (O, S, () is a CSMLS. Now, if
(6,9,p) = (1,2,3), then S(6,9,p) = 1 and for v € (1,2,3), we have C(0,6,v) = 1,5(9,9,v) = 1,
S(p,p,v)=1,and

5(0,9,p) = 1

IA
o
X
Q| =
| -
=
<=
~——

¢ moxL L) mafL L1} 111
< maxqg, 5 o[ Hmax|g, g, o+ max Py
= ((6,6,v)5(6,0,v)+C(5,9,v)S(9,9,v)+C(p,p,v)S(p,pv).

Therefore, (O, S, C) isa CSMLS. Since limy 00 S (Ou, S, pu) = S (0,9, p) , provided that lim,,—,. 0, = 6,
limy 00 9y = Sandlimy e pu = p, then take 0, =1+ %, 9, =2+ % and p, =3+ %, we have 0, > 1,
Sy — 2,and p, — 3. But

5= 1im S (64, 8u, pu) # S (1,2,3) = 1.

U—00

Therefore, S is not continuous.

Definition 3.3. Let (O, S, () be a CSMLS. Then, the assertions below are true:
(i) A sequence {6,} c O is convergent to 6 € U, if limy—+0 S (0,,60,,0) = S(6,0,0) and we can
write 8, — O or lim,,—, 1 60, = 6.
(i) We say that a sequence {6,} C O is a Cauchy sequence, if lim, ;S (Gu, Ou, 6]-) exists and is
finite.
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(iii) A trio (O,S,C) is complete, if every Cauchy sequence in O, there exists 0 € O such that
lim, 1S (Guz Ou, 6j) =S (6/ 0, 9) = limy> 1 S (Qll/ Ou, 6) .

The proof of the following lemma is obvious:

Lemma 3.1. Let (O, S, C) be a CSMLS and {0,} be a sequence in O. Then, for all p, 0 € O, we get
(©1) IfS(6,0,p) =0, then S(0,0,0) =S (p,p,p) =0;
©) If LMy i S (O, O, Ous1) - 0, then  liMyoiwS (O, O 0n) -
limy oo S (Ous1, Oust, Ous1) =0;
(V3) IfO # p, then S (6,6,p) > 0.

4. RESULTS ON FIXED POINTS

We begin this section with the following definition:

Definition 4.1. Assume that (O,S,() is a CSMLS and 3 : O — O% is a MVM. We say that 3 is a
contraction, if there is a constant u € (0,1) such that

52(3(6),3(0),9 (p)) < S (6,6,p). (@.1)
forall 6,p € O.

Theorem 4.1. Let (O,S,() be a CSMLS and 3 : O — UO% be a MVM. If 3 is a contraction and for
0o € O, there exists a sequence 0, = 3(60,-1), u € IN such that
C(9j+1, 9j+1,9j+2)C(6w O, 9j+1) 1

sup lim < — 4.2)
v>1 ]2+ C(QJ, 9]', 6]'+1) 2#

and im;_, ;o C (O, Oy, 0y41) exists. Then, I owns a unique FP.
Proof. Assume that 6 € U and select 61 € J (6p) . Then for p € (0,1), there is 6, € J (61) such that
S(62,02,01) <Sz(J(61),3(01),3(00)) + u < uS(61,01,60) + p.

Analogously, there is 03 € J (0,) fulfilling

IA

S (63,03, 02) 57 (3(62),3(02),3(61)) +u
uS (62,02,01) + u

u (1S (61,61,600) +u) + p

H*S (01,01,00) + p* +

u?S (01,601,00) + u+p

1S (61,61, 00) + 2pu.

VAN VAN VAR VAN

Repeating the same approach, we find that 6,1 € 3 (0,) and p* € (0,1) such that

S (Qqul/ 6u+1/ Qu) < Sz (S (Qu) ’ N] (Qu) ’ N] (Gu—l)) + Hu < Hus (91/ 01, 90) + up.
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Next, we claim that the sequence {0,},eN is a Cauchy sequence. Let v > u and by Axiom (CS 2),

one has

S (6, 0y, Ou)

IA

C (evr 90/ 6u+1) S (ev/ 60/ 9u+1) + C (ev/ 60/ 9u+1) S (sz ev/ 6u+1)
+C (Gur Qu/ Qu-i-l) S (Gur Qu/ 614-‘,—1)
= ZC (67;/ Qv/ 6u+1) S (6‘()/ 67;/ 611—0—1) + C (eu/ Qu/ 6u+1) S (Qu/ Qu/ 6u+1) .

Again, applying Axiom (CS 2) on S (6, 0y, 0,,+1) , we can write

2C (00, 00, 0u42) S (0p, 0o, O1u+2)
+C (Out1, Out1, 0ut2) S (Out1, Out1, Oui2)
+C(6u, Ou, Ou41) S (Ou, Ou, Out1)
= C(0u,04,0u41) S (Ou, O, Out1)
+2C (00, 00, 0u11) C(Ous1, Ous1, Out2) S (Our1, Ousr, Outa)
+2%C (60, Oy, 0us1) C (60, 00, 6u12) S (By, B0, Ous2) -

S (Qv/ Qv/ Qu) < ZC (901 91)/ 6u+1)

Using Axiom (CS 2) in the same way as before, we get

$(00,00,0u) < C(0u 0, 0u11) S (0, Ou, Ous1)
v-2 j
+ Y 27 [ €(60,64,60)C(6),05,6,11)5(6;,6;,0;11)
j=u+1 w=n+1

v—1

+2U_u_1 H C (QU/ O, Qy) 5 (90—11 Ov-1, QU)
y=n+1
< C (Qu/ Ou, Gu—H) S (QW Ou, 6L’+1)
v—1 J
+ Y 27 ] €60,00,60)2(65,6;,6141)5 (6}, 65, 6;41).

j=u+1 w=n+1
Now, by ratio test, the series
vl . ] .
So =Y 27 T (00, 00,00) C(05, 01, 0141) (1S (60, 00, 1) +2u),
j:u w=n
converges if
o C(0j41,0511,01:2) T (00,00, 0141) 1
sup lim <.
vzj I C (9]‘, 0j, 9j+1) 2p

Passing v, u — +o0, we obtain that

lim S (6, 0, 0,) = 0.

U,Uu——+00
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Hence, lim,, ;10 S(60,, 0., 0;) exists and is finite. Therefore {6,},cn is a Cauchy sequence in O.
j j y seq

Since O is complete, then the sequence 0, in O converges to 0 € U such that

lim S(0,,0,,0)=5(0,0,0)= lim S(0y, 0, 6,) =0.

U——+o00 V,U—-+00

Applying the contraction condition (4.1), the MVM J is continuous and since 6, € J (6,-1) , we
have 6 € J(0), that is 0 is a FP of J. The uniqueness follows immediately by the condition
4.1). |

The example below support Theorem 4.1.
Example 4.1. Assume that O = [0, 1]. Describe the functions S : 0> — Ry and  : O — [1,+0) by

2 2
0—pf +|9-
S“%&p)zl P|2| ol

and
C(6,9,p) =1+16].
forall 6,9, p € O. The axiom (CS 1) holds directly. To check the axiom (CS 2), for all v € O, we have
C(0,0,v)S(0,0,v) +C(8,8,v)S(8,9,v) +C(p,p,v) S (p,p,v)
= (1+10) (10 -vP) + (1 +190) (19 =) + (1 + |p]) (Ip - v|2)
= 100 (lo-p+p=of)+ 1 +180 (j9 - p+ o= o)+ (1 o) (Jo )
> max(1+16], 141811+ p ([0 p + p = v ) + (|9 = p+ p= o)+ (Jo )
> (o= of +lo=of )+ 9o + ool +Jo—of
= 3lp=of + (oo + |5~ p[")
> [0 -pf +[o-of

2 2
6—pl +|9-
> i 2| i =5(6,9,p).

Hence, (O, S, () is a CSMLS. Define the MVM J : U — (OR by 3(0) = {g,O}. Now, we examine the
condition (4.1). Using Definition 2.4, for 0,9, p € O, we get

52(3(0),3(0),3(p)) = Zs(3(0),3(p)) +Zs(3(0),3(p))
= 2Z,(3(0),3(p))
= 2max{zs (3(0),3(p)),z (I (p),T(0))},
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where
zs(3(0),3(p)) = sup inf S(07,0%p)
-e3(0) P (p)
) 9)& _ p* 2 _|_ 6* _ p* 2
= sup inf
o5(0) P (p) 2
2
= sup inf{|9*— E| }
6+€3(0) 3

If6r =9 € 3(6) then inf{|g - £
Analogously, zs (3 (p), 3 (0))

|2} =0.If0*=0€ 3 (0), then inf{|§ - g’z} =0.
= 0. Hence,

57(5(0),9(0),3 (p)) = 2.max{0,0} = 0 < uS (6,0, p).

Thus, the contractive condition (4.1) is fulfilled with any u € (0,1). Taking u = % < 1and the sequence 0; =
(1+13), we have C(0:1,0141,0112) = (2 i), €600, 011) = (2+ ) and £(6,0;,0;11) =
(2 + ﬁ)
Further,
- C (9j+1, Oj+1, 9j+2) C (601 Oy, 9j+1)
sup lim =2<- .
vx1 Joe c(0,05,014) 4 2y

Therefore, all requirements of Theorem 4.1 are satisfied. Hence, 3 owns a unique FP which is 0 € O.

9 1

Corollary 4.1. Let (0, S,C) bea CSMLS and J : O — O be a contraction MVM on O with u € (O, %)
Then, 3 possesses a unique FP.

Proof. We reach the required result by taking C (0,9, p) = 1 and using the same methods as in the

preceding theorem. m]
Theorem 4.2. Let (0,S,() bea CSMLS and 3 : O — OP be a MVM such that
5,(5(6),5(6),9 () <75 (6,6,5 (8)) +55 (p,p, 5 (p)), @3)

where y,6 € (0,1) with y + 6 < 1. Moreover, for 0y € O, there exists a sequence 0, = J(0,-1), u € N
such that
C(Q]'—H/ 6j+1, 9j+2)C(Qv/ 0, 6]’—0—1) 1-6
<5,

sup lim
o1 J7+® C(Qj, 6]', 9j+1)

and limy— o C (0, 0y, 0,41) exists. Then, I has a unique FP.

7

Proof. Continuing along the same path as Theorem 4.1, there is a sequence {0,},en in O and
u* € (0,1) so that

S (Qul Qur 9u+1)

IA

Sz (8 (0u-1),3 (0u=1), 3 (6u)) + p"
)/S (Qu—lr 0u-1, S(Qu—l)) +06S <9u/ Ou, s(eu)) + [Ju
)/S (Qu—lz Ou-1, Qu)) +0S (eu/ Ou, 9u+1)) + Hu/

IA

IA
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which yields
Y u!
S (Ou, O, Ous1) < T-5° (Ou-1,0u-1,0u)) + 15
2 u u—1
Y p Vi
< _ _ _
= (1_6)25(9u Z;Qu 2;914 1))+1_6 (1_5)2
Proceeding in this manner, we arrive at
" pro oyt Y
S (0u,6.,6 < S (00,60,61)) + + +-
( ur Yu u+1) (1_6)14 ( 0-Y0 1)) 1-5 (1—(5)2 (1—6)“
pi Y T
< S (60, 60,61)) + _
(1 — (5) ( 0 0 1 Z 1 6)]+1

Letting u — o0, we have

lim S(6,,0,,60,.1) =0.

u—-+o0o

In the same way as in the proof of Theorem 4.1, for v, u € N with v > u, we find that

v—1 J
Z j-u H C (00, 60,64) C (9]-, 0}, 6]-+1) S (9]', 0;, 9]'+1) — 0, asu,v - +oo,
j=u+1 w=n+1
provided that
C (9j+1/ Oj+1, 9]‘+2) C (Qz;, 0o, 6j+1) 1-6
sup lim < :
vl ot C (9]', 0;, 9j+1) 2y

Thus,
lim S(6,,6,,0,) =0.

U, U—>—+00
Hence, limy,j 1o S (6u, 0.,0; ) exists and is finite. Therefore {0,},en is a Cauchy sequence in O.

The completeness of O implies that there is a convergent sequence 0, in O to 0 € U so that

lim S(0,,0,,0)=5(0,0,0)= lim S(0y, 0, 6,) =0.

U—-+00 V,Uu——+00

Applying the contraction (4.3), the MVM J is continuous and since 0, € 3 (6,-1), we have
0 € 3 (0), thatis 0 is a FP of J. The uniqueness follows immediately by condition (4.3). m]

Example 4.2. Let O = {1,2,3}. Describe the functions S : 0° — Ry and C: O® — [1, +o0) as

0] +]9-¢]
S(6,9,p) >
and
C(0,%p) =1+ 9+9)
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respectively, for all 0,9, p € O. Clearly, the axiom (CS 1) is trivial. To check the axiom (CS 2), for all v € G,

we have
£(0,0,v)5(0,0,v) +L(8,9,v)S(8,9,v)+C(p,p,v)S(ppv)
= (14100 (10 =) + (1+180) (19 = F) + (1+ |ol) (Jo )
= (100 (jo-p+p—f )+ 4180 (9= p+p =)+ (1+ |ol) Jo - )
> max(1+16, 1+ 181, 1+ p (|0 p+p = v )+ (|9 = p+ p= o) + (lo )
> (jo-o +lp—o) + (jo = of + | —ol) +lo—F
= 3lp=of"+ (o "+ |0~ p[")
> Jo—pf +]o-pf

2 2
6—p| +|9-
> il 2| i =5(6,9,p).

Hence, (O, S,C) is a CSMLS. Define the MVM J : O — O by

5 (6) :{ (1,3}, if0el1,2},

2, if0 = 3.
Now, we check the contraction (4.1). Using Definition 2.4, for 0,9, p € O, we have
Sz(3(0),3(0),3(p)) = Zs(3(0),3(p))+2:(3(0),3(p))
= 2Z,(3(0),3(p))
= 2max{zs (3(0),3(p)),z (I (p),T(0))},

where

z:(3(0),3(p)) = sup inf S(67,0%p)
0*3(0) P (p)

9*_p*2 6*_’)*2

g +
== su m

2}.

= su inf {6*— *
Q*ES}(DG) pred(p) | P

= sup inf{|6* - p|2}
030

If 0 € {1,2), then 6" € {1,3} and inf{|6*—1|2,|9*—2|2,|6*—3|2} = 0.If0 = 3, then 6* = 2 and
inf{l@* —11,16° = 2%, 16" —3|2} =0.
Consequently,
zs(3(0),3 (p)) = 0.
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Analogously, z; (3p, 360) = 0. Hence,
Sz (3(0),3(0),3(p)) =2max{0,0} =0<y5(6,0,3(6)) +5S(p,p, T (p)).

for any y,6 € (0,1). Thus, the contractive condition (4.1) holds. Taking 6 = 3,y = 15 and the sequence
0 = (2+32), we have 5 +y < 1, {(6)41,0j11,0j12) = (3 + L) (600,600, 041) = (3+ 2) and

[j+2]
(050507:1) = (3+ 7)-
Further,

 C(0j41,0511,0142) C (05, 00, 0111) 10 1-5
sup lim Y N
v>1 J+® C (6]', 9]‘, 9]'+1) 3 2y
Therefore, all requirements of Theorem 4.2 are fulfilled. Hence, 3 has a unique FP which is 1 € O.

Corollary 4.2. Let (O,S,C) bea CSMLS and 3 : O — O% be a MVM such that
Sz(3(0),3(6),3(p)) <y(5(6,6,3(0))+5S(p,p,I(p))),
where y € (O, %) Moreover, for Oy € O, there exists a sequence 0, = 3(0,-1), u € N such that

(041,041, 0j42) C (00, 00, 0141) _1-y
<>

4

sup lim
v>] 7+ C(Qj, 6]', 9]'+1)

and lim;_, o C (04,04,0,+1) exists. Then, 3 has a unique FP.

Proof. We reach the required result by taking 6 = y in Theorem 4.2. ]

5. EXISTENCE OF SOLUTION TO THE DIP

In this part, we apply the theoretical results, specifically Theorem 4.1 to discuss the existence of

solution to the following DIP:
Find 0 € C (V) such that 6'(t) € ®(1,60(7)), forallTt € V, (5.1)

where V = [0, c] with ¢ > 0, 0 = C (V) is the set of all continuous functionson R,and ® : VxR —
2R is a MVM. Describe the functions S : 0% — R and C : 0% — [1, +o0) as

sup |0(7) - p(7)[* + sup 9(7) - p(o)f

eV

5(6,9,p) = >

and
c(6,9,p) =2,

respectively, for all 0, 9, p € O. Because the metric established above is identical to the supremum
metric, we can say that (O, S, () is a CSMLS. Define the set of Lebesgue integrable (LI) functions
in ® (., 0(.) by Se(0) = {z€ L' (V,R) : z(1) € @ (r,0(r))} forall T € V.

Problem (5.1) will be considered under the following assumptions:

(A1) forall 6 € O, S¢(0) # 0;

(Ap) for (7,0) e VXU, ®(7,0(1)) is closed;
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(Az) ®(.,0(.)) isbounded on V, for all 6 € U;
(A4) forasequence {z,} € So(0), there is a subsequence {z, yof{z,} such thatz,, — z € L'(V,R),

as j — +o0. Also,
T

fzuj_(r)dr — fz(r)dr, as j — +oo,
0

0
forall@ e Oandallt € V;

(As) forall T € V and for 6,9 € U, there exist a function x(7) € L! (V,R) such that

2
e

T
1
supvf|%(r)|2 dr < = and 0 < sup |zg — zs* < |%(T)|2 |6(T) - 3(1)
eV i 9 eV

where Zg € Sq>(6), Z9 € 5([)(\9).

Definition 5.1. We say that 6 € O is a solution to the DIP (5.1), if there exists z € S (6) such that
0'(t) =z(t),teV.

Our main theorem in this part is as follows:
Theorem 5.1. Under the assumptions (A1) — (As), the DIP (5.1) has a unique solution.

Proof. Define the MVM I on O by
J(0) = er:{’(T):fz(r)dr, 1€V, zeSe(0)
0

Assumption (A;) illustrate that the MVM J is non-empty and well-defined. If 6 € J (0), then
T
6 (t) = [ z(r)dr, this yields 6’ (1) = z(), for T € V.
0
Now, we claim that the MVM J fulfills the axioms of Theorem 4.1. To prove that J (0) is a

closed and bounded subset of U, assume that 6 € U is a fixed and {z,} is a sequence in J (0) so
thatz, — z € U, as u — +o0. Then {z,} € S¢(0), this leads to

ty(t) = fzu(r)dr, TeV.
0
By Assumption (Aj4), there is a subsequence {zu;} of {z,} such thatz,, —> z € L' (V,R),as j — +oo.
Also,

T

fzuj(r)dr - fz(r)dr, as j— +oo,
0

0
for all 6 € U and all 7 € V. By Assumption (A), for (7,0) € VX O, ®(t,0(7)) is closed and

z(0) € @ (7,0(7)), we have z € S¢(0). It is clear that
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hence z € J(0), that is J is closed. Form the assumptions (A3), we have ® (., 6(.)) is bounded on
V, for all 6 € U and there exists v > 0 such that |Z(T)| < v, forz € S¢(0). Since z(1) € ®(7,0(1)),
then z € J(0) and

sup |€(T)| < supf|z(r)| dr < vc.
eV eV 3

This proves that J is bounded. Thus, we can write J : O — UO%. Finally, we prove that J is a
contraction. Indeed, using Assumption (As), for 6, p € U, we have

52(3(0),3(8),3 (p)) <2max{z (I (6),3 (p)),z (3 (p), I (6))}, (5.2)
where
z:(83(0),3(p)) = su inf S(&g, o, ¢
P 5965]?)4’63@) ( )
T T 2
= sup inf su f (r)dr—fz (r)dr
fgeﬁl(:) ) o3 (p) Te\}; S f
2
< su 1nf supf% O(r) —p(r)| dr
sup int sup [ o 000
< sup inf supS(6,0,p) f|}t |dr
t6€3(0) (eI (P) eV
< Ls(0,0,p)
= 9 7 /p .
Similarly, we can write
1
25 (3 (p), 5(0)) < 55(6,6,p).

Hence, the inequality (5.2) reduces to

5z(8(0),3(0),3(p)) < 2max{z(I(0),3(p)),z (I (p),T(0))}
< ZXéS(Q,Q,p)

2
= 55(0,0,p).

Then, J is a contraction with u = % < 1. Further, since C (0, 9, p) = 2, we have
' C(9j+1,9j+1,9j+2)<§(3m 0o, 9j+1) 1
lim =2< —.
vx] Je c(6;,0),0;41) 2u

Therefore, all requirements of Theorem 4.1 are fulfilled. Then J has a unique FP, which is a unique
solution to the DIP (5.1). ]

In order to support Theorem 5.1, we present the following example:
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Example 5.1. Let 0’ (1) = $and ® (1,0(1)) = {O, g},forr € V = [0,1] and the functions S : 0° — R
and C : 0% — [1,+00) be defined as in the above section. Now we shall verify the hypotheses (A1) — (As)
of Theorem 5.1.

(A1) Since z(t) = A9 is a LI selection of ® (., 6(.)), then for all 6 € T, S (6) # 0.

(Ap) for (7,0) € VXU, itis clear that @ (7,60(7)) = {0, g} is closed.

(A3) forall0 € O, @ (.,60(.)) is bounded on [0, 1].

(A4) for a sequence {{,} € So(0), u € IN, there is a subsequence {€u;} of {tu(1)} = {9"9(T)} such

that £y, - € = {@} € L' (V,R),as j > +o0. Also,

T

f&,j(r)dr - ff(r)dr, as j — +oo,
0 0

for every fixed 9 € Oand allT € V.
(As) Take # = % € L' (V,R) for all T € V with

2

4

T
1
sup‘f|z/c(r)|2 dr < = and 0 < |zg — zg* < 1 |9(T) - 3(1)
eV 9 9 9

where zg = 900 ¢ Se(0),and zg = S(;) € So (). Consider u = § < 1, then

9
' C(9j+1/9j+1,9j+2)C(9m 0o, 9j+1) 1
sup lim =2< —
ox] Je C(0,05,0111) 2y

Hence, all assumptions of Theorem 5.1 are fulfilled. Therefore, for some constant a, the

suggested DIP has a solution 0(1) = ae’".

6. CONCLUSION

The concept of an ordinary differential equation (ODE) is generalized by the idea of a DI. As
a result, DIs can be explored for all problems that are typically covered in the theory of ODEs,
such as the existence and continuation of solutions, reliance on initial conditions and parameters,
etc. Due to the fact that a DI typically has a large number of solutions beginning at a given point,
new kinds of issues emerge, including the need to select solutions with specific attributes and
look into the topological characteristics of the set of solutions. In particular, when studying the
dynamics of economic, social, and biological macro-systems, differential inclusions are a valuable
tool for analyzing a wide range of dynamical processes that are represented by equations with
a discontinuous or multivalued right-hand side. They are also highly helpful in demonstrating
control theory existence theorems. So, in this manuscript, we used a control function to combine
metric-like spaces and S—metric spaces to create CSMLSs. Furthermore, several FP results for
MVMs were obtained in this domain. Furthermore, we presented some non-trivial examples to

back up our statements. The findings generalize and unify multiple findings in the same direction.
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Ultimately, as a form of application, the existence of the solution to a DIP was investigated to

support and test the theoretical results.

7. ABBREVIATION

o CSMLSs controlled S—metric-like space
e FP fixed-point

e MVM multi-valued mapping

e DIP differential inclusion problem
e MS metric space

o LI Lebesgue integrable

e ODE ordinary differential equation
e DI differential inclusion
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