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Abstract. The aim of this paper is to study the asymptotic behavior for a class of time-dependent convection-diffusion
problems in a square = (0,1) x (0,1), which is a simplified model of the Oseen equations. By considering this problem
in a square, we theoretically treat the case where parabolic and ordinary boundary layers are present. We construct
correctors which absorb the singularities of the limit solution; this allows to obtain an approximation of the viscous
solution up to the boundary. The expression of the correctors is giving explicitly and the uniform validity of the

approximate solution is then proved.

1. INTRODUCTION

The behavior of the solutions of Navier-Stokes equations at vanishing viscosity (i.e. large
Reynolds numbers) is an outstanding open problem both in fluid mechanics and in mathematical
analysis. The study of boundary layers is of great physical and engineering importance. For a
historical literature about boundary layers in the fluid mechanics field, we refer to ( [2], [3], [7],
[8], [4], [16], and [17]). There are quite a few partial results in the convergence of the Navier-
Stokes equation to the Euler equations. For this, we though that we could learn much more
from simpler equations, (see e.g. [15], [5], [6], [11], [20], and [21]). We consider in this article the
boundary layers associated with a class of a time-dependent convection-diffusion problems. We
can consider this problem as a simplified model of the Oseen equations, namely the Navier-Stokes
equations linearized around a fixed velocity flow. In [19], the authors discussed this problem in
a channel in space dimension two and only parabolic boundary layers are observed. Here, we
treat the same problem considered in [19] but in a square. We note that multiple boundary layers
appear: the ordinary layers with thickness of size ¢, and parabolic layers with thickness of size ve.

In fact, some restrictions (compatibility conditions) will be assumed as we will see later. Indeed,
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in the most general case (square with no restriction), several other incontinences occur which
have to be accounted for by still other boundary layers. The convergence to the corresponding
inviscid equations as ¢ — 0 occur only in the weak sense (L norm); indeed because of the loss of
some boundary conditions, the convergence cannot occur in the strong sense up to the boundary.
Our objective is to introduce a correcting term to absorb these singularities and then obtain an

approximation of u¢, as ¢ — 0, up to the boundary.

2. TIME-DEPENDENT CONVECTION-DIFFUSION EQUATIONS

Our primary goal in this section is to study the asymptotic behavior of the following system

du’ € 3 ;

E—sAu +ul =f, in(0,T)xQ,

ut =0, on (0,T) xdQ), (2.1)
ui = up,

li=0
as ¢ approaches zero. The domain under consideration is the square Q) = (0,1) x (0,1), and all the
functions ug and f = f(t,x,y) are supposed to be as smooth as necessary in (0, T) x Q).
We observe that (2.1); can be derived from the Oseen equations by simply dropping the pressure
term and omitting the divergence free (mass conservation) constraint. The existence of a regular
solution for the system (2.1) is obtained by classical methods: For f € L2(0,T;H'(Q)) and
up € L2(Q)), there exists a unique solution u¢ of the system (2.1) such that

ut € L(0, T;Hy(Q)),  uf € L*(0, T;HH(Q)).

The inviscid problem corresponding to (2.1) is easily obtained by setting formally ¢ = 0 in (2.1),

we obtain the following transport equation

o’  ud :
W'{'% —f/ m (O,T)XQ, (22)
uﬁzo = 1.

We need to impose a boundary condition to (2.2) for the well-posedness of this problem. As
suggested by the theory of the transport equations, we prescribe the boundary condition ad the
characteristics enter the domain. Hence, we propose the following boundary condition for u’:

u’(x =0) = 0. (2.3)

The convergence in L?(Q) of u¢, the solution of (2.1), to u°, the solution of (2.2), as ¢ approaches
zero, can be somewhat easy to derive. However, the convergence in H! (Q) is not true due to the
boundary layer phenomena. To prove the convergence in H!(Q)), we usually need to introduce a
function called a corrector which aim to recover the disparity between the boundary values of the
regularizing and limit solutions namely u¢ and u” respectively. For more details about corrector,
see e.g. [13], [14], [1], [9], [10], [18] and [12].
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2.1. Construction of the correctors. It is clear that the limit solution #° does not generally satisfy
the boundary conditions at x = 1, and y = 0, 1. To resolve these discrepancies, we will introduce
the ordinary boundary layer (OBLs) at x = 1, and the parabolic boundary layers (PBLs),at y = 0, 1.

We propose the following formal approximation:

u® = u® + ¥+ R¢, (2.4)
with

Y= 0"+ 95+ o1
where 0° (respectively ¢g, and ¢7) is the corrector of the boundary layer at x = 1 (respectively

y = 0,and y = 1). We start with the parabolic boundary layer generated near y = 0. A heuristic

argument suggests that ¢ be the solution of the following system:

2% A in (0,T) X Q)
= ¢ oo+ @5, =0, in(0,T)xQ,
Po(tx,y) = -, aty =0,
pg(t,x,y) =0, aty =1, (2.5)
@5t x,y) =0, atx =0,
(pgltzo =0.
Using the local variable iy = y/ Ve, we define an approximation ¢, of p§ which satisfies:
‘9900 82(;8 650 .
o Tax =0 nODXO xR,
(Po(t/x/ y) = _uol aty = 0, 2 6
58(t,x,?) -0, asy — +oo, (2.6)
Po(t,x,y) =0, atx =0,
Eﬁélt:o =0

To handle the error analysis later on, we need further estimates on the spatial derivatives of ¢;. for
that purpose, it is useful to obtain the expression of the ¢ which is provided by the lemma below.

Lemma 2.1. Let ¢ be a solution of the following system:

2
%_f_%yzf 0, in (0,400)x (0,1) xR,
o(tx,0) = g(t x), aty =0,
p(bxy) — asy — +oo, 27)
p(bxy) = atx =0,
Pl = 0.

Then, the solution of (2.7) is unique and it expression is given by:

2 (™ _ap—, VP e
p(bxy) = - y/@e g(t—g,x—g,O)ds. (2.8)
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where g denotes the extension of the function g as follows:

— ift >0,
gz{g yi2 29)

0 elsewhere.

Proof. Let ¢ be the solution of (2.7). Using (2.9), we define an extension ¢ of ¢ and then, we

derive the Fourier transform of ¢°*:

- 1 oo
P(txy) = ﬂf e ot x,y) dt.

Hence, we obtain the following system:

= 0725 o2p ] .
fgo—a—yz Ag_o, 1n]R><(O,1)><IR+,
o(T;x,Y) =79, aty =0,
ft( ]/) & Y (2.10)
p(t;x,y) =0, asy — +oo,
p(t;x,y) =0, atx =0,
a|'[:0 = O
Note that
P a~ —1TX a 1TX 77
1TQ + M =e a(e a)
Then, we set v° = e”xgo, which satisfies:
vt Pt , X
g—gy —O,A IHRX(O,l)XR+,
vé(T;x,y) =e™g aty=0,
v (%, y) = 0, asy — +oo, (2.11)
v (tx,y) =0, atx =0,
vt =0.

le=o
Now, we observe that v satisfies the heat equation supplemented with nonhomogeneous boundary

conditions of which the expression is given by:

vf(T;x,y):zfo g—ly((x—é, )G (1 &, 0) de,

where K is the fundamental solution of the heat equation

1 >
— -y~ /4x
K(x,y) 4nxe .
Hence, we deduce that
p(txy) = e —E (1 x, ) (2.12)
¥ 0K
= 2 (x ¢, ) (&%) (T/g/ )dér

0o 9y
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then
— K th T(x— 5)2
ptxy) = 8_ x—&,Y) I9(1;&,0)drdé (2.13)
—+00
N fa—Kx &y f 6 F(1;,0) drde
JdK
= fa—x Ey)gt—(x—£&);&,0)dE
f e Y 2 /4(x=¢) (t ( 5) £ 0) i
= —xX- iz
Van(x=&) é)g
= settings = L
2(x=¢)
_ 27 gl Y
= \/;fy/\/z_xe g(t S 252,O)dS.
This ends the proof of Lemma 2.1. o

From the previous result, we deduce the following lemma.

Lemma 2.2. Let @ be the solution of (2.6). Then ¢ admits the following integral representation:
2

7 ( _y_ _Y
- \/7 f/@exp ~s%/2)u0 (¢t o > 5/0)ds. (2.14)

Furthermore, we have:

~ Y ¥

o(t,x,—=)| <kexp(———=) V(t,x,y)e(0,T)xQ. 2.15
Tt s Sl kexpl-—=) Vbxy) e OT) @19
Proof. The explicit expression of ¢, as in (2.14), is simply deduced from Lemma 2.1.

0

Now, since u” is smooth as necessary, we have

—_ y 0 _ 2/2
| 0 t/ X, —= | < K f s ds
(PO( \/E) y/ er

K f e “ds, forallc >0
y/ V2ex

IA

¥

Ke Ver,

IA

Remark 2.1. Similarlyaty = 1, we introduce an approximation ¢} of ¢{, having the same structure

as @, with the role of ¥ = y/ ve and y = (1 — y)/ Ve being exchanged.

Now, we want to solve the discrepancies at the boundary x = 1. For this, we propose a corrector
0¢ which satisfies:
—eAO° + 0, =0,
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Qg(t/le’y):_uo_ag_zﬁi/ Qf(t,x:O,y)ZO.

Using the local variable ¥ = (1 — x) /¢, we define an approximation 0¢ of O which verifies

—aazsf + % =0, in (0,T) xR, x (0,1),

6°(t, % y) = —u(t, Ly) — @5t 1Y) -9y (£ 1,y), atx=0 (2.16)
Gf(t X, y) —0, asx — oo,

6: =0.

li=0

The solution of (2.16) is given by:

0 (%, y) = —(u(t, L, y) + @t 1Y) + @5 (1, 7)™

At this stage, the function u* is tentatively approximated by u° + ¢§ + ¢4 + 6¢. In the next section,

we will provide norm estimates on the derivatives of all these correctors which will be used below.

2.2. Asymptotic behavior of the correctors. We start by studying the asymptotic behavior of the

parabolic boundary layer at y = 0. We assume that the following condition holds:
u®(t,0,0) = 0. (2.17)
Then, we have the following lemma

Lemma 2.3. Assume that the condition (2.17) holds. Then, there exists a positive constant k independent

of € such that the following inequalities hold:

J —, y Y
8t('00( \/E) < x exp( e)/ (2.18)
gitm y o y
< - Y(x, Q, 2.19
Ixidym (Po( \/E) < ke 2 exp( 2\/5)/ (x,y) € (2.19)

foralli,me N, with0 <i+m < 1.
As consequence, we have the following lemma.

Lemma 2.4. Assume that the condition (2.17) holds. For 0 < ¢ < 1, we set
0° =(0,1) X (0,1).

Then, there exists a positive constant x independent of € such that:

gt _ —m/2+1/4 o
H8x1¢9y % 12(0) =Ke exp(—z \/E)'
In particular, we have
I /2+1/4
< —m
||8x1(9y Po 2(Q) ~ e ’
and

< Kg—m/2+l/4.
L=(0,T:L2(Q))

i+m
Haizay %
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Proof. Since we have
Qi — y

. tx, 2
8x19ym(p0( * Ve

1 1 Jitm Vo
. o(t,x, —=)|"dyd
fo f Gxigyn Pl %~ )l dydx

m —Y
/2 )

2ve

-y
(—=)dyd
j‘fexp\/Z ydx

Ke m( \/Eexp(vlz) + Veexp(

eXp(—ﬁ),

< ke ™ exp(——=

then

IA

IA

7

K €—m+1/2

IA

which implies

az—i—m
< —m/2+1/4 _ . 220
|52 gy = 2 xp(—577) (220)
Letting 0 — 07 in (2.20), we obtain:
81+m
|| ~e( ) < jcem/2+1/4
dxidym 2(Q) ’
and thus
|| I 7 < e emm/2H1/4
dxigym Ol .r2(02)) ~ '
[ ]
Remark 2.2. Similarly for ¢}, we need to assume the following condition:
u(t,0,1) = 0. (2.21)

Under the hypothesis (2.21), the estimates obtained in Lemma 2.3 and Lemma 2.4 are valid for ¢7,

that is
gitm 1-y A
—_ )< _
ERENT gol(, , \/E)|_K€ exp(

17y, (2.22)

| 2Ve

and

|| 81—&-771 < Kg—m/2+1/4 (2 23)
dxidy™ 12(Q) ~ ' '

P1(t)

Remark 2.3. As for Q7 = (0,1) X (0,1), we introduce Q%" = (0,1) X (0,1 —0¢”). Therefore, we have

P1(f) )-

O_I
< emM/ 21/ 4 oy oy (—
o) p( o

Now, setting 0’ = ¢ = ke® with 0 < & < 1, we deduce that the parabolic boundary layer correctors

gi+tm
“ oxidy™

@, and @] are exponentially small on (0,1) X (0,1 —0). This implies that we only need to take care

of the parabolic boundary layers near the boundaries y = 0 and y = 1.

Now, we derive the norm estimates for the ordinary boundary layer corrector 6° defined by

(2.16). We have the following lemma.
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Lemma 2.5. Assume that the conditions (2.17) and (2.21) hold. Then, there exist a positive constant x
independent of €, such that the following inequalities hold:

—~  1-x 1-x y 1-y
50| s w1+ expl(-32) (- )
|&i+m —  1-x 1-—x y /2 1-y
;e ——) 1+ e 2exp(—===) + " -
|8x18ym0(' — y)|ske exp(-— 2)(1+ e exp( 2\/E)+g exp( 2«/5))

foriime Nand0<i+m<1.

Proof. Using the estimates mentioned in Lemma 2.3 and Remark 2.2, we find that

1-x d y — 1-y 1-x
2 9| = G001 T ) 0L ) e
< o)1+ o3l +exl- . )
Furthermore,

IHmee  1-x gm g _ vy 1-y 1«
- t =|— t1,y)+eq(t 1, —= i (t,1, — - -
axlaym( s P /]/)‘ ‘axlaym (u ( ’ ry) 0( Y \/E) 1( s 1, \/E )exp( B ))

—i 1—X —m —-m y
<K& exp(—T)(H—s /Zexp(—m —ﬁ

The following norm estimate is deduced immediately from Lemma 2.5.

Lemma 2.6. For 0 < 01,02 <1, we define
00192 — (0,1 - 01) X (Gz,l - 02).

Assume that the conditions (2.17) and (2.21) hold. Then, there exists a positive constant x independent of
¢ such that the following estimates hold:

96* 1/2 1/4 02
|| L2(0°192) sKe exp( )(1+é exp( \/Z)
az+m9& . o o
< e H/2( 4 gmm/241/4 _ 02 _01y
“8xl8y 2(Qoro2) ~ ke (1+e exp( \/E)) exp( - )

In particular, as 01,02 — 0, we obtain

J0¢
H K€1/2(1+€1/4)
81+m6é .
H(?xzay < e HI2(1 4 /21
“awmeé < e TU2(] 4 /214
dxidymliL=(0,T;L2(Q) ~ ’
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forime N, with0 <i+4+m < 1.

In the next section, we state and prove the convergence results for the solution of the system

2.1).

2.3. Convergence result. We conclude this study stating and proving the following theorem which

provides the asymptotic approximation for which we will justify later on the validity of our choice

of the boundary layer correctors.

Theorem 2.1. For the Dirichlet boundary value problem (2.1), let f be any smooth function and assume

that the conditions (2.17) and (2.21) hold. Then,

[ — (U + O0° + @ + @ Moo,z < €74, (2.24)

||l/i'S — (MO + 5é + 658 + (Fﬁi)”Lz(O,T;Hl(Q) <K 61/4, (225)
where «x is a positive constant independent of €.

Proof. We set
RS = = (u’ +0°+ P + 7Y),
which verifies
IR¢ N A A B N
3 — eAR* + R, = eAu’ + ¢( 552 + E + X )—{—7

The boundary conditions satisfied R are given as follows

Rf =0, R =0,
x=0 |x:l
Ri | =-(1+09, R =-(@+0)

Since R® has nonhomogeneous boundary values, we introduce a supplementary corrector

v (5x,y) = (1-y)R*(t,x,0) + yR*(t,x,1)

and we define

vi(x,y) = R°—(1-y)R%(t,x,0)—yR*(t,x,1) (2.26)
= R(t,x,y)—v(tx,vy).
Thus, * = 0 on J(), and satisfies the following system:
alps & & & &€ & s
o —eAY* + ¢y =R+ R]+R5 in(0,T)xQ,
Y¢=0, ondQ, (2.27)

& :0’

lt=0
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where
0 0
€ — _— =
L' = g 5
Ry = eAu®,
0? %0t 2 Ne
RS = ¢ o, 70 00 L)
oxr  odx?  9y?
| 96¢
€ — RN
RS 5

Here, we can easily verify that v® is exponentially small. Indeed, we find that for i,m € IN with
0<i+m<1l:

Qi . Pl J —
W” (tx,y)| < |;€01(t X,y = )|+|$(p0(t,x,y: 1l

— — P
+ (pri(f/0,y=0)|+|(p3(t,0,y=1)|)|—e }

< (o) exp(—ZL\/E), Ve > 0,Y(5x,y) € (0,T) x Q)

which yields

“ aler

< ke l/2Ve, 2.28
oxidy! =K (2.28)

L= (0,T;L2(02)

Moreover, we have

9558 I}
> (txy—l)‘—k‘ o (txy—O)

’%vf(t, X, y)‘ <

< Ke_l/z\/z.

Hence, we deduce that

< ke l/2Ve, (2.29)
L2(0,T;L2(Q)))

We conclude from (2.28) and (2.29) that L*v® is exponentially small; and this can be absorbed in

other L2-term or H!-term.
Now, we multiply (2.27) by ¢* and integrate over (), we obtain

l,bé

Y dQ+sf|V1p |2d0+f¢x¢ aQ = fQRgl/fdQJrLRilpfdQ
+ fQ REyE dQ. (2.30)

QO

Using (2.27),, we infer that

f e dQ = 0. (2.31)
QO
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By applying the Cauchy-Schwartz inequality for the first term in the right hand side in the energy

[ ao
Q
Thanks to Lemma 2.4, Remark 2.2 and Lemma 2.6, we have

o7
&€ _ _ro
[ myran = eae,

‘|’||€_1LEU€||i2(Q)) + g”VI/)E”%Z(Q)

equality (2.30), we find

IA

IRG 2o 19 Mlr2 ) (2.32)

IA

1
LA

ot || || (2.33)

& .
< xed? + Z”Vl/)é”%Z(Q)

To estimate fQ RS y* dQ), we observe that have

- —)+ eXp(—l_—y)), Y(tx,y)€(0,T)xQ.

<1<exp(—1T)(1—|—exp( e Ve

t@“: tx,y)

0

Hence, we have

< '(1—x)86L L
ot 12(0) (1-x) 12(0)
< (using Hardy’s inequality)
90¢ c
< k|- x)7 )||ng iz
Yet,
96¢ 2(1-x)
100 % < f f (1 exp(=J) + exp(-2)) (1= exp(-2 )y
< k(14 x@)f(l—x)zexp( ) ax
0
< kel
Then, we have:
&~e € 3 €
1201 < ke IVYellz g (2.34)
q ot
<

2, € 2
ket + Z”Vl/) ”LZ(Q)
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We conclude from (2.32), (2.33) and (2.34) that

&

Zdtnw 20 + €IVYE (Bl ) < ke+—||¢ 2y ke + LIV,
+ keé? +4_1”V¢€”LZQ
1, .
< Sl —||V¢ 2 T K (2 + 72,
which yields
€ e 1 3/2.
2dtllab() 0y + IV (Bl ) < e 72 ) +ke

We now apply the Gronwall inequality and obtain:
1<l (0, 12(00)) < k€',

||¢€”L2(O,T;Hl Q) < k 81/4.

This ends the proof of Theorem 2.1. o
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