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Abstract. In this article, we study the nature of different types of functions, namely, cliquish, lower semi-continuous, and
upper semi-continuous functions in generalized Gs-submaximal, generalized submaximal, and hyperconnected spaces.
It also includes a cursory discussion about the properties for generalized Gs-submaximal, generalized submaximal, and

hyperconnected spaces in generalized metric spaces.

1. INTRODUCTION

In [7], generalized topological space were introduced by Csdszar. In topological and gener-
alized topological spaces, different types of continuity were analyzed in [3]- [19]. In topological
space, Baire spaces are characterized by using semi-continuous functions [12]. In continuation,
cliquish functions have been analyzed in Baire space using sequences by Ewert [11], and the cor-
responding functions have been introduced by H. P. Thielman [22] whose importance is discussed
in [10]- [20].

Using this aspects, Korczak - Kubiak, et. al, [16] redefined the spaces and defined two types
of nowhere dense sets along with the lower and upper semi-continuous functions. Finally, they
have carried out various properties for cliquish functions in Baire spaces. In [24,25], we discuss
some of the properties for nowhere dense and dense sets in both generalized and bigeneralized
topological spaces.

Inspired by these last references, the topic is of impetus to contribute to an improvement of
topological theory and authors have been motivated to discuss sections 3 & 4 with new results on

generalized topological space. In Section 3, u, n, C will denote generalized topologies.
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2. PRELIMINARIES

First, we recall the well-known definitions namely, nowhere dense, dense, and codense sets
in GTS.

Let u be a family of subsets of a non-null set X. Then u is said to be a generalized topology [7] in X
if it contains the null set and is closed under arbitrary union so that (X, i) is called as generalized
topological space (GTS). The pair (X, p) is called strong generalized topological space (SGTS) [7]if X € p.

In [7],if K € y, then K is called p-open and if X — K € p, then Kis called u-closed. And the interior
of L [17] notated by iL, is the union of all u-open sets contained in L; the closure of L notated by cL,
is the intersection of all u-closed sets containing L.

In [16],

f={QeulQ#0}
p(x) ={QepulxeqQ}
For W C X, the subspace generalized topology is defined by, uw = {HNW | H € u}. Then (W, uw)

is called the subspace GTS [2]. Let P ¢ W. Then interior of P is denoted by iwP and the closure of P is
denoted by cyP.

Definition 2.1. In [16], In a GTS (X, i), a subset Q of X is said to be;

o u-nowhere dense if ic(Q) = 0.

o u-dense if c(Q) = X.

e u-strongly nowhere dense if for any E € [i, thereis F € fisuchthat FC Eand FNQ = 0.
e u-codense [17] if ¢(X - Q) = X.

Moreover,
N(u) = {K c X | Kis a y-nowhere dense set}
[17] and we notated

S(u) = {K c X | Kis a u-strongly nowhere dense set}.

Definition 2.2. [16] A subset L of a GTS (X, p) is said to be;
o u-meager if L = |J L, for each L, € N'(u).
nelN

o u-s-meager if L = |J L, for each L, € S(u) where N is the set of all natural numbers.
neN

In[17],
M(n) ={D c X | D is -meager}
and we notated

M(n) = {K c X | Kis py-s-meager}.

Definition 2.3. [16] In a generalized topological space (X, 1), a subset H is called as;
e n-second category (n-1I category) if H ¢ M(7).
e 1-s-second category (n-s-1I category) if H ¢ M(n).



Int. J. Anal. Appl. (2024), 22:96 3

o 1)-residual if X — H € M(n).
o n-s-residual if X — H € M(n).

Some other notations are defined by
€(C) = {K c X | Kis of C-II category}
and
D(C) = {H c X | H is of C-s-1I category}
Cisa GT on X.

Also, Korczak - Kubiak, et. al, [16] defined two new branch of generalized topologies on (X, i)
defined by
v ={U(HnH,nH,N..NH,,) | H,H), .., H, € u}
and

"={QcX|QeC(u)uin).

u
Definition 2.4. [16] A space (X, 7) is said tobe a ;

e weak Baire space (wBS) if 7j € D(n).

e Baire space (BS) if 7j ¢ €(n).

e strong Baire Space (sBS) if Ff NFoN...NF, e n*™ forall Fy,Fy,... F, e nwith FiNFa N ... NF, #0.

In [17], Li et. al gave some other definitions for Baire space using dense sets. That is, (X,Q) is

said to be Baire if ¢( ﬁN H,) = X where each H, € {;c(H,) = X.
ne

In generally, [16],
e 1" is closed under finite intersection.
enC1.
e 1™ D nif X is Baire.
e 1" is a topology if 1 is a sGT.

Definition 2.5. A generalized topological space (X, 7) is called as ;
e hyperconnected space [10] if 7 € D(n).
o generalized submaximal [9] if D(n) € nwhere D(n) = {] € X | ¢,(]) = X}.

Definition 2.6. [16] A map & : (X, 1) — R is said to be ;

e n-lower semi-continuous at pp € X & for any p € R;f < h(po), there is K € n(po) such that
h(K) c (B, ).

o n-upper semi-continuous at pg € X & for any B € R;B > h(po)), there is K € 1(po) such that
h(K) c (—oo,B) where R is the set of all real numbers.

Equivalently, a function & : X — R is y-lower semi-continuous (resp. u-upper semi-continuous)
& h™1((B,)) € u (resp. h™1((—o0,B)) € ) for any g € R [16].
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Definition 2.7. [16] Let 1, £ be two GT in X. A function ¢ : X — R is said to be ;

o (1, &)-lower semi-continuous at pg € X if for any p € R;B < g(po), there is K € &(po) being a
n-residual set such that g(K) c (B, o).

o (1, &)-upper semi-continuous at pg € X if for any p € R; B > g(po), there is K € &(po) being a
n-residual set such that g(K) C (—co, ).

We introduce some new notations as follows;
e £(n) = {g| g is n-lower semi-continuous};
e £(n,0) = {g| gis (n, 0)-lower semi-continuous};
¢ (1) = {g| g is n-upper semi-continuous};
e U(n,C) = {g| gis (n, {)-upper semi-continuous} where g is a map from X to R

In [16], (T, 17)-l.(u.)s.c. = n-l.(u.)s.c. and also,
(C,0) = L(u)s.c. — C—1.(u.)s.c.

¢ =1L(u.)s.c.
Now, C,(h) is the family of n-continuity points of & : X — R and D,(h) is collection of

n-discontinuity points of h.

In [16], if ¢;(C¢(g)) = X, then ¢ : X — Ris (1, {)-cliquish. Equivalently, g is (C, n)-cliquish [16],
if (X, C) is Baire and D;(g) is C-meager.

Lemma 2.1. [16] Let K and L be two subsets of a GTS (X, 1) with K c L. Then
(@) If L € M(n) (resp. L € N(n)), then K € M(n) (resp. K € N(n)).
(b)If K € €(n), then L € €(7).

Lemma 2.2. [Lemma 2.3, [17]] Let W be a subset of a GTS (X, u) and Q ¢ W. Then cwQ = cQNW
where cyQ denote the closure of Q with respect to the subspace GTS (W, uw).

Lemma 2.3. [Lemma 3.2, [17]] Let (X, 1) be a GTS and Q, K be two subsets of X. If K € fi and
KNQ =0,then KNcQ = 0.

Lemma 2.4. [Proposition 4.7, [17]] In a generalized topological space (X, i), arbitrary union of a

p-meager set is y-meager.

Lemma 2.5. [Theorem 3.11, [23]] In a GTS (X, n),
(@ KeN(n') © Ke S(1).

(b) Ke M(1*) & K e M(1n*).

(c) K is n*-residual < K is n*-s-residual.
(d)KeC(n') © Ke D(1").
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Lemma 2.6. [Theorem 5.1, [23]] In a GTS (X, C), the followings are equivalent.
(a) X is a weak Baire Space.

(b) If Q is C-s-residual, then Q € D(J).

(c) If P € M(C), then P is C-codense.

3. SUBSETS IN GENERALIZED TOPOLOGICAL SPACES

In this section, it is established that every u-meager set is not p-residual in a p-II category

GTS. Also, this section is devoted to the proof of the most important results concerning the
generalized topology ™.

Observation 3.1 follows from the definition of a strongly nowhere dense set and the essay proof

of which is omitted.

Observation 3.1. Ina GTS (X, u), the only p-open set which is u-strongly nowhere dense is it the empty
set.

Theorem 3.1 and Example 3.1 are described in the below diagram.

SN

X is Baire we # {0}

N

Theorem 3.1. Let (X, u) be a GTS. Then
(@) u* # {0} & (X, u™) is a sGTS.
(b) If X is Baire, then u** # {0}.

Proof. ~ (a) Suppose u* # {0}. If X ¢ u™, then we get X € M(u) so that every subset of X is
p-meager, by Lemma 2.1(a). For that, u** = {0} which is impossible. Therefore, X € €(u)
so that u™ is a sGT. The Converse part is obvious.

(b) Given X is Baire so it result that fi C u™ thus X is a u-II category set, by Lemma 2.1(b).
Therefore, X € €(u) and hence u* # {0}.

The reverse implication of Theorem 3.1 (b) is not to be realistic as described in Example 3.1.

Example 3.1. Take X = {p,q,7,s} and

u=10.{p,s}, {q, 7). {p.q, 7}, 4q, 7,5}, X}.
Here

u =1{0yU{P,KC X |{g} C P, {r} CK}.
But Q = {p, s} € fi is p-meager which implies (X, i) is not a BS.

Theorem 3.2. If X is a u-II category space, then the below results are true.
(@) If Q € M(u), then Q is not p-residual.
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(b) Every u-residual set is of u-II category set.
(©If] e N(u), then X -] € €(u).

Proof. (a) Let Q € M(u). If Q is p-residual, then Q, X — Q € M(u). Also, QU (X-Q) = X. By
Lemma 2.4, X € M(u) which is not possible. Therefore, Q is not a y-residual set in X.
(b) If P is a p-residual set, then P ¢ M(u), by (a) so that P € €(u).
(c) Suppose ] € N(u) we get ] € M(p) it turns out X — | is p-residual and hence X — ] € €(u),
by (b).
O

Example 3.2 explains that the condition “X is of p-II category” is necessary in Theorem 3.2.

Example 3.2. Take X = [0, 3] and
b= 10,00,2),(1,3], [0,1) U (2,3, 0,3])
Here X ¢ €(u). Let Q = [0,2]. Then Q € M(u). Also, X — Q = (2,3] € M(u).

Example 3.3. Consider the GTS (IR, n). Then R is of n-II category if 1 is any one of the following GT.
(a) n is the co-singleton GT, that is, n = {0} U{K C R | K — {x} C K for some x € R}.
(b) n is the Z forbidden GT on R, that is, n = {K C R | K C R — Z}, Z is the set of all integers.

Corollary 3.1. Let E, F be two subsets of a n-1I category space X with F C E. Then the following hold and
also they are equivalent.

(a) If E € M(n), then F is not n-residual.

(b) If F is n-residual, then E € €(7).

(c) IfE € M(n), then X — F € (7).

4. GENERALIZED Gé—SUBMAXIMAL SPACES

Here, we discuss the significance of three kinds of functions namely, cliquish, lower semi-
continuous and upper semi-continuous functions in generalized Gs-submaximal and generalized
submaximal spaces. Finally, we prove various properties of generalized Gs-submaximal and

generalized submaximal spaces in a generalized metric space.
Lemma 4.1. [1, Proposition 2.12] Cis a sGT if (X, C) is generalized submaximal.
Lemma 4.2. [1, Lemma 3.7] Cis a sGT if (X, () is generalized Gs-submaximal.

Observation 4.1. Let (X, C) bea GTS. Then X € C* and hence C* is a topology space for the case of anyone
as follows as true.

(a) X is a generalized submaximal space.

(b) X is a generalized Gs-submaximal space.

X is generalized submaximal > Xeu

-

X is generalized Gy — submaximal
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From the above Observation 4.1 we get the above diagram.

In a generalized Gs-submaximal space, the below relations are true.

C —dense —— C — residual

-

C* —dense
Diagram (a).
C"o2D(C) «—— X eC(Q)

C** ) z)(cx-)
Diagram (b).
Theorem 4.1 describes the above diagrams (a) & (b). Also, this theorem is an easy way to explore

whether the given set is residual or not in a generalized Gs-submaximal space.

Theorem 4.1. Let (X, u) be a generalized Gs-submaximal space. Then
(a) If K C X is u-dense, then it is u-residual.

(b) If L € X is u*-dense, then it is p-residual.

() If X € €(u), then u** > D(u).

(d) p 2> D(p) if X € €(u).

Proof. (@) If K € D(u), then K is u-Gs-set, by hypothesis. Here K = ﬁ K, where K, € [i
for every n € IN. Since K c K, and K € D(u) we have each K, € gi(ly) so it result that
iH(X —K,) = 0 and X — K, is p-closed for each n € IN, since each K, € [i. For that, each
X —-K, € N(u). Hence X — K € M(u) so that K is u-residual.

(b) Itis trivial.
(c) If G € D(u), then G is p-residual, by (a) and so G € u**, by Theorem 3.2(b).
(d) Follows from (a) and the fact that u C p”.

Example 4.1. Take X = [0,6] and
p=10,[0,2),(1,3],12,3], [0,3]}.

Choose Q = [1,2] then we get Q € D(u). But Q is not a Gs-set it turns out (X, pt) is not generalized
Gs-submaximal.

(a) Choose K = [0,2] we have K € D(u) and X - K = (2,6]. Take Q = [3,6] then Q € i*”. By
Lemma 2.1(b), X — K ¢ M(u). Thus, K is not y-residual.

(b) Here
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w=10,[0,2),(1,2),(1,3],[2,3],[0,3]}
Let H = (1,2]. Then H € D(y*) and X—H = [0,1] U (2,6]. Take B = [3,6]. Then B € €(u). By
Lemma 2.1(b), X — H ¢ M(u) so that H is not u-residual.

Here X is of p-II category. So we take

u=1{0,[0,2),(1,3],[0,3],[0,1) U (2,4],]0,2) U (2,4],[0,1) U (1,4],[0,4]}.
Choose L = [0,4) e get L € D(u). But L is not a Gs-set for that (X, ) is not generalized
Gs-submaximal. Now i,c,([0,1]) = i,([0,1] U (3,6]) = 0,i,cu[1,2] = iu([1,2] U (4,6]) = 0 and
iucu([2,6]) = iu([2,6]) = 0. Therefore, [0,1],[1,2], [2,6] € N(u). Hence X € M(u).

(c) Take Q = [0,3). Then Q € D(u). Since Q ¢ X we have Q € M(u), by Lemma 2.1(a). Therefore,
Q ¢ ‘Ll**'

(d) Here
=10,10,2),(1,2),(1,3],10,3],[0,1) U (2,4],[0,2) U (2,4],[0,1) U (1,4],
[0 1)U (1,2)U(24][0,1),[0,1) U (2,3],(2,3],[0,1) U (1,2),(1,2) U (23],
[0,2) U (2,3],10,1) U (1,3],[0,1) U (1,2) U (2,3], [0,4]}.
Let W = [0,5). Then W € D(u*). Since W ¢ X we have W € M(u), by Lemma 2.1(a). Therefore,
V¢ u™.

Theorem 4.2. Let C,1n be two GT on a non-null set X with n C C. Then
(a) Every (C, n)-cliquish function is a (1, n)-cliquish function.
(b) Every (C, C)-cliquish function is a (1, C)-cliquish function.

Theorem 4.3. Let (X, u) bea GTS, h : X — R be a function. If (X, u*) is a wBS, D, (h) € M(u*) for
ne{u u, ", then his a (u*,n)-cliquish function.

Proof. By hypothesis and Lemma 2.5 (b), D, (h) € M(u*) which implies D, (h) is u*-codense, by
Lemma 2.6. So that C; (k) € D(u*) which implies /1 is (u*, )-cliquish. m]

The below Theorem 4.4 gives a shortcut for finding the significance of a given map, reducing

the computational complexity.

Theorem 4.4. Let (X, i) be a generalized submaximal space. If (X, ii*) is a wBS, then the below results
are said to be true.

(@) ™ ((—o0,9]) € M(u*) for every 8 € R = h € &(u).

(b) h™1([8,00)) € M(u*) for every 8 € R = h € U(p).

Proof. (a) Given h™!((-0,9]) € M(y*) for all 8 € R. By Lemma 2.5 (b) and Lemma 2.6,
h1((=o0,9]) is u*-codense for all 8 € R. Then X —h™!((-0,9]) = h"{(R - (-o0,9]) =
h1((9,00)) is a u*-dense set so that h™1((8,0)) € D(u) for all 9 € R, since u C u*. By
hypothesis, i™1((9,)) € u for all 8 € R. Therefore, i € £(p).
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(b) By similar arguments in (a), we get this result.
O

Now let us examine the significance of cliquish functions in generalized submaximal and gen-

eralized Gs-submaximal spaces.

(u,m) = cliquish —— (u™,n) — cliquish

-

(u*,n) — cliquish
where, 1 € {u, u*, u™}
Theorem 4.5 describes the above diagram also, which gives an easy way to check whether a

function is (u*, n)-cliquish or not.

Theorem 4.5. Let (X, 1) be a generalized submaximal space, n € {u, u*, u**} and h : X — R be a map.

Then the below results are true.

@) D(u) € D(u™).

(b) his (u*™,n)-cliquish if h is (u, n)-cliquish.

(c) his (u*™,n)-cliquish if h is (u*, n)-cliquish.

Proof. We will present the elaborate proof for (a) only. Choose

Qe D(u). (4.1)

Then by hypothesis, Q € u. Take

Hep* (4.2)
From equation (4.2), H ¢ M(u). Thus, H ¢ N(u) and hence i,c,(H) # 0. Thus, i,c,(H) € fi.
By equation (4.1), we have Q Ni,c,(H) # 0 and hence Q Nc,H # 0. By Lemma 2.3, QNH # 0.
Therefore, Q € D(u™). m|

Theorem 4.6. Let (X, ) is a generalized Gs-submaximal space. If h : X — R is a (u, n)-cliquish function
for nisa GT on X, then Dy (h) € M(u).

Proof. Suppose h is (u,n)-cliquish. Then C,(h) € D(u) so that Cy(h) is p-residual, by Theorem
4.1(a). Therefore, D, (h) € M(u). mi

The below Theorem 4.7 describes the below diagram.

his  (u,n)-cliquish ——— Cy(h) € u™

;

h is (u*,n) —cliquish
where, n € {u, u*, 1™}
Theorem 4.7 provides some tricks to find the character of the collection of all continuity points

using the cliquish function.



10 Int. ]. Anal. Appl. (2024), 22:96

Theorem 4.7. In a generalized Gs-submaximal space (X, u), if n € {u, ', u**} and X € u*, then the below

results are true.
(@) Cy(h) € u™ if his (u, n)-cliquish;
(b) Cyy(h) € w™ if his (u*,n)-cliquish for h : X — R.

Theorem 4.8. Let (X, u) be a generalized Gs-submaximal space. If n € {u, u*, u**} and (X, u) is a BS, then

(a) D([u**) C [J**-
(b) C,(h) € pw* if his (u™, n)-cliquish where h : X — R.

Proof. (a) By Lemma 4.2, X in u. Also,

pcu” (4.3)

so that X € u*™. Let Q € D(p™). Then Q € D(u), by equation (4.3). Therefore, Q € u*, by
Theorem 4.1 (¢).
(b) Given that i is (u*,n)-cliquish. Then C,(h) € D(u™) and hence C,(h) € u™, by (a).
O

In the rest of this section, we study the significance of generalized Gs-submaximal and

generalized submaximal spaces in generalized metric spaces.

The pair (X, Q) is called as a generalized metric space [16] (GMS) where X is a non-null set and ()

ia a family of all metric o defined on a subset X.

Moreover, Q)x is the family of all the metrics defined on X [16]. Also,if 0 € Qx and Q C Xis a

non-null set, then o] [16] for the restriction of the metric o to Q x Q.
Put Q|g = {olg | 0 € O} for any Q) C Q.

In a GMS (X,Q), the collection of all Q-open sets [16] in (X, Q) is notated by uqn, more
precisely, L € uqn & for any p € L, there is 0 € Q) and 6 > 0 such that B;(p,0) c L for
Bs(p,6) = {t € dom(o) | o(p,t) < 6}.

Remark 4.1. [16] (a) If (X, Qx) isa GMS, Q) € Qx and Q # 0, then (Q, Qo) is a GMS.
(b) (X, uq) is a generalized topological space.

Lemma 4.3. [16]Ina GMS (X, Q), Bso(p,€) = Bs(p, ) NQwherepe Q C X, & > 0.

Definition 4.1. [16] In a GMS (X, ), a finite collection )y C Q) is said to be a ;

o kernel if for every D € fin = uq — {0}, there is 0 € Qg such that i;(D) # 0.

o perfect kernel if for any finite number of elements Ky, Ky, ..., K, in po with K1 N Ko N....N K, # 0,
there is 0 € (g such that i, (N7, K;) # 0.
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In [16], generally, in a generalized metric space,

SN

per fect kernel kernel

N,

Lemma 4.4. [Lemma 4.3, [16]] If the GMS (X, 2) has a perfect kernel ()9 and W € fi, then Qolw
is a perfect kernel of (W, Qlw).

Definition 4.2. Let (X,2) be a generalized metric space. Then Q) is said to satisfy V-property if
01,02 € Qand r,s € X, then o(r,s) = max{o1(r,s),02(r,s)} is a metric and hence ¢ € Q).

Theorem 4.9. Let (X, Qx) be a GMS, Qx satisfy the V-property. If (W, Qx|w) is an open subspace of X,
then the below results are true.

(@) If Q € Wis uqy,,-open in W, then Q € uqy.

() If (W, uqyy, ) is generalized submaximal, then (X, i, ) is generalized submaximal.

(©) If (W, uqyy,) is generalized Gs-submaximal, then (X, o, ) is generalized Gs-submaximal.

(d) (X, uayy) is generalized Gs-submaximal if (W, pq,,, ) is generalized submaximal.

Proof. (a) Given that Q is pq,|,-open in W. Let r € Q. Then there is o1lw € Qx|lw and &1 > 0
such that By,),, (7, €1) € Q and so By, (1,£1) N W C Q, by Lemma 4.3. Since r € W and W is a
pay-open subset of X, there exists 02 € QQx and €, > 0 such that By, (r,€2) € W.Fors € X,
take 03(r,s) = max{o1(r,s),02(r,s)}. Then o3 € Qx, by hypothesis. Also,

Bos (7’, gl) C BGl (7’, 51) (44)

and
By, (7, €2) C Bo, (1, €2). 4.5)

Take ¢ = min{ey, €2}. Then from equations (4.4) & (4.5), By, (7, €) C By, (r,€1) N By, (1, €2) and
s0 By, (1,€) € Q. Thus, there exists 03 € Qx and ¢ > 0 such that B, (7, ¢) € Q. Therefore,
Q € foy.

(b) Let (W, uayy,) be a generalized submaximal space and L € D(uq, ). By Lemma 2.2, cwL =
cLNW = XNW = W. Thus, L is uq,),-dense in W. By assumption, L is uq,|,-open in W
and so L € uq,, by (a). Therefore, (X, ua,) is generalized submaximal.

(c) Given that (W, uq,y, ) is a generalized Gs-submaximal space. Let K € D(uq,). Then
cwK = cKNW = XNW = W, by Lemma 2.2. Thus, K is a uq,),-dense set in W and
hence K is piq,|,- Gs-set which implies that K is pn,-Gs in X, by (a). Therefore, (X, pay ) is
generalized Gs-submaximal.

(d) Trivial proof is omitted.
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Theorem 4.10. Let (X, Qx) be a generalized metric space, Qx satisfy the V-property. Then the below

results are true.

(@) poy = Hp, -
(b) uay is closed under finite intersection.

Proof.

(a) By Remark 4.1, (X, o, ) is a GTS and hence pq, C g, . LetL € ygx and x € L. Then
L= LtJ(L’f1 NLiN....NL}) where L! € ug, and i = 1to ny. Take Py = LEnLEn....NLE for

some k with P, # 0 and x € P;. Then x € Li.‘ for all i = 1 to n; and so there exist g; € Qx
and ¢; > 0 such that By, (x, ¢;) C L for all i = 1 to ny. Consider B, (x, ¢1) and By, (x, €2). For
y € X, take dq(r,s) = max{o1(r,s),02(r,s)}. Then dq € Qx, by hypothesis. Also,

Bd1 (.X', 51) - Bcfl (x/ 51) (46)

and

By, (x,€2) C B, (x, €2) 4.7)
Let 61 = min{ey, €2}. From equations (4.6) & (4.7), By, (x,61) C Bs, (¥, €1) N By, (x, €2) and so
By, (x,01) C L’{ N L];. Consider By, (x,061) and B, (x, €3). Take da(r,s) = max{d(r,s),o3(r,s)}.
Then d> € Qx, by hypothesis. Also,

de (x, 61) C Bd1 (x, 51) (48)
and
By, (x, €3) € By, (x, €3) (4.9)

Take 6, = min{01, €3}. By equations (4.8) & (4.9), B, (x,02) C By (x,01) N By, (x, e3) and
s0 By, (x,02) C L’{ N L’; N L’;. Proceeding like this, we get a metric d,,,—1 € Q and 6,1 >
0 such that By, ,(x,0u-1) € LyNLSNLEN....A L} . Then By, ,(%,0s-1) C Py and so
B, 1 (x,0n-1) C L. Therefore, L € fin, and so ua, = pg, -

(b) Since i, is closed under finite intersection, uq, is closed under finite intersection, by (a).

O

5. HYPERCONNECTED SPACES

Now, we deal with the most well-studied space, hyperconnected space. First, we discuss

the nature of cliquish, lower, and upper semi-continuous functions in a hyperconnected space

and give some properties of this space in GMSs.

First, we prove a few properties about hyperconnected spaces in a GTS.

Theorem 5.1. Let (X, u) be a hyperconnected space. If X € u™*, then

(a) Every non-null u*-open set is p-dense.

(b) Every subset of X in [i* is uy-residual.
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Proof. Let P € i*. Then P = LiJ(Pi NP,N....NP,,) where P! € ufori =1 to n;. Take

Q=PinPin....nP, (5.1)

with Qx # 0 for some k. Since P¥ € fi for i = 1 to n; and by hypothesis, each P € D(y). Since X is

Baire we have (| P, € D(u) where each P, € y; P, € D(u). Therefore, Qx € D(u).
neN

(a) From (5.1), Qx € P so that P € D(u).

(b) By (5.1), Qx is a u-Gs-set. Then Q = ﬁ H, where H, € [i for every n € IN. Since Qi C H,
and Qy € D(u), each H, € D(u). Thusn,:i:l(X —H,) =0and X — H, is y-closed foralln € IN,
since each H,, € [i. Therefore, each X — H, € N(u) which implies X — Qx € M(u). Hence Qx

is a p-residual set. Since Qx C P we have P is u-residual.
O
Theorem 5.1 is also true if we replace “(X, ) is a hyperconnected and X is of p-II category” by

the condition “(X, u*) is a hyperconnected space”, since u* > p.
Theorem 5.2 provides an interesting property for dense sets in a hyperconnected space.

Theorem 5.2. In a hyperconnected space (X, u), i** € D(u).

Proof. Let Q € fi™*. Then Q ¢ M(u) and so Q ¢ N(u). So that, i,c,(Q) # 0. By hypothesis,
iucu(Q) € D(u) which implies c, A € D(u). Take K € i we get KNcy,Q # @ and so KNQ # 0, by
Lemma 2.3. Therefore, Q € D(u). m]

Corollary 5.1. Let (X, C) bea hyperconnected space, € {C,C*, C*}. IfC, (h) € T, then his a (C, n)-cliquish
function in X.

Proof. Suppose that C;(h) € C*. Then Cy(h) is C-II category. By hypothesis and Theorem 5.2,
Cy(h) € D(u). Hence h is (1, n)-cliquish. O

The below Theorem 5.3 provides an easy way to prove a given space is a strong Baire space.
Theorem 5.3. If X € p* and if (X, u*) is hyperconnected, then (X, ) is a sBS.

Proof. Let L1,Ly,...., Ly e pwithLiNLyN....NL, #0. Take Q =LiNLyN....NL,. Then Q € "
and also Q is u-Gs-set. By hypothesis, Q € D(u*) and so Q € D(u), since u C u*. Therefore, Q
is a p-residual set. Hence Q € u*, by Theorem 3.2(b) which states that (X, u) is a strong Baire
Space. m]

Theorem 5.3 is true if we replace “(X, u*) is a hyperconnected space” by the condition “(X, ) is
a hyperconnected space”, since yu* D p1.
The Converse part of Theorem 5.3 need not be true as shown by Example 5.1.

Example 5.1. Take X = [0,5] and
p=10,[0,2),[2,4],[0,3),[0,4]}.
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clearly, (X, u) is a strong Baire space. Now
w=10,[0,2),(2,4],10,3),2,3),[0,4]}.
Choose H = [2,3). Then H € [i*. But c,-H = [2,5] # X. Thus, (X, u*) is not hyperconnected.

Proposition 5.1. Ina GTS (X, u), the below results are true.
(@)he (n) & h1((B,o)) enforall g eR.
(b) h € U(n)) & h™1((—0,B)) € 1 for every B € R; n € {u*, u**}.

Proof. (a) Assume that, h € £(n). Take t € h™1((B,)) we get B < h(t). By hypothesis, there is
L € n(t) such that h(L) C (B, ). This implies L c k™' (h(L)) c h=*((B,)) which in turn
implies that =1 ((, %)) € n for any € R. Conversely, suppose that i~ ((, %)) € n for any
B €R. Letr € Xand B < h(r). Then h(r) € (B,o0) and so r € h™((B, o)). By hypothesis,
there is P € 1(r) such that P ¢ h™!((B, )). This implies h(P) c h(h~*((B,0))) C (B, o)
which implies that i € £(n).

(b) Use the same argument in (a) for the upper semi-continuous function.

Theorem 5.4. In a hyperconnected space (X, i), the below results are true.
(@) Ifh € &(p), then ™1 ((B, 0)) is p-residual for any B < h(ty) where p € R and ty € X.
(b) If h € U(p), then h™((—o0, B)) is p-residual for any B > h(ty) where p € R and ty € X.

Proof. (a) Let B < h(tp) where p € R and fy € X. We get some K € p(tp) such that h(K) c (B, o).
Thus, i1 ((B,)) # 0. Also, h™*((,)) € u implies that h=}((B,)) € fi. by hypothesis,
h1((B,)) € D(u). Also, h™1((B,0)) is u-Gs-set. Therefore, h=!((f, o)) is p-residual.

(b) By the same arguments in (a), we get the proof.

Theorem 5.5. Let (X, i) be a hyperconnected space. If X € u*™*, then the below results are true.
(@) i 1((B, )) is p-residual for any B < h(ty) where € Rand ty € X, if h € &(p).
(b) h=1((—o0, B)) is u-residual for any B > h(to) where f € Rand ty € X, if h € U(u”).

Proof. (@) If h € (y*) and B < h(tg) where B € R,y € X, then there exists K € u*(tp) such
that h(K) c (B,) and so h™!((B,)) # 0. Thus, h™'((B,)) € u*, by Proposition 5.1.
Hence h™1((B,)) € ii*. By Theorem 5.1, k™! ((B, o)) is u-residual for any B < h(ty) where
BeR,tyeX.

(b) It follows from the similar considerations in (a).

Theorem 5.6. If X € u™ and n € {u, u*}, then
(@) Ifh € L(u,n), then nN ™ # @ and h™((B, )) € u™ for any B < h(ty) where p € R and ty € X.
(b) Ifh € W(p, 1), then nN ™ # @ and k™1 ((—co0, B)) € u* for any B > h(ty) where f € R and ty € X.
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Proof. (a) Givenh € £(u,1). Let B < h(tp) where f € R and ty € X. Then there exists E € 1(to)
being a u-residual set such that h(E) c (B, o). By Theorem 3.2(b), E € u** so that n N u™ # 0.
Since E C h™1((B, »)) and E is u-residual, i~ ((B, ) ) isin u**, by Corollary 3.1(b). Therefore,
h1((B,0)) € u* for any B < h(ty) where f € R, ty € X.

(b) By the same arguments in (a), we get the proof.

Theorem 5.7 is a special case of the result: if n C C and Q is 1-dense, then Q is C-dense.

Theorem 5.7. Let (X, Qx) be a generalized metric space, Qg C Qx. Then the below results are true.

(@) poy C poy-
(b) If Q) is the kernel, then Q € D(uq,) if and only if Q € D(pqy ).

Proof. (a) Let G € uq, and r € G. Then there is 0 € () and ¢ > 0 such that B;(r,¢) € G. By
hypothesis, 0 € Qx. Thus, there is 0 € Qx, ¢ > 0 such that B;(x, ¢) C G. Therefore, G € uq,.
Hence un, C poy-
(b) Given that Q € D(uq,)- Let G € fig,. Since Q) is a kernel, there exists 0¢p € () such that
i,G # 0 and so i;,G € [i,. This implies that Q Ni;,G # @ which in turn implies that
QNG # 0. Hence Q € D(un, ). Converse part is trivial.
O

Theorem 5.8. Let (X, Qx) bea GMS with kernel Qg € Qx. Then (X, uq, ) is hyperconnected < (X, pay)

is hyperconnected.

Proof. Suppose that, (X, i, ) is hyperconnected. Let G € fin,. Since () is a kernel, there exist o9 €
Qo such thati;,G # 0 and hence i;,G € f[in,. By hypothesis, i;,G € D(uq,) and sois,G € D(uay ), by
Theorem 5.7 (b). Therefore, G € D(uq, ). Hence (X, uay) is hyperconnected. Conversely, assume
that (X, uay) is hyperconnected. Let G € [i,. Then G € f[in,, by Theorem 5.7 (a). Therefore,
G € D(uqy)- By Theorem 5.7 (b), G € D(uq,). Hence (X, uq,) is hyperconnected. o

Theorem 5.9. Let (X, Qx) bea GMS and (W, Qx|w ) is an open subspace of X. If Qx satisfy the V-property
and (X, uqy ) is hyperconnected, then (W, tiqy,y,, ) is hyperconnected.

Proof. Assume that (X, i, ) is hyperconnected. Let G € [i,, . By Theorem 4.9 (a), G € [iq,. Also,
by hypothesis, G € D(uq, ). By Lemma 2.2, cwG = cGNW = XNW = W. Thus, Gis a ), -dense
in W. Therefore, (W, uq,y, ) is a hyperconnected space. o

Theorem 5.10. Let (X, Qx) be a generalized metric space with a perfect kernel Qg C Qx. Then the below
results are true.

(@) If Q € D(uqy), then Q € D(ug, ).

(b) (X, ug,, ) is hyperconnected if (X, pio, ) is hyperconnected.
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Proof. (a) Given Q in D(uqy). Let K'in fi, . Then D = LtJ(Dﬁ ND,N....ND,,) where D €
u,i = 1 to n;. Take By = D’IﬂDSﬂ....ﬂDﬁk with B # 0 where Di.‘ € u,i = ito ng. By
hypothesis, there exists 0 € )y such that i;By # 0 and so i;Bx € fin,. This implies that
QNigBy # 0 for that QN By # 0. Thus, QN G # 0. Therefore, Q € Z)(lu’bx).

(b) Assume that, (X, uo,) is a hyperconnected space. Let H € fi),- Then H = LtJ(Hi NH,N

....NH!,) where H! € u,i = 1 to n;. Choose Dy = H¥ nH5n....N Hi with Dy # 0. Since

) is a perfect kernel, there exists a metric o9 € (g such that i;,Dy # 0. By hypothesis,

iosDi € D(pay). Since ig\ Dy € H,H € D(uqy). Therefore, H € D(ug, ), by (a). Hence
(X, ugy, ) is hyperconnected.

O

Example 5.2 describes that the condition “()g is a perfect kernel" is necessary in Theorem 5.10.

Example 5.2. Consider the GMS (X,Q), X = [0,1],Q = [0,%],1( = [%,1] and Q = {og, 0k, 0F}
where of is the Euclidean metric for R,
og(r,s) if r,seQ or [0,1]-Q,
(e} =
L 1 otherwise.
oe(r,s) if r,seK or [0,1]-K,
OK =
1 otherwise.

Then Q,K € uq such that QN K # 0. But i,,, (Q N K) = 0. Therefore, (X, (2) has no perfect kernel.
Choose G = [0,3) U (3,1]. Then G € D(uq). Take Q = {2}. Then {2} € if,. But GN A = 0. Therefore,

G ¢ D(t;,).

(pay, 1) — cliquish (F‘?)X' n) — cliquish

N

Theorem 5.11 describes the above diagram.

Theorem 5.11. Let (X, Qx) be a GMS with perfect kernel Qo C Q. If ) € {pay, ugy  pg b then his a
(Ha, n)-cliquish function & his (ug, ,n)-cliquish for b : X — R.

Proof. If hiis (py, 1)-cliquish, then Cy (h) € D(uq, ). By Theorem 5.10(a), Cy(h) € D(ug, ). There-
fore, h is (yax,n)—cliquish. Conversely, suppose that /1 is (yax, n)-cliquish. Then C, (h) € Z)(y*QX).
Since oy C pg , Cy(h) € D(pay). Therefore, his (uqy, n)-cliquish. O

A map h : (X,u) = (W,Q) is said to be feebly (u,C)-continuous [21] if iyh™(B) # 0 for every
B c Wwith itB # 0. his called (u, n)-open (resp. feebly (u, n)-open, (u, n)-closed) if h(K) € n for each
K € u (resp. i;h(K) # 0 for each K € fi, h(K) is n-closed for each K is p-closed) [17].



Int. J. Anal. Appl. (2024), 22:96 17

Lemma5.1. [23, Theorem4.4]1fh : (X, u) — (W, n)isafeebly (u, n)-continuous, injective mapping
and if Q is y-codense, then 1(Q) is n-codense.

Lemma 5.2. [23, Theorem 4.6] If h : (X,u) — (W,7) is a feebly (u,n)-open map and if Q is
n-codense, then 11 (Q) is u-codense.

Theorem 5.12. Let (X, ) be a generalized submaximal space and (W, 1) be a hyperconnected space. Then
every feebly (i, n)-open map from X to W is (i, n)-continuous.

Proof. Let Q € fj. Since (W, n) is a hyperconnected space, Q is a 1-dense set in W. Then W — Q
is a n-codense set in W. By Lemma 5.2, i ™}(W - Q) = X - h™!(Q) is p-codense which implies
h1(Q) € D(u). Therefore, k1 (Q) € u. Hence h is a (p, 17)-continuous function. o

(u,n) —open map <—— feebly (u,n) — continuous, bijective map

i

(u,m) —closed  map

The following Theorem 5.13 establishes the above diagram.

Theorem 5.13. Let (X, i) be a hyperconnected space and (W, 1) be a generalized submaximal space. Then
every feebly (i, n)-continuous, bijective map from X to W is both (u, n)-closed and (i, n)-open.

Proof. Given that I is a feebly (u, 17)-continuous, bijective map from X to W. Assume that,
(X,u) is a hyperconnected space (5.2)

and

(W,n) is a generalized submaximal space (5.3)

Let cy(K) = K. If X - K = 0, then K = X and so (K) = W. Thus, h(K) is n-closed. If X - K # 0,
then X — K € D(u), by equation (5.2) so that K is p-codense. Thus, h(K) is a n-codense set in W, by
Lemma 5.1 and so W — h(K) € D(n). By equation (5.3), W — h(K) € 1. Therefore, h(K) is n-closed.
Hence h is (u, 17)-closed.

Let M € p. If M = 0, then there is nothing to prove. If M # 0, then M € D(u), by equation
(5.2) so that X — M is u-codense. By Lemma 5.1, h(X — M) is nj-codense in W. Now h(X - M) =
h(X) —h(M) = W —h(M), since h is bijective. Thus, W —h(M) is n-codense in W and hence
h(M) € D(n). From equation (5.3), (M) € n. Therefore, h is a (y, n)-open map. o

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.



18 Int. J. Anal. Appl. (2024), 22:96

REFERENCES

[1] M.R. Ahmadi Zand, R. Khayyeri, Generalized Gs-Submaximal Spaces, Acta Math. Hungar. 149 (2016), 274-285.
https://doi.org/10.1007/s10474-016-0627-9.
[2] S. Al Ghour, A. Al-Omari, T. Noiri, On Homogeneity and Homogeneity Components in Generalized Topological
Spaces, Filomat, 27 (2013), 1097-1105. https://www.jstor.org/stable/24896442.
[3] S.P. Arya, M.P. Bhamini, Some Weaker Forms of Semi-Continuous Functions, Ganita, 33 (1982), 124-134.
[4] M. Beddow, D. Rose, Collectionwise Weak Continuity Duals, Acta Math. Hung. 124 (2009), 189-200. https://doi.
org/10.1007/s10474-009-8190-2.
[5] N. Biswas, On Characterization of Semi-Continuous Function, Atti Accad. Naz. Lincei Ser. Ottava Rend. Cl. Sci.
Fis. Mat. Nat. 48 (1970), 399-402.
[6] J. Borsik, Generalized Oscillations for Generalized Continuities, Tatra Mt. Math. Publ. 49 (2011), 119-125. https:
//doi.org/10.2478/v10127-011-0031-3.
[7] A. Csaszar, Generalized Open Sets, Acta Math. Hung. 75 (1997), 65-87. https://doi.org/10.1023/a:1006582718102.
[8] E. Ekici, Generalized Hyperconnectedness, Acta Math Hung. 133 (2011), 140-147. https://doi.org/10.1007/
s10474-011-0086-2.
[9] E. Ekici, Generalized Submaximal Spaces, Acta Math. Hung. 134 (2011), 132-138. https://doi.org/10.1007/
s10474-011-0109-z.
[10] J. Ewert, Note on Limits of Simply Continuous and Cliquish Functions, Int. J. Math. Math. Sci. 17 (1994), 447-450.
https://doi.org/10.1155/s0161171294000645.
[11] J. Ewert, Characterization of Cliquish Functions, Acta Math. Hung. 89 (2000), 269-276. https://doi.org/10.1023/a:
1006762702077.
[12] Z. Frolik, Baire Spaces and Some Generalizations of Complete Metric Spaces, Czechoslovak Math. J. 11 (1961),
237-248. http://dml.cz/dmlcz/100457.
[13] L.A.Fudali, On Cliquish Functions on Product Spaces, Math. Slovaca, 33 (1983), 53-58. http://dml.cz/dmlcz/129052.
[14] Z. Grande, E. Stroriska, Some Continuous Operations on Pairs of Cliquish Functions, Tatra Mt. Math. Publ. 44
(2009), 15-25. https://doi.org/10.2478/v10127-009-0044-3.
[15] S.]Jafari, T. Noiri, On Strongly 0-Semi-Continuous Functions, Indian J. Pure Appl. Math. 29 (1988), 1195-1201.
[16] E.Korczak-Kubiak, A. Loranty, R.J. Pawlak, Baire Generalized Topological Spaces, Generalized Metric Spaces and
Infinite Games, Acta Math. Hung. 140 (2013), 203-231. https://doi.org/10.1007/s10474-013-0304-1.
[17] Z. Li, F. Lin, Baireness on Generalized Topological Spaces, Acta Math. Hung. 139 (2012), 320-336. https://doi.org/
10.1007/s10474-012-0284-6.
[18] W.K. Min, Weak Continuity on Generalized Topological Spaces, Acta Math. Hung. 124 (2008), 73-81. https://doi.
org/10.1007/s10474-008-8152-0.
[19] W.K. Min, Generalized Continuous Functions Defined by Generalized Open Sets on Generalized Topological
Spaces, Acta Math. Hung. 128 (2009), 299-306. https://doi.org/10.1007/s10474-009-9037-6.
[20] A. Neubrunnovd, On Quasicontinuous and Cliquish Functions, Cas. Pést. Mat. 99 (1974), 109-114. http://dml.cz/
dmlcz/117825.
[21] V. Renukadevi, T. Muthulakshmi, Weak Baire Spaces, Kyungpook Math. J. 55 (2015), 181-189. https://doi.org/10.
5666/KM]J.2015.55.1.181.
[22] H.P. Thielman, Types of Functions, Amer. Math. Mon. 60 (1953), 156-161. https://doi.org/10.1080/00029890.1953.
11988260.
[23] S. Vadakasi and V. Renukadevi, Properties of Nowhere Dense Sets in GTSs, Kyungpook Math. J. 57 (2017), 199 - 210.
[24] P. Yupapin, S. Vadakasi, Y. Farhat, On Nowhere Dense Sets, Eur. J. Pure Appl. Math. 15 (2022), 403-414. https:
//doi.org/10.29020/nybg.ejpam.v15i2.4283.


https://doi.org/10.1007/s10474-016-0627-9
https://www.jstor.org/stable/24896442
https://doi.org/10.1007/s10474-009-8190-2
https://doi.org/10.1007/s10474-009-8190-2
https://doi.org/10.2478/v10127-011-0031-3
https://doi.org/10.2478/v10127-011-0031-3
https://doi.org/10.1023/a:1006582718102
https://doi.org/10.1007/s10474-011-0086-2
https://doi.org/10.1007/s10474-011-0086-2
https://doi.org/10.1007/s10474-011-0109-z
https://doi.org/10.1007/s10474-011-0109-z
https://doi.org/10.1155/s0161171294000645
https://doi.org/10.1023/a:1006762702077
https://doi.org/10.1023/a:1006762702077
http://dml.cz/dmlcz/100457
http://dml.cz/dmlcz/129052
https://doi.org/10.2478/v10127-009-0044-3
https://doi.org/10.1007/s10474-013-0304-1
https://doi.org/10.1007/s10474-012-0284-6
https://doi.org/10.1007/s10474-012-0284-6
https://doi.org/10.1007/s10474-008-8152-0
https://doi.org/10.1007/s10474-008-8152-0
https://doi.org/10.1007/s10474-009-9037-6
http://dml.cz/dmlcz/117825
http://dml.cz/dmlcz/117825
https://doi.org/10.5666/KMJ.2015.55.1.181
https://doi.org/10.5666/KMJ.2015.55.1.181
https://doi.org/10.1080/00029890.1953.11988260
https://doi.org/10.1080/00029890.1953.11988260
https://doi.org/10.29020/nybg.ejpam.v15i2.4283
https://doi.org/10.29020/nybg.ejpam.v15i2.4283

Int. J. Anal. Appl. (2024), 22:96 19

[25] Y. Farhat, S. Vadakasi, Generalized Dense set in Bigeneralized Topological Spaces, Eur. J. Pure Appl. Math. 16
(2023), 2049-2065. https://doi.org/10.29020/nybg.ejpam.v16i4.4911.


https://doi.org/10.29020/nybg.ejpam.v16i4.4911

	1. Introduction
	2. Preliminaries
	3. Subsets in generalized topological spaces
	4. Generalized G-submaximal spaces
	5. Hyperconnected spaces
	 Conflicts of Interest:

	References

