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Abstract. In this paper, we prove a new weighted reverse Holder inequality for the first eigenfunction of the Dirichlet
eigenvalue problem in a domain completely contained in a wedge in the sphere S?. This inequality is known as the
Payne-Rayner inequality or Chiti-type inequality. We also prove an extension of Saint-Venant inequality for the relative

torsional rigidity of such domains.

1. INTRODUCTION

In 1960, Payne and Weinberger [1] proved the curious inequality
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where A is the fundamental eigenvalue of the Dirichlet eigenvalue boundary problem in a
two-dimensional bounded domain D completely contained in a wedge of angle 7, a > 1. Here
(r,0) are polar coordinates taken at the apex of the wedge, and j, 1 the first zero of the Bessel
function J,(x). Equality holds if and only if D is a circular sector of angle Z. This inequality refines
the Rayleigh-Faber-Krahn inequality for specific domains, such as certain triangles, and can be
interpreted as a version of Faber-Krahn inequality in solids of rotation in higher dimensional

Weinstein fractional spaces [2,3]. Note that @ need not be an integer.
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Using weighted symmetrization and Payne-Weinberger inequality (1.1), A. Hasnaoui and L.

Hermi [4] proved the following inequality

Theorem 1.1. Let D be a bounded domain in the wedge W. Let p,q be real numbers such that q > p > 0,

then the eigenfunction u associated with the first Dirichlet eigenvalue A in D satisfies the inequality

1

1
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The result is isoperimetric in the sense that equality holds if and only if D is a circular sector of angle =..

This is a wedge-like version of earlier results of Payne-Rayner [5] and Chiti [6], which have the
interpretation of being the classical results in Weinstein fractional space [7] for the particular case
of a being an integer.

One of the most recent generalization of Payne-Weinberger inequality is that of J.Ratzkin and
A.Treibergs [8] for domains contained in a wedge in the sphere $%. In the second section, we
proceed as in [4] to prove a new weighted reverse Holder inequality for the first eigenfunction of
the Dirichlet problem on such domains by using Ratzkin-Treibergs inequality.

To complete the earlier work of Philippin [9], A. Hasnaoui and L. Hermi [4] introduced the rela-
tive torsional rigidity, stated its various formulations and extended some isoperimetric inequalities
for this quantity (see also [10]). In the third section, we introduce the relative torsional rigidity
of wedge-like domains in the sphere S2, prove a weighted version of Saint-venant inequality and

give the comparison theorem for the warping functions in such domains.

2. CHITI-TYPE INEQUALITY FOR WEDGE-LIKE DOMAINS IN THE SPHERE 82

In order to present our results, it is necessary to introduce certain notation and definitions. Let

(p, 0) represent the polar coordinates on the sphere $?, then the round metric is given by
ds* = dp* + sin® pd0°. (2.1)
Let ‘W be a wedge in the sphere 5? defined by
W ={(p,0) : 0<p<7‘(,0<9<g}, (2.2)
where a > 1. For 0 < r < 7, define the sector
S, ={(p0) : 0<p<r, 0<e<§}, (2.3)
and let D c % be a domain that lies in the wedge W . Note that

h(p,0) = tan“(g) sina0, (24)



Int. J. Anal. Appl. (2024), 22:87 3

is a positive harmonic function in ‘W, and its boundary values are zero. The Dirichlet eigenvalue

problem in a domain D C ‘W is given by

Au+Au = 0 inD
P
u = 0 ondD.

To state our result, we need to introduce the substitution

u(p,0) =v(p,0)h(p,0) for(p,0)eD, (2.5)
with v € C2(D) and vanishing on dD N W.

Theorem 2.1. Let D C S? be a domain that lies in the wedge ‘W . Let p,q be real numbers such that
g >p > 0, then v satisfies the inequality

(f zﬂtha)ﬁ <K(p,q,7 a) (f of hzda)ﬁ (2.6)
D D
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(j(;pl zFﬁj(l_ ‘;H = '21+4 ;a+1; 1_C205p)tan (g)smpdp)

and py is the first positive root of the hypergeometric function

1-+vV1+44 14+ v1+4A 1-cosp
p= 2F1( 5 ’ ) ;a+l;T)

The result is isoperimetric in the sense that equality holds if and only if D is a sector of angle Z.

We are now prepared to demonstrate the key Theorem 2.1. Prior to proving this result, we will
perform a series of reductions.

Recall the function v defined by (2.5). For 0 <t <o = sup v, let D; = v™' ((,7]) = {(p,@) €
D|v(p,0) > t}. Define the function

&) = fD h2da. (2.7)

Using the co-area formula, we get

&) = Lthzda_f f&D ﬁdsdT (2.8)

As D has finite measure, the above shows that the function

h2
t— ——s. 2.9
op, VO @)
is integrable, which implies that & is absolutely continuous. Then, ¢ is differentiable almost

everywhere, and

E = —‘faDr ﬁds <0 (210)
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for almost all t € [0,7]. The function ¢ is, therefore, a nonincreasing function and has an inverse
denoted as #(&). Note that

- )

Applying the Cauchy-Schwartz inequality, we obtain

2 ]’12
2 2
(I}D, h ds) < (I}D, _IVUIdS) (LDt h IVvlds). (2.11)

1 . faDt h?|Volds
&)~ (faa thS)Z

We will now use a geometric inequality presented by ].Ratzkin and A.Treibergs in the following

Therefore,

—t'(é) — _

(2.12)

lemma.

Lemma 2.1. ( Ratzkin-Treibergs [8].) Let D C ‘W be a domain with compact closure. Then

2c
2 2
LDh ds > _ZaY a(— - fh da). (2.13)

Here Y, = f’" o f~1, where f(r) = f tan2* (&) sin p dp. Equality holds if and only if D is a sector almost

everywhere.

Applying this lemma, we obtain

2 h?|Volds
—H (&) < (2?“) f?ﬂ—z (2.14)
Y2 (2 fDrh da)
Using the divergence theorem and the fact that Ah = 0, we obtain
f W |\Volds = —f div (hZVv) da
aDt Dt
= —f h (hav +2(Vv,Vh))da
Dy
= A f v h2da. (2.15)
Dy

Remark 2.1. Vp > 0, we have

fv”hzda = frpf —dsd”[——f & (1)dr. (2.16)
Dy ap, IVl :

The change of variable n = &(7) gives

£(1)
f o’hPda = f (t(n))P dn. (2.17)
Df 0
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Applying this remark for p = 1 in inequality (2.14), we obtain

“t(n)d
2_“)2A_f0 H)dn (2.18)

0=(%) Yrmg

Tt

for almost all & € [0, &], with &y = £(0) = fD h%da.
With A still represent the first eigenvalue of 1, we consider the sector

Tt
SA—{(p,G). 0<p<p1,0<6<a },

where p1 is the first positive root of the hypergeometric function

1-vV1+44 1+ v1+4A 1-cosp
S L

p = 2F(

The eigenvalue problem in S, is given by

Au+pyu = 0 in§,
P,
u = 0 ondS,.

The sector S, is defined in such a way that its first eigenvalue is equal to A. The corresponding

eigenfunction can be explicitly expressed as follows:

z(p,0) = h(p,0) R(p). (2.19)
Here, R denotes the radial function defined by

1-V1I+44 1+ V1+4A'a 1-cosp
2 ’ 2 ’

R(p) = c 2F( +1,—), (2.20)

2
and c is a normalizing constant. For all 0 <s < R = sup R, let
T 2
Sis=1{(p,O)l R(p) >s, 0<0 < E} and ((s)= | Hda.
S/\,s
We can now follow the same steps as in the proof of inequality (2.18) to establish that C is a

decreasing function and possesses an inverse denoted by s(C). This inverse function satisfies the

integro-differential inequality

C
d
2_“)2 A_fo ) i (2.21)

_S/(C)S(T( Yg(z—aC)
for almost all C € [0, {y], with {p = C(0) = fs\ h2da.

LetSoz{(p,G)l 0 < p < po, 0<6<§}suchthat

f h2da = f Wda = &. (2.22)
So D

From an explicit computation, we get that &y = 5% f(po). Let us introduce the function u* defined

on Sy as follows

u*(p,0) =v*(p)h(p,0), (2.23)
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where v* is the radial and decreasing function defined by
T

o (p) = f(p)),  Vpe [0l (2.24)
It is clear that the level set
Sox=1{(p.0) €S0 | v*(p)>1, 0<O< g}

is a sector, and for all p > 0 we have

Tt

U* 2 g = — L p )
fs T f(%f(m)ﬂ}(t(mf )] 1 (e) o

= P(m\d
«f{vr]>0, t(r])>T} : (n) 1

= f v’ hda (2.25)
D
for all T € [0,7].
Lemma 2.2. Choose c in (2.20) such that R(0) = v*(0). Then
z(p,0) <u*(p,0), VY (p,0)€Ss,. (2.26)
Proof. In order to prove this lemma, it is necessary to introduce the following remark.
Remark 2.2. We have
&o = Co- (2.27)

Consider the lowest eigenvalue Ay of the eigenvalue problem for Sp. Assume that £y < Cp and
note that Sp and S, are concentric sectors with fixed angle Z. Hence, So C S, and from domains
monotonicity of eigenvalues, we deduce that g > A which contradicts the Ratzkin-Treibergs
Theorem in [8].

Using Remark 2.2, two cases occur:

If &g = Cp. Since D and S, share the same Dirichlet first eigenvalue, and according to the
Ratzkin-Treibergs Theorem, we conclude that D = S; = So. Now, considering Ah = 0 and
applying the divergence theorem, we obtain

IVu*[Pda = | |Vo*|Ph?da, (2.28)
So So
and
IVo**hda = f ’Vt(zlf(p))’z W2 (p, 0) sin pdpd®
So So a
T

= (V[ e ((Ze)) o

0
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gt
~~
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=
~—
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=
_u
™

= A f u*?da. (2.29)
So

In the above steps, we used (2.18), t(&o) = 0, and integration by parts. Thus
fs |Vu*|?da
= <A (2.30)
fSo u*2da

Since A is also the minimum of the Rayleigh quotient on Sy, it implies that this minimum

is attained by u*. Therefore, u* is indeed the eigenfunction associated with A on Sp. From

*

equation (2.25), we have u* = u and z = z*. Furthermore, the fact that u* and z are

the first Dirichlet eigenfunctions in Sy implies the existence of a positive constant ¢’ such that
R(r) = c’v*(r) forallr € (0, po). Finally, the assumption of the lemma yields¢’ = land z = u = u*.
If £y > Co. We observe that £(Cp) > 0 while s(Cyp) = 0. Additionally, considering the fact that
$(0) = R(0) = 0*(0) = sup v = £(0), (2.31)
we can find a constant k¥ > 1 such that

kt(C) = s(C) YL el0,L). (2.32)

Let us define the constant ¢’ as follows
” =inf{fx >1; «t(C)=s(C), YCe]l0,l} (2.33)

Then, using the definition of ¢”’, we can find ; € [0,Cp) such that ¢” () = s((q).

We introducee now the function ¢; defined by

c”t(C); ifCel0,4]
s(C); if C € [Cy, Col.-

The properties of t and s imply that ¢, is monotonically decreasing and ¢1({p) = 0. Further, from

$1(C) Z{

inequalities (2.18) and (2.21), we observe the following

2 (¢ d
Z_a) o er) n 23

n YZ(%0)
for almost all C € [0, o). Now, let ®; defined in S, by

@1(p,0) = 1 (3=£(0)) (. 0), (2:39)

—¢1(0) < (
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then, @4 is an admissible function for the Rayleigh quotient on S,. Following the same steps as in

the proof of inequality (2.29), we obtain
VO, °da
fs/\ <

LA D2da

Furthermore, due to the definition of S5, we can deduce that ®; is an eigenfunction associated

(2.36)

with A on S,. Therefore, ®; is a multiple of z, and by considering the definition of ¢, we conclude
that ¢”’, #(C) = s(C) for 0 < L < (. Since t(0) = s(0), it follows that ¢’ = 1, and thus ¢() > s(C) for
all 0 < C < Cp. This completes the proof of the lemma. The following result is an extension of Chiti

Comparison Lemma [6], for wedge domains on spheres. m]

Theorem 2.2. For p > 0, let ¢ be chosen in (2.20) such that

f o’ h2da = f RPK%da, (2.37)
D Sa

Then, there exists p € (0, p1) such that
u*(p,0) <z(p,0), Y(p,0)€(0,p2]%(0,%); (2.38)
u*(p,0) 2z(p,0), Y(p,0) € [p2,p1] x(0,5). (2.39)

Remark 2.3. The normalization condition (2.37) gives

o Co
f #(£)de = f # (C)dC. (2.40)
0 0

Since the functions t and s are nonnegative, and considering that Cy < &g as stated in Remark 2.2, it is
evident that

Co Co
f #(C)dC < f # (C)dC. (2.41)
0 0

Proof. Let us consider the claim that s(0) > #(0).
Suppose, for the sake of contradiction, that s(0) < ¢(0).
In such a case, there exists a constant k¥ > 1 such that xks(0) = #(0). According to Lemma 2.2, we

have

xks(C) <) VYCe][0,Co). (2.42)

Co Co
xP f s (Q)dC < f t(C)dC.
0 0

Combining this inequality with (2.41) leads to k¥ < 1, which is a contradiction.

Therefore

Suppose now that s(0) = #(0).
Using equality (2.40) and Lemma 2.2, we get

) Co Co
P — P p
fo P (0)dC fo #(C)dC < fo P ()dC. (2.43)
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This implies that f;o tP(C),dC = 0, and since t > 0 in (0, &), it follows that &y = (p. Hence, we
have z = u*, and the statements of the theorem become evident.
Now, let’s consider the case where s(0) > ¢(0).

In this case, it is evident from the proof of Lemma 2.2 that {y < &y. Therefore, s({y) = 0 and
t(Co) > 0. Using the continuity of  and s, we can conclude that there exists a neighborhood of 0
in which s(C) > #(C). Furthermore, there exists {1 € (0, (p) such that s({;) = #(q). We choose (3
to be the largest such number satisfying the condition that +(C) < s(C) for all C € [0, (;]. By the
definition of (;, there exists an interval immediately to the right of ; where ¢(C) > s(C).

We will now prove that #(C) > s(C) for all C € ({4, (o). Suppose not, and let C; € (C1, (o) be a
point such that t({z) = s(C2) and #(C) > s(C) for all C € (Cq,Cz). In this case, we can define the

function

© - s(Q), forCe0,C1]VIC, Col,
P2 HC), forCe[Cy, Gl

It follows from (2.18) and (2.21) that ¢, satisfies

¢
d
Z_a)Z/\fo P2(1) n (2.44)

~3(0) < e

Tt

From ¢, define the function in S, by

2(p, 0) = 2(5-(p)) h(p, 6). (245)

Then &, is an admissible function for the Rayleigh quotient on S;. From this and proceed exactly

as in the proof of the inequality (2.36), we have
(2.46)

It will follow that the Rayleigh quotient of ®, is equal to A and hence that ®; is an eigenfunction
for A, Consequently, t = s and so +(C) = s(C) in [(3, (2] contradicting the maximality of {;. The

proof of the theorem is now complete. m]

Proof of Theorem 2.1. For p > 0, we choose c in (2.20) such that (2.37) is satisfied. This implies

&0 Co
[ r©ue= [T 2.47)
0 0

as mentioned in Remark 2.3.

Now, if we extend the function s by zero in [Co, &o], we get

< &
f t(n)dn < f sP(n)dn, Y& € [0, & (2.48)
0 0

To establish (2.48), we observe that Theorem 2.2 yields the following
If £ € [0, (4], then

t(n) <s(n) Ynelo,é&,
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and therefore, we have

If € [Cl/ 50], then

IA
(=) p)
£
¥5)
=
—~
=
~—
[
=
|
Py )
gt
o
¥5)
=
—~
=
~—
[
=

= fo é s”(n)dn.

Now, using the result of Hardy, Littlewood and Pélya proved in [11] (Theorem 10, p. 152), we

obtain, for g > p, that
) &0 Co
fo t1(n)dn < fo s1(n)dn = fo s1(n)dn. (2.49)

Using this and equality (2.47), we obtain

1 1

(f u? hz_qda)q <K(p,q,p1,a) (f u? hz"”da)p , (2.50)
D D

1
q

with

¢ R1h%da
JL;A )

K(p,q,p1,a) =
fs cPRP hzda)
A

Y

s

(f fpl o Fq = '1+4 , ‘1+4 a+1;5 —28) tan2¥(£)sin®(a0) smpdpd@)

fpl ob oFF (gt Lty 1 g, = —>L) tan? (g)sm2(a9)smpdpd9)

1
p 1- VIHdA 1+ VItdn 1- . q
= (fol ZF?( 2+ = 2+ ;a+1; —CZOSP)tanZ“(g)smpdp)

rP—9
= (%)
200

This completes the proof of Theorem 2.1.

==

(fpl Pp 1—\/1+4 1+\/1+4 a+1; 1- Cosp)tanz"‘(g)sinpdp)

3. THE SAINT-VENANT THEOREM FOR WEDGE-LIKE DOMAINS IN THE SPHERE Sz.

In this section we are interested in the mathematical quantity given by

P, = f ghda,
D



Int. J. Anal. Appl. (2024), 22:87 11

where D C §? is domain that lies in the wedge ‘W and g is a solution of the Dirichlet boundary

value problem

p..| B8 = h inD
> g = 0 ondD.

Now, If we write ¢ = h - w, where w is a function in C?(D) satisfying the boundary condition w = 0

on dD N W, a straightforward computation reveals that w is a solution to the following problem

w = 0 ondDNW.

P, = f wdu,
D

where the measure du = h?da .For the planar case, P, can be interpreted as torsional rigidity in

{—div(hZVw) = 1 inD
P -

With this substitution, it is clear that

dimension (2a + 2) for the particular cases @« = 1 and a = 2, it’s called the relative torsional
rigidity of D (see [4,10]) . We now introduce the space W, (D, du) which is the set of measurable

functions ¢ which satisfy the following conditions:

@) Jp IVolPdu + [ lpPdy < 4o
(ii) There exists a sequence of functions ¢, € C' (D) such that ¢, (p, 0) = 0 on dD N W and

lim fD V(¢ = @n)Pdp + fD | = paldu = 0. (3.1)

n—-+4oo

The space W»(D, du) was defined in the context of proving Talenti theorem in various cases, such

as those explored in [4,12-14]). By that we can define P, via the variational formulation

\V/ 2
1y Ve (3.2)

The proof of the given formulation (3.2) is similar to the (Remark 5.2. in [4]).
Now, we are ready to present and prove several new results for the relative torsional rigidity on

spheres.

Theorem 3.1. Let D be a domain, with a piecewise smooth boundary, completely contained in ‘W then

Pal <A, (3.3)

Aa:fh%la.
D

Proof. The result follows immediately using the Cauchy-Schwartz inequality in the statement

2
~ (Jpghda) _ e Jy e

- ﬁ) |Vg|2da - ﬁ) |Vg|2da
AT A,

where

o

IA



12 Int. ]. Anal. Appl. (2024), 22:87

The last inequality was obtained applying the Rayleigh-Ritz principle for A with g being a test

function. O

Theorem 3.2. Let D C ‘W be a domain with a piecewise smooth boundary, then
1
L <224, 4
o < K12, 1,0). 64
Proof. As before, let u be the first eigenfunction of the Dirichlet problem. By the variational

formulation one can see that

1 fD Vul? da
P_ S — (3.5)

(fD uh da)

Using Theorem 2.1 we obtain
[Vul? da
1 B, )fD— (3.6)
Py T fD u2da

- 2“)\1@(1 2,1, ). (3.7)
m]

The next result is Saint-Venant inequality for wedge-like domains in the sphere.

Theorem 3.3. Let D be a domain completely contained in ‘W, with a piecewise smooth boundary, then

(7 f(n) ,
Po < 5~ fo ( ) dn)f (p)dp. (3.8)

Equality is attained if and only if D is a sector of angle 7 .

Proof. For 0 <t <m = supf{w(p,0), (p,0) € D}, we introduce the ensemble
Dy ={(p,0) eD; w(p,0)>t}, (3.9)

and we define the functions
A(t) = f h2da, Y(t) = f IVw|[*h2da. (3.10)
Dt D[

The co-area formula gives

m
——dsd Y(t) = Vw|dsdr, 3.11
ffamvm v T ftfa' sz G1D

Differentiating with respect to t, we obtain

1
A(t) = - ——ds, Y'(t) =- Vwlds, 3.12
0=-] W==[ wa 1)

Let w* the inverse function of A and w* be the radial function define in D* by w*(p) =

Tt

2= f(p)). From that we define the functions

Ay(t) = fs h?da, Y, (t) = f \Vw* Ph*da. (3.13)
0,t

Sot

w(
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By the fact that the function w* is radiale decreasing function we have that his level set So; =

{(p,0) € So; w*(p) >t ,0<06 < Z}isasector. Hence, we can state that
n (P T
Ai(t) = Zjo‘ tanZ“(i) sint dt

and

n (PO dw* , T, .
‘Y*(t) = 5\’[{; (?) tan (§>Sln’l’ d"C,
where p(t) = w*~1(t). Differentiating with respect to t, we get

1 e

/ a P B 1
AL(t) = _IVw*I(t) 2a tan’ (T) sin(p(t)) = _lvw*l(t) LSW W ds

and

Y (1) = —IVw*I(t)%tanm(T) sin(p(t)) = =|Vw*|(t) j,;s 2 ds.

Multiplying (3.16) by (3.17), we get

(fas e ds)z = A, (DY(1).

On the other hind the Cauchy-Schwartz inequality gives

( fa N 12 ds)2 < A (DY (1)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

From the fact that A, (t) = A(t), we have A’(t) = A/ (t). From this, Lemma 2.1, equality (3.18)

and inequality (3.19) we have
Y () > ¥'(¢)

(3.20)

Integrating the last inequality from 0 to m and using the fact that ¥ (m) = 0 = ¥ (m) we obtain

IVw**h? da = ¥, (0) < ¥(0) = f IVw?h? da.
D

f w*h? da = f wh? da,
So D

and the variational formulation given in 3.2 we get

1 fD [Vw|2h? da fso [Vw*|2h? da 1
= > >
Po(D) ([, wh? da)? (fSo w*h? da)? ~ Pa(So)

So
Now, from the fact that

(3.21)

(3.22)

(3.23)

Using the definition of P,(Sp) on the symmetrized domain Sy, we obtain that P,(Sg) = fSo wh*da.

Where @ is the solution of the following problem

o, . —div(h*V@) = h* inSy
7 W = 0 ondSoNnW.
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Now, by a little computation, it is not difficult to check that

P f(n)
p fI(TT)d

w(p) =

In the case of equality, when considering the proof of our theorem, integrating the inequality
(3.20), and using the equalities ¥ (m) = ¥(m) and ¥« (0) = ¥(0), we can deduce that ¥/, (t) =
¥’ (t). By applying this result to equations (3.19) and (3.18), we obtain

f W ds > f W2 ds. (3.24)
850,, aDt

Finally, applying Lemma 2.1 , we obtain equality in (3.24) and that D = Sy which completes the
proof. O

In the last part, we give the comparison theorem for the warping functions in the case of wedge

like domains in spheres. this theorem remounted to Talenti in the case of Euclidian space.

Theorem 3.4. Let w be the solution to problem P and let W be the solution to the problem P;. Then w*,

the symmetrization of w satisfies

w* <M a.e in So. (3.25)
We obtain the equality if and only if D is a sector of angle ..

Proof. Let ¢ be a test function in the weak formulation of our problem defined by

w(p,0)—t, ifw(p,06)>t
olp.0)={ 270 o) (326)
0, otherwise ,
where 0 < t < m. Since The solution w satisfies the equality
f (Vw, Vo)h*da = f ph*da, (3.27)
D D
we have
¥(t) = | |VwPh*da = f (w —t) h*da.. (3.28)
Dy w>t

The function Y is decreasing of ¢ then, for € > 0 we obtain

Y(t)-¥(t+e) :f th‘”“f (w—t)hzda
€ w>t+e€ t<w<t+e €

Letting € go to zero, we obtain the following expression for the right derivative of ¥ ()

Y, () = f thzda ae. t>0. (3.29)
w>
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By the same computation, we can establish that the equality holds for the left derivative of ¥ (¢) as
well. Thus

0<-¥'(t) = A(). (3.30)

We use now the Cauchy-Schwarz inequality

1 2 N 1
(— f |Vw|h2da) 5(— f |Vw|2h2da)(— f hzda). (3.31)
€ t<w<t+e € t<w<t+e € t<w<t+e

Therefore, letting € — 0 and using (3.30), we get

2
(—0% f |Vw|h2da) < =A'(HA(H). (3.32)
w>t
From the co-area formula, we have
—i \Vw|h?da = f h?ds, ae. t>0. (3.33)
dt w>t 8Dt
But by Lemma 2.1, we have
2 24, T 2a & . _ Ty
LDth ds > fa‘so,,h ds = 5y tan ( 5 )sin(p(t)) = 7 (p(1)). (3.34)
Combining this with (3.33) and (3.32), we obtain
/ L ’ 2
—A (DA 2 (5= (p(1)) - (3.35)
for almost every t in (0,m). Using the equalities 7= f(p(t)) = A(t) and p(t) = w* () we get
, f(p)
-w* (p) < . (3.36)
D)
Now, for p € (0, pp), integrating this inequality from p to py we obtain
)
w*(p) < dn = w(p) (3.37)
p p f/(n) 1] p
and the proof is complete. Now assume that we have equality integrating this we obtain
P,(D) = f wh*da = f w*h*da = f @h*da = P,(Sp). (3.38)
D So So
Finally applying Theorem 3.3 we conclude that D = S. m]
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