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Abstract. In this study, we introduce new types of m-quasi-ideals and m-bi-ideals in b-semirings and provide some
characterizations of these ideals. We use an algebraic method to express the fundamental properties of m-bi-ideals in b-
semirings. We also discuss the m-ideals in terms of their algebraic structures. Moreover, we examine the m-bi-ideals and
their generators and provide some characterizations regarding bi-ideals. We further discuss the m-bi-ideal generated
by a non-empty subset S, which is denoted by < S >;,= SU Y. ginite BS™B, where B is the set of all bi-ideals.

1. INTRODUCTION

Vandiver [15] introduced the concept of a semiring in 1934. Regular rings have been extensively
studied for their own sake and connection to operator algebras. In 2009, Ronnason [2] proposed
the idea of b-semirings. In an article submitted for publication, Mohanraj et al. [8] established
the concepts of weak-1 ideals and weak-2 ideals in b-semirings. This study characterizes different
regular b-semirings using multiple weak ideals. Semigroups, which emerged as a generalization
of group theory in the early 20th century, are basic structures widely recognized in various areas
of science and mathematics, as noted by Munir and Habib [9]. Due to their inherent connection
to finite automata, they have numerous applications in theoretical computer science. Examples
include time-invariant processes, abstract evolution equations, and graph theory.

Semigroups are algebraic structures with an essential ideal similar to other ones. Steinfeld [12,13]
was one of the pioneers of the concept of semigroups and rings as quasi-ideals. Iséki [5] extended
this idea to semirings with no zero and explored significant semiring descriptions based on quasi-

ideals. Mathematicians have found it useful and fascinating to generalize the ideals found in
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algebraic structures. This generalization of values led to one-sided ideals and pseudo-ideals,
see [4].

Lajos developed the concept of bi-ideals as a more general version of quasi-ideals in associative
rings. Later, Lajos and Szasz [7] and other mathematicians applied these ideas to study various
semigroups. Kar and Maity [6] introduced generalized bi-ideals for ternary semigroups. In [11],
the study of semirings and ordered semirings through the hypothesis of an ordered b-semiring is
described. The paper attempts an in-depth analysis of Type-1 and Type-2 bi-ideals over ordered
b-semirings. Many mathematicians have used various ideals to prove significant results and
characterizations of algebraic structures, see [10]. They proved that the intersection of almost
hyperideals need not be an almost hyperideal, but the union of almost hyperideals is an almost
hyperideal. This is distinct from the classical concept of ideal theory.

In this paper, we delve into the significant classical results in bi-ideals, m-bi-ideals, and their
relationship with the elements and subsets of a b-semiring. We examine the conversion of bi-ideal
and quasi-ideal concepts into m-bi-ideal. The paper is divided into five sections. The first section
provides an overview of the topic, while the second section explores b-semirings and their relevant
definitions and results. In the third section, we cover m-bi-ideal and m-quasi-ideal generated by a
single element and subset with numerical examples. Finally, we conclude our study in the fourth
section. The primary objective of this paper is to establish the relationship between bi-ideals and m-
bi-ideals in b-semirings and demonstrate the relationship between m-quasi ideals and m-bi-ideals
in b-semirings. Next, we will characterize the generator of bi-ideal, weak-1 left ideal, weak-1 right
ideal, weak-2 left ideal, and weak-2 right ideal.

2. PRELIMINARIES

In this section, we will introduce the concept of m-bi-ideals in b-semirings. We will provide an
overview of the key theories and concepts explained in [2,3] relevant to this topic. Here S denotes
a b-semiring unless otherwise mentioned. Also, *; and * denote the MinMax-product and the

MaxMin-product, respectively.

Definition 2.1. [1] Let S be a non-empty set and = and +, be binary operations on S. Then (S, %1, %) is
called a b-semiring if (S, 1) and (S, +p) are semigroups and for alla,b,c € S,a* (b c) = (a*1b) % (a*
), (bxpc)xra= (brra)*(c*1a),ax (b*ic) = (a*xb)* (ax2c),and (bxc)+a = (bxpa)* (c*a).

Definition 2.2. Let A and B be subsets of (S,%1,%2). Then the =-product and =p-product of A and B,
denoted by A =1 B and A =y B, respectively; are defined as follows:

A*lB:{a*lblaeAandbeB}andA*zB:{a*zblaeAandbeB}.

Definition 2.3. A sub b-semiring Q of S is called an my-quasi ideal (resp.,ma-quasi ideal) of S if @+, 8" N
S"+HQCQ(resp., R+ S"NS"+ QC Q).

Definition 2.4. A subset B of S is called an my-bi-ideal (resp., my-bi-ideal) of S if B is a sub b-semiring of
Sand B+ 8"+ B C B (resp., B+ 8"+ B C B), where m is a positive integer.
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Definition 2.5. A subset B of S is called an m-bi-ideal of S if it satisfies both my-bi-ideal and my-bi-ideal
of S.

For a subset A of S and i = 1,2,3,..,n, Y A = {(ag*1a2%1 ..x1a,) | a; € A} and [[A =

{(a1 %242 %2 ... %2 a,) | a; € A}.

3. m1-Bi-IDEALS OF b-SEMIRINGS

This section introduces m;-bi-ideals of b-semirings and their generalizations. Examples are

provided to illustrate the results.

Note 3.1. The binary operations A, V, and #1 are defined as follows: x A y = min {x, y}, x V y = max{x, y}

and
00 0 0 0O 00 0 0 00O 00 0 0 00
a1 0 00 00 by 0 0 0 00 g 00000
a a3 0 0 00 bp b3 0 0 0 O ez 00 00
ag as a5 0 0 0 |*1 b4b5bﬁooo:c4cscéooo/w}lere
a7 ag ag ap 0 0 by bg by big 0 0 c7 ¢g c9 cyp 0 0
ayy ajp a13 a4 a5 0 D11 b1 b1z big b15 0 11 €12 €13 €14 €15 0

c1 = a1 Aby Abp Aby Aby Abiy; co = ax A (a3 Vby) Aby Aby Aby Abyy; c3 = ap Aaz Abs Abs A
bs Abio; ¢4 = ag A (asVby) A (agVby) ANby Aby Abyy; ¢s = ag Aas A (agV b3) A bs A bg A byo;
6 = agANas ANag Abg ANbg Abis; ¢z = ay A(agVby) A (agVba) A (aroVby) Aby Abyy; cg =
ay Aag A (agVb3) A (a0 Vbs) Abg Abip; cog = ay Aag Aag A (a9 V bg) Abg A biz; c19 = az A
ag Aag A ajg Abig Abia ci1 = an A (a2 Vbi) A (a3 Vbo) A (a14V by) A (@15 V by) Abiy; cip =
apn Aapp A (413 V b3) A (a14 V bs) A (a15 V bg) Abip; c13 = a11 Aaip Aaiz A (a1a V bg) A (a15 V bo) A bz,
c1a = ay Aaip Aagz Aag A (a15 V big) A b c15 = a1 Aaip Aayz A aig Aais A bss.

Note 3.2. The binary operation *; is defined as follows:

0ay ar a3 ag as 0by by b3 by bs 00ccpc3 ¢y
00 ag a; ag ag 00 bg by bg by 000 c5c4 7
000&]011111112 000b10b11b12 _ OOOOCSC()
000 0asas|*2000 0 babs|=]00000 e, where
0000 0 aps 0000 0 bys 00000 0
000 0 O O 0000 O O 00000 O
c1 = bgANay; ¢ = (b7/\611) V(blo/\az),‘ (3 = (bg/\al)V(bn /\LZQ)V(Z?13/\LZ3),' C4 = (bg /\Lll)\/

(b12 /\az) \Y (b14 /\a3) \Y (b15 /\El4),‘ cs = bigAag c6 = (bll /\ﬂé) \Y (b13 /\a7); cy = (b12 /\LZ6) \Y
(bia Aaz) V (bis Aag); cg = bz Aayo; co = (big Aarg) V (bis Aair); cio = bis Aaa.

Theorem 3.1. Every bi-ideal of S is an my-bi-ideal.

Proof. Let B be a bi-ideal of S. Then B+ S* B C B. Now, it is also true that B+ S' +, B C 8.
Similarly, we can see that B+ 8%+, B C B S+, B C B. Ingeneral, B 8" #, BC B 8" 1% B C
B. Hence, B is an mq-bi-ideal of S. O

Remark 3.1. The reverse implication of the Theorem 3.1 does not satisfy; see Example 3.1.



4 Int. . Anal. Appl. (2024), 22:89

Example 3.1. Consider the b-semiring (S1,%1,%2), where *1 and =, are defined in the above Note 3.1. Let

0 S1 S2 S3
0 0 s4 ss5]f,
81 = v SZ.S ez,
0 0 0 s
00 0 O
0 by 0 O
0 0 0 0},
B = b*eZ ;.
0 0 0 b
0 0 0O
Then B is a sub b-semiring of S1. Now,
0000
) 0000
B S+ B = c8.
1
0000
0000

Thus, B is an 2-bi-ideal of S1 but it may not necessarily be a bi-ideal of Sy by

0 nq
0 0
(8*281*28)2 m€Z*y € B.
0
0

0
0

00
00
00
00

Theorem 3.2. The product of any two my-bi-ideal and my -bi-ideal of S with the identity element e is a

max{my, my }-bi-ideal of S.

Proof. Let 81 and B, be an m;-bi-ideal and an my -bi-ideal of S, respectively. Now, B+, 8™ #, B1 C
B1and By # 8™+, B, C B,. From Note 3.2, (81 *9 Bz)z = (Bl *) Bz) *n (Bl *2 Bz) c (Bl #7 Sy B]) *9
By C (Br1#Sexy..xpexB1%By) C(B1#S* 8% .50 S8+ B1) % By C (B1x 8" B1) By C
Bq 2 By. Also, (Bl *9 Bz) *9 Smax{ml’mll} %> (31 *9 Bz) C By# S Smax{ml’mll} %0 B 9 By C B % Bo.
Therefore, B; %, By is a max{my, m; }-bi-ideal of S. |

Theorem 3.3. If B is a +; closure of S, R is a subset of S, and B is an my-bi-ideal of S, then B+, R and
R *o B are my-bi-ideals of S.

Proof. Now, (B 73)22(8 i R) % (BaR)=(BxyRx B) 5y R C (Brp R S) % B C (B (8") % B) %,
R C B+ R. Also, (B*ZR) x5 S™ %y (B*zR)*z C By Sy 8™y (B*zR) C B Sy By RC Bx R
Therefore, B *; R is an m;-bi-ideal of S. Similarly, we can demonstrate that R +, 8 is an m;-bi-ideal
of S. O
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Theorem 3.4. If B is an intersection of all bi-ideals with bipotencies my, my..., then B is also bi-ideal with

bipotency max{my, my, ...}.

Proof. Let{B¢ | C € A} be a family of m-bi-ideals of S. Then 8 = (| B;. Thus, Bis a sub b-semiring
of 8. Since B #) 8" %y B € By € Bforall C € A, we have B SMXIMCen) v, B ¢ B8 +, B C B
for all C € A. This implies that 8, SmaximclCer) o, B C B. Therefore, B is an m;-bi-ideal of S with
bipotency max{my, my, ....}. m]

Theorem 3.5. Every my-quasi ideal of S is an my-bi-ideal.

Proof. Let Q be an mj-quasi ideal of S. Clearly, Q is a sub b-semiring of S. Now, Q+, 8"+ Q C
Q *9 Sm S = Q *9 Sl cCQ %y S™, Similarly, Q %y S™ 4y Qc 8" *9 Q. We get Q *) Sm * Q C
(Q* S8")N (8" + Q) C Q. Hence, Q is an m;-bi-ideal of S. |

Remark 3.2. The reverse implication of the Theorem 3.5 does not hold, see Example 3.2.

Example 3.2. Let S; be a b-semiring and B be a sub b-semiring as in Example 3.1. Then

B SinB=

0 00O
0 00O
0 00O
0000

Thus, B is a 21-bi-ideal of S1 but it may not be a my-quasi ideal by

000 nr
0000

(B8N (S B) = 000 o nezZ't¢ s
0000

Theorem 3.6. If Q is a *; product of any (mq, my)-quasi ideal and (n1, ny)-quasi ideal of S, then S has a
max{my, my, n1, na}-bi-ideal of S with the identity element.

Proof. By Theorem 3.5, we have (Q % @) = (Q1# @)+ (Q1 Q) € Q1% (@ S+ Q) C
Q1 *» Q. Therefore, Q| *, @ is closed under . Now, (Q) #» Q) #p S™XMmmnal v, (Qq +) Q) C
(@1 % Q) Smaxdry izt (S Q) C Q% (Qr* Smax{mymymml+1 Q) € @ % @,. Therefore,
@ * Q, is a max{my,my, n1,ny} bi-ideal of S. O

Theorem 3.7. Every my-left ideal of S is an my-bi-ideal.

Proof. Assume that G is an m;-left ideal of S. Then G 8™+ G C G+ G C G. This implies that G
is an m1-bi-ideal of S. O

Theorem 3.8. Every my-right ideal of S is an my-bi-ideal.
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Proof. The proof is similar to Theorem 3.7. m]

Theorem 3.9. If G is a qi-left ideal and H is an ry-right ideal of S, then G N H is a ki-bi-ideal of S with

k = max{g, r}.

Proof. Let G be a g;-left ideal and H is an r;-right ideal of S. Then G and H are g;-bi and
ri-bi-ideals of S. By Theorem 3.4, the intersection is a max{g, r};-bi-ideal of S. Also, G N H %
SmX0r oy GAH C G xp ST 5y G € SMXNH 4y G C 874, G C G. Similarly, we can prove that
G N H # S 4y @ NH C H. Consequently, G NH + S «, N H < GNH. Therefore,
G N‘H is a ky-bi-ideal of S with k = max{g, r}. O

Theorem 3.10. Leta € S, then the my-bi-ideal of S generated by ais < a >, ,= {na} U (a2} Ua sy 8™ % a.

Proof. Letx,y €< a >y, X = njaU mya® U (a*s™*a), and y = npa Umpa® U (a#p 8™ #a). Then

x*y = {maUmia® U (a* " xa)}* {npaUmpa® U (axs™ *pa)} = {na+ (npa Umya®) U (a*
§" xy a) U (mya? #1 (npa Umpa® U (a*p 8™ %2 a))) U ((a %2 8™ %2 a) #1 (n2a Umaa® U (a*p s™ +pa)))} =
{(nma*1 noa) U (nya* mpa®) U (nya =1 axp s™ #pa) U (mya® # npa) U (mya® #; moa®) U (mya® #1 (a*p s™ *
a)) U ((axs™sa)* (axs"*a))} €<a >y,

Xy = {maUma® U (a 8™ = a)} o {npaUmea® U (a+ 8™+ a)} = {(n1a * npa) U (n1a % maa®) U
(n1a*paxy s™ o a) U (m1a? +o npa) U (mya? +o mpa®) U (mya? # (a+p ™ #a)) U ((a+2 8™ #pa) #o (a+p 5™ #)
a))} €< a >y, and

X#98 %X = (maUmia® U (a* " *pa) % s * (maUma® U (axs™+a)) = ((naUma? U (a%
S0 a) %08 ) %y (MaUmia® U (ax ™+ a)) = (n1a*s ) U (mya®+s ) U (a*xs+a) #2s + (njaUmya® U

2

(a% 5" a)) = {(n1a+s )+ (naUmia® U (a+ys" +oa) U (mya® +ps ) o (nya Umia® U (a+p 8" +pa) U

(a#ys™#pa%y8 ) %y (MmaUma? U (axs™*a)} €<a >y
Therefore, < a >,,;, is an m1-bi-ideal of S generated by a. If B is an m;-bi-ideal of S such that
a € B, then < a >,,,C B. Thus, < a >,,;, is the smallest m;-bi-ideal of S generated by a. O

Theorem 3.11. Let P be a non-empty subset of S. Then my-bi-ideal generated by P is
<P >up= ZPU [ZP*QP]U[ZP*zsm*QP].

4. my-Bi-IDEALS OF b-SEMIRINGS

We introduce mj;-bi-ideals of b-semirings and their generalizations. Examples are provided to

illustrate our results.
Theorem 4.1. Every bi-ideal of S is an my-bi-ideal.
Proof. The proof is similar to Theorem 3.1. m]

Remark 4.1. The reverse implication of the Theorem 4.1 does not satisfy; see Example 4.1.
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Example 4.1. Consider the b-semiring (S1,%1,%2), where *p and =1 are defined in the above Note 3.1. Let

S1 S2 53 S4
S5 S¢ S 01},
S = > e sfeZ s,
58 S9 S10 S11
S12 0 0 0
0O 0 0 O
0 bp 0 0],
B = b*eZ
0 0 by b3
by 0 0 O
Then B is a sub b-semiring of S1. Now,
nmn 0 0 0
) n, 0 0 Off,
Bx S % B= niSEZ* C 8.
nz 0 0 O
ng 0 0 O

As a result, B is not a bi-ideal but 25-bi-ideal of S1 by

myp mp M3 Ny

ms 0 0 O

8*181*13: m;SEZ* ;C_B

Me M7 Mg Mg

0O 0 0 O

Theorem 4.2. The product of any two my-bi-ideal and my -bi-ideal of S with the identity element e is a

max{my, my }-bi-ideal of S.
Proof. The proof is similar to Theorem 3.2. ]

Theorem 4.3. If Bis a ), closure of S, R is a subset of S, and B be my-bi-ideal of S, then B+ Rand R+ B
are my-bi-ideals of S.

Proof. The proof is similar to Theorem 3.3. O
Theorem 4.4. Every my-quasi ideal of S is an my-bi-ideal.
Proof. The proof is similar to Theorem 3.5. m]

Remark 4.2. The reverse implication of Theorem 4.4 is not true, as shown in Example 4.2.
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Example 4.2. Let Sy be a b-semiring and B be a sub b-semiring as shown in Example 3.1. Let

S1 S2 S3 S4
S5 8¢ S 01,
S = oo st ez,
S8 S9 S10 S11
S12 0 0 0
0 0 0 O
0O by 0 0]],
B = breZ .
0 0 by bs
by 0 0 O
Then B is a sub b-semiring of S1. Now,
0 00O
” 0 00O
B+ S1°x B = Cc 8.
0 00O
0 00O

As a result, B is a not a quasi-ideal but an my-bi-ideal of S1 by

rm 0 0 O

rn 0 0 0]},
8*181*182 TZ.SEZ* ,¢_B

r3 14 15 0

0 0 0 O

Theorem 4.5. If Q is a #1-product of any (my, mq)-quasi ideal and (ny,ny)-quasi ideal of S, then S has a

max{my, my, ny, na}-bi-ideal with the identity element.

Proof. The proof is similar to Theorem 3.6. m]
Theorem 4.6. Every my-left ideal of S is an my-bi-ideal.

Proof. The proof is similar to Theorem 3.7. m|
Theorem 4.7. Every my-right ideal of S is an my-bi-ideal.

Proof. The proof is similar to Theorem 4.6. m]

Theorem 4.8. If G is a go-left ideal and H is an ry-right ideal of S, then G N H is a ky-bi-ideal of S with

k = max{g, r}.
Proof. The proof is similar to Theorem 3.9. O

Theorem 4.9. Let a € S, then my-bi-ideal of S generated by a is < a >,,= {na} U (n'a?} Uax 8" a.
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Proof. The proof is similar to Theorem 3.10. m]
Theorem 4.10. Let P be a non-empty subset of S. Then my-bi-ideal generated by P is
<P =Y PU[Y PuP|U[) PuS"xP|.
5. m-Bi-IDEALS OF b-SEMIRINGS
This section presents m-bi-ideals of b-semirings and their generalizations.
Theorem 5.1. Every bi-ideal of S is an m-bi-ideal.
Proof. The proof follows from Theorems 3.1 and 4.1. m]

Theorem 5.2. The product of any two mi-bi-ideal and my-bi-ideal of S with the identity element e is a

max{my, my}-bi-ideal of S.

Proof. The proof follows from Theorems 3.2 and 4.2. m]
Theorem 5.3. Every m-quasi ideal of S is an m-bi-ideal.

Proof. The proof follows from Theorems 3.5 and 4.4. m]
Theorem 5.4. If G is a g-left ideal and H is an r-right ideal of S, then G N H is a k-bi-ideal of S with

k = max{g, r}.

Proof. The proof follows from Theorems 3.9 and 4.8. m]
Theorem 5.5. Fora € S, m-bi-ideal of S generated by a is < a >,,= {na} U (n'a?} Uaxy 8™ %y a.

Proof. The proof follows from Theorems 3.10 and 4.9. O

Theorem 5.6. Let P be a non-empty subset of S. Then the m-bi-ideal generated by P is

<P =Y PU[Y.P+P|U[) PrS"5P],

where * € {%1,%}.

Proof. The proof follows from Theorems 3.11 and 4.10. m]

6. CONCLUSION

During our study, we established the concepts of m-quasi ideals and m-bi-ideals in b-semirings,
generalisations of bi-ideals. We examined some important characteristics and used their m-bi-
ideals to explain them. We also looked at the structures of m-b-semiring ideals formed when a
subset of the b-semiring was provided.

We plan to use m-bi-ideals to characterise various forms of semirings, such as regular, irregular,
and weakly regular semirings. We will also investigate additional classes of m-bi-ideals, such as
prime, maximum, minimal, and main m-bi-ideals. Towards the end of our discussion, we explored
the relationship between m-quasi ideals and m-bi-ideals. Our study will examine their research on

hyper b-semirings using m-bi-ideals and m-bi-quasi ideals.
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