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Abstract. We introduce three sequences of different prime bi-ideals of semirings such that 11(12,13)-prime bi-ideal,
21(22)-prime bi-ideal and 31(32,33)-prime bi-ideal using bi-ideals. In this article, we characterize the different prime
bi-ideals. We discuss that the 11-prime bi-ideal implies the 12-prime bi-ideal implies the 13-prime bi-ideal, but the
reverse implication does not hold with the help of numerical examples. We investigate if a 21-prime bi-ideal implies
a 22-prime bi-ideal, but the converse need not be true with the help of numerical examples. If O is any bi-ideal of a
semiring S, then K(D) = {x € © | x + y = z for some y,z € O} is the unique largest k-bi-ideal contained in ©. If @ is a
21-prime bi-ideal of S, then @ is a one-sided ideal of S. It is shown that there is a relation between © and K(©), in which
O is a 13-prime bi-ideal. In our communication, 11-prime bi-ideal implies 21-prime bi-ideal. An interaction between a
31-prime bi-ideal implies a 32-prime bi-ideal, and a 32-prime bi-ideal implies a 33-prime bi-ideal; however, the reverse
implication is invalid by some examples. Every 13-prime bi-ideal is a 22-prime bi-ideal, but the converse need not be

true with the help of examples.

1. INTRODUCTION

The concept of semirings was introduced by Vandiver, an American mathematician, in 1934,
while a German mathematician, Richard Dedekind, proposed non-trivial examples of semirings
in the 19th century when he studied commutative IDs for rings. In addition to their applications
in the foundations of arithmetic and topological considerations, semirings occur as ideals of rings
and as positive cones of partially ordered rings. It primarily derives from applied mathematics,

including optimization and formal language theories. In the 20th century, non-commutative

Received: May 22, 2024.

2020 Mathematics Subject Classification. 16Y60.

Key words and phrases. semiring; prime bi-ideal; 11(12,13)-prime bi-ideal; 21(22)-prime bi-ideal; 31(32,33)-prime
bi-ideal.

https://doi.org/10.28924/2291-8639-22-2024-112 © 2024 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-22-2024-112

2 Int. . Anal. Appl. (2024), 22:112

rings became systematically studied. A matrix is also a non-commutative entity that occurs
naturally. A fundamental contribution to the science of non-commutative rings was made by
Scottish mathematician Wedderburn with Wedderburn’s Theorem, which states that every finite
division ring is commutative. During the 18th century, commutative and non-commutative ring
theories were intertwined and impacted each other. Non-commutative rings provide a natural
extension of the study of prime radicals and primary ideals for commutative rings. The IDs of
rings and semirings have been studied in many studies. Associative rings are the conceptual
basis of algebraic number theory by Dedekind. In general, semigroups are generalizations of
rings and groups. In semigroup theory, certain band decompositions are useful for studying
semigroup structure. This research will open up a new field in mathematics, which aims to
use semigroups of bi-ideal semirings with additively reduced semilattices. The many different
ideals associated with I'-semigroups and I'-semiring have been described by several authors and
researchers. Partially ordered relation “ < ” satisfies the conditions of reflexivity, antisymmetry,
and transitivity. There are different classes of semigroup and I'-semigroup based on bi-ideals
described by many researchers. An ordered semigroup is a generalization of a semigroup with a
partially ordered relation constructed on a semigroup so that the relation fits with the operation.
An algebraic structure such as the ordered I'-semigroup has been studied by several authors [4-6].
Munir [11] introduced new ideals in the form of M-bi-ideals over semigroups in 2018.

Lajos studied using quasi-ideal (QI) and generalized bi-ideal (BI) with regular and intra-regular
semigroups. Describe different classes of semigroups using ideals [7]. Associative rings are, in
some ways, arbitrary but specified in terms of Bls. A quasi-ideal (QI) is an extension of the left
ideal (LI) and right ideal (RI), which are examples of Bls. Steinfeld introduced QIs when he
introduced semigroups and rings. Alarcon [1] semirings are useful for explaining prime ideals
(PID). Commutative rings have been extensively studied using the PID concept. Palanikumar
et al. [13], distinct prime partial Bls exist in non-commutative partial rings. Numerous studies
have described various forms of IDs in algebraic structures like semirings and rings. There is no
commutative requirement for semirings under either operation in an ID concept. Several authors
have studied semigroups, semirings, and rings. Palanikumar et al. [12] interacted with a new
type of basis for an ordered I'-semigroup. Recently, Palanikumar et al. [8-10, 16-18] discussed
some algebraic structures such as semirings and ring semigroups. The k-ideals are a class of ideals
introduced by Henriksen in [3]. Sen et al. [19,20] discussed various characterizations of k-ideals
of semirings. Bhuniya et al. [2] introduced the concept of k-bi-ideals in a semiring. The k-bi-ideals
on semirings were defined by Bhuniya et al. in 2011 to describe k-regular and intra-k-regular
semirings. Emmy Noether was the first to introduce the concept of a prime ideal in a commutative
ring. Computer science, automata, optimization, and generalized fuzzy computation extensively
use semirings. Palanikumar et al. addressed semigroups, semirings, rings, and ternary semirings

in their recent work [14-17].
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Throughout the paper, six sections are presented. An introduction is found in Section 1. Section
2 describes semirings, relevant definitions, and results. Section 3 discusses the 11(12,13)-prime
bi-ideal, providing some examples. The 21(22)-prime bi-ideals are discussed in Section 4. The
31(32,33)-prime bi-ideals are discussed in Section 5 with numerical examples. A discussion of the

conclusion can be found in Section 6.

2. PRELIMINARIES

An overview of semirings and their basic concepts is provided in this study, which will be useful

for future studies.

Definition 2.1. A nonempty set S is said to be a semiring if

(i) (S, +) is a commutative monoid,

(ii) (S, -) is a semigroup,

(iii)) e(y + C) = ey +eCand (e +y)L =eC+yCforalle,y,Ce S.

Definition 2.2. [19] An additive subgroup A of a ring R is called an LI(RI) if ri € A(ir € A) foralli € A
andr € R. Aisan ID if it is an RI and an LI.

Definition 2.3. (i) The subset A is a QI if A is a subring of a ring R and SANAS C A.
(ii) The subset A is a Bl if A is a subring of a ring R and AAA C A.

Definition 2.4. [19] A BI A in a semiring S is called a k-Bl if fori € Aand k € S, i+ k € Aimply k € A.

Definition 2.5. For a subset A of a semiring S, k-closure of A is denoted by A and is defined as A = {i €
S|i+j€Aforsome je A}

n
Definition 2.6. Forany subsets A and ] of a semiring S, the product of A and ] is defined as A] = { Y, Eivil
i=1
€ €N vie]andn e]N}.
Definition 2.7. An ID © of aring Ris a PID if AZ C ® implies A C © or Z C © for IDs A and Z of R.

Lemma 2.1. For any nonempty subset A of a semiring S and a € A,
<a>,={na+aS|n e Z"}isan RI generated by a,
<a>={na+ Sa|neZ"}isan LI generated by a,
<a>={na+Sa+aS+ SaS|n e Z"}isan ID generated by a,
<a>;={na|neZ"}+ (aSN Sa) is a QI generated by a,
<a>,={na+ma*+aSa|n,meZ"}isaBI generated by a.

Lemma 2.2. [9] For any subsets A and A" of a semiring S which are closed under addition,
MA+AN CA+NCA+N CA+A,

() A+A CA+A CA+A CA+A,

(iii) AN C AN CA N CAN,

(iv) AN CAN CAN CAN.
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Definition 2.8. [1]Let2 <n < Nand 0 <i <nand m = n—i. Let B(n,i){0,1,2,...,n — 1} be the

semiring with the operations defined as follows:

e+y ife+y<n-1
€ FBni) V= . . ‘
! ife+y>n withl=(e+y)modmandi<l<n-1

_|ey ifey<n-1

€ ‘Bni) ¥V =
() I ifey>nwithl =eymodmandi<l<n-1.

3. ON various 1-PBIs
It is assumed that S denotes a semiring throughout this paper unless otherwise stated.

Definition 3.1. A BI ©® in S is called

(i) an 11-PBI if O10, € O implies 91 € © or D2 € O for Bls D1 and O of S,

(ii) a 12-PBl if ©102 € © implies O1 € ® or O € O for a Bl O1 and a k-Bl O of S,
(iii) a 13-PBIl if ©10, C © implies O1 € © or O3 C O for k-Bls D1 and O; of S.

Theorem 3.1. Every 11-PBl is a 12-PBI.
Proof. It is a direct result of a k-BI being a BI. m]
Remark 3.1. Some 12-PBIs fail to be an 11-PBI as shown in Example 3.1.

Example 3.1. Consider the semiring (S, +, ) by the following table:

+ | Ca|Cb|Ce|Cd|GCe|Cy “ | Ga | Cb | Gc|Cd|Ge|CF
Ga | Ca | Gb | Gc | Cd|Ge|Gf Ga | Ca | Ga|Ga|GCa|GCal|Ca
b | Gb | Cb | Gc | Gd | Ge | Cf Cb | Sa | Cb | Ge|Cb |G| Ce
Ce |G| Ge|Ge|Gf|Gel|cy Ce | Ca|Ch|Ce|Ch|Ce|cc
Cd | Sd | Cd | Gf | Gd | Ge|Cf Gd | Ga | Gd | Ge | Gd | Ge | Ge
Ge | Ge | Ge | Ge | Ge | Ge | Ge Ge | Ga | Cd | Ce | Gd | Ge | Ge
CFICSF|SF|Gf|GFf|Ce|CF Cf|Ca|Cd|Ce|GCd|Cel|Ce

Clearly, © = {c,, ¢} isa 12-PBI of S. But {c4, cal{ca, cc} = {ca, ce} © © implies that © is not an 11-PBI
of S.

Theorem 3.2. Every 12-PBI is a 13-PBI.
Proof. It is a direct result of a k-BI being a BI. m]
Remark 3.2. Example 3.2 assures that 13-PBI is not a 12-PBI.

Example 3.2. Consider the semiring (S, +, ) by the following table:
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+ | Ca | Ch | Ce|Cd|GCe|CF|Cg|l = |CGa|Sh|Ce|Cd|GCel|Cr|Cg
Ga | Ca | Gbh | Gc | Cd|GCe|Gf|GCg||CGa|Ca|Ca|GCa|GCa|GCa|GCal|Ca
Cb | Cb | Cb | Gc | Gd | Ge |Cf|GCg || Sb|Ca|Chb|Ge|Ch|GCe|Ce|Ce
Ge | Sc | Gc | Ge |Gf|Ce|Gf|Gg ||l Sc|Ga|GCb|Gec|Gb|Ge|Ce| G
Cd | Cd | Gd |Sf|Sd|Ce|Cf|Ce || Cd|Ca|Cd|Ce|GCd|Cel|Ce|Ce
Ge | Ge | Ge | Ce | Ge |Ge | Ce | Ge || Ge | Ga | Cd | Ge | Gd | Ge | Se | Ge
CFICF|SfF|GCF|CSF|Ce|Cf|CSe||Cf|Ca|Cd|Ge|Cd|GCel|Gel|Ce
Cg | Cg|Cg|Cg|Ge|Cel|GCe|Cg|[Cg|CalCh|GCe|Cdl|Cel|Crl|Cy

Clearly, © = {c,, ¢4} isa 13-PBI of S. But © is not a 12-PBI of S by {cq, ceHca, cp} = {Ca, cal € O.

Theorem 3.3. If O isany Bl of S, then K(D) = {x € O | x + y = z for some y, z € O} is the unique largest
k-BI contained in O.

Proof. Let (1,(p € K(9). Then (1 + &1 = w1 and { + & = w; for some &1, &, w1, wp € O. Now,
G+&+ 8+ & =wi +wy implies (G + &) + (&1 4 &2) = w1 + wp. Thus, § + & € K(O). Also,
(C1 + &) (G + &) = wiw; implies GG + Gi1ép + E1C + 182 = wiws. Since G, (, &1, & € O, we
have (1&,8100,&1& € D and y = (1& + &8 + &1&2 € O. Therefore, (10 + Y = wiwz. Thus,
(18 € K(D). Hence, K(O) is a subsemiring of S. Leta,d € K(9) ands € S. Thena+b = ¢ and
d+e= fforsomeb,ce f €. Now, (a+b)s(d+e) = csf implies asd + (ase + bsd + bse) = csf.
Thus, asd € O for alla,d € © and s € S. Therefore, K(©) isa Bl of S. Leta € K(9), x € S and
x+a€K(D). Thena € K(O©) CO and x+4a € K(9) € O. Hence, x € K(D). Therefore, K(D) is a
k-BI of S. Suppose that Dy is any other k-BI of S which contained in O. Let v; € D1 = D1. Then
vi+b =0b" for someb,b’ € O and hence v; € K(D). Thus, D; C K(D). Hence, K(D) is the
unique largest k-BI contained in o. m|

Lemma 3.1. If O is a 13-PBI, then K(O) is a 13-PBI.

Proof. Let © be a 13-PBI of S. Suppose that ©10, € K(D) for k-Bls ©; and O, of S. Therefore,
01072 € K(D) € O implies 91 € O or Dy € ©O. Thus, ©1 € K(D) or O, € K(9). Hence, K(D) is a
13-PBI of S. O

Theorem 3.4. If © is a 13-PBI, then K(9) is an 11-PBI.

D102 C (91)(D2) € D102 € K(D) = K(D) implies D1 € K(D) or D2 € K(D). Hence, K(D)
isan 11-PBI of S. O

Proof. Let © be a 13-PBI of S. Suppose that 010, € K(9) for Bls ©1 and 0, of S. Now,

Remark 3.3. A 13-PBI O is not sufficient for K(9) to be 11-PBL

Example 3.3. By Example 3.1, for © = {c,, ¢p}, K(©) = {c,} is an 11-PBI of S. But O is not a 13-PBI of
S by {ca, cps ccHea, co, cal € O, but {ca, p, et & O and {ca, cp, cal € O.
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4. ON various 2-PBIs

The two types of 2-PBIs, namely 21-PBI and 22-PBI, are introduced.

Definition 4.1. A BI ©® in S is called
(i) a 21-PBl if aSb C © impliesa € @ or b € O fora,b € S,
(ii) a 22-PBI zf@ COimpliesac ®orbe® fora,beS.

Remark 4.1. Example 4.1 guarantees that a 13-PBI differs from a 21-PBI.
Example4.1. (i) © = {c,, ¢.}isa 13-PBlas in Example 3.2. But ® isnot a 21-PBI by ¢,Sc, = {ca, ¢} € O.

b
(ii) Consider the semiring S = {[a d]
c

O = {(O OJ } is a 21-PBI of S.
00
1 1
Now, {[0 0] , (O ] }{ [0 O] ,( 0] } C O, hence © is not a 13-PBI of S.
0 0Jl0 O 0 0oJl0o O

Theorem 4.1. Every 11-PBI is a 21-PBI.

a,b,c,d € B(2, 1)}, where B(2,1) is defined as in [1]. Clearly,

Proof. LetaSbh C ® fora,b € S. Now, (aS)(Sb) € aSb C © implies aS C © or Sa C ©. Suppose that
aS C ©. Then < a >,< b >,C aS C O implies a € ©. Similarly, Sb C © implies b € ®. Therefore, ©
is a 21-PBI of S. m|

Remark 4.2. Example 4.2 shows that there is a 21-PBI, which is not an 11-PBI.

. 0 0) (1 0} (0 1) (1 1)7.
Example 4.2. By Example 4.1 (ii), @ = , , , is a 21-PBI of S. Now,
0 0){0 0)\0 0)10 O

{(O 0],[0 0)}{(0 0),[0 0)}Q®,hence®isnotan11—PBIofS.
0 0J{1 O 0 0)Jlo 1

Theorem 4.2. Every 21-PBI is a 22-PBI.

Proof. Let aSbh C @ for a,beS. Now, aSb C aShb C © impliesa € ©® or b C ®. Therefore, O is a
22-PBI of S. O

Remark 4.3. A 22-PBl is not a 21-PBI by Example 4.3.

Example 4.3. In Example 3.1, ® = {c,, ¢4} isa 22-PBI of S, but not a 21-PBI of S by c.Scp, = {ca, ¢4} € O
with ¢, ¢ © and ¢;, ¢ O.

Theorem 4.3. Every 13-PBI is a 22-PBI.

Proof. 1f there exists aSh C ©, buta ¢ @ and b ¢ ©, then aSa ¢ © and bSh ¢ ©. Now, (aSa) (bSh) C
aSSSSh C aSh implies (aSa)(bSb) C aSb C ©, contradicts aSa ¢ © and bSh ¢ ©. Hence, © is a
22-PBI of S. O
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Remark 4.4. Disprove the converse of Theorem 4.3 by Example 4.4.

0 0)(1 1
, is a 22-PBI of S.
0 0J\1 1

0 0)(1 O 0 0) (0 O .
Now, , , C O, hence © is not a 13-PBI of S.
0 0Jl0 O 0 0)11 0

Theorem 4.4. For a BI ©, the following statements are equivalent:

(i) ® is a 21-PBI,

(ii) Q1Q2 C O implies Q1 SO or Q2 C O,

(iii)) QL C © implies Q C @ or L C O,

(iv) RQ C O implies RC O or Q C O,

(v) RL € © implies R € ® or L € O, where Q, Qq, and Qy are Qls, Ris an R, and L is an LL

Example 4.4. By Example 4.1 (ii), ©® = { (

Proof. To prove the equivalence, we are going to prove that

(i) = (i) = (iii)) = (v) = (i) and (iil) = (iv) = (v).

(i) = (ii): LetaSb C © for a,b € S. If there exist QIs Q1 and Q, of S such that Q1Q, € ©, but
Q1 £ 0O, thena e Q\O. Forany b € Qz,aSb C< a >;< b >,C Q1Q2 C O implies b € ©. Thus,
Q2 CO.

(ii) = (iii), (iii) = (v), (i) = (iv) and (iv) = (v) are straightforward.

(v) = (i): Suppose that aSb C O for a,b € S. Now, (a8S)(Sb) € aSb C © implies aS C ® or
SbCO. IfuS C O, then

<a><b> = [(nalneZ"}+aS|[{mb|me Z*}+ Sb]

namb + naSb + aSmb + aSSb
(Wab|n € Z*t)+aSh
C aSCO.

N

Thus,a € © or b € ©. Similarly, if Sb C O, then <a >,< b >C S C O. Thus,ac @ orb € O. O

Definition 4.2. (i) An RI ® in S is called a PRI if RiRy € © implies Ry € ® or Ry € O for RIs Ry and
R2 inS.
(ii) An LI © in S is called a PLI if 1L, € © implies L1 C ® or L, C © for LIs Ly and Ly in S.

Lemma 4.1. If ® is a 21-PBI, then © is a one-sided ID.

Proof. Let © be a 21-PBI of S. Then (0S)(S®) € ©SO C O. Thus, ©S C O or SO C ©. Hence, ©®
is a one-sided ID of S. m]

Theorem 4.5. If © is a 21-PBI, then © is a prime one-sided 1D.

Proof. By Lemma 4.1, we have @ is a one-sided ID of S. Suppose @ is an RI of S. If there exist Rls
R; and R; of S such that R1R, € ©, but Ry € © thena € R; \ ®. For any b € R; and by Theorem 4.4,
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we get

<a><b> C Ry[mb+ Sb
RiRz + R1SR;
RiR;

C)

N 1N

N

implies b € ®. Thus, R, € ©. Therefore, © is a PRI of S. Similarly, if ® is an LI of S, then © is a
PLI of S. O

Remark 4.5. (i) Theorem 4.5 and Example 4.5 contrast a 12-PBI from a 21-PBI of S.
(ii) There is a 22-PBI which differs from a 21-PBI of S.

Example 4.5. Example 3.1, {c,, c.} is a 12-PBI of S, but neither an RI nor an LI of S.
In Example 3.2, {cq, ¢p} is a 22-PBI of S, but neither an RI nor an LI of S.

5. On various 3-PBls

In this section, we introduce 31(32,33)-prime bi-ideals of semirings.

Definition 5.1. A BI ©® in S is called

(i) a 31-PBI if A1Ap € © implies A1 € O or Ay C O for IDs Ay and Ay in S,

(ii) a 32-PBI if A1y C © implies A1 € © or Ay C O foran ID Ay and a k-ID Ay in S,
(iii) a 33-PBI if A1A2 C © implies A1 € ® or Ay C O for k-IDs Ay and Ay in S.

Theorem 5.1. Every 21-PBI is a 31-PBI.

Proof. If there exist IDs A1 and A, of S such that AjA; € ©,but A; € ©. Thena € A;\ ®. For any
b€ Ay aSb C<a><b>C AjAp C O implies b € ©. Thus, A, C O. Therefore, © is a 31-PBI of
S. O

Remark 5.1. Disprove the converse of Theorem 5.1 by Example 5.1.

Example 5.1. In Example 3.1, ® = {c1,¢c2} is a 31-PBl of S. But © is not a 21-PBI of S by ¢3S8¢c4 =
{c1,c2} CO.

Theorem 5.2. Every 31-PBI is a 32-PBI.

Proof. Let I be a 31-PBI of S. Suppose that A1A, C I for an ID A; and a k-ID A, of S. Now,
AN\, C A1X2 C Iimplies A; CIor Ay CI. Hence, I is a 32-PBI of S. O

Remark 5.2. A 32-PBI fails to be a 31-PBI by Example 5.2.

Example 5.2. Consider the semiring (S, +, ) by the following table:
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+ | Ca|Cb|GCe|Cd|Ce|SF|Cg|l ~ |Sa|Ch|GCe|Cd|GCel|Cf|Cy
Ga | Ca | Gb | G |Cd|GCe |Cf|Cg||Ca|Ca|Ca|Ca|Ca|Cal|CalCa
Cbh | Cb | Ce | Cf | Gg | Ce |Sf|Cg||Sb|Ca|Ca|Ca|Ca|Cal|Cal|Ca
Ce | Ge | Gf|Gg |Gy |GF|Gg |Gyl Ge|Cal|CShl|Ce|Gal|Gel|Gr]cs
Gd | Gd | Cg | GCg|Gg|Gg|Cg|Cgl|lCa|CalCe|GCg|GCs|Ce|Cs|Cs
Ge | Ge | Ge | Gf | Gg | Ge |Gf |Cg || Se|Sa|Ga|Ca|Ca|Ca|GCa|GCa
Crlcrlcrlcs|cs|Cr|cs|Csl|lCrlcCalch|Ce|CalCel|Cr]|Cs
Co|Ce|Ce|GCelCe|Ce|Ce|CellCe|GCalGelCeg|GqlGelCge]|Cy
Clearly, © = {c4, Cp, Ce, Ct g} is a 32-PBI of S, but not a 31-PBI of S by

{Car Sbs Car Cer GeHCar Car Ger Ggt = {Cas Ges Ggt € @ with {Ca, Cp, Ca, Ge, Got € O and
{CasCdsCescgt L O.

Theorem 5.3. Every 32-PBI is a 33-PBI.
Proof. It is a direct result of a k-BI being a BI. m]
Remark 5.3. A 33-PBI fails to be a 32-PBI by Example 5.3.

Example 5.3. Consider the semiring (S, +, ) by the following table:

+ | Ca|Ch|Cc|Cd|Ce|Cf|Cg|l ~ |Ca|Cb|Cc|Cd|GCel|Cf]|Cg
Ga | Ga |Gb |Gc |Cd|Ge |Cf|Cg || Sa|Ga|GCa|Ca|GCa|Ca|Ca]|Ca
Sb | Ch | Gb | Cd | Gd | Cg | Cg |Sg || Sb|Ca|Cbh|GCa|GCb|Cal|Ch|GCh
Ge | Cc | Gd | Ge |Gg | Ge |Sf|GCg||Sc|Ga|Ga|Ge|Ge|Cel|Cel|GCe
Cd | Cd | Cd|Cg|Cg|Cg|Cg|Cg|lCd|CalCh|Cc|Cdl|Cel|Cqg|Cyg
Ce | Ge | Gg | Ce |Gg | Ge | CF | Cg || Ge|Ca|Cal|GCel|Cel|Gel|Gel|Ge
CrlCf|Cg|Cf|Cg|Cf|Cg|Cg|lCf|Cal|Ch|Cel|Cg|Cel|Cf]|Cg
Cg|Cg|Cg|Cg|Cg|Cg|Cg|Cg|lCg|Ca|Ch|Cel|Cg|Cel|Cgl|Cs

Clearly, ® = {Ca, Cb, e, Cg} is a 33-PBI of S. Now, {ca, Cb, e, G £, CgHCas Ges Gel = {CasCe} € O,
but {Ca, Cb, GesGfrCgt € O and {Cq, e, Get € ©. Hence, © is not a 32-PBI of S.

Remark 5.4. Example 5.4 guarantees that a 22-PBI differs from a 31-PBI.

Example 5.4. By Example 5.2, © = {c4,Cp,Ce, Gt Ggl is a 22-PBI of S, but not a 31-PBI of S by
{Car Sbs Car Cer GeHCar Car Ger Ggt = {CasGes Ggt © O with {Ca, Cb, Gy Ges gt € © and {Cq,Ca, e, Cot € ©. By

1
Example 4.1 (ii), ©® = {[0 0), [O (1))} is a 31-PBI of S, but not a 22-PBI of S by (0 O]S(O ) =

0 0)\0 10 01

{0 ko SNoma{fs ) Npeown(s tJeomf; J)ee

Theorem 5.4. For a BI ©, then following statements are equivalent:
(i) © is a 31-PBI,
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(ii) IR C © implies C® or R C O,
(iii)LI € © implies L € ® or I € ©, where R is an RI, L is an LI, and I is an ID.

Proof. (i) == (ii): If there exist an ID I and an RI R of S such that IR € ©, but R ¢ ©, then
beR\O. Foranya eI, <a><b>CI[R+8b+ SbS] C IR C O impliesa € ©. Thus, I C ©.
Therefore, (ii) holds.

(ii) == (iii): If there exist an LI L and an ID I of S such that LI C ©, butL ¢ ©, thena € L\ ©.
Foranybel, <a><b>C [L+aS+ SaS]I C LI C © implies b € ®. Thus, I € ©. Therefore, (iii)
holds.

(iii) = (i): If there exist IDs Aj and A; of S such that AjA; € O, but A; € O, thena € A1\ O.
Forany b € Ay, <a ><b>C A1/A; C O implies b € ©. Thus, Ay C ©. Therefore, ® is a 31-PBI of
S. ]

Remark 5.5. A 31-PBI is neither an RI nor an LI

00

Example 5.5. By Example 4.1 (ii), ©® = {(O 0

00
J, (1 1] } is a 31-PBI of S, but neither an RI nor an LI
of S.

Definition 5.2. For any BI © of S, we define L(D) = {x € O | Sx CO}and HO) ={y € L(D) | yS C
L(D)}. Then H(D) is the unique largest two-sided ID of S contained in O.

Theorem 5.5. A Bl © is a 31-PBI of S if and only if H(O) is a PID of S.

Proof. Let a BI © be a 31-PBI of S. Suppose that AjAy C H(D) for IDs A; and A, and a 31-PBI ©
of S. Thus, A1A; € H(D) € O implies A; € O or Ay € O. Therefore, Ay € H(D) or A, € H(O).
Hence, H(9) is a PID of S.

Conversely, let H(9) be a PID of S. Suppose that AjA; € O for IDs A1 and A; of S. Then
A1y CH(O) implies A1 CH(9) €O or A, CH(D) € 0. Hence, O is a 31-PBI of S. o

6. CONCLUSION

Many different PBIs of semirings are introduced in this paper. We introduced three sequences
of different PBIs based on different Bls. These sequences include 11(12,13)-PBIs, 21(22)-PBlIs,
and 31(32,33)-PBIs. For example, an 11-PBI implied a 12-PBI implied a 13-PBI, but the reverse
implication did not hold. A numerical example does not support the opposite implication that
a 21-PBI implies a 22-PBI. Future research will focus on b-semirings, ternary semirings, and
hyper semirings based on Bls, QIs and bi-quasi ideals. Future research will focus on b-semirings,
ternary semirings and hyper semirings using various prime ideals and tri-ideals. We will develop
semirings to b-semirings using various prime ideals and prime bi-ideals.

Acknowledgment: This research was supported by the University of Phayao and the Thailand

Science Research and Innovation Fund (Fundamental Fund 2024).



Int. ]. Anal. Appl. (2024), 22:112 11

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.

REFERENCES

[1] EE. Alarcén, D. Polkowska, Fully Prime Semirings, Kyungpook Math. J. 40 (2000), 239-245.
[2] AK.Bhuniya, K. Jana, Bi-Ideals in k-Regular and Intra k-Regular Semirings, Discuss. Math. Gen. Algebra Appl. 31
(2011), 5-25.
[3] M. Henriksen, Ideals in Semirings With Commutative Addition, Notices Amer. Math. Soc. 6 (1958), 321.
[4] A.Iampan, Characterizing Ordered Quasi-Ideals of Ordered I'-Semigroups, Kragujevac J. Math. 35 (2011), 13-23.
[5] A. Iampan, Characterizing Ordered Bi-Ideals in Ordered I'-Semigroups, Iran. J. Math. Sci. Inf. 4 (2009), 17-25.
https://doi.org/10.7508/ijmsi.2009.01.002.
[6] A.Ilampan, M. Siripitukdet, On Minimal and Maximal Ordered Left Ideals in PO-I'-Semigroups, Thai J. Math. 2
(2004), 275-282.
[7] Y. Kemprasit, Quasi-Ideals and Bi-Ideals in Semigroups and Rings, In: Proceedings of the International Conference
on Algebra and Its Applications, Bangkok, Thailand, pp. 30-46, 2002.
[8] G. Mohanraj, M. Palanikumar, Characterization of Various k-Regular in b-Semirings, AIP Conf. Proc. 2112 (2019),
020021. https://doi.org/10.1063/1.5112206.
[9] G. Mohanraj, M. Palanikumar, On Prime k-Ideals in Semirings, Nonlinear Stud. 27 (2021), 769-774.
[10] G. Mohanraj, M. Palanikumar, On Various Prime and Semiprime Bi-Ideals of Rings, Nonlinear Stud. 27 (2021),
811-815.
[11] M. Munir, On M-Bi-Ideals in Semigroups, Bull. Int. Math. Virtual Inst. 8 (2018), 461-467.
[12] M. Palanikumar, C. Jana, O. Al-Shangqiti, M. Pal, A Novel Method for Generating the M-Tri-Basis of an Ordered
I'-Semigroup, Mathematics 11 (2023), 893. https://doi.org/10.3390/math11040893.
[13] M. Palanikumar, O. Al-Shanqiti, C. Jana, M. Pal, Novelty for Different Prime Partial Bi-Ideals in Non-Commutative
Partial Rings and Its Extension, Mathematics 11 (2023), 1309. https://doi.org/10.3390/math11061309.
[14] M. Palanikumar, K. Arulmozhi, On Various Almost Ideals of Semirings, Ann. Commun. Math. 4 (2021), 17-25.
[15] M. Palanikumar, K. Arulmozhi, On Various Tri-Ideals in Ternary Semirings, Bull. Int. Math. Virtual Inst. 11 (2021),
79-90.
[16] M. Palanikumar, K. Arulmozhi, C. Jana, M. Pal, K.P. Shum, New Approach Towards Different Bi-Base of Ordered
b-Semiring, Asian-European J. Math. 16 (2022), 2350019. https://doi.org/10.1142/s1793557123500195.
[17] M. Palanikumar, A. lampan, L.J. Manavalan, M-Bi-Base Generator of Ordered I'-Semigroups, ICIC Express Lett.
Part B Appl. 13 (2022), 795-802. https://doi.org/10.24507/icicelb.13.08.795.
[18] M. Palanikumar, G. Mohanraj, On Various Quasi-Ideals in b-Semirings, Malaya J. Math. 8 (2020), 20-27. https:
//doi.org/10.26637/MJM0801/0004.
[19] M.K. Sen, M.R. Adhikari, On k-Ideals of Semirings, Int. J]. Math. Math. Sciences 15 (1992), 347-350. https://doi.org/
10.1155/s0161171292000437.
[20] M.K. Sen, M.R. Adhikari, On Maximal k-Ideals of Semirings, Proc. Amer. Math. Soc. 118 (1993), 699-702. https:
//doi.org/10.2307/2160106.


https://doi.org/10.7508/ijmsi.2009.01.002
https://doi.org/10.1063/1.5112206
https://doi.org/10.3390/math11040893
https://doi.org/10.3390/math11061309
https://doi.org/10.1142/s1793557123500195
https://doi.org/10.24507/icicelb.13.08.795
https://doi.org/10.26637/MJM0801/0004
https://doi.org/10.26637/MJM0801/0004
https://doi.org/10.1155/s0161171292000437
https://doi.org/10.1155/s0161171292000437
https://doi.org/10.2307/2160106
https://doi.org/10.2307/2160106

	1. Introduction
	2. Preliminaries
	3. On various 1-PBIs
	4. On various 2-PBIs
	5. On various 3-PBIs
	6. Conclusion
	 Conflicts of Interest:

	References

