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Abstract. It is known that many problems in science and technology are reduced to the calculation of singular or regular
integrals. Basically, these integrals are calculated approximately using quadrature and cubature formulas. In the
present paper we develop an algorithm for construction of optimal quadrature formulas in some Hilbert spaces based
on discrete analogues of the linear differential operators. Then we apply the algorithm to construct optimal quadrature
formulas which are exact for hyperbolic functions and polynomials. We get explicit expressions for the coefficients of

the optimal quadrature formulas. The obtained optimal quadrature formulas have m—th order of convergence.

1. INTRODUCTION

Many problems of science and technology lead to integral and differential equations or their
systems. Solutions to such equations are often expressed in terms of definite integrals. In most
cases, these integrals cannot be calculated exactly. Therefore, it is necessary to calculate the
approximate value of such integrals with the highest possible accuracy and at a low cost.

Based on the known geometric meaning, the calculation of the numerical value for integrals

is often called quadrature and cubature formulas, respectively. Various quadrature and cubature
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methods allow to calculate the integral using a finite number of values of the integrated function.
These methods are universal and can be used where other calculation methods fail.

Many researchers have constructed various quadrature formulas based on certain ideas and
taking into account the properties of the integrand. Thus, the well-known quadrature formulas
of Gregory, Newton-Cotes, Simpson, Euler, Gauss, Chebyshev, Markov and others appeared, still
used in practice.

Currently, in the theory of constructing quadrature and cubature formulas, there are the follow-

ing main approaches: algebraic, probabilistic, number-theoretic and functional.

e In the algebraic approach, it is necessary to choose the nodes and coefficients of quadrature
and cubature formulas so that these formulas are exact for all functions of a given set
F. Taking into account the properties of the integrand, usually, the set F is taken to be
algebraic or trigonometric polynomials whose degrees do not exceed a certain number of
m or bounded rational functions.

e The probabilistic approach to constructing cubature formulas is based on the Monte-Carlo
method.

e Number-theoretic approach of constructing cubature formulas is based on methods of
number theory.

e The approach which uses the methods of functional analysis to constructing quadrature
and cubature formulas in the functional spaces. It is believed that the integrands belong
to some Banach space, and the difference between an integral and a quadrature sum
that approximates it is considered some linear continuous functional. This functional is
called the error functional of the formula, and the error of the formula is estimated by the
norms of the error functional. By minimizing the norms of the error functional according
to the parameters of quadrature and cubature formulas, optimal formulas for numerical

integration of various meanings are obtained.

We note that in the present work we use the methods of functional analysis to get a new

numerical integration formulas of high accuracy.

Due to this we consider a weighted quadrature formula

b

N
[Ptz Y ot )

a p=0

with the error functional
N
£(x) = p(x)ejay (x) = Y Cpox = xp), (12)
B=0

where p(x) is an integrable weight function, ¢ is an element of a Banach space B, Cg are coefficients
and xg are nodes of formula (1.1), €, 5 (x) is the characteristic function of the interval [a, b], 0 is the

Dirac delta-function.
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We suppose that the Banach space B is embedded into the space of continuous functions [27],
i.e., B — C. This is sufficient for the linear functional (1.2) to be defined on all functions from the
space B.

The difference between the integral and the quadrature sum

b N
(t9) = [ pop@i- Y Cuolx) (1.9
a p=0

is called the error of the quadrature formula (1.1), where £(¢) = (£, @) = f_ o; £(x)p(x)dx is the
value of the error functional ¢ at the function ¢.

The quadrature formula (1.1) is called exact for the function ¢ if the difference (1.3) is equal to
zero. A set of all functions on which the quadrature formula (1.1) is exact is the kernel of the error
functional ¢.

The error of the quadrature formula (1.1) on functions of the space B is estimated from above

by the norm of the error functional (1.2) in the dual space B* as follows

16, 9)1 < 1€ll5- - |9

where the norm of the error functional (1.2) is defined as follows

Illg- = sup (€, )l (1.4)
llol[5=1

B’

It is clear that the norm of the error functional (1.2) depends on the coefficients and nodes. The
problem of finding the minimum of the norm of the error functional with respect to the coefficients
and nodes is called the Nikolskii problem, and the resulting formula is called the optimal formula in the
sense of Nikolskii (or the best formula ). Finding the minimum of the norm for the error functional at
tixed nodes is called the Sard problem. The obtained formula is called the optimal quadrature formula
in the sense of Sard.

Since this work is devoted to construction of optimal quadrature formulas in the sense of Sard,
we will discuss only such formulas below.

Thus we consider the following.

Problem A. For the quadrature formulas of the form (1.1) find such coefficients Cs = Coﬁ that

give a minimum to the norm of the error functional (1.2) and calculate the quantity

14|, = iaf €15 - (1.5)

Here, éﬁ are called the optimal coefficients and ¢ is the error functional corresponding to the optimal
quadrature formulas of the form (1.1).
Problem A for quadrature formulas of the form
N

N
[ o=y ot (16)
k=0

0
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in the space Lgm) was first studied by A. Sard [19], where Lém) is the Sobolev space of functions
which are square integrable with m-th generalazed derivative. A.Sard and L.E.Meyers [18] obtained
solutions for this problem when m = 2 for N < 20, when m = 3 for N < 12 and when m = 4 for
N <£19. In the works of G.Coman [6,7] Sard’s problem was studied in the case m = 2 for arbitrary
N. In these works, G.Coman obtained a recursive formula for finding the optimal coefficients of
quadrature formulas of the form (1.6) in the case m = 2.

In the work [20] by L. Schoenberg and S. Silliman, Sard’s problem was studied for N — oo, i.e.,

for formulas of the form

(o]

f(p(x)dx ZBI((m)(p(k). (1.7)

oo
0 k=0

I

In [20], an algorithm was given for finding the coefficients B I((m) using splines of degree 2m — 1, and

(m)
k

In the work of A.A. Maljukov and LI Orlov [17], A. Sard’s problem was solved in the case
m = 2, where the optimal coefficients of quadrature formulas of the form (1.6) were obtained using

the coefficients B, were numerically computed on a computer in the casesm =1,2,...,7.

a cubic spline.

S. L. Sobolev [27] reduced the problem of constructing optimal quadrature formulas in the

(m)
2

S.L.Sobolev studied more general case, i.e. constructing optimal lattice cubature formulas in the

(m)
2

For quadrature formulas, he reduced finding the optimal coefficients of quadrature formulas of

(m)
2

, EYa.Zagirova obtained numerical values of optimal coefficients for

space L, ' (R) to solving a discrete problem of the Wiener-Hopf type. It should be noted that

space L,/ (R"). He gave an algorithm for finding the optimal coefficients of cubature formulas.

the form (1.1) in the space L

(m)
2

(R) to solving a system of (2m — 2) linear equations.

In [31], in the space L
m < 30.

In the works [32] and [21], using the discrete analogue of the differential operator ;j—;’; optimal
quadrature formulas are constructed in the spaces Lém) (Q) and Lém) (R). It should be noted that
the same result was independently obtained by P. Kohler in [15] using the spline method.

Further, in [23], the weighted optimal quadrature formulas of the form (1.1) were constructed
in the spaces L;m) (0,1) and Lém) (0,N) for all natural m.

F. Lanzara [16] gave a procedure to construct quadrature formulae which are exact for solutions
of linear differential equations and are optimal in the sense of Sard. She presented the necessary
and sufficient conditions under which such formulae do exist. At the end of the work, the author
obtained several quadrature formulas by applying this method and compared them with well
known formulas.

In [5], a review of papers on ¢p—function method for constructing optimal quadrature formulas

in the sense of Sard was given and this method was described. In addition, using this method,

(m)

N for

the authors constructed optimal quadrature formulas in the sense of Sard in the spaces L
m=1,2.

Here we consider Problem A in more general space.
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Let L be a linear differential operator defined as

m m—1 d

where a; are real numbers and a,, # 0. As L* we denote the ad]01nt operator of L and it is defied as

L=a,— +llo,

follows )
dm 1 dm—
g )+ (DS

For convenience, a set of basis functions of the kernel for the operator L of order m we denote

L' =(-1)"

d
lam—1}+ ... + (—1)E{a1~} + agp.

as

{¢1/ (PZ/ cees qu}/ (18)

then a set of basis functions for the kernel of the differential operator L*L of order 2m can be taken

as follows
{D1, D2, s Oy Prrit1s s P2m)- (1.9)
Now we consider Problem A on optimal quadrature formulas in the space K" (a,b), where
K™ (a,b) is the class of functions which have absolutly continuous (m — 1)-st derivative and m-th
derivatives are square integrable on the interval [, b] [1]. The space K("™)(a, b) is a generalization
of the Sobolev space Lgm) (a,b). After factorization with respect to the kernel of the operator L the
space K" (a,b) becomes a Hilbert space with the inner product
b

(f, hem = f (LF(x)) (Lg(x))dx (1.10)

a

and the corresponding norm is defined by the formula

(1.11)

The main aim of this work is to give an algorithm for construction of optimal quadrature

formulas of the form (1.1) in the sense of Sard in the Hilbert space K" (a, b). Then, based on this

;Z:’" - w? ;xm 5, m > 3, to get analytic expressions of the coefficients

of optimal quadrature formulas (1.1) when p(x) = 1.

algorithm, for the operator L =

The rest of the paper is organized as follows. In Section 2, using the Riesz representation theorem,
the upper bound for the error of the quadrature formulas of the form (1.1) is obtained. This upper
bound is expressed by the norm of the error functional (1.2). In Section 3 the problem of finding
the conditional minimum of the norm of the error functional (1.2) is discussed. For the coefficients
of the optimal quadrature formula (1.1) the system of linear equations is obtained. In Section 4
a new algorithm for analytic solution of the system of linear equations for optimal coefficients is
developed. Finally, in Section 5, using this algorithm, the analytic expressions for the coefficients of
the optimal quadrature formulas (1.1) are obtained. The obtained optimal quadrature formulas are
exact for hyperbolic functions sinh(wx), cosh(wx) and for algebraic polynomials of degree m — 3. It

is easy to show that the order of convergence of the optimal quadrature formulas is O(h™), where
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h is the mesh step. In addition, optimal and effective quadrature formulas are considered in the

following works [33-39].

2. A RIESZ ELEMENT FOR THE ERROR FUNCTIONAL (1.2)

In order to solve Problem A in the space K(m) (a,b), first, we need to calculate the norm of the
error functional (1.2) which gives the sharp upper bound for the error of the quadrature formula
(1.1).

Since K(")(a,b) is the Hilbert space then by the Riesz representation theorem for the linear
continuous functional £ defined as (1.2) on this space there exists a function i, from K" (a, b) such
that

(€, f) = (W, [ forall f € K™ (a,b) 2.1)

and [|€]lgom = l[Yellgon . Here (i, f)gm is the inner product of the functions ¢ and f.
In particular, from (2.1), based on the Reisz representation theorem, we get the following relation

(&e) = We, Yo = N, (2.2)
Thus, to calculate ||£ |I?< () WE need 1, from equation (2.1) which is a Riesz element for the error
functional £.
The following holds.

Theorem 1. A solution y of equation (2.1) has the form
Pelx) = (=1)"€(x) +GL(x) + Y M), 2.3)
k=1

where Gr(x) is a fundamental solution of the operator L*L and ¢1, P2, ..., O, are basis functions (1.8) for
the kernel of the operator L.

Proof. First, we consider equation (2.1) for functions f(x) from the space C(*)(a,b), where
C(®)(a,b) is the space of infinitely differentiable and finite functions on [a, b]. Then from equation

(2.1), integrating by parts its right-hand side we come to the equation for 1;:
CLipe(x) = (~1)"¢(x). 4

For the solution ¢, of equation (2.1) when f from the space K () (a,b), taking into account that the
space C(®)(a,b) is dense in the space K(")(a,b), together with equation (2.4) we get the following
boundary conditions

Ly Pzt =0, k=0,1,..,m-1. (2.5)

Solving equation (2.4) with the boundary conditions (2.5) we get (2.3).

Theorem 1 is proved. o
We note that Gy (x) is a fundamental solution of the operator L*L, i.e. it satisfies the equation

L*LGp(x) = 0(x) (2.6)
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and has the form (see [30, p. 92])

Ge(x) = Sig’;‘(x)Z(x), 2.7)

where Z(x) is a solution of the homogeneous equation
L*'LZ(x) =0, (2.8)
with the initial conditions
Z(0) = 7'(0) = ... = z®"2)(0) = 0, and 2"V (0) = 1.

From here we conclude that Z(x) is a linear combination of the basis functions (1.9).
It should be noted that since the error functional £ defined on the space K" (a, b) the following
conditions should be imposed

(6,d) =0, k=1,2,...,m, (2.9)

where ¢y, k = 1,2, ..., m are basis functions (1.8) of the kernel for the operator L.
We note that equalities (2.9) mean that our quadrature formula of the form (1.1) will be exact for

the functions (1.8). These equalities can be written as follows

b

N
fp(X)gbk(x)dx =Y Cporl(xp), k=1,2,...,m.
B=0

a

Hence we conclude that for the existence of quadrature formulas of the form (1) exact on the
functions ¢, k = 1,2, ...,m, it is sufficient to fulfillment the condition N > m — 1.
Now we can calculate the norm of the error functional (1.2). For this from (2.2), using (2.3),

taking into account (2.9), we have the following

N N

N6 ). = (‘Um[ZZCﬁCVGL(xﬁ —Xy)

p=0y=0

N b b b
oY Gr(x — xg)dx + Gy (x — y)dxdy|. (2.10)
ﬁ; ﬁufp(x) L(x —xp)dx afﬂfp(x)p(y) L(x = y)dxdy

Thus, we have obtained the upper bound for the error of quadrature formulas of the form (1.1)
in the space K" (a, b).

Further, to solve Problem A, we find the minimum of the multi variable function (2.10) with
respect to coefficients Cs, p=0,1,..,N under the conditions (2.9). Next sections are devoted to
this problem.
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3. THE CONDITIONAL MINIMUM VALUE OF THE EXPRESSION (2.10)

For finding an extremum of the function (2.10) under the conditions (2.9) we consider the

Lagrange function

m
A(Co,Ca oy Oy A1, Ay oy Am) = IR = 2(=1)" Y (€, %) (3.1)

k=1
The function A depends on N +m + 1 variables Cg, f = 0,1,...,N and Ay, k = 1,2,...,m. For

stationary points of the function A we get the following system of N 4 m + 1 linear equations

N m b
Z (OZyGL(xﬁ - X},) + Z ;\kqbk(xﬁ) = fp(x)GL(x - xﬁ)dx, ﬁ =0,1,..., N, (3.2)
y=0 k=1 p
N b
Z éﬁ¢k(xﬁ) = fp(x)(pk(x)dx, k=1,2,..,m, (3.3)
p=0 a

where Coﬁ, B =0,1,..,N are optimal coefficients.

The system (3.2)-(3.3) has a unique solution when N > m — 1 and this solution gives the minimum
to ||€ IIf< oy under the conditions (3.3). The uniqueness of the solution of such type of systems was
discussed, for instance, in [26-28].

In the next section, we present an algorithm for finding the analytic solution of the system
(3.2)-(3.3).

4. A NEW ALGORITHM FOR ANALYTIC SOLUTION OF THE SYSTEM (3.2)-(3.3)

Here we first present the main concept of the functions of discrete argument which will be used
and operations on them. The theory of discrete argument functions is given, for example, in the
works [27,28]. For the purposes of completeness we give some definitions about functions of
discrete argument.

Assume that the nodes x; are equally spaced, i.e. xg = hfj, h = bﬁ”, N = 1,2, ... Suppose that

f(x) and g(x) are real-valued functions of real variable and are defined in real line R.

Definition 1 A function f(hp) is called a function of discrete argument if it is defined on some set

of integer values of 5.

Definition 2 We define the inner product of two discrete argument functions f(hg) and g(hp) as
the following number

F(h), (hp)] = ) F(hp) - g(B),
p=-c0

if the series on the right-hand side of the last equality converges absolutely.
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Definition 3 We define the convolution of two discrete argument functions f(hB) and g(hp) as

the inner product
F(nB)*g(hB) = Y f(hy)-g(hB—hy).
‘y:—OO

Further, when we use a discrete function we mean the function of a discrete argument.

In the algorithm for finding the coefficients of the optimal quadrature formulas of the form (1.1)
the discrete analogue Dy (hB) of the differential operator L*L plays the main role.

The discrete argument function Dy (1) satisfying the following equation is the discrete analogue
of the differential operator L*L:

Dr(hB) * GL(hB) = da(hp), (4.1)
where G (hp) is the discrete function corresponding to the function Gy (x) defined by equality (2.7),
1, =0,
64(hpB) is the discrete delta function and 64(hp) = 0 ﬁ 40

We note that equation (4.1) is the discrete variant of equation (2.6). The discrete analogue Dy, (hp)
has similar properties as the differential operator L*L. The convolution of the discrete function
Dy (hB) with the discrete argument functions ¢y (hB), k = 1,2, ...,2m, corresponding to the basis
functions (1.9) of the kernel of the operator L*L, is zero. That is

Dy (hB) * dr(hB) =0, k =1,2,...,2m. (4.2)

The discrete analogue Dy (1) of the operator L*L can be constructed by solution of equation (4.1).
Equation (4.1) is solved using the theory of harrow shaped functions and the Fourier transforms
q2m q2m q2m=2 q2m 2 4

<o T 2w +w

. . . 2m—2
[27,28]. In particular, for the differential operators ——7, -7 — 47— and d
the corresponding discrete analogues were constructed in the works [11,22,25]-.

dx2m-2

d2m—4
dx2m—4

Suppose, we have the discrete analogue Dy (hf) of the differential operator L*L, satisfying
equality (4.1) with properties (4.2).

Further, we consider the optimal coefficients Coﬁ, B =0,1,..,N as a discrete function. For this
we determine this function for other integer values of § as zero. That is we assume that (ofﬁ =0
forp = -1,-2,..and f = N+ 1,N +2,... Then we can rewrite equality (3.2) in the following
convolution form

b

Gr(hB) *Cp + Z A (hB) = f p(x)GL(x —hp)dx, p=0,1,..,N, (4.3)
k=1

a

The left-hand side of (4.3) we denote as
m
up(hp) = Gr(hp) +Cp + Y Auou (). (4.4)
k=1

Then, it is easy to see that

Cp = Dr(hB) = ur(hp). (4.5)
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Indeed, applying Dy (hf) to the function ur (hg) defined by equality (4.4) we get

Dy(hp) xur(hg) = Di(hB)*|Gr(hp)+Cy+ Y Aeo(p)
k=1

= Dp(hp)+(Ge(hp) »Cy) + Y Ak (DL(hB) * pi(B)) .

k=1

Hence, taking (4.1) and (4.2) into account, we come

Dy () *uL(hB) = Cy=da(hp) = C
Thus, in order to find the coefficients Coﬁ we need to find the discrete function uy, (hg) for all integer
values of . From equality (4.3), it is clear that for p = 0,1,...,N the function ur(hB) is known

and ur(hg) = fp )GL(x — hp)dx. Now we define the function uy(hB) for p = —1,-2,... and
Bp=N+1N+ 2, .... For this we use the function Gy (x) defined by (2.7), where Z(x) is the linear
combination of the basis functions ¢1, ...¢2,. Then, taking into account (4.1), we get
ur,(hB) = —Qom(hB) — Ry (hp) + Py (hB) for p = -1,-2, ...,
and
ur(hB) = Qum(hB) + Ry (hB) + P (hp) for f=N+1,N+2,....,

2m m mo
where Qyn(hB) = Z,l ipi(hp) is known, Ry, (hf) = Zl vip;(hp) and Py (hp) = kzl Ak (hp) are

= = =

unknown functions.
We denote

Py (hB) = P (hB) — R(hp) and Py, (hB) = P (hB) + Ru(hp), (4.6)
where P;, (hB) = i”: pr dx(hB) and Py, (hB) = Zm: p dr(hB). Then we get the following problem.
k=1 k k=1 k

Problem B. Find the discrete argument function u (1) satisfying the equation
Dr(hB) +ur(hB) =0forp=-1,-2,..andf=N+1,N+2,... 4.7)
and having the form
—sz(hﬁ) +Py(hf), B <0,
ur (hB) = fp )GL(x—hB), 0<B<N, (4.8)
sz(hﬁ) +Py(hB),  p>N,

In (4.8) there are 2m unknowns p; and p;", k = 1,2,...,m. For these unknowns from equation
Py Py q

(4.7) we get the following system of 2m linear equations
Di(hB) *ur(hB) =0, forp=-1,-2,..,—m,
Dr(hB)*ur(hB) =0, forf=N+1,N+2,.,N+m.

The unknowns Pr and plj ,k=1,2,...,mare found from the last system. Then, we have P;,(hf) and
P, (hB).
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Thus, Problem B is solved.
Since we have got P;,(hf) and P}, (hg), then from (4.6) we obtain

Pu(h) = 5 (P (4B) + P (6)) and Rou(hB) = 3 (P (48) ~ P (1))

Finally, from (4.5), using the discrete function Dy (1) and the function uy, (hg) defined by equality

(4.8) we get the optimal coefficients
Cg = Dr(hB) =ur(hp) for f=0,1,...,N.

Therefore, we have got the algorithm for construction of the weighted optimal quadrature
formulas of the form (1.1) in the sense of Sard in the space K(m) (a,b).

Thus, Problem A is also solved.

In the next section we apply this algorithm for construction of optimal quadrature formulas
which are exact for hyperbolic functions sinh(wx), cosh(wx) and algebraic polynomials of certain
degree.

It should be noted that the similar algorithm was applied for construction of the optimal nu-
merical integration formulas for the Fourier coefficients, Fourier integrals and they used for recon-

struction of Computed Tomography images in the works [3,4,12-14].

5. OPTIMAL QUADRATURE FORMULAS EXACT FOR HYPERBOLIC FUNCTIONS AND ALGEBRAIC POLYNOMIALS

OF DEGREE M1 — 3

In the present section, based on the above given algorithm, we construct optimal quadrature
formulas of the form (1.1) for the case p(x) = 1 and [a,b] = [0,1]. The obtained optimal formulas
will be exact for hyperbolic functions sinh(wx), cosh(wx) and for algebraic polynomials of degree

< (m—3) whenm > 3.

5.1. Statement of the problem. We consider the following quadrature formula

1 N
[otx=Y coothp) 1)
0 p=0

where Cg are coefficients, h = ]%], N =1,2, ..., functions ¢(x) from the Hilbert space K(m) (0,1) with
the operator L = d‘i::,, - wz%, where m > 3 and w € R\{0}.

For clarity, in the rest part of the paper, the space K™)(0,1) we denote as Ké";) (0,1).
Thus, Kgnzj) (0,1) is the Hilbert space defined as follows

Kg';)(o, 1) = {p:[0,1] = R | is absulute cont. and ™ € L,(0,1)}

and equipped with the norm

1
2

Il = f((p(”‘) (x) — w2p(m-2) (x)) dx. (5.2)

/W i
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Every element of this space is a class of functions ¢ which are differ from each other to the solution
of the equation ¢(™ (x) — w?¢("2)(x) = 0.
Here, the error

fl, fgo dx ZCﬁ(p h‘B

of the formula (5.1) is estimated by the norm of the error functional

a(x) = ey Zcﬁax hp) (5.3)

as follows
4 ’ < 14 )+ (P m) e 54
|< 1 (P)l ” 1|IK§,w) || ”K;) ( )

From inequality (5.4), taking into account (5.2), we conclude that quadrature formulas of the form
(5.1) are exact for hyperbolic functions sinh(wx), cosh(wx) and algebraic polynomials P,,_3(x) of
degree (m — 3). Then, in order for the functional ¢; to be defined on the space KSZ)), the following
conditions should be imposed

(£1,sinh(wx)) =0,
(61, cosh(wx)) =0, (5.5)
(61,x*)=0,a=0,1,...,m—3.

Thus, to construct optimal quadrature formulas of the form (5.1) which are exact for hyperbolic

functions sinh(wx), cosh(wx) and algebraic polynomials P,,_3(x) of degree (m — 3) we solve the

following problem.

Problem A;. For the quadrature formulas of the form (5.1) find such coefficients Cg = éﬁ that

give a minimum to the norm of the error functional (5.3).

Here, for the operator L = ﬁ - R

of the optimal quadrature formulas (5.1) we get the following system of linear equations

domg calculations given in section 2, for the coefficients

N m—3
Y &,Gu(hp = hy) + dy sinh(whp) + d cosh(whp) + Y pr(hp)* = fu(hp), (5.6)

y=0 k=0

=0,1,..,N,
N
Z Coy sinh(hy) = COSh—w_l, (5.7)
y=0 @
A sinh w

Z (ofy cosh(hy) = — (5.8)

y=0
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N

o o 1 _ B
Y &) = — a=01,.,m=3, (5.9)
y=0
where
. m—2 -
—k=-1 2k-1
Gm(x) = % [a)x cosh wx — (2m — 3) sinh wx + 2 ; (m (Zk_)(lc;)’x) , (5.10)
1
0
m > 3.

Further, solving the system (5.6)-(5.9), we find analytic forms of the optimal coefficients éﬁ.

5.2. Auxiliary results. First, we present well-known formulas that are used in the proof of the

main result. The following formula from [10] is valid:

n-1 k i k ;
1 q ; q" q .
Yk = —_— ik — ik
2.7y 1—qZ(1_q)AO 1_q2(1_q)A7|y—n/ (5.12)

y:O i=0

where A)¥ is the finite difference of order i from y*, A0 = Ay, _y and A'0F = Z (—1)1"1(;.)1" .
=1
For || < 1, from (5.12) we have

00 k i
1 q .
Vak — ink
Y 7'y 1_q‘§ (1_q)A0. (5.13)
y=0 i=0

We give the following formulas from [9]:

k+1 k! Bii1
_ Y 5.14
I 519
where By, 1 are Bernoulli numbers,
(B
AP = 2 ( )Mopxﬁ—r’. (5.15)

It is known in [8,29] that the Euler-Frobenius polynomials Ex(x) are given by the formula

(-2 g\ B
Ek(X) = T (XE) m, k= 1,2,..., (516)

Eo(x) = 1. In addition, all roots x( ) of the polynomial Ey(x) are real, negative and simple, i.e.

< xgk) <..< xlgk) < 0. (5.17)

Also, the roots equidistant from the ends of the chain (5.17) are mutually inverse, i.e.

(k) (k) L
X; ~xk+1_]. =1, j=12.k
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Euler obtained the following formula for the coefficients as(k), s = 0,1,..,k of the polynomial

k
Ex(x) = goag")xs :

- { k+2
o = (_1)1( + ] (s+1—j)k1 (5.18)
=0 J
Polynomial Ey(x) satisfies the following identity
Ei(x) = 2¥Ey (%) (5.19)
ie as(k) = al(ji)s, s =0,1,.., k. The following theorem in [24] is true.

Theorem 2. Polynomials

il Aiok—H
Pi(x) = (x = 1)t -1 (5.20)
i=0
1 1 k1 k1 x Vo
Pl=)=(=-1 —) AlQFHT 5.21
k(x) (x ) Zol(l—x ( )

are the Euler-Frobenius polynomials Ey(x) and Ej (}—C), respectively.

To solve the system (5.6)-(5.9) we use the discrete argument function D,,(hp) which satisfies the
equation

Dy (hB) * Gu(hB) = 64(hB), (5.22)

where G, (hp) is the discrete argument function corresponding to the function G, (x) defined by

equality (5.10). It should be noted that equation (5.22) is the discrete analogue of the differential

equation

dZm ) dZm—Z s d2m—4
dx2m 0 gy2m=2 dy2m—4

2w +w )Gm(x) = 0(x), (5.23)

Furthermore, the discrete operator Dy, (hB)* has similar properties as the differential operator

2 2m-2 2m—4 . .
ddx;, 2w? ; L+ 4;;,; 7. The zeros of the discrete operator D,,(hB)* are the discrete argument

2m—2 2m—4
functions corresponding to the zeros of the operator dx2m - 2w 2;;2,,1 >+ wt ;me,4.

The discrete argument function D,, (hB) was constructed in the work [2] and the following was

proved.

d2m—4
dx2m=2 (L)4 2m—47
X dx?m

Theorem 3. The discrete analogue Dy, (hB), to the differential operato
satisfying equation (5.22) has the form

ml g1
T Al =2,
=1

2w2m—1 B m—1
Du(h) = = 1+k§1Ak, B =1, (5.24)
2m—2 m_—l

C+Y % =0
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where
- 2m—2
4 = (AR - 2hccoshho + 175 (5.25)
A PZm Z(Ak) ’
p(Zm 2)
C = 4-dcoshhw —2m—-—=s, (5.26)
Pam—2
gnm__f) = hw coshhw — (2m - 3) sinh hw

mZm k—1)(hw)?!

, 5.27
(2k—-1)! (6:27)

(2m-2) _(2m-2)

Pom—s + Pom—s  are leading and second coefficients, Ay (|Ax| < 1) are roots of (2m — 2) degree polynomial

2m—2
Pyy—a(x) = Z ps(zm_z)xs =(1- x)zm_4[[ha) cosh hw — (2m — 3) sinh haw]x?
s=0

+[(2m - 3) sinh(2hw) — 2hw]x + [hw cosh hw — (2m — 3) sinh hw)|

& (m—k—1)(ho)%1(1 - x)2m24E, ,(x)

2 _ 2
+2(x* = 2xcoshhw + 1) kZ{ k1! , (5.28)
here Epy_p(x) is the Euler-Frobenius polynomial of degree (2k —2).
For the properties of the discrete argument function Dy, () the following are valid [2].
Theorem 4. The discrete analogue D, (hp) ‘f;:,, 22 + w* ‘f;,_i

satisfies the following equalities
1) Dy, (hB) * sinh(hwB) = 0,

2) Dy (hB) = cosh(hwpB) = 0,

3) Dy (hB) * (hwP) sinh(hwp) = 0,

4) Dy, (hB) * (hawpB) cosh(hwpB) = 0,

5) Dy (hB) * (hB)* = 0, & = 0,1,..., 2m — 5.

In the next subsection we get analytic formulas for coefficients of the optimal quadrature for-

mulas of the form (5.1).

5.3. The coefficients of the optimal quadrature formulas of the form (5.1). In this subsection
we find analytic expressions for the optimal coefficients Col;, B =0,1,..,N, which are solution of
the system (5.6) - (5.9). For this we consider (ofﬁ as a function of discrete argument . Here we
assume that (035 =0forp=-1,-2,..and p = N+1,N +2,.... Then, using Definition 3, we rewrite

equation (5.6) in the following form

Cp % G (hB) + dy sinh(whp) + dy cosh(whp) + Z = fu(hp), (5.29)
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p=0,1,..,N.
We denote the left-hand side of equation (5.29) as

m-3
tty (1) = Cp % Gyu () + dy sinh(whp) + da cosh(whp) + Y pe(p)".
k=0

Then, taking into account (5.22), using Theorem 4, we get

Cp = D (hB) * un(hB), (5.30)

where D,,(hg) defined by equality (5.24) in Theorem 3.
We note that in (5.30) the function u,,(hg) is only defined for p = 0,1, ..., N and the following
holds

um(hB) = fu(hp), B =0,1,...,N. (5.31)

Now, in order to find the function u,,(hg) for p = —1,-2,...and p = N+ 1,N + 2, ..., we use the
assumption that (ofﬁ =0forf=-1,-2,..and f = N+ 1,N +2,.... Then, after some calculations
we com to the following problem.

Problem B;. Find the function u,,(hB) that satisfies the equation
Dy (hB) % iy () = O for p = —1,-2,..and f=N+1,N +2, .. (5.32)
and has the form
40)2,,, - ((ha),B cosh(hwp) — (2m — 3) sinh(hwp) ) Smhe

+((2m - 3) cosh(hwp) — hwp sinh(ha)ﬁ))coShT“’_l)
+d; sinh(hwp) + d; cosh(hwp) — Qam-5(hp) + P, _5(hB), B <0,
um(hp) = § fu(hp), 0<B<N, (533)

4wzm1((ha)ﬁcosh(ha)ﬁ) (2m - 3) sinh (hwp) ) Sthe

+((2m - 3) cosh(hwp) — hwp sinh(hwp)) —COS};@‘l)

+dl+ sinh(hwp) + d; cosh(hwp) + Qom-5(hp) + P:,;_g(hﬁ)’ >N,

where

NI§

]12k1 (m—-k-1)w 2k—1
2k 1-a)! (a+1)!

(hﬁ)Zk—l—a

20)2111 1

[
Qom-s5(hB) = (

k=1 a=0

m2m3 mkl)Zkl

2k—1-a
+k:[ — 2k o) (@ s P ] 554

IS
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d;, d;”, d, d; are unknown constants,

-3 -3

P, ,(hB) = ) py(hB)and P! .(hp) = Y pl(hp)" (5.35)
=0 0

3
3

»
=~
Il

are unknown polynomials of degree (m —3). Here

o 1 o 1 1

The function u,,(hf) can be found from equation (5.32). To find this function we need to find
d;, d;“, d;, d;, - (hﬁ) and P:';_g,(hﬁ). Then from equation (5.30) for = 0,1, ..., N we can find the
optimal coeff1c1ents Cg.

But, in this subsection, we find the optimal coefficients Coﬁ by other way.

Here, using the discrete argument functions D,,(hf) and u,,(hf) we get expressions for the
optimal coefficients éﬁ with (2m —2) unknowns. Putting these expressions to equation (5.29)
we get the identity with respect to (h8). From this identity the optimal coefficients Cofﬁ will be
completely found.

For the optimal coefficients we have.

Theorem 5. In the Hilbert space K for m > 3 the coefficients of the optimal quadrature formulas of
the form (5.1) have the following form

m—1
Co=T+ ) (mAf +mA, "), p=1,2,.,N-1, (5.37)
k=1
where
T = Du(hp)* fu(hp), (5.38)

sinh w

Apx ) -1
my = Z_:/\ {4w2m 1[[(Zm 3) sinh(hwy) — hwy cosh(hwy))

+[(2m - 3) cosh(hwy) — hwy sin(hwy)]

hw-1
%] + d] sinh(~hwy)

+d; cosh(hwy) — Qom-s(=hy) + P, _5(=hy) — fm(—h)/)}/ (5.39)

ng = Akp Z /\7/{4 - [ [hw(N + y) cosh(hw(N + 7))

—(2m = 3) sinh(hw(N +y))] sinh w

+[(2m - 3) cosh(hw(N +y)) — hw(N + y) sinh(hw(N +y))] COShCS) = 1]

+d sinh(hw (N + 7)) +d; cosh(hw(N +y)) 4+ Qom-s(1 + hy)
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+P, 5 (1+hy) = fu(1+ hy)}, (5.40)

The series in the last equalities are convergent due to [Ay| < 1.

Proof. Let B = 1,2,..,N —1. Then, taking into account equalities (5.24) and (5.33), using
denotations (5.39) and (5.40), from equality (5.30) we get (5.37). Theorem 5 is proved.

Then, using Theorem 5, from equations (5.7) and (5.8), after some simplifications, we get the

following result.

Theorem 6. In the Hilbert space K for m > 3 the first and last coefficients of the optimal quadrature
formulas of the form (5.1) have the followmg form

2 (cosh(w) —1)(cosh(wh) — 1) — hw [sinh(w) — sinh(w — wh) — sinh(wh)]

Co = 2w sinh(w) (cosh(wh) — 1)
’”z,j /\NH sinh(wh) — A7 sinh(w) + Ag sinh(w — wh)
~ (A2 +1 - 2], cosh(wh)) sinh(w)
- AkN+1 sinh(w — wh) = AY sinh(w) + A sinh(wh) (5.41)
(A2 +1 =2 cosh(wh)) sinh(w) ’
& 2(cosh(w) —1)(cosh(wh) — 1) — wh [sinh(w) — sinh(w — wh) — sinh(wh)]
N =

2w sinh(w)(cosh(wh) — 1)
A smh(a) wh) = AY sinh(w) + Ag sinh(wh)
—2Ax cosh(wh) + 1) sinh(w)
ATt s1nh(a)h) — AZsinh(w) 4 A sinh(w — wh)
(A2 =2Ag cosh(wh) + 1) sinh(w)

m—1

A

+ ng

(5.42)

Finally, the main result of this subsection is as follows.

Theorem 7. The coeﬁ‘icients of optimal quadrature formulas of the form (5.1) with equal spaced nodes,
in the Hilbert space K for m > 3, are expressed as follows

. e (=AY
Co = 5 + mk( k ),

= -1
m=1 g N-p

C = ht+ ) m(A+A]"), p=1,2,..,N-1,
k=1

. oS (A= AY



Int. ]. Anal. Appl. (2024), 22:100 19

where my (k =1, m — 1) are defined by the system of (m — 1) linear equations

m=1 [ N+1
A+ (_1)aAk hB
LA |=22, a=2m-2,
k=1 T e 24) o T
ml (A + AII{VH) [sinh(w — hw) 4 sinh(wh)] - (A2 + AY) sinhw A - /\kN
m J—
P ¢ ()\i + 1 -2\, cosh hw) sinh 1= A
_ (coshw—1) [2(1 = cosh hw) + hw sinh hw)]
B 2w sinhw (1 — coshhw) ’
= A+ /\kNH hw sinh hw —2(coshhw — 1)
m = ,
= 2120 coshhw| 2w sinhhaw (coshhw —1)

here Ay are given in Theorem 3, |Ax| < 1, E4—1(x) is the Euler-Frobenius polynomial of degree o — 1, B, is
the Bernoulli numbers.

Proof. Firstly, the convolution in the left-hand side of (5.29) we write as a difference of two

expressions
Cp* Gu(hp) = g1(hP) — g2(hB), (5.43)

where

p
g1(hB) = ﬁ Z C°7/[(ha)ﬁ — hwy) cosh(hwp — hwy) — (2m = 3) sinh(hwp — hwy)

(m—k—=1)(hwp — hwy)?!
+2Z (2k=1)!

and
;X
M) = —— Z éy[(hwﬁ —hwy) cosh(hwp — hwy) — (2m — 3) sinh(hwp — hwy)
0

4w2m 1

+2

& (m -k —1)(hop — hay)*!
2k—1)! ]

g

k=1

Hence, taking into account (5.10), using (5.12)-(5.21), after some calculations and simplifications
for g1(hB) and g»(hB) we have

1

g1(hp) = YT
m—1 N

. A hhw— A AY (Agcoshhw — 1
CO—I+Z mkzk(COS w = Ay) ” 2k(k )

A +1-24 cosh hw A +1-2A cosh hw

(hwp) cosh(hwp)

m—1

Tsinhh sinh hw
sinhho Z
=1

— Ay sinh how _/\;]:]H

+n
)\2 +1-2A; coshhw k/\i +1—-2A; coshhw

cosh hw —1)

]] (hwp) sinh(hwp)
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+[ (2m - 3)T sinh hw + Thew ml[ ( Aho( Azcoshha) 2A; + cosh hw)

+
2(coshhw —1) —~

(2m — 3) Ag sinh how
)\2 +1—2A coshhw)? )\i +1—-2A; coshhw

( /\fjﬂhw(Ai cosh hw — 2y 4 cosh ha)) (2m — 3)/\NH sinh hw
+ng| —

cosh(hw
(AZ +1 =24 coshhw)? )\2 +1—2Ag cosh hw )] (heof)

m=1 2 .
(2 3)Ax(Ax — coshh Achw (A% —1) sinh hw
+| (2m - 3)( __CO + z [ ( mz )Ak(Ag — cos CU) ke ( k ) )
= A7 +1-2A; cosh hw (A7 +1-2Ay coshhw)?

(/\N+1ha)(A2 1) sinh hw (Zm —3)AY (A coshhaw — 1) )]
+

5 5 sinh(hwp)
(A7 +1-2Ay cosh hw)? AL +1-=2A; coshhw

(2m -3)Tsinhhw + Tho . F (m—1-1)(hop)?t 2 % (m—1-1)Th™ (hwp)?
2 —
2(coshhw —1) +2Co Z to

o (21-1)! - (21)!
m=2 . 121—1 BZl—j

+2 m—-1-1)T(hw)"~ —p/
1)_:1( )T (ha) Z‘{] "

2"122 _ l _ hw 2]-1 2I-1 (21 _ 1)ﬁ] m=1 A 21-1 AlQ2-1-j
- =\

j=0

m— _ l _ h 21—1 2I1-1 'm—l AN 21-1 o '
5 Z Cl)) Z (21 . )’8] k Z( Ak )1A102l—1—]
=1 ] k i=0
and

82(hB) = gzt

X{[(ha)ﬁ) cosh(hwpB) — (2m —3) sinh(ha)ﬁ)]smTh“’
[ ) sinn ) - (21 -3)cosn o)t

N N
—cosh(hwp) Y. C, (hwy) cosh(hwy) + sinh(hwp) ¥ C) (hwy)sinh(hwy)
y=0 y=0

[3]-
+2 ¥
k=1 a=0
m—=2 m-3 k=) w2-1 g
2 L, Gt ()

12k-1
(=1)% (m—k=1)w*~! —a
¥ (2k 1711(1) U (a+1)! (hﬁ)zk -

m—2

I M(w)zsz y (b >}

2k—-1-a)! a!
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And for the right-hand side of equation (5.29) we get the following
fm (hﬁ> = ﬁ
X||wsinhw — (2m —2)(1 + cosh w)] cosh(hwp)
+|(2m - 2) sinh w — w cosh a)} sinh(hwp)
—sinhw - (hwpB) cosh(hwp) + (1 + cosh w) (hwp) sinh(hwp) + (4m —4)

m-2 [3]-12k-1

(m—k=1) (hawp)™ (=1)*(m—k-1)aw? _a
4L (2k)! =2 k‘; aX:: (2k—T-a)l (a+1)! (hﬁ)Zk -

m—-2 m-3
2y Y (=D)*(m—k-1)w* (hﬁ)Zk 1-a

k-T2 a=0 (2k—1-a)! ( a+1
m-2 2k-1
(=D)*(m-k-1)w -
—2 (2k=1-a)! ( a+l (h‘B)Zk -

k=[3] a=m-2
where [2] is the integer part of 5.
Now, putting the last three expressions of g1(hg), g2(hB) and f,,(hp) into equation (5.29), we

come to the following identity with respect to (1)

m-3
31(1B) = g2(h) + dy sinh(hwp) + da cosh(hwp) + Y pie(hB)* = fu(hB). (5.44)
k=0

From here, equating the terms (h8)2"~* of both sides for m > 3, we obtain that T = Dy, (hp)
fm(hB) = h and, accordingly, for the optimal coefficients (5.37) we get the following formula

m—1
Cp=h+) (mAl +mA F), p=TN-1. (5.45)

Then from the identity (5.44) equating the coefficients of like terms (hwp)cosh(hwp),
(hwp) sinh(hwp) and the terms which consist of (hf)%, a = m—2,2m -5 in both sides, we get
the following system of equations for m and ny

m—1 N
Ax(coshhw — A Ay (A coshhw — 1
Co-7+ Z Mlcoshhew =), " ( L=, (5.46)
—! /\ +1—-2A coshhw Ay +1-=2A coshhw
T sinh hw 1 mzvj Ag sinh how i ANH sinh hw _ 0 (5.47)
2(coshhw-1) w — )\2 +1-2A coshhw /\2 +1-2A coshhw ’ ‘

(m—1-1)(hop)? 1 3= (m—-1- 1)T(ha))21‘182,_jﬁ],
(20-1)! il (20=)!

j=m-2
2-1 11 -1 m=1  2-1-j

/\AZOZIl]
_._Zm: - (21— ﬁ]Z;mk Z (Ag—1)itT

i=
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21—1( —l— thll m—1 211]/\N+1A10211]

j n
ﬁ k z+1
k=1 i—0 (1= 1)

=0. (5.48)

From (5.48), collecting similar terms for m;, and n, we get the following (m — 2) linear equations

Z - Z (j- l+1)( )21 2 Z AkAIOZZ 2 X ,)\kN"'l sinhhw—)\isinha)+)\ksinh(w—ha))
k ] (21-2)! P 1)it1 / (A2+1-2A cosh hw) sinh w

1 o 21=2 yN+ipig2i- N+1 . .
n mz ; é (j-1+1) (ha))ﬂ S Z AN *’A‘Oé’ 2 ]'Ak +1 smh(cu—ha))—/\kN sinh w+Ay sinh hw (549)
=1 k =1 (21-2)! =0 (1-Ap)iHt (AZ4+1-24 cosh hw) sinh @
:2(cosh w—1) (1-cosh hw)—hw[sinh(w—hw) +sinh hw-sinhw] LB —1, mil) _q
- 2w sinh w-(1-cosh hw) L J= [ 2 ] ’

m-1 jogs 21— i1 m-1 Jogs 21-1 AN+ g1
A A I+1)
)y mk[ ((]21 ))(hw)2l ! Eo T 1+1]+ )y ”k[ §1 ((]21 oy (ha)? ! Z (o ]

k=1 =1
; (5.50)
_ (j=1+1) (ha)*By i
= 121 o e I=L [3]-1,
Further, from (5.9) for a = 0,1, ..., m — 3, we obtain the following m — 2 linear equations
mz_:l (m i )[(Ak-i-/\,l(\]“)[sinh(w—ha))+sinhha)]—(/\}%—&-/\kN)sinhw (/\k—AkN)sinha)]
k k 2 - —
A241-2A, cosh T-Ax
k=1 k k ¢ (5.51)
(coshw-1) [2(cosh hw—1)—hw sinhhw)
- w (coshhw-1) /
mil e i (AL =AN+)AiQ2 il el Z ASA0l AY Y sinh(w—hw) +Ag sinh hw—AY sinh o
P k S AT (L (A2+1-2A; cosh hw) sinh @
+miln e i (/\kN“—/\k‘)A’O ilh C] Z MAO AN sinh hw—A2 sinh -+ sinh(w—haw)
P k 0 (A=1)H1 = (/\ -1)it1 (/\i+1—2/\k cosh hw) sinh w (5.52)

& alByii-j pa+l-j _ 2(cosh w—1)(1-cosh hw)—hw[sinh(w—hw)+sinh hw—sinh w]

== Zl 7! (a+1-))! 2wsinhw (1-cosh hw) 4

a=1m-3.

From equations (5.46)—(5.52), after some simplifications, for m; and n; we get the following system

of (2m — 2) linear equations

=0,

_ (ANF1-A) [sinh(w—hw)—sinh ho]-(AN-A2) sinhw ~ AN+A; ]

m—=1
kgl (mk h le) (/\i+1—2 cosh hw) sinh w A1
m—1

[ AN+ Ak
_ kTR | =
(my — ny) A2+1—2/\k cosh hw 0,

k=1

5.53
m-1 AT (1) A (5:9)
kzl(mk—nk) th WEj_l(Ak) :0, 0(:1,17’1—3,
= | j=

m—1 A m—1 AkN+1 1B
kzl My WELY—Z(/\k> + kzl 103 WEQ—Z(A]() = Tar a = 2rm _2/
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mil ( ) (Ae+ANH) [sinh(w—hw) +sinh hw]-(A2+AN) sinhw  (AN=Ay) sinh e
=1 My + 1i /\%Jrl—Z)lkcoshhw A1

(cosh w-1) [2(coshhw—1)—hw sinhhw]
w (coshhw-1) ’

=1 +1-2A cosh hw + kgl L Ai+1—2/\k cosh hw 2w (coshhw-1)

The first (m — 1) equations of the last system give us that

m-l Ak sinh ho m-1 A,[:H] sinh iw __ hwsinh hw-2(cosh hw-1)
Z mk /\2 -
k

my=mn,, k=1,2,..,m-1.

Keeping in mind the latter equalities, from (5.41), (5.42) and (5.45) we get the expressions for optimal
coefficients Coﬁ, B=0,...,N, and the system of (m — 1) linear equations for my (k =1,2,...,m—1)

which are given in the assertion of the Theorem. Theorem 7 is proved.

6. CONCLUSION

Thus, the present work is devoted to construction of the weighted optimal quadrature formulas

of the form (1.1) in Hilbert spaces. Here, we obtained The following main results:

— In order to get the upper bound of the weighted quadrature formulas in the Hilbert space
we have found the Riesz element for the error functional.

— We calculated the norm of the error functional (1.2) for the quadrature formulas.

— We have got the system of linear equations for the coefficients of weighted optimal quad-
rature formulas of the form (1.1).

— We developed a new algorithm for analytic solution of the system of linear equations.

— Using the algorithm we constructed the optimal quadrature formulas which are exact for

hyperbolic functions and polynomials.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.

REFERENCES

[1] J.H. Ahlberg, E.N. Nilson, J.L. Walsh, The Theory of Splines and Their Applications, Academic Press, New York,
1967.

[2] G.N. Ahmadaliev, A.R. Hayotov, A Discrete Analogue of the Differential Operator % - 20)2;;22'+,22 + w4;;'%,
Uzbek Math. J. 3 (2017), 10-22.

[3] N.D. Boltaev, A.R. Hayotov, Kh.M. Shadimetov, Construction of Optimal Quadrature Formulas for Fourier Coeffi-
cients in Sobolev Space Lém) (0,1), Numer. Algor. 74 (2016), 307-336. https://doi.org/10.1007/s11075-016-0150-7.

[4] N.D. Boltaev, A.R. Hayotov, G.V. Milovanovi¢, Kh.M. Shadimetov, Optimal Quadrature Formulas for Numerical
Evaluation of Fourier Coefficients in Wém’mfl), J. Appl. Anal. Comput. 7 (2017), 1233-1266. https://doi.org/10.11948/
2017076.

[5] T. Catinas, G. Coman, Optimal Quadrature Formulas Based on the ¢-Function Method, Stud. Univ. Babes-Bolyai
Math. 51 (2006), 49-64.

[6] G. Coman, Quadrature Formulas of Sard type (Romanian), Stud. Univ. Babes-Bolyai Ser. Math.-Mech. 17 (1972),
73-77.


https://doi.org/10.1007/s11075-016-0150-7
https://doi.org/10.11948/2017076
https://doi.org/10.11948/2017076

24 Int. ]. Anal. Appl. (2024), 22:100

[7] G. Coman, Monosplines and Optimal Quadrature Formulae in Lp, Rend. Mat. 5 (1972), 567-577.

[8] G. Frobenius, On Bernoulli Numbers and Euler Polynomials, in: Sitzungsberichte der Koniglich Preu ischen
Akademie der Wissenschaften zu Berlin, 1910, pp. 809-847.

[9] A.O. Gelfond, Calculus of Finite Differences, Nauka, 1967.

[10] R.W. Hamming, Numerical Methods for Scientists and Engineers, McGraw-Hill, 1962.

[11] A.R. Hayotov, The Discrete Analogue of a Differential Operator and Its Applications, Lith. Math. J. 54 (2014),
290-307. https://doi.org/10.1007/s10986-014-9244-x.

[12] A.R.Hayotov, S.Jeon, C.O. Lee, On an Optimal Quadrature Formula for Approximation of Fourier Integrals in the
Space Lél), J. Comput. Appl. Math. 372 (2020), 112713. https://doi.org/10.1016/j.cam.2020.112713.

[13] A.R. Hayotov, S. Jeon, C.O. Lee, Kh.M. Shadimetov, Optimal Quadrature Formulas for Non-Periodic Functions in
Sobolev Space and Its Application to CT Image Reconstruction, Filomat 35 (2021), 4177-4195. https://doi.org/10.
2298/fil2112177h.

[14] A.R. Hayotov, S. Jeon, K.M. Shadimetov, Application of Optimal Quadrature Formulas for Reconstruction of CT
Images, ]. Comput. Appl. Math. 388 (2021), 113313. https://doi.org/10.1016/j.cam.2020.113313.

[15] P. Kohler, On the Weights of Sard’s Quadrature Formulas, Calcolo 25 (1988), 169-186. https://doi.org/10.1007/
bf02575942.

[16] F. Lanzara, On Optimal Quadrature Formulae, J. Inequal. Appl. 5 (2000), 201-225.

[17] A.A. Maljukov, LI Orlov, Construction of Coefficients of the Best Quadrature Formula for the Class Wg) (M;ON)
With Equally Spaced Nodes, In: Optimization Methods and Operations Research, Applied Mathematics, Akad.
Nauk SSSR Sibirsk. Otdel. Sibirsk. Energet. Inst., Irkutsk, pp. 174-177, (1976).

[18] L.FE. Meyers, A. Sard, Best Approximate Integration Formulas, J. Math. Phys. 29 (1950), 118-123.

[19] A. Sard, Best Approximate Integration Formulas, Best Approximate Formulas, Amer. J. Math. (71) 1949, 80-91.
https://www.jstor.org/stable/2372095.

[20] LJ. Schoenberg, S.D. Silliman, On Semicardinal Quadrature Formulae, Math. Comput. 28 (1974), 483-497.

[21] K.M. Shadimetov, Optimal Quadrature Formulas in L}'(Q}) and L} (R1), Dokl. Akad. Nauk UzSSR 3 (1983), 5-8.

[22] K.M. Shadimetov, The Discrete Analogue of the Differential Operator D2m/dx2m and Its Construction, Quest.
Comput. Appl. Math. 1985 (1985), 22-35.

[23] K.M. Shadimetov, Construction of Weight Optimal Quadrature Formulas in the Space Lgr") (0,N), Sib. J. Comput.
Math. 5 (2002), 275-293.

[24] K. M. Shadimetov, Optimal Lattice Quadrature and Cubature Formulas in Sobolev Spaces, Fan va Tekhnologiya,
Tashkent, 2019.

[25] KM. Shadimetov, A.R. Hayotov, Construction of the Discrete Analogue of the Differential Operator d>" /dx*" —
d?m=2 / dx?"=2 Uzbek Math. Zh. 2 (2004), 85-95.

[26] K.M. Shadimetov, A.R. Hayotov, Optimal Quadrature Formulas in the Sense of Sard in Wém’m_l) Space, Calcolo 51
(2013), 211-243. https://doi.org/10.1007/s10092-013-0076-6.

[27] S.L. Sobolev, Introduction to the Theory of Cubature Formulas, Nauka, 1974.

[28] S.L. Sobolev, V.L. Vaskevich, The Theory of Cubature Formulas, Siberian Division of the Russian Academy of
Sciences Novosibirsk, 1996.

[29] S.L. Sobolev, On the Roots of Euler Polynomials, In: Selected Works of S.L. Sobolev, Springer, pp. 567-572, 2006.

[30] V.S. Vladimirov, V.V. Zharinov, Equations of Mathematical Physics, Fizmatlit, 2004.

[31] EY. Zagirova, On Construction of Optimal Quadrature Formulas With Equal Spaced Nodes, Novosibirsk, Preprint
No. 25, Institute of Mathematics SD of AS of USSR, 1982.

[32] Z.Z. Zhamalov, K.M. Shadimetov, About Optimal Quadrature Formulas, Dokl. Akad. Nauk UzSSR 7 (1980), 3-5.

[33] G.V. Milovanovi¢, A.S. Cvetkovi¢, M.P. Stani¢, Trigonometric Orthogonal Systems and Quadrature Formulae,
Comput. Math. Appl. 56 (2008), 2915-2931. https://doi.org/10.1016/j.camwa.2008.07.024.


https://doi.org/10.1007/s10986-014-9244-x
https://doi.org/10.1016/j.cam.2020.112713
https://doi.org/10.2298/fil2112177h
https://doi.org/10.2298/fil2112177h
https://doi.org/10.1016/j.cam.2020.113313
https://doi.org/10.1007/bf02575942
https://doi.org/10.1007/bf02575942
https://www.jstor.org/stable/2372095
https://doi.org/10.1007/s10092-013-0076-6
https://doi.org/10.1016/j.camwa.2008.07.024

Int. ]. Anal. Appl. (2024), 22:100 25

[34] A.I Hascelik, On Numerical Computation of Integrals With Integrands of the Form f(x)sin(w/x") on [0,1], J.
Comput. Appl. Math. 223 (2009), 399-408. https://doi.org/10.1016/j.cam.2008.01.018.

[35] H. Xiao, Z. Gimbutas, A Numerical Algorithm for the Construction of Efficient Quadrature Rules in Two and
Higher Dimensions, Comput. Math. Appl. 59 (2010), 663-676. https://doi.org/10.1016/j.camwa.2009.10.027.

[36] K.T. Shivaram, H.T. Prakasha, Numerical Integration of Highly Oscillating Functions Using Quadrature Method,
Glob. J. Pure Appl. Math. 12 (2016), 2683-2690.

[37] E. Novak, S. Zhang, Optimal Quadrature Formulas for the Sobolev Space H 1 J. Sci. Comput. 78 (2019), 274-289.
https://doi.org/10.1007/s10915-018-0766-y.

[38] G.V.Milovanovi¢, Computing Integrals of Highly Oscillatory Special Functions Using Complex Integration Meth-
ods and Gaussian Quadratures, Dolom. Res. Notes Approx. 10 (2017), 79-96.

[39] M. Md. Moheuddin, M. Abdus Sattar Titu, S. Hossain, A New Analysis of Approximate Solutions for Numerical
Integration Problems with Quadrature-based Methods, Pure Appl. Math. J. 9 (2020), 46-54. https://doi.org/10.11648/
j.pamj.20200903.11.


https://doi.org/10.1016/j.cam.2008.01.018
https://doi.org/10.1016/j.camwa.2009.10.027
https://doi.org/10.1007/s10915-018-0766-y
https://doi.org/10.11648/j.pamj.20200903.11
https://doi.org/10.11648/j.pamj.20200903.11

	1. Introduction
	2. A Riesz element for the error functional (1.2)
	3. The conditional minimum value of the expression (2.10)
	4. A new algorithm for analytic solution of the system (3.2)-(3.3)
	5. Optimal quadrature formulas exact for hyperbolic functions and algebraic polynomials of degree m-3
	5.1. Statement of the problem
	5.2. Auxiliary results
	5.3. The coefficients of the optimal quadrature formulas of the form (5.1)

	6. Conclusion
	 Conflicts of Interest:

	References

