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Abstract. This article deals with some existence results for a class of boundary value problem with three-point boundary

conditions involving a nonlinear θ-Caputo fractional proportional integro differential equation. By means of some

standard fixed point theorems, sufficient conditions for the existence of solutions are presented. Additionally, some

applications of the main results are demonstrated.

1. Introduction

Various definitions of fractional-order differential operators, including as the Caputo,

Hadamard, Riemann-Liouville, Riesz, and Grunwald-Letnikov operators, have been presented

in the literature. Because fractional calculus operators are nonlocal, they can be used to describe

nonlocal effects found in non-regular real-world events or long-term memory. One can see for

example, [1] for several applications of fractional calculus in the fields of physics, mechanics,

biology, engineering, and signal processing, [2] for several real-world applications in science and

engineering, [3] for fractional models in bioengineering, and [4] for modeling of viscoelastic sys-

tems.

The conformable derivative is an interesting derivative that was introduced by Khalil et al. [5] in

2014. Subsequently, some researchers argued that due to its lack of memory feature, this derivative

could not be classified as a fractional derivative. The classical derivative appears to be a logical

extension of this new notion. Unfortunately, there is an issue in this new definition: as the order
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gets closer to zero, it fails to lean toward the original function. By using proportional derivatives,

Anderson and Ulness [6, 7] suggested a modified conformable derivative. Subsequently, a new

generalized proportional derivative was introduced by Jarad et al. [8]. It is well-behaved and has

many advantages over classical derivatives, including the ability to generalize previously known

derivatives from the literature. See [9–14] for recent developments related to fractional differential

equations via generalized proportional derivatives.

In this paper, we use a recently introduced concept of generalized Caputo proportional fractional

derivative to study the following boundary value problem for a nonlinear fractional integro-

differential equation with integral boundary conditions

CDq ,%,Ψ̂x (t) = f (t, x (t), (Bx )(t)), a < t < b, 1 < q ≤ 2, (1.1)

x (a) = c1x (ξ), x (b) = c2x (ξ), (1.2)

where % ∈ (0, 1], 1 < q ≤ 2, c1, c2 ∈ R, ξ ∈ (a, b), f : [a, b] × Y ×Y −→ R, Ψ̂(t) is a strictly

increasing continuous function on [a, b], and CDq ,%,Ψ̂ denotes the Caputo fractional proportional

derivative with respect to the function Ψ̂ of order q , forK : [a, b] × [a, b] −→ [0,∞),

(Bx )(t) =
∫ t

a
K(t, r)x (r)dr.

Applications for integral boundary conditions can be found in many applied domains, including

population dynamics, chemical engineering, blood flow issues, thermoelasticity, and underground

water flow. A recent study [15] provides a thorough explanation of the integral boundary con-

ditions. See [16–18] and the references therein for further information on nonlocal and integral

boundary conditions.

The paper is organized as follows: In section 2, we mention some preliminary definitions,

lemmas, and theorems that are used in other sections of the paper. Section 3 contains existence and

uniqueness results for problem (1.1)-(1.2). These results are new and rely on Banach’s contraction

mapping principle, a Schaefer-type fixed point theorem, and Krasnoselskii’s fixed point theorem.

In section 4, we prove several auxiliary results about stability of the stated problem. The paper

concludes with section 5, in which five detailed examples are offered.

2. Preliminaries

In this section, we present basic definitions, theorems, lemmas, and corollaries needed for our

findings in this paper [19].

Definition 2.1. For ρ ∈ (0, 1], α ∈ C with Re(α) > 0, ϑ ∈ C([a, b], R) satisfying ϑ′(t) > 0, we define the
Riemann Liouville fractional proportional integral of f : [a, b] ×R→ R with respect to ϑ as

(
aIα,ρ,ϑ f

)
(t) =

1
ραΓ(α)

∫ t

a
e
ρ−1
ρ (ϑ(t)−ϑ(τ))(ϑ(t) − ϑ(τ))α−1 f (τ)ϑ′(τ) dτ.
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Definition 2.2. For ρ > 0, α ∈ C with Re(α) ≥ 0, and ϑ ∈ C([a, b], R) satisfying ϑ′(t) > 0, we define the
left fractional derivative of f : [a, b] ×R→ R with respect to ϑ as(

aDα,ρ,ϑ f
)
(t) =Dn,ρ,ϑ

aIn−α,ρ,ϑ f (t)

=
Dn,ρ,ϑ

t

ρn−αΓ(n− α)

∫ t

a
e
ρ−1
ρ (ϑ(t)−ϑ(τ))(ϑ(t) − ϑ(τ))n−α−1 f (τ)ϑ′(τ) dτ,

where n = [Re(α)] + 1,

and

Dn,ρ,ϑ = Dρ,ϑDρ,ϑ . . .Dρ,ϑ︸              ︷︷              ︸
n-times

.

Definition 2.3. For ρ ∈ (0, 1], α ∈ C with Re(α) ≥ 0, ϑ ∈ C([a, b], R) satisfying ϑ′(t) > 0, we define the
left derivative of Caputo type starting at a by(

C
a Dα,ρ,ϑ f

)
(t) =aIn−α,ρ,ϑ(Dn,ρ,ϑ f )(t)

=
1

ρn−αΓ(n− α)

∫ t

a
e
ρ−1
ρ (ϑ(t)−ϑ(τ))(ϑ(t) − ϑ(τ))n−α−1(Dn,ρ,ϑ f )(τ)ϑ′(τ) dτ.

where n = [Re(α)] + 1,

Proposition 2.1. Let α, β ∈ C be such that Re(α) ≥ 0 and Re(β) > 0. For any ρ > 0 and n = bRe(α)c+ 1,
the following hold:

(1) (
aIα,ρ,ϑe

ρ−1
ρ ϑ(x)(ϑ(x) − ϑ(a))β−1

)
(t) =

Γ(β)
Γ(β+ α)ρα

e
ρ−1
ρ ϑ(t)(ϑ(t) − ϑ(a))α+β−1.

(2) I f Re(β) > n, then(
C
a Dα,ρ,ϑe

ρ−1
ρ ϑ(x)(ϑ(x) − ϑ(a))β−1

)
(t) =

ραΓ(β)
Γ(β− α)

e
ρ−1
ρ ϑ(t)(ϑ(t) − ϑ(a))β−1−α.

(3) For k = 0, 1, . . . , n− 1, we have(
C
a Dα,ρ,ϑe

ρ−1
ρ ϑ(x)

(
ϑ(x) − ϑ(a)k

))
(t) = 0.

In particular,
(

C
a Dα,ρe

ρ−1
ρ ϑ(x)

)
(t) = 0.

Theorem 2.1. If ρ ∈ (0, 1] , Re(α) > 0, and Re(β) > 0. Then, for f : [a, b] ×R → R is continuous
function and defined for t ≥ a, we have

aIα,ρ,ϑ
(

aIβ,ρ,ϑ f
)
(t) = aIβ,ρ,ϑ

(
aIα,ρ,ϑ f

)
(t)

=
(

aIα+β,ρ,ϑ f
)
(t).

Theorem 2.2. Let 0 ≤ m < bRe(α)c+ 1 and f : [a, b] ×R → R be integrable function in each interval
[a, t], t > a, then

Dm,ρ,ϑ
(

aIα,ρ,ϑ f
)
(t) =

(
aIα−m,ρ,ϑ f

)
(t).
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Corollary 2.1. Let 0 < Re(β) < Re(α), m− 1 < Re(β) ≤ m and f : [a, b] ×R→ R. Then we have

aDβ,ρ,ϑ
aIα,ρ,ϑ f (t) = aIα−β,ρ,ϑ f (t).

Theorem 2.3. For ρ > 0, n = bRe(α)c+ 1, and f : [a, b] ×R→ R, we have

aIα,ρ,ϑ
(

C
a Dα,ρ,ϑ f

)
(t) = f (t) −

n−1∑
k=0

(
Dk,ρ,ϑ f

)
(a)

ρkk!
(ϑ(t) − ϑ(a))ke

ρ−1
ρ (ϑ(t)−ϑ(a)).

Next, the following fixed point theorems plays a crucial role in our main results.

Theorem 2.4. (Schaefer’s Fixed Point Theorem [20]). Suppose A : X → X is continuous and compact.
Assume further that the set

{u ∈ X | u = λA(u) for some 0 < λ < 1},

is bounded. Then A has at least a fixed point.

Theorem 2.5. (Karasnoselekii’s Fixed Point Theorem [21].) Let X be a bounded, closed, convex, and
nonempty subset of the Banach spaceY. Let ϕ1,ϕ2 be operators mapping X intoY, such that
(i) ϕ1x1 + ϕ2x2 ∈ X whenever x1, x2 ∈ X;
(ii) ϕ1 is compact and continuous;
(iii) ϕ2 is a contraction mapping.
Then there exists x3 ∈ X such that x3 = ϕ1x3 + ϕ2x3.

In what follows, we convert the linear variant of the problem (1.1)-(1.2) into integral equations

and will be used to define a fixed point problem associated with (1.1)-(1.2).

Lemma 2.1. Let h ∈ C[a, b] and 1 < q ≤ 2. Then the problem

CDq ,%,Ψ̂x (t) = h(t), a < t < b, (2.1)

x (a) = c1x (ξ), x (b) = c2x (ξ), (2.2)

equivalent to

x (t) = Iq ,%,Ψ̂h(t) +
e
%−1
% (Ψ̂(t)−Ψ̂(a))

∆[(
(Ψ̂(t) − Ψ̂(a))(c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))) + c1(Ψ̂(b) − Ψ̂(a))e

%−1
% (Ψ̂(b)−Ψ̂(a))

)
Iq ,%,Ψ̂h(ξ)

−

(
c1(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(t) − Ψ̂(a))(1− c1e

%−1
% (Ψ̂(ζ)−Ψ̂(a)))

)
Iq,%,Ψ̂h(b)

]
.

(2.3)

where
∆ = a11a22 − a21a12 , 0,

a11 = 1− c1e
%−1
% (Ψ̂(ξ)−Ψ̂(a)),

a12 = −c1(Ψ̂(ξ) − Ψ̂(a))e
%−1
% (Ψ̂(ξ)−Ψ̂(a)),

(2.4)
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a21 = −c2e
%−1
% (Ψ̂(ξ)−Ψ̂(a)) + e

%−1
% (Ψ̂(b)−Ψ̂(a)),

a22 = (Ψ̂(b) − Ψ̂(a))e
%−1
% (Ψ̂(b)−Ψ̂(a))

− c2(Ψ̂(ξ) − Ψ̂(a))e
%−1
% (Ψ̂(ξ)−Ψ̂(a)),

B1 = c1Iq,%,Ψ̂h(ξ),

B2 = c2Iq,%,Ψ̂h(ξ) − Iq,%,Ψ̂h(b).

Proof. Applying the Riemann-Liouville fractional proportional integral of order q to both sides of

equation (2.1), and using Theorem 2.3, we get the general solution

x (t) = Iq,%,Ψ̂h(t) + [α0 + α1(Ψ̂(t) − Ψ̂(a))]e
%−1
% (Ψ̂(t)−Ψ̂(a)), (2.5)

where α0,α1 ∈ R. Using (2.5) in the boundary conditions (2.2) , we obtain

α0

(
1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

)
+ α1

(
−c1(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

)
= c1Iq,%,Ψ̂h(ξ),

α0

(
e
%−1
% (Ψ̂(b)−Ψ̂(a))

− c2e
%−1
% (Ψ̂(ξ)−Ψ̂(a))

)
+ α1

(
(Ψ̂(b) − Ψ̂(a))e

%−1
% (Ψ̂(b)−Ψ̂(a))

− c2(Ψ̂(ξ) − Ψ̂(a))e
%−1
% (Ψ̂(ξ)−Ψ̂(a))

)
= c2Iq,%,Ψ̂h(ξ) − Iq,%,Ψ̂h(b).

(2.6)

We use (2.4) in (2.5) and (2.6) we find the system

α0a11 + α1a12 = B1,

α0a21 + α1a22 = B1.
(2.7)

Solving the system (2.7) for α0 and α1, we find

α0 =
1
∆
(a22B1 − a12B2) ,

α1 =
−1
∆

(a21B1 − a11B2) ,

which, on substituting in (2.5), yields the solution (2.3).

The following section is devoted to establishing the existence and uniqueness results for problem

(1.1)-(1.2). �

3. Main results

In view of lemma 2.1, we transform the problem (1.1)-(1.2) into on equivalent fixed point problem

as x = Gx , where G : C→ C defined by

G(x )(t) = Iq ,%,Ψ̂f (t, x (t),Bx (t)) +
e
%−1
% (Ψ̂(t)−Ψ̂(a))

∆[(
(Ψ̂(t) − Ψ̂(a))(c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))) + c1(Ψ̂(b) − Ψ̂(a))e

%−1
% (Ψ̂(b)−Ψ̂(a))

)
Iq ,%,Ψ̂f (ξ, x (ξ),Bx (ξ))

−

(
c1(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(t) − Ψ̂(a))(1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a)))

)
Iq,%,Ψ̂f (b, x (b),Bx (b))

]
.

(3.1)
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Here, (Y, ‖.‖) is a Banach space, and C = C([a, b],Y) denotes the Banach space of all continuous

functions from [a, b] −→ Y equipped with a topology of uniform convergence with norm ‖.‖C.

We present now the uniqueness of solutions for the problem (1.1)-(1.2) via Banach contraction

mapping principle.

In the forthcoming analysis, we require the following assumptions.

(H1) f : [a, b]×Y×Y −→ Y is jointly continuous and maps bounded subsets of [a, b]×Y×Y into

relatively compact subsets ofY.

(H2) For all t ∈ [a, b], x , y ∈ Y, there exist T1, T2 > 0 such that

|f (t, x (t),Bx (t)) − f (t, y(t),By(t))| 6 T1‖x − y‖+ T2‖Bx −By‖.

(H3) K : [a, b] × [a, b] −→ [0,∞) is continuous withK0 = max {K(t, r) : (t, r) ∈ [a, b] × [a, b]}.

(H4) |f (t, x (t), (Bx )(t))| ≤ µ(t), for all (t, x , (Bx )) ∈ [a, b] ×Y×Y, where µ ∈ L1 ([a, b], R+).

(H5) There exists an increasing function ℘ ∈ C([a, b],Y). and there exists λ℘ > 0 such that for any

t ∈ [a, b].

Iq ,%,Ψ̂℘(t) ≤ λ℘℘(t).

Theorem 3.1. If the assumptions (H1)-(H3) and the condition

[( T1 + T2K0(b− a))][|∆| ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ] < 1, (3.2)

with

( T1 + T2K0(b− a)) ≤
1
2
[|∆|ηq + η

q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ]−1. (3.3)

are holds, then the problem (1.1)-(1.2) has a unique solution on [a, b].

Proof. Setting k = supt∈[a,b] | f (t, 0, 0)|, selecting

ι ≥ 2k[|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ].

We show that GEι ⊂ Eι where Eι = {x ∈ C : ‖x ‖ ≤ ι}. For x ∈ Eι, we have

|f (t, x (t),Bx (t))| = |f (t, x (t),Bx (t)) − f (t, 0, 0) + f (t, 0, 0)|

6 |f (t, x (t),Bx (t)) − f (t, 0, 0)|+ |f (t, 0, 0)|

6 T1‖x ‖+ T2‖B‖‖x ‖+ k

6 (T1 + T2K0(b− a))ι+ k,

(3.4)

using (H2) and (3.4), we have

‖Gx ‖ = sup
t∈[a,b]

|Gx (t)|

6
1

%qΓ(q)

∫ b

a
(Ψ̂(b) − Ψ̂(τ))q−1

|f (τ, x (τ),Bx (τ))|Ψ̂′(τ)dτ

+
1
|∆|

[(
(Ψ̂(b) − Ψ̂(a))|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|+ |c1|(Ψ̂(b) − Ψ̂(a))e
%−1
% (Ψ̂(b)−Ψ̂(a))

)
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×
1

%qΓ(q)

∫ ξ

a
(Ψ̂(ξ) − Ψ̂(τ))q−1

|f (τ, x (τ),Bx (τ))|Ψ̂′(τ)dτ

+
(
|c1|(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(b) − Ψ̂(a))|1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

)
×

1
%qΓ(q)

∫ b

a
(Ψ̂(b) − Ψ̂(τ))q−1

|f (τ, x (τ),Bx (τ))|Ψ̂′(τ)dτ]

6
[(T1 + T2K0(b− a))ι+ k]

%qΓ(q)

∫ b

a
(Ψ̂(b) − Ψ̂(τ))q−1Ψ̂′(τ)dτ

+
1
|∆|

[(
(Ψ̂(b) − Ψ̂(a))|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|+ |c1|(Ψ̂(b) − Ψ̂(a))e
%−1
% (Ψ̂(b)−Ψ̂(a))

)
×
[(T1 + T2K0(b− a))ι+ k]

%qΓ(q)

∫ ξ

a
(Ψ̂(ξ) − Ψ̂(τ))q−1Ψ̂′(τ)dτ

+
(
|c1|(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(b) − Ψ̂(a))|1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

)
×
[(T1 + T2K0(b− a))ι+ k]

%qΓ(q)

∫ b

a
(Ψ̂(b) − Ψ̂(τ))q−1Ψ̂′(τ)dτ]

6 ((T1‖x ‖+ T2K0(b− a))ι+ k)
[ (Ψ̂(b) − Ψ̂(a))q

%qΓ(q + 1)

+
1
|∆|

{(
(Ψ̂(b) − Ψ̂(a))(|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|) + |c1|(Ψ̂(b) − Ψ̂(a))e
%−1
% (Ψ̂(b)−Ψ̂(a))

) (Ψ̂(ξ) − Ψ̂(a))q

%qΓ(q + 1)

+
(
|c1|(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(b) − Ψ̂(a))|1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

) (Ψ̂(b) − Ψ̂(a))q

%qΓ(q + 1)
}]

6
((T1 + T2K0(b− a))ι+ k)

%qΓ(q + 1)|∆|

[
|∆|(Ψ̂(b) − Ψ̂(a))q

+
{(
(Ψ̂(b) − Ψ̂(a))|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|+ |c1|(Ψ̂(b) − Ψ̂(a))e
%−1
% (Ψ̂(b)−Ψ̂(a))

)
(Ψ̂(ξ) − Ψ̂(a))q

+
(
|c1|(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(b) − Ψ̂(a))|1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

)
(Ψ̂(b) − Ψ̂(a))q

}]

6
((T1 + T2K0(b− a))ι+ k)

%qΓ(q + 1)|∆|

[
|∆|(Ψ̂(b) − Ψ̂(a))q

+ |c1|

(
(Ψ̂(b) − Ψ̂(a))(Ψ̂(ξ) − Ψ̂(a))qe

%−1
% (Ψ̂(b)−Ψ̂(a)) + (Ψ̂(ξ) − Ψ̂(a))(Ψ̂(b) − Ψ̂(a))qe

%−1
% (Ψ̂(ξ)−Ψ̂(a))

)
+ |c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|(Ψ̂(b) − Ψ̂(a))(Ψ̂(ξ) − Ψ̂(a))q

+ |1− c1e
%−1
% (Ψ̂(ξ)−Ψ̂(a))

|(Ψ̂(b) − Ψ̂(a))(Ψ̂(b) − Ψ̂(a))q
]

6
((T1 + T2K0(b− a))ι+ k)

%qΓ(q + 1)|∆|

[
|∆|(Ψ̂(b) − Ψ̂(a))q + 2|c1|(Ψ̂(b) − Ψ̂(a))q(Ψ̂(ξ) − Ψ̂(a))

+
(
|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|+ |1− c1e
%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

)
(Ψ̂(b) − Ψ̂(a))q+1

]
6 [( T1 + T2K0(b− a))ι+ k][|∆|ηq + η

q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ],
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where

δ
p
r = (Ψ̂(r) − Ψ̂(a))p,

ηq =
δ

q
b

|∆|%qΓ(q + 1)
, ηq

c1
=

2|c1|

|∆|%qΓ(q + 1)
, ηq

c1,c2
=
|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|+ |1− c1e
%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

|∆|%qΓ(q + 1)
.

Then

‖Gx ‖ 6 [( T1 + T2K0(b− a))][|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ]ι+ k[|∆|ηq + η

q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ]

6
1
2
ι+

1
2
ι = ι.

Now, for x1, x2 ∈ C and for each t ∈ [a, b], we obtain

‖Gx2 − Gx1‖ = sup
t∈[a,b]

|Gx2(t) − Gx1(t)|

6
1

%qΓ(q)

∫ b

a
(Ψ̂(b) − Ψ̂(τ))q−1

| f (τ, x2(τ),Bx2(τ)) − f (τ, x1(τ),Bx1(τ))|Ψ̂′(τ)dτ

+
1
|∆|

[(
(Ψ̂(b) − Ψ̂(a))|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|+ |c1|(Ψ̂(b) − Ψ̂(a))e
%−1
% (Ψ̂(b)−Ψ̂(a))

)
×

1
%qΓ(q)

∫ ξ

a
(Ψ̂(ξ) − Ψ̂(τ))q−1

| f (τ, x2(τ),Bx2(τ)) − f (τ, x1(τ),Bx1(τ))|Ψ̂′(τ)dτ

+
(
|c1|(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(b) − Ψ̂(a))|1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

)
×

1
%qΓ(q)

∫ b

a
(Ψ̂(b) − Ψ̂(τ))q−1

| f (τ, x2(τ),Bx2(τ)) − f (τ, x1(τ),Bx1(τ))|Ψ̂′(τ)dτ

6 (T1‖x2 − x1‖+ T2‖Bx2 −Bx1‖)
[ (Ψ̂(b) − Ψ̂(a))q

%qΓ(q + 1)

+
1
|∆|

{(
(Ψ̂(b) − Ψ̂(a))(|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|) + |c1|(Ψ̂(b) − Ψ̂(a))e
%−1
% (Ψ̂(b)−Ψ̂(a))

) (Ψ̂(ξ) − Ψ̂(a))q

%qΓ(q + 1)

+
(
|c1|(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(b) − Ψ̂(a))|1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

) (Ψ̂(b) − Ψ̂(a))q

%qΓ(q + 1)

}]
6

(T1 + T2K0(b− a))
%qΓ(q + 1)|∆|

‖x2 − x1‖

[
|∆|(Ψ̂(b) − Ψ̂(a))q

+
(
(Ψ̂(b) − Ψ̂(a))(|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|) + |c1|(Ψ̂(b) − Ψ̂(a))e
%−1
% (Ψ̂(b)−Ψ̂(a))

)
(Ψ̂(ξ) − Ψ̂(a))q

+
(
|c1|(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(b) − Ψ̂(a))|1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

)
(Ψ̂(b) − Ψ̂(a))q

]
6

(T1 + T2K0(b− a))
%qΓ(q + 1)|∆|

‖x2 − x1‖

[
|∆|(Ψ̂(b) − Ψ̂(a))q + 2|c1|(Ψ̂(b) − Ψ̂(a))q(Ψ̂(ξ) − Ψ̂(a))

+
(
|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|+ |1− c1e
%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

)
(Ψ̂(b) − Ψ̂(a))q+1

]
6 [( T1 + T2K0(b− a))][|∆|ηq + η

q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ]‖x2 − x1‖

< ‖x2 − x1‖,
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therefore G is a contraction. Thus, by Banach Contraction Principle, we conclude that G admits

a unique fixed point which is a solution to problem (1.1)-(1.2). �

Theorem 3.2. Assume that (H2),(H4) holds and

(( T1 + T2K0(b− a)))(ηq
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ) < 1. (3.5)

Then, the problem (1.1)-(1.2) has at least one solution on [a, b].

Proof. Let us fix

ι > ‖µ‖L1(|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ), (3.6)

and consider Eι = {x ∈ C : ‖x ‖ ≤ ι}. We define the operators Z and J on Eι as

(Zx )(t) =
1

%qΓ(q)

∫ t

a
e
%−1
% (Ψ̂(t)−Ψ̂(τ))(Ψ̂(t) − Ψ̂(τ))q−1

|f (τ, x (τ),Bx (τ))|Ψ̂′(τ)dτ

(Jx )(t) =
e
%−1
% (Ψ̂(t)−Ψ̂(a))

∆[(
(Ψ̂(t) − Ψ̂(a))(c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))) + c1(Ψ̂(b) − Ψ̂(a))e

%−1
% (Ψ̂(b)−Ψ̂(a))

)
Iq ,%,Ψ̂f (ξ, x (ξ),Bx (ξ))

−

(
c1(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(t) − Ψ̂(a))(1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a)))

)
Iq,%,Ψ̂f (b, x (b),Bx (b))

]
.

For all x , y ∈ Eι, we find that

‖Zx + Jy‖ = sup
t∈[a,b]

|Zx (t) + Jy(t)|

6
1

%qΓ(q)

∫ t

a
e
%−1
% (Ψ̂(t)−Ψ̂(τ))(Ψ̂(t) − Ψ̂(τ))q−1

|f (τ, x (τ),Bx (τ))|Ψ̂′(τ)dτ

+
1
|∆|

[(
(Ψ̂(b) − Ψ̂(a))|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|+ |c1|(Ψ̂(b) − Ψ̂(a))e
%−1
% (Ψ̂(b)−Ψ̂(a))

)
×

1
%qΓ(q)

∫ ξ

a
(Ψ̂(ξ) − Ψ̂(τ))q−1

|f (τ, y(τ),By(τ))|Ψ̂′(τ)dτ

+
(
|c1|(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(b) − Ψ̂(a))|1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

)
×

1
%qΓ(q)

∫ b

a
(Ψ̂(b) − Ψ̂(τ))q−1

|f (τ, y(τ),By(τ))|Ψ̂′(τ)dτ]

6
‖µ‖L1

%qΓ(q)

∫ b

a
(Ψ̂(b) − Ψ̂(τ))q−1Ψ̂′(τ)dτ

+
1
|∆|

[(
(Ψ̂(b) − Ψ̂(a))|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|+ |c1|(Ψ̂(b) − Ψ̂(a))e
%−1
% (Ψ̂(b)−Ψ̂(a))

)
×
‖µ‖L1

%qΓ(q)

∫ ξ

a
(Ψ̂(ξ) − Ψ̂(τ))q−1Ψ̂′(τ)dτ
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+
(
|c1|(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(b) − Ψ̂(a))|1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

)
×
‖µ‖L1

%qΓ(q)

∫ b

a
(Ψ̂(b) − Ψ̂(τ))q−1Ψ̂′(τ)dτ

]
6 ‖µ‖L1 [|∆|ηq + η

q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ] 6 ι.

Thus, Zx + Jy ∈ Eι. It follows from the assumption (H2) that J is a contraction mapping for

(( T1 + T2K0(b− a)))(ηq
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ) < 1.

Continuity of f implies that the operator Z is continuous. Also, Z is uniformly bounded on Eι as

‖Zx ‖ 6 ‖µ‖L1
(Ψ̂(b) − Ψ̂(a))q

%qΓ(q + 1)
.

Now we prove the compactness of the operator Z. In view of (H2), we define

sup
(t,x ,Bx )∈Ω

| f (t, x (t),Bx (t))| = f ∗, Ω = [a, b] × Eι × Eι.

Let t1, t2 ∈ [a, b], t1 < t2, and consequently we have

‖(Zx )(t) − (Zx )(t1)‖ 6
1

ραΓ(q)

∫ t1

a

[
(Ψ̂(t2) − Ψ̂(τ))q−1

− (Ψ̂(t1) − Ψ̂(τ))q−1
]
|f (τ, x (τ),Bx (τ))|dτ

+

∫ t2

t1

(Ψ̂(t2) − Ψ̂(τ))q−1
|f (τ, x (τ),Bx (τ))|Ψ̂′(τ) dτ

6
f ∗

ραΓ(q)

{∫ t1

a

[
(Ψ̂(t2) − Ψ̂(τ))q−1

− (Ψ̂(t1) − Ψ̂(τ))q−1
]

Ψ̂′(τ)dτ

+

∫ t2

t1

(Ψ̂(t2) − Ψ̂(τ))q−1Ψ̂′(τ) dτ
}

6
f ∗

ραΓ(q + 1)

{
2(Ψ̂(t2) − Ψ̂(t1))

q + (Ψ̂(t2) − Ψ̂(a))q
− (Ψ̂(t1) − Ψ̂(a))q

}
.

(3.7)

The right hand side of the inequality (3.7) tend to zero as t2 −→ t1 independent of x . Thus,

Z is equicontinuous on Eι. Therefore, by Arzelà-Ascoli Theorem, Z is relatively compact on Eι.

Consequently, by the conclusion of Theorem 2.5, there exists a solution of the problem (1.1)-

(1.2). �

The next result is based on Schaefer’s fixed point theorem.

Theorem 3.3. Assume that (H2) hold and there exists a constant N > 0 such that

‖f (t, x , (Bx )) ‖ 6 N (3.8)

for all (t, x , (Bx )) ∈ [a, b] ×Y×Y.
Then there exists at least one solution for the problem (1.1)-(1.2) on [a, b].
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Proof. The proof will be given in several steps. In the first step, it will be shown that the operator

G is continuous. Let {xn } be a sequence such that xn −→ x in C. Then for each t ∈ [a, b]

|G(xn)(t) − G(x )(t)| 6
1

%qΓ(q)

∫ b

a
(Ψ̂(b) − Ψ̂(τ))q−1

| f (τ, xn(τ),Bxn(τ)) − f (τ, x (τ),Bx (τ))|Ψ̂′(τ)dτ

+
1
|∆|

[(
(Ψ̂(b) − Ψ̂(a))|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|+ |c1|(Ψ̂(b) − Ψ̂(a))e
%−1
% (Ψ̂(b)−Ψ̂(a))

)
×

1
%qΓ(q)

∫ ξ

a
(Ψ̂(ξ) − Ψ̂(τ))q−1

| f (τ, xn(τ),Bxn(τ)) − f (τ, x (τ),Bx (τ))|Ψ̂′(τ)dτ

+
(
|c1|(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(b) − Ψ̂(a))|1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

)
×

1
%qΓ(q)

∫ b

a
(Ψ̂(b) − Ψ̂(τ))q−1

| f (τ, xn(τ),Bxn(τ)) − f (τ, x (τ),Bx (τ))|Ψ̂′(τ)dτ]

6 (( T1 + T2K0(b− a)))(|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b )‖xn − x ‖C.

(3.9)

Then

‖G(xn) − G(x )‖ 6 (( T1 + T2K0(b− a)))(|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b )‖xn − x ‖C. (3.10)

Therefore, n goes to infinity, we have G(xn) converges to G(x ), which means that G is continuous at

x , and therefore G is continuous.

In the second step, we show that the operator G maps bounded sets into bounded sets in C. In

fact, it is sufficient to prove that for any ι > 0, there exists a positive constant ζ such that for each

x ∈ Eι = {x ∈ C : ‖x ‖C 6 ι}, we have ‖G(x )‖C 6 ζ. By (H2) and (3.8), we have for each t ∈ [a, b]

‖Gx ‖ = sup
t∈[a,b]

|Gx (t)|

6 N(|∆|ηq + η
q
c1,c2

δ
q
bδξ + η

q
c1
δ

q+1
b )

6 ζ,

where

ζ = N(|∆|ηq + η
q
c1,c2

δ
q
bδξ + η

q
c1
δ

q+1
b ).

The third step, we prove that the operator G maps bounded sets into equicontinuous sets of C.

Let t1, t2 ∈ [a, b], t1 < t2,Eι be a bounded set of C, and let x ∈ Eι. Then∣∣∣(Gx )(t2) − (Gx )(t1)
∣∣∣ 6 N

ρqΓ(q + 1)

[{
2(Ψ̂(t2) − Ψ̂(t1))

q + (Ψ̂(t2) − Ψ̂(a))q
− (Ψ̂(t1) − Ψ̂(a))q

}
+

(Ψ̂(b) − Ψ̂(a))q+1

|∆|
Ψ̂(t2) − Ψ̂(t1)

(
|c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))

|+ |1− c1e
%−1
% (Ψ̂(ξ)−Ψ̂(a))

|

)]
,

which tends to zero independent of x as t2 −→ t1. Therefore, G is equicontinuous on [a, b]. So,

by Arzela-Ascoli Theorem, the operator G is completely continuous.

Finally, we need prove that the set

κ = {x ∈ C : x = λGx for some λ ∈ (0, 1)},
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for x ∈ κ, t ∈ [a, b], we have

x (t) = λG(t).

As before, we can obtain |x (t)| 6 N(|∆|ηq + η
q
c1,c2

δ
q
bδξ + η

q
c1
δ

q+1
b ) 6 ζ, ∀x ∈ κ, t ∈ [a, b]. So κ is

bounded.

As a consequence of Schaefer’s fixed point theorem, we deduce that G has a fixed point which

is a solution of the problem (1.1)-(1.2). �

4. Stability analysis

In this section, we study Hyers-Ulam and generalized Hyers-Ulam, Rassias stabilities for the

solutions to the problem (1.1)-(1.2) by considering its equivalent integral equation:

x̃ (t) = Iq ,%,ψ̂f (t, x̃ (t),Bx̃ (t)) +
e
%−1
% (Ψ̂(t)−Ψ̂(a))

∆[(
(Ψ̂(t) − Ψ̂(a))(c2 − c1e

%−1
% (Ψ̂(b)−Ψ̂(a))) + c1(Ψ̂(b) − Ψ̂(a))e

%−1
% (Ψ̂(b)−Ψ̂(a))

)
Iq ,%,Ψ̂f (ξ, x̃ (ξ),Bx̃ (ξ))

−

(
c1(Ψ̂(ξ) − Ψ̂(a))e

%−1
% (Ψ̂(ξ)−Ψ̂(a)) + (Ψ̂(t) − Ψ̂(a))(1− c1e

%−1
% (Ψ̂(ξ)−Ψ̂(a)))

)
Iq,%,Ψ̂f (b, x̃ (b),Bx̃ (b))

]
.

(4.1)

Define a continuous nonlinear operator S : C −→ C by

Sx̃ = CDq ,%,Ψ̂x̃ (t) − f (t, x̃ (t),Bx̃ (t)).

Definition 4.1. The problem (1.1)-(1.2) is called Ulam-Hyers stable if for every ε̄ > 0 and for each solution
x̃ ∈ C of

‖Sx̃ ‖ ≤ ε̄, (4.2)

there exists a solution x ∈ C of (1.1), (1.2) such that ‖x − x̃ ‖ ≤ n̄ ¯̄ε for positive real numbers n̄ and ¯̄ε(ε̄).

Definition 4.2. If there exists a function ν ∈ C (R+, R+) and for each ε̄ > 0 and for each solution x̃ ∈ C of
(4.2) there exists x ∈ C of (1.1) and (1.2) with

∣∣∣x (t) − x̃ (t)
∣∣∣ ≤ ν(ε̄), t ∈ [a, b]. Then, the problem (1.1)-(1.2)

is called generalized Ulam-Hyers stable.

Definition 4.3. The problem (1.1)-(1.2) is said to be Ulam-Hyers-Rassias (UHR) stable with respect to
℘ ∈ C ([a, b], R+) if there exists a real number n̄ such that for each solution x̃ ∈ C([a, b], R) of

|Sx̃ (t)| ≤ ε̄℘(t), t ∈ [a, b], (4.3)

there exists a solution x ∈ C of (1.1) and (1.2) such that∣∣∣x (t) − x̃ (t)
∣∣∣ ≤ n̄ε̄℘(t), t ∈ [a, b],

Definition 4.4. The problem (1.1)-(1.2) is said to be generalized Ulam-Hyers-Rassias (GUHR) stable with
respect to ℘ ∈ C ([a, b], R+) if there exists a real number n̄ such that for each solution x̃ ∈ C([a, b], R) of

|Sx̃ (t)| ≤ ℘(t), t ∈ [a, b], (4.4)
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there exists a solution x ∈ C of (1.1) and (1.2) such that∣∣∣x (t) − x̃ (t)
∣∣∣ ≤ n̄℘(t), t ∈ [a, b],

Theorem 4.1. If (H2) and the condition (3.2) (see Theorem 3.1) are satisfied, then the problem (1.1)-(1.2)

is both Ulam-Hyers and generalized Ulam-Hyers stable.

Proof. Recall that x ∈ C is a unique solution of (1.1) by Theorem 3.1. Let x̃ ∈ C be an other solution

of (1.1) which satisfies (4.2). For every solution x̃ ∈ C (given by (4.1)) of (1.1), it is easy to see that S

and G− I are equivalent operators. Therefore, it follows from Gx̃ = x̃ and (4.2) and the fixed point

property of the operator G given by (3.1) that∣∣∣x (t) − x̃ (t)
∣∣∣ = |Gx (t) − Gx̃ (t) + Gx̃ (t) − x̃ (t)| ≤ |Gx (t) − Gx̃ (t)|+ |Gx̃ (t) − x̃ (t)|

≤ (( T1 + T2K0(b− a)))(|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ) ‖x − x̃ ‖+ ε̄,

which, on taking the norm for t ∈ [a, b] and solving for ‖x − x̃ ‖ , yields

‖x − x̃ ‖ ≤
ε̄

1− [( T1 + T2K0(b− a))][|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ]

,

where ε̄ > 0 and (3.2). Letting

¯̄ε =
ε̄

1− [( T1 + T2K0(b− a))][|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ]

,

and n̄ = 1, the Ulam-Hyers stability condition holds true. Furthermore, one can no-

tice that the generalized Ulam-Hyers stability condition also holds valid if we set ν(ε̄) =
ε̄

1−[( T1+T2K0(b−a))][|∆|ηq+η
q
c1
δ

q
bδξ+η

q
c1,c2

δ
q+1
b ]

. �

Remark 4.1. A function x̃ ∈ C([a, b], R) is a solution of the inequality (4.3) if and only if there exist a
function h ∈ C([a, b], R) (where h depends on solution x̃ ) such that
(i) |h(t)| ≤ ε̄℘(t) for all t ∈ [a, b],
(ii) CDq ,%,Ψ̂x̃ (t) = f (t, x̃ (t),Bx̃ (t)) + h(t), t ∈ [a, b].

Lemma 4.1. Consider x ∈ C([a, b], R) is solution of the following problem

CDq ,%,Ψ̂x (t) = f (t, x (t), (Bx )(t)) + h(t), a < t < b, 1 < q ≤ 2, (4.5)

x (a) = x̃ (a) = c1x (ξ), x (b) = x̃ (b) = c2x (ξ), (4.6)

then x̃ satisfy

|x̃ (t) − G(x̃ )(t)| ≤ ε̄λ℘℘(t).

Proof. Indeed, by Remark 4.1, we have that

CDq ,%,Ψ̂x̃ (t) = f (t, x̃ (t),Bx̃ (t)) + h(t), t ∈ [a, b]

.
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In view of Theorem 3.1, and using Remark 4.1, we have

x̃ (t) =G(x̃ )(t) + Iq ,%,ψ̂h(t) (4.7)

Then, applying the assumption (H5) in (4.7), to get the following inequality

|x̃ (t) − G(x̃ )(t)| 6
1

%qΓ(q)

∫ t

a
(Ψ̂(t) − Ψ̂(τ))q−1

|h(τ)|Ψ̂′(τ)dτ

6
ε̄

%qΓ(q)

∫ t

a
(Ψ̂(t) − Ψ̂(τ))q−1℘(τ)Ψ̂′(τ)dτ

6 ε̄λ℘℘(t).

which completes the proof. �

Theorem 4.2. Assume that (H1),(H2) and (H5) hold. If (4.3) is satisfied and [( T1 + T2K0(b −
a))][|∆|ηq + η

q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ] , 1, then the problem (1.1)-(1.2) is Ulam-Hyers-Rassias stable and

Generalized Ulam-Hyers-Rassias stable.

Proof. For any solution x̃ ∈ C([a, b], R), and a unique solution x of the problem (1.1)-(1.2), we have

‖x̃ (t) − x (t)‖ = ‖x̃ (t) − Gx (t)‖ = ‖x̃ (t) − Gx̃ (t) + Gx̃ (t) − Gx (t)‖

6 ‖x̃ (t) − Gx̃ (t)‖+ ‖Gx̃ (t) − Gx (t)‖

By applying Lemma 4.1, we obtain

‖x̃ (t) − x (t)‖ 6 ε̄λ℘℘(t) + [( T1 + T2K0(b− a))][|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ]‖x̃ (t) − Gx (t)‖,

therefore

‖x̃ (t) − x (t)‖ 6
1

1− [( T1 + T2K0(b− a))][|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ]

ε̄λ℘℘(t).

Let n̄ =
λ℘

1−[( T1+T2K0(b−a))][|∆|ηq+η
q
c1
δ

q
bδξ+η

q
c1,c2

δ
q+1
b ]

, then the problem (1.1)-(1.2) is UHR stable. In case

ε̄ = 1, the solution to the problem (1.1)-(1.2) is GUHR stable. �

5. Examples

Example 5.1. Consider the following problem:

CD
3
2 , 1

2 ,Ψ̂x (t) =
e−t
|x |

9 + et(1 + |x |)
+

1
50

∫ t

0
e−(s−t)x (s)ds ,

x (0) =
1
67

x (0.1) , x (1) =
1
17

x (0.1),

(5.1)

with Ψ̂(t) = t2 + 1, q = 3
2 , % = 1

2 , c1 = 1
67 , c2 = 1

17 , ξ = 0.1, and f (t , x ,Bx ) =
e−t
|x |

9+et(1+|x |) +
1
50

∫ t
0 e−(s−t)x (s)ds, B(x ) = 1

50

∫ t
0 e−(s−t)x (s)ds , withK(t, s) = 1

50 e−(s−t) for 0 ≤ s ≤ t.
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Using the given data, we have |f (t , x ,B(x ))− f (t, y ,B(y))| 6 1
10‖x − y‖+ ‖Bx −By‖. In this case, the

(H2) hypothesis is satisfied with T1 = 1
10 , T2 = 1,K0 = 1

50 . Furthermore, we have

[( T1 + T2K0(b− a))][|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ] = 0.9882113384 < 1.

Thus, all assumptions of Theorem 3.1 are satisfied, so the problem (5.1) has a unique solution. Also, by
Theorem 4.1 the problem (5.1) is both Ulam-Hyers and generalized Ulam-Hyers stable.

Let ℘(t) = et2
, for all t ∈ [0, 1]. Then

I
3
2 , 1

2 ,Ψ̂℘(t) =
∫ t

0
8

e−t2+τ2
y (τ)

√

t2 − τ2τ
√

2
√
π

dτ

= et2
erf

(
t
√

2
)
− 2

t
√

2
et2 √π

≤ 0.7385358700et2

≤ 0.7385358700℘(t).

Thus, the hypothesis (H5) is satisfied with λ℘ = 0.7385358700 > 0. Here, for ε̄ = 1
2 , if x̃ ∈ C([0, 1], R)

satisfies

|Sx̃ (t)| ≤
1
2

et2
, t ∈ [0, 1],

there exists a solution x ∈ C([0, 1], R) such that∣∣∣x (t) − x̃ (t)
∣∣∣ ≤ 1

2
n̄et2

, t ∈ [0, 1],

where

n̄ =
λ℘

1− [( T1 + T2K0(b− a))][|∆|ηq + η
q
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ]

' 62.64798287 > 0.

Thus, the problem (5.1) is UHR stable. Finally, taking ε̄ = 1, then the problem (5.1) is GUHR.

Example 5.2.

CD
3
2 , 1

2 ,Ψ̂x (t) =
1

(t + 9)2 ·
|x |

1 + |x |
+

∫ t

0

cos
(
π
2 (s − t)

)
81

x (s)ds ,

x (0) =
1

67
x (0.1) , x (1) =

1
17

x (0.1),

(5.2)

with Ψ̂(t) = t2 + 1, c1 = 1
67 , c2 = 1

17 , q = 3
2 , % = 1

2 and ξ = 0.1, B(x ) =
∫ t

0
cos( π2 (s−t))

81 x (s)ds , with

K(t, s) =
cos( π2 (s−t))

81 .

Here, f (t , x ,Bx ) = 1
(t+9)2 ·

|x |
1+|x | +

∫ t
0

cos( π2 (s−t))
81 x (s)ds .

A direct computation gives

| f (t , x ,Bx ) − f (t , y ,By)| 6
1
81
‖x − y‖+ ‖Bx −By‖.
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In this case, the (H2) hypothesis is satisfied with

T1 =
1
81

, T2 = 1,

moreover

K0 =
1
81

.

Using Theorem 3.2, we determine that

[( T1 + T2K0(b− a))][ηq
c1
δ

q
bδξ + η

q
c1,c2

δ
q+1
b ] = 0.1508000574 < 1.

Thus, all assumptions of Theorem 3.2 are satisfied, so the problem (5.2) has a unique solution.

Example 5.3.

CD
3
2 , 1

2 ,Ψ̂x (t) =
1

7et+5(1 + |x |)
+

∫ t

0

e−(s−t)

18
x (s)ds ,

x (0) =
1

67
x (0.1) , x (1) =

1
17

x (0.1),

(5.3)

|f (t , x ,B(x )) − f (t, y ,B(y))| ≤ 1
7e5 ‖x − y‖+ ‖Bx −By‖, since x = C([0, 1], R) so, x is bounded. Let

|x (t)| ≤M,∀t ∈ [0, 1].

Moreover,

| f (t , x ,Bx )| 6
1

7e5 +
M(e− 1)

18
.

Let N = 1
7e5 +

M(e−1)
18 is a constant since e− 1 < 2, let α = max

(
e−5, M

)
. Then

| f (t , x ,Bx )| 6
32α
126

=
16
63
α.

So, we can take

N =
16
63
α.

Thus, all assumptions of Theorem 3.3 are satisfied, so the problem (5.3) has a unique solution.

6. Conclusion

This paper has delved into the study of fractional proportional boundary value problems and

the uniqueness of their solutions through the application of key theorems in fractional differential

equations. By leveraging the Uniqueness Theorem for Fractional Differential Equations, Kras-

noselskii’s Theorem, and Schaefer’s Fixed Point Theorem, this study has systematically examined

three specific examples of such problems. Through rigorous proofs and detailed analysis, the

paper has successfully established the conditions under which these fractional differential equa-

tions possess unique solutions. The exploration of these theorems across diverse boundary value

scenarios highlights their practical utility in ensuring solution uniqueness in fractional differential

equations. The examples presented in this paper showcase the effectiveness of these theorems in
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proving the existence and uniqueness of solutions, underscoring their significance in this domain.

In summary, the application of these pivotal theorems reaffirms their crucial role in validating

the uniqueness of solutions for fractional proportional boundary value problems. This study

contributes to the broader understanding of fractional differential equations and emphasizes the

importance of these theorems in establishing rigorous mathematical proofs related to solution

uniqueness.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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