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PROPERTIES OF MEROMORPHIC SOLUTIONS OF A CLASS
OF SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS

BENHARRAT BELAIDI* AND HABIB HABIB

ABSTRACT. This paper deals with the growth of meromorphic solutions of
some second order linear differential equations, where it is assumed that the
coefficients are meromorphic functions. Our results extend the previous results
due to Chen and Shon, Xu and Zhang, Peng and Chen and others.

1. Introduction and statement of result

In this paper, we shall assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna value distribution theory of
meromorphic functions (see [13],[20]). In addition, we will use notations p (f),
p2 (f) to denote respectively the order and the hyper-order of growth of a mero-
morphic function f (z).

For the second order linear differential equation
(1.1) f"+e*f +B(2) f=0,

where B (z) is an entire function, it is well-known that each solution f of equation
(1.1) is an entire function, and that if f; and fy are two linearly independent
solutions of (1.1), then by [7], there is at least one of fi, fo of infinite order.
Hence, "most” solutions of (1.1) will have infinite order. But equation (1.1) with
B(z) = —(1 + e ) possesses a solution f (z) = e* of finite order.

A natural question arises: What conditions on B(z) will guarantee that every
solution f # 0 of (1.1) has infinite order? Many authors, Frei [8], Ozawa [16],
Amemiya-Ozawa [1] and Gundersen [10], Langley [14] have studied this problem.
They proved that when B(z) is a nonconstant polynomial or B(z) is a transcen-
dental entire function with order p(B) # 1, then every solution f Z 0 of (1.1) has
infinite order.

In 2002, Chen [3] considered the question: What conditions on B(z) when p(B)
= 1 will guarantee that every nontrivial solution of (1.1) has infinite order? He
proved the following result, which improved results of Frei, Amemiya-Ozawa, Oza-
wa, Langley and Gundersen.
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Theorem A [3] Let A;(z)(#0) (j =0,1) be entire functions with max{p (A;)
(j=0,1)} < 1, and let a,b be complex constants that satisfy ab # 0 and a # b.
Then every solution f # 0 of the differential equation

(1.2) "4+ AL (2) e f + Ag (2) e f =0

is of infinite order.

In [4], Chen and Shon have considered equation (1.2) when A4; (z) (j =0,1)
are meromorphic functions and have proved the following result.

Theorem B ([4]) Let A; (z) (#0) (j = 0,1) be meromorphic functions with p (4;) <
1(j=0,1), and let a, b be complex numbers such that ab # 0 and arga # argb or
a=cb (0 <c<1). Then every meromorphic solution f(z) £ 0 of equation (1.2)
has infinite order.

In [17], Peng and Chen have investigated the order and hyper-order of solutions
of some second order linear differential equations and have proved the following
result.

Theorem C [17] Let A; (2) (#0) (j =1,2) be entire functions with p(A4;) < 1,
a1, az be complex numbers such that ajas # 0, a1 # as (suppose that |a1| < |ag|).
If argay # m or a1 < —1, then every solution f (# 0) of the differential equation

f/l + e—zfl + (Alealz +A2ea2z)f — 0
has infinite order and ps (f) = 1.

Recently in [2], the authors extend and improve the results of Theorem C to
some second order linear differential equations as follows.

Theorem D [2| Let n > 2 be an integer, A; (z) (#£0) (j = 1,2) be entire functions
with max{p(A4;):j=1,2} <1, Q(2) = gmz™ + --- + q12 + qo be nonconstant
polynomial and ay, az be complex numbers such that ajas # 0, a1 # as. If (1)
argay # 7 and argay # argag or (2) arga; # w, argay = argas and |ag| > n|aq|
or (3) a1 < 0 and argay # argaz or (4) —1 (Jaz| —m) < a1 < 0, |az| > m and
arga; = argas, then every solution f % 0 of the differential equation

f// +Q <€7z) fl+ (Alealz +A2ea2z)nf _ 0
satisfies p (f) = +oo and pz (f) = 1.

Recently Xu and Zhang have investigated the order and the hyper-order of
meromorphic solutions of some second order linear differential equations and have
proved the following result.

Theorem E [19] Suppose that Aj (z) (£0) (j = 0,1,2) are meromorphic functions
and p(Aj) <1, and a1, az are two complex numbers such that ajas # 0, a1 # az
(suppose that |a1| < |az|). Let ag be a constant satisfying ag < 0. If arga; # w
or aj < ag, then every meromorphic solution f (# 0) whose poles are of uniformly
bounded multiplicities of the equation

f//+A0€aozfl+(A1€a1Z+A2€a2z)f =0
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has infinite order and ps (f) = 1.

The main purpose of this paper is to extend and improve the results of Theo-
rems A-E to some second order linear differential equations. In fact we will prove
the following result.

Theorem 1.1 Let A; (2) (Z0) (j =1,---,Li) (lh >3)and B; (2) (Z0) (j =1,---,12)
(I > 1) be meromorphic functions with

max {p(4;) (G=1,---,0),p(B;) (G=1,--,la)} <1

and a; #0(j =1,--- ,11) be distinct complex numbers and b; (j =1,--- ,12) be dis-
tinct real numbers such that b; < 0. Suppose that there exist o, B; (7 =3,---,11)
where 0 < aj < 1,0 < B < 1 and a; = aja; + fjas. Set a = max{o; : j =
3,--- L}, B=max{B;:j=3,--- i} and b=min{b; : j =1,--- ,lo}. If
(1) argay # 7 and arga; # argas

or
(2) argay # 7, arga; = argaz and (i) |az| > llajg or (ii) |az] < (1 — @) |a1]

or
(3) a1 <0 and arga; # argag

or
4) (1) 1-p)az—b<a; <0,a2 < ﬁ or (ii) a1 < %ﬁ’ and az < 0, then every
meromorphic solution f(# 0) whose poles are of uniformly bounded multiplicities
of the differential equation

l2 ll
(1.3) Fra (DB | f+ [ D Ajens | f=
j=1 j=1

satisfies p (f) = +o00 and p (f) = 1.

2. Preliminary lemmas

We define the linear measure of a set £ C [0,+00) by m(E) = O+°o xe(t)dt and

the logarithmic measure of a set F' C (1,+00) by Im(F) = f1+oo XFt(t) dt, where x g
is the characteristic function of a set H.

Lemma 2.1 [11] Let f be a transcendental meromorphic function with p(f) = p <
+o00. Let € > 0 be a given constant, and let k, j be integers satisfying k > j > 0.

Then, there exists a set E1 C [—g,%ﬂ) with linear measure zero, such that, if
¢ € [-Z,28) \ Ey, then there is a constant Ry = R (1) > 1, such that for all z
satisfying arg z = and |z| > Ry, we have

™ (2)

< ‘Z|(k*j)(/)*1+€) .

=y 6
Lemma 2.2 ([4], [15]) Consider g(z) = A(z)e**, where A(z) # 0 is a mero-
morphic function with order p(A) = a < 1, a is a complex constant, a = |a| e'?
(p €10,2m)). Set E; = {6 € [0,2m) : cos (¢ + 0) = 0}, then Ey is a finite set. Then
for any given € (0 < e <1 — «) there is a set E5 C [0,27) that has linear measure
zero such that if z = re’, 6 € [0,2m)\ (E2 U E3), then we have when v is suffi-
ciently large:
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i) If cos (¢ +6) > 0, then

(

(2.2) exp{(1—¢)rd(az,0)} <|g(2)| <exp{(1+¢e)rd(az,6)}.
(ii) If cos (¢ +0) <0, then

(2.3) exp{(1+e¢)rd(az,0)} <|g(2)] <exp{(1—¢e)rd(az,0)},

where 0 (az,0) = |a|cos (¢ + ) .

Lemma 2.3 [17] Suppose that n > 1 is a natural number. Let Pj(z) = ajnz" +

- (j =1,2) be nonconstant polynomials, where jq (q=1,--,n) are complex
numbers and ainas, # 0. Set z = re'?, jn, = |@jn| e 0; € [—g, 37“), 0(P;,0) =
|ajn| cos (0; + nb), then there is a set By C [—3=, 3%) that has linear measure zero

such that if 61 # 02, then there exists a ray arg z = 0 with 0 € (— 3%, 7=)\(E4 U Es)
satisfying either

(2.4) §(P1,0) >0, 6(P,0) <0
or
(2.5) 0(P1,0) <0, 6(Pe,0) >0,

where E5 = {9 € [—ﬁ, 3—2) 10 (P, 0) = 0} is a finite set, which has linear measure
zero.

Remark 2.1 [17] We can obtain, in Lemma 2.3, if § € (=45, 5%) \ (B4 U E5) is

~2n0 2
replaced by 6 € (£, 3%) \ (E4 U E5), then it has the same result.

Lemma 2.4 [4] Let f(z) be a transcendental meromorphic function of order
p(f) = a < 4o0o0. Then for any given € > 0, there is a set Eg C [—%, 37”) that
has linear measure zero such that if 0 € [—g, 37”) \Fs, then there is a constant
Ry = Ry (0) > 1, such that for all z satisfying argz = 6 and |z| > Ry, we have
(2.6) exp {—r*} < |f (2)| < exp{r**c}.

Lemma 2.5 [11] Let f(z) be a transcendental meromorphic function, and let o > 1
be a given constant. Then there exist a set Er; C (1,00) with finite logarithmic
measure and a constant B > 0 that depends only on « and 1,5 (0 < i < j < k),
such that for all z satisfying |z| = r ¢ [0,1] U E7, we have

f9() T(ar, f) o

| < B{ o og™ ) log (o )
Lemma 2.6 [12] Let ¢ : [0,4+00) — R and ¢ : [0,400) — R be monotone non-
decreasing functions such that ¢ (r) < ¢ (r) for all » ¢ Es U [0,1], where Eg C

(1,+00) is a set of finite logarithmic measure. Let v > 1 be a given constant. Then
there exists an r1 =11 () > 0 such that ¢ (r) < (yr) for all r > ry.

j—i

(2.7)

Lemma 2.7 [5] Let k > 2 and Ag, Ay, -+, Ak—1 be meromorphic functions. Let
p = max{p(A4,):j=0,--- ,k—1} and all poles of f are of uniformly bounded
multiplicities. Then every transcendental meromorphic solution f of the differential
equation

f(k) +Ak—1f(k71) +o -+ A+ A f=0

satisfies pa (f) < p.
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Lemma 2.8 ([9], [20]) Suppose that f1 (z), f2(2), -+, fn (2) (n > 2) are meromor-
phic functions and g1 (2),92(2), - ,gn (2) are entire functions satisfying the fol-
lowing conditions:

0) 3 £ (2)es =0
j=1
(ii) g5 (2) — gk (2) are not constants for 1 < j < k < n;
(ili) For 1 < j <mn, 1 < h <k <n, T(rf;)=o{T(r,em@-9)} (r - oo,

r ¢ Eg), where Eyg is a set with finite linear measure.
Then fj (z2)=0(j=1,---,n).

Lemma 2.9 [18] Suppose that f1(z), fa(2), -, fu(2) (n > 2) are meromorphic
functions and g1 (2), g2 (2),- - ,gn (2) are entire functions satisfying the following
conditions:

) 3 13 (2)e50) = fupa
2

(i) If 1 <j<n+1,1<k<n, the order of f; is less than the order of e9r(2) | If
n>21<j<n+1, 1< h<k<n, and the order of f; is less than the order of
eIdh—9k

Then fj (2)=0(j=1,2,--- ,n+1).

3. Proof of Theorem 1.1

First of all we prove that equation (1.3) can’t have a meromorphic solution f # 0
with p(f) < 1. Assume a meromorphic solution f # 0 with p(f) < 1. We can
rewrite (1.3) in the following form

Iy 15
(3.1) > Bjflehi*+ Y Ajfei = —f".
i=1 =1
Obviously, p(B;f') <1 (j=1,---,lz) and p(A,;f) <1 (j=1,---,11). Set I =

{a’] (3217 7l1)7 b] (]: 17 712)}
1) By the conditions (1) or (2) or (4) (ii) of Theorem 1.1, we can see that a; #

ag,a3,- -+ ,ay,,b1, -+ ,b,. Then, we can rewrite (3.1) in the following form
(3.2) Afe™s + 3 fret = —f",
rel’y

where I’y C I'\ {a1} and f\ (A € I';) are meromorphic functions with order less
than 1 and a1, A (A € T'y) are distinct numbers. By Lemma 2.8 and Lemma 2.9,
we get A; = 0, which is a contradiction.

2) By the conditions (3) or (4) (i) of Theorem 1.1, we can see that ay # ay,as, - ,a;,,

by, ,by,. Then, we can rewrite (3.1) in the following form
(33) A2f€a2z + Z fAe/\Z — //,
Ael’s

where Ty C I\ {az} and f\ (A € I'z) are meromorphic functions with order less
than 1 and ag, A (A € T'y) are distinct numbers. By Lemma 2.8 and Lemma 2.9,
we get A = 0, which is a contradiction. Therefore p (f) > 1.
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First step. We prove that p(f) = +oo. Assume that f #Z 0 is a meromorphic
solution whose poles are of uniformly bounded multiplicities of equation (1.3) with
1 < p(f) = 01 < +oo0. From equation (1.3), we know that the poles of f (2) can
occur only at the poles of A; (j=1,--- .,l;) and B; (j =1,---,l3). Note that the
multiplicities of poles of f are uniformly bounded, and thus we have [6]

1 l2
N(raf)SMlﬁ(Taf)SMl ZN(TaAj)+ZN(Tij)
j=1 j=1
< MmaX{N(TvAj) (] =1, 7l1)aN(Tij)(j =1, 712)}a

where M7 and M are some suitable positive constants. This gives

AG) <y=max{p(4;) (j=1,--,0).p(B) (G=1,--.b)} <L

Let f = g/d, d be the canonical product formed with the nonzero poles of f (z),
with p(d) = A(d) = A (%) =09 < 7y < 1, g is an entire function and 1 < p(g) =
p(f) = 01 < co. Substituting f = g/d into (1.3), we can get

1

l2 ' / I\ 2 " l2 ’
. d| g d d _ d
§ bjz E ebiz |
jleje 2d g 2<d) d _Bje d

o |

5t

(3-4) +AEM o Age®?® ) Ajelsmthian: — g,
j=3

By Lemma 2.4, for any given € (0 < e < 1 — ), there is a set Fg C [fg, 37”) that
has linear measure zero such that if § € [fg, %’r) N\ Fs, then there is a constant
Ry = Ry (0) > 1, such that for all z satisfying arg z = 6 and |z| > Ry, we have
(3.5) |Bj ()| < exp {r"’“} (j=1,--,l2).
By Lemma 2.1, for any given ¢ (0 <& < 1— ), there exists a set £y C [—F,3F)
of linear measure zero, such that if 0 € [—g, 37“) \ F7, then there is a constant
Ro = Ry (0) > 1, such that for all 2 satisfying arg 2 = 0 and |z| = r > Ry, we have

() .
(3.6) 97 () <Pt (=1,2),

9(z)

d) () .

3.7 < piloz=l+e) (5 =1,9),
(37) R R (=12
Let z = re?) a1 = |a1| e, ay = |as| €2, 01,0, € —%,3—). We know that
d(ajaiz,0) = ;o (ar12,0), 6 (Bjasz,0) = Bjd (azz,0) (j=3,---,11) and o < 1,

g <1

Case 1. Assume that arga; # 7 and arga; # argas, which is 6 # 7w and 0, # 05.
By Lemma 2.2 and Lemma 2.3, for any given &

. 11—« 1-p
0<€<m1n{17,2(1+a>,2(1+ﬂ)},
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there is a ray arg z = 6 such that 6§ € (—%, %)\ (Ey U E4 U E5 U Eg) (where Ey and
E5 are defined as in Lemma 2.3, £y U E4 U E5 U Fj is of linear measure zero), and
satisfying

d(a12,0) >0, ¢ (azz,0) <0

or
0 (a12,0) <0, ¢ (azz,0) > 0.

(a) When 6§ (a12,0) > 0, 6 (azz,60) < 0, for sufficiently large r, we get by Lemma
2.2
(3.8) |A1e®®| > exp{(1 —€)d (ar12,0)r},
(3.9) |A2e®??| < exp{(1 —¢€)d(azz,0)r} <1,

|Aje® % <exp{(1+¢)a;o(az0)r}
(3.10) <exp{(l1+e¢e)ad(arz,0)r} (j=3,---,l1),
(3.11) |eP192%| < exp{(1 —¢€) B;6 (az2,0) 1} <1 (j =3, ,11).

By (3.10) and (3.11), we get
l1 ll
ZAje(afa1+5ja2)z < Z |Ajei91%| |eﬂjazz|
Jj=3 j=3

(3.12) < (1 —2)exp{(1+¢)ad(ar1z,0)r}.

For 6 € (—%,%) by (3.5) we have

l2 lo la
ZBjeij < Z | Bj| ‘ebjz’ < exp {r”“} Z ’ebfz‘
j=1 j=1 j=1

la

(3.13) = exp {T'H'E} Z ebimeost < 1, exp {7“'7+E}
=1

because b; < 0 and cos@ > 0. By (3.4), we obtain

2
+

7

d/
d

d//
d

9’ g

|A16alz| < g

U
d

. )
+ [ D] Bjeh®| +2
j=1

Iy
b 1Agets| 4 |37 Agelesanaions:).
j=3

U

l2
d
(3.14) +1) Bjebi 7
j=1

Substituting (3.6) — (3.9),(3.12) and (3.13) into (3.14), we have
exp{(1—¢)d(ar1z,0)r} <|Ae™?|
< ,,,2(0’1*1“1’5) + [lg exp {7,'y+€} + 27,0‘2*14“6] po1—14e + 37,2(0271+5)

+1y exp {r'”s} P27 L] 4 (1) — 2)exp {(1+¢)ad(ar1z,0)r}

(3.15) < Mir™ exp {r}exp {(1 +¢) ad (a12,0) r},
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where M; > 0 and My > 0 are some constants. By 0 < ¢ < ﬁ and (3.15), we

have

(3.16) exp { ! ; ) (a12,0) 7’} < MyrM2exp {r7te}.

By d (a12,0) > 0 and v + ¢ < 1 we know that (3.16) is a contradiction.

(b) When 6 (a12,0) <0, ¢ (azz,6) > 0, for sufficiently large r, we get

(3.17) |A2e??%| > exp {(1 — ) & (azz,0) 1},

(3.18) [A1e?] < exp{(1 —¢€)d(a1z,0)r} <1,

(3.19) |[Aje® | <exp{(l —e)a;d (a12,0)r} <1 (j=3,---,L),
|65-"a2z| <exp{(l+¢)B;6(azz0)r}

(3.20) <exp{(l+e¢)Bd(azz,0)r} (j=3,--,l).

By (3.19) and (3.20), we get

l1 ll
Z Aje(ajal-‘rﬁjaz)z < Z |Ajeajalz| ‘eﬁja2z|
=3 j=3
(3.21) <(ly —2)exp{(1 +¢) B (azz,0)r}.
By (3.4), we obtain

2
+

7 d/

d

d/
d

dl/
d

!
|Age®??| < g Z

+2

.
+ [ |D>_ Bjeh®| +2
j=1

5
+[Arem®| 4 |y Ajelosmthioz)

j=3

U

l2
d
3.22 B;eb®| | =
(3.22) + ;:1: i€ d

Substituting (3.6), (3.7),(3.13), (3.17),(3.18) and (3.21) into (3.22), we have
exp{(1 —¢)d (azz,0)r} < |Age??|
< ,,,2(0171+5) + [lg exp {r'ers} + 2,,,,0’2*14’8] po1—lte + 37,2(0271%5)

+lyexp {r T} 77 4 14 (1 — 2) exp {(1 +¢) 86 (azz,0) 1}

(3.23) < Myr™2 exp {r7 <} exp {(1 +€) B0 (azz,0) 7} .
By0<e< 2(11;% and (3.23), we obtain

1—
(3.24) exp {265 (azz,0) r} < MMz exp {rrte}.

By 0 (a2z,0) > 0 and v + ¢ < 1 we know that (3.24) is a contradiction.

Case 2. Assume that arga; # 7, arga; = argasg, which is 6; # m, 01 = 0. By
Lemma 2.3, for any given ¢

0<s<mm{17, (1—a)las| —Jas| (1= B)laz| — |au] }

2[(1+ @) laa| + |azl] " 2[(1 + B) [az| + [as ]
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there is a ray arg z = 6 such that § € (=%, Z)\(E, U E, U E5 U Eg) and 6 (a1 2,60) >
0. Since 6 = 05, then § (azz,0) > 0.

(i) |az] > l‘ajg For sufficiently large r, we have (3.10),(3.17),(3.20) hold and we
get

(3.25) |A1e®?| < exp{(1+4¢)d(a1z,0)r}.
By (3.10) and (3.20), we obtain

Iy
Z Aje(aja1+5ja2)z

Jj=3

I
S |Ajeaja1z| |eﬁja2z|

Jj=3

(3.26) < (I3 —2)exp{(1 +¢&)ad(arz,0)r}exp{(1 +¢) B (azz,0)r}.
Substituting (3.6), (3.7),(3.13), (3.17),(3.25) and (3.26) into (3.22), we have
exp{(1 —¢)d (azz,0)r} < |Age??|
< PO 1) [y exp {r7HE} 4 e IHe] poimle gy 20— 1ke)
+loexp {rT} r7 71 fexp {(1+€) 0 (ar12,0) r}

+ (1 —2)exp{(l+e)ad(ar1z,0)r}exp{(1+¢)Bd(azz,0)r}
(327) < MirM2exp {1 }exp {(1+¢)0 (a12,0) 7} exp {(1 + ) B (azz,0) 7} .
From (3.27), we obtain
(3.28) exp {mr} < Myr™2 exp {r7te},
where

m=(1—-¢)d(azz,0)— (14+¢)d(a1z,0) — (1 +¢) 86 (azz,0).

Since 0 < € < %,01 = 05 and cos (01 + 6) > 0, then

m=[1-B—ec(l+p8)]6(azz,0)— (1 +¢)d(ar2,0)
=[1-8—-e(1+P)]laz|cos (01 +68)— (1+¢€)]|ai|cos (61 +6)
={[1=8—-e(+B)]laz| = (1 +¢)la|}cos (61 +0)
={(1 = p)laz| = las| — e [(1 + B) |az| + [a1[]} cos (61 + 0)
(1= B) laz| — |ai|

> 5 cos (01 +0) > 0.

By m1 > 0 and v + ¢ < 1 we know that (3.28) is a contradiction.

(ii) |az| < (1 — @) |a1|. For sufficiently large r, we have (3.8), (3.10), (3.20), (3.26)
hold and we obtain

(3.29) |A2e®??| < exp{(1+4¢)d(azz,0)r}.
Substituting (3.6), (3.7),(3.8),(3.13),(3.26) and (3.29) into (3.14), we have
exp{(1 —¢)d(ar1z,0)r} <|Aje™*|
< p2lor—lte) 4 [Zg exp {7”‘"5} + 27”‘72_1"’8] po1—ite 4 gp2(02—1+e)
+loexp {r7T} 7271 fexp {(1 +¢€) 0 (a2, 0) r}
+ (1 —2)exp{(1 +¢)ad (ar1z,0)r}exp {(1 + ) B (azz,0) r}
(3.30) < Myr™2exp {r"*}exp {(1+¢) ad (a12,0) r}exp{(1 +¢) 6 (azz,0) 1} .
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From (3.30), we obtain
(3.31) exp {ner} < MyrMz2 exp {r7+6} ,
where
m=0—-¢e)d(a12,0) — (1+¢)ad(ar12,0) — (1 +¢)0 (azz,0).

%, 61 = 65 and cos (01 + 6) > 0, then we get

n2 ={(1 = a)lai| —[az| — €[(1 + @) [a1| + |az|]} cos (61 + 0)
(1—a)la| — |as|

2
By 172 > 0 and v + £ < 1 we know that (3.31) is a contradiction.

Since 0 < e <

cos (01 4+ 0) > 0.

Case 3. Assume that a; < 0 and arga; # argasg, which is 6; = 7 and 0, # .
By Lemma 2.2, for the above ¢, there is a ray argz = 6 such that 6 € ( z E) \

T 2032
(E1UE4UEsUEg) and § (azz,0) > 0. Because cosf > 0, we have ¢ (a1z,0) =
la1|cos (01 + 0) = —|ai|cosf < 0. Using the same reasoning as in Case 1(b), we

can get a contradiction.

Case 4. Assume that (i) (1 —5)az —b < a3 <0 and az < ﬁ or (i) a < %tb
and ag < 0, which is ; = 63 = 7. By Lemma 2.2, for any given &

(1 —a)la| = az| +b (1—6)|a2|—|a1+b}
2[(1 +a)far| +azl] 7 2[(1 + B) |az| + |ar]] |~

there is a ray argz = 6 such that 6 € (3,2) \ (E1 U Eq U E5 U Eg), then cos6 <
0, 6 (a12,0) = |a1|cos (01 +0) = —|ar|cosf > 0, § (azz,0) = |az|cos (02 +6) =

—|ag| cos > 0.

O<5<min{1—’y,

(i) 1—=PB)az —b < a1 < 0 and az < ﬁ. For sufficiently large r, we get

(3.10),(3.17),(3.20) , (3.25) and (3.26) hold. For 6 € (%, 2%) by (3.5) we have

2 lo l2
ZBjebjz < Z | B; ‘ebfz’ < exp {TWH} Z ’ebﬂ'z|
j=1 j=1 j=1

l2
(332) = exp {T’H-s} Z ebjr cos 6 < l2 exp {T’y+€} ebrcosQ
j=1

because b < b; < 0 and cos@ < 0. Substituting (3.6), (3.7), (3.17), (3.25), (3.26)
and (3.32) into (3.22), we obtain

exp {(1 —¢) 0 (agz,0) r} < |Aye*??|

(3.33)
< MyrM2etm 8 exp {17t exp {(1 +€) § (a12,0) r}exp {(1 +€) B0 (azz,0) 7} .

From (3.33) we have
(3.34) exp {nzr} < MMz exp {r“’“} ,
where

N3 =(1—¢)0(azz,0) — (1 +¢)d(a12,0) — (1 +¢€) Bd (azz,0) — beos .
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Since (1 —8)as —b < a1, ag = —|az| and a; = —|ay], then we get (1 — B) |az| —
la1| +b > 0. We can see that 0 < (1 — ) az| — |a1] + b < (1 = B) |az| — |a1] <
2[(1 4 B)|az| + |a1]]. Therefore

(1= 5) las| = |as| +b

2L+ B)aa] + ] ~

0<

(1—B)|az|—la:1|+b
2[(1+P)az|+ar]]?

n3=[1—B—e(1+3)]6(azz0) — (1+¢)d(arz,0) —beosf
=—[1-8—e(1+p5)]|az|cosd + (1 +¢)|a1|cosf —bcosb
= (—cosO){[1 = B —e (1 + B)]|az| = (1 +¢) |as] + b}
= (=cos0) {(1 = B) |ag| — |ar| + b — e [(1 + §) |az| + |an[]}
-1

> 5 [(1 = B)|az| — |ai| + b] cos® > 0.

By 13 > 0 and v+ ¢ < 1 we know that (3.34) is a contradiction.

ByO0<e< 01 = 0> = 7w and cosf < 0, we obtain

(i) a1 < %ﬁf and ag < 0. For sufficiently large r, we get (3.8), (3.10), (3.20),

(3.26) and (3.29) hold. Substituting (3.6), (3.7), (3.8), (3.26), (3.29) and (3.32)
into (3.14), we obtain

exp{(1 —¢)d(a1z,0)r} <|Aje*?|

(3.35)
< MyrM2el % exp {177} exp {(1 + €) ad (a12,0) 1} exp {(1 + ) § (azz,0) r} .

From (3.35) we have

(3.36) exp {mar} < Myr™2 exp {r7te},
where
ne=(1—-¢)d(a12,0) — (1+¢e)ad (a12,0) — (1 +¢)06 (azz,0) — bcosh.
Since a1 < 9% ay = —|as| and a; = —|a1|, then we get (1 —a)|a| — |aa| +

b > 0. We can see that 0 < (1 —a)lai| — |az| + b < (1 —a)la1] — |az] <
2[(1 4 «) |a1| + |az|]. Therefore

(1 —a)lai| = lag| +b

2L+ o) ar] + Jaa]] ~

0<

(1=a)lai|=]as|+b
2[(1+a)lar[+]az]]

s = (=cosO) {(1 — @) Jar| = |ag| + b = e [(1 + @) [as| + |az|]}

ByO<e< 01, =0 = 7 and cosf < 0, we get

-1
> [(1—a)|a1] — |ag| + b] cosd > 0.

By 14 > 0 and v+ & < 1 we know that (3.36) is a contradiction. Concluding the
above proof, we obtain p (f) = p(g) = +oo.

Second step. We prove that py (f) = 1. By

l2 ll
max < p E Bjebjz ) E Ajeti* =1
i=1 =1



PROPERTIES OF MEROMORPHIC SOLUTIONS 209

and Lemma 2.7, we obtain ps (f) < 1. By Lemma 2.5, we know that there exists a
set E7 C (1,400) with finite logarithmic measure and a constant C' > 0, such that
for all z satisfying |z| =7 ¢ [0,1] U E7, we get

f(j)(z)

I
| SCTer It =12,

(3.37) '

By (1.3), we have

5t

" ’
(3.38) ‘Alealz‘ < f7 + ZBjeij ‘ff + ‘AQGazz‘ + ZAje(aja1+Bja2)z ’
j=1 j=3
" l2 / I
(339) ‘Agear‘)z‘ S f7 + ZBjebjz ’ + ‘Alealz‘ + ZAje(ajal+ﬂja2)z .
j=1 j=3

Case 1. arga; # m and arga; # arg ao. In the first step, we have proved that
there is a ray argz = 6 where § € (=%, %) \ (Ey U E4 U E5 U Eg), satisfying

0 (a12,0) >0, & (az2z,0) <0 or d(a1z,0) <0, J(agz,0) > 0.

(a) When 6 (a12,0) > 0, § (azz,60) < 0, for sufficiently large r, we get (3.8) — (3.12)
hold. Substituting (3.8),(3.9), (3.12), (3.13) and (3.37) into (3.38), we obtain for
all z = re' satisfying |z| =r ¢ [0,1]UE7, 0 € (—%,%) \ (E1 UEyUE5 U Eg)

exp{(1—¢)d(ar1z,0)r} <|Aje™?|

(3.40) < Mexp {r"**}exp{(1+¢)ad (arz,0)r} [T (27“ NP,
where M > 0 is a some constant. From (3.40) and 0 < e < (1+a)7 we get
(3.41) exp { ! ; ) (a12,0) r} < Mexp {r"*e} [T (2r, NP

Since ¢ (a12,6) > 0 and v + ¢ < 1, then by using Lemma 2.6 and (3.41), we obtain
p2 (f) > 1. Hence po (f) = 1.

(b) When 6 (a12,0) < 0, 0 (azz,0) > 0, for sufficiently large r, we get (3.17) —(3.21)
hold. By using the same reasoning as above, we can get ps (f) = 1.

Case 2. arga; # 7, arga; = arg as. In the first step, we have proved that there is
aray argz = 6 where 6 € (—=%,%) \ (E1 U E, U E5 U Ey), satisfying 6 (a12,6) > 0
and 0 (azz,6) > 0.

202

(i) |az| > 1‘“_% For sufficiently large r, we have (3.10), (3.17), (3.20), (3.25) and

(3.26) hold. Substituting (3.13), (3.17), (3.25), (3.26) and (3.37) into (3.39), we ob-
tain for all z = re’ satisfying |2| = r ¢ [0,1]UE7, 0 € (=5, %)\(E1 U E4 U E5 U Ey)

exp {(1 —¢) 0 (agz,0)r} < |Aze*??|
(3.42)
< M exp {7’7+5} exp{(1+¢)d(arz,0)r}exp{(1l+¢) B (azz,8)r} [T (2r, f)]3 .
From (3.42), we obtain

(3.43) exp {mr} < Mexp {7"7“} (2r, f)]3 ,
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where

m=(1—¢)d(azz,0)—(1+¢)d(a12,0) — (1 +¢)Bd (azz,0).
Since 71 > 0 and v+ ¢ < 1, then by using Lemma 2.6 and (3.43), we obtain
p2 (f) > 1. Hence po (f) = 1.

(ii) |az| < (1 — @) |a1]. For sufficiently large r, we have (3.8), (3.10), (3.20), (3.26)
and (3.29) hold. By using the same reasoning as above, we can get po (f) = 1.

Case 3. a; < 0 and arga; # argas. In the first step, we have proved that there is
aray argz = 6 where 0 € (=2, %)\ (E; UE, U E5s U Eg), satisfying 6 (azz,0) > 0
and 0 (a1z,0) < 0. Using the same reasoning as in the second step ( Case 1 (b)),
we can get ps (f) = 1.

Case 4. (i) (1—B)az—b < a1 <0 and ay < ﬁ or (i) a1 < 2% and ay < 0.
In the first step, we have proved that there is a ray argz = 6 where 6 € (E 3—“) \

27 2
(E1 U E, U E5 U Eg), satistying 0 (a22,60) > 0 and 6 (a12,60) > 0.

(i) 1—=p)ag—b<a; <0anday < ﬁ. For sufficiently large r, we get (3.10),
(3.17), (3.20), (3.25) and (3.26) hold. Substituting (3.17), (3.25), (3.26), (3.32)
and (3.37) into (3.39), we obtain for all z = re? satisfying |z| = r ¢ [0,1] U Er,
0 (%,28)\ (E1UEyUEs U Eg)

27 2
exp {(1 —€)0 (azz,0)r} < |Aze|
< Mebreostd exp {T’H’E} exp {(1 + E) 1) (CL12’, 9) T}

(3.44) x exp {(1 4 ¢) B8 (azz,0) v} [T (2r, )]*.
From (3.44) we obtain

(3.45) exp {nar} < Mexp {r" "=} [T'(2r, f)]°,
where

n3=(1—¢)d(azz,0) — (1+¢)d(a12,0) — (1 +¢) Bd (azz,0) — beosh.

Since 93 > 0 and v + & < 1, then by using Lemma 2.6 and (3.45), we obtain
p2 (f) > 1. Hence p2 (f) = 1.

(ii) a1 < 92t and a; < 0. For sufficiently large r, we get (3.8), (3.10), (3.20),
(3.26) and (3.29) hold. By using the same reasoning as above, we can get ps (f) = 1.
Concluding the above proof, we obtain that every meromorphic solution f (% 0)
whose poles are of uniformly bounded multiplicities of (1.3) satisfies p (f) = co and

p2 (f) = 1. The proof of Theorem 1.1 is complete.
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