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Abstract. In the present paper I have explored the properties of complete and horizontal lifts of an almost product

structure. Its partial integrability and integrability conditions on the tangent bundle are part of this study. Along with

different theorems on the lifts the prolongation of an almost product structure on the third tangent bundle T3M has

been explored.

1. Introduction

Let TM be the tangent bundle of a manifold M. To investigate the properties of geometrical

structures such as integrability, curvature, lie derivative etc. tangent bundle is used. Yano and

Ishihara [22] introduced and studied tangent bundles on almost complex structures. Khan et.

al. [3] have researched lifts of an almost product structure over an almost r-contact structure along

with TM. Many researchers like Dida et. al. [4–6], Khan and De [11, 17], Khan [12–15], Omran

et. al. [18], Peyghan et. al. [19], Tekkoyun [20] and Yano and Ishihara [22] have done tremendous

work on geometric structures and connections, which laid the foundation for numerous research

study. Kankarej and Singh [9] studied lifts on its cotangent bundles.

In this paper I have studied the lifts of an almost product structure on manifolds on the tangent

bundle and established its partial integrability and integrability conditions. In the later part of

the paper the prolongation of an almost product structure on the third tangent bundle T3M is also

studied.

Goldenberg et. al. [7, 8] introduced the polynomial structure of degree n

Q(F) = Fn + anFn−1 + ..... + a2F + a1I,
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where F is the tensor field of type (1,1) and I is the identity tensor field on a differentiable manifold.

Let M be an n-dimensional differentiable manifold. A non-null tensor field F of type (1, 1) on M is

called an almost product structure if it satisfies the equation

F2 = I, (1.1)

The pair (M, F) is called an almost product-manifold where F is of constant rank n everywhere in

M.

Let l and m be operators defined as

(a) l = F2,

(b) m = I − F2. (1.2)

The operators l and m defined in the equation (1.2) satisfy the following identities:

l + m = 0,

l2 = l, m2 = m, lm = ml = 0, (1.3)

Fl = lF = F, Fm = mF = 0.

Thus there exist two complementary distributions Dl and Dm corresponding to the projection

tensors l and m respectively in M.

2. The complete lift of an almost product-structure in the tangent bundle

Let M be an m-dimensional differentiable manifold of class C∞ and Tp(M) the tangent space at a

point p of M then TM = ∪p∈MTp(M) is a tangent bundle over the manifold M. The tangent bundle

TM of M is a differentiable manifold of dimension 2n. Let =r
s denote the set of tensor field of class

C∞ and type (r, s) in M and =r
s(TM) denote the corresponding set of tensor fields in TM [10]. Let

F, G be elements of =1
1(M). Then we have [21]

(FG)C = FCGC. (2.1)

Putting F = G in the equation (2.1), we obtain

(F2)C = (FC)2. (2.2)

Also,

(F + G)C = FC + GC. (2.3)

Now operating the complete lifts on both sides of the equation (1.1),

(F2)C = IC, (F2)C = I. (2.4)

In the view of equations (1.1), (2.4) and [21], we can conclude that the rank of FC is 2n if and only

if the rank of F is n. Therefore , we can state following theorems:

Theorem 2.1. If F ∈ =1
1(M) be a almost product-structure in M, then its complete lift FC is also an almost

product-structure in TM.
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Theorem 2.2. The almost product-structure F is of rank n in M if and only if its complete lift FC is of rank
2n in TM.

Let F be an almost product-structure of rank n in M. Then the complete lift lC of l and mC of m are

complementary projection tensors in TM. Therefore there exist two complementary distributions

DlC and DmC determined by lC and mC respectively in TM. The distributions DlC and DmC are

respectively the complete lifts of DC
l and DC

m of Dl and Dm [3].

3. Integrability conditions of an almost product-structure in the tangent bundle

Let F be the almost product-structure with F2 = I. Then the Nijenhuis tensor N of F is a tensor

of type (1,2) given by [16]

N(X, Y) = [FX, FY] − F[FX, Y] − F[X, FY] + F2[X, Y]. (3.1)

Let NC be the Nijenhuis tensor of FC in TM, then we have

NC(XC, YC) = [FCXC, FCYC] − FC[FCXC, YC]

− FC[XC, FCYC] + (F2)C[XC, YC]. (3.2)

Let X, Y ∈ =1
0(M) and F ∈ =1

1(M), then by property of complete lifts we have

[XC, YC] = [X, Y]C,

(X + Y)C = XC + YC, (3.3)

FCXC = (FX)C.

From equations (1.3) and (3.3), we get

FClC = (Fl)C = FC,

FCmC = (Fm)C = 0. (3.4)

Theorem 3.1. Let X, Y ∈ =1
0(M), then the complete lifts lC and mC holds following identities :

NC(mCXC, mCYC) = FC[mCXC, mCYC], (3.5)

mCNC(XC, YC) = mC[FCXC, FCYC], (3.6)

mC(lCXC, lCYC) = mC[FCXC, FCYC], (3.7)

mCNC((F2)CXC, (F2)CYC) = mCNC(lCXC, lCYC). (3.8)

Proof: The proof of equations (3.5) to (3.8) follow from equations (1.3), (3.4) and (3.1).

Theorem 3.2. Let X, Y ∈ =1
0(M), the following identities are equivalent

(a) mCNC(XC, YC) = 0,

(b) mCNC(lCXC, lCYC) = 0,

(c) mCNC((F2)CXC, (F2)CYC) = 0.
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Proof: From equation (3.8), we have

NC(lCXC, lCYC) = 0↔ NC((F2)CXC, (F2)CYC) = 0.

Now the right side of the equations (3.6), (3.7) are equal. Thus we conclude from last equation

that identities (a), (b), and (c) are equivalent.

Theorem 3.3. The complete lift DC
m in TM of a distribution Dm in M is integrable if Dm is integrable in M.

Proof: By [21] the distribution Dm is integral if and only if

l[mX, mY] = 0, (3.9)

for all X, Y ∈ =(M), where l = I −m. Operating complete lift of both sides and using (3.5), we

get

lC[mCXC, mCYC] = 0, (3.10)

for all X, Y ∈ =(M), where lC = (I−m)C = I−mC is the projection tensor complementary to mC.

Thus the condition (3.9) implies (3.10).

Theorem 3.4. The complete lift DC
m in TM of a distribution Dm in M is integrable if lCNC(mCXC, mCYC) =

0, or equivalently NC(mCXC, mCYC) = 0, for all X, Y ∈ =1
0(M).

Proof: By [21] the distribution Dm is integral in M if and only if

N(mX, mY) = 0,

for all X, Y ∈ =(M). By virtue of condition (3.5), we have

NC(mCXC, mCYC) = (F2)C(mCXC, mCYC)

Multiplying throughout by lC, we get

lCNC(mCXC, mCYC) = (F2)ClC(mCXC, mCYC).

In view of (3.10), the above relation becomes

lCNC(mCXC, mCYC) = 0. (3.11)

Also, we have

mCNC(mCXC, mCYC) = 0. (3.12)

Adding equations (3.11) and (3.12), we get

(lC + mC)NC(mCXC, mCYC) = 0.

Since lC + mC = IC = I, we have

NC(mCXC, mCYC) = 0.

Theorem 3.5. Let the distribution Dl be integrable in M, that is mN(X, Y) = 0 for all X, Y ∈ =1
0(M).

Then the distribution DC
l is integrable in TM if and only if the one of the conditions of Theorem (3.2) is

satisfied.
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Proof: The distribution Dl is integral in M if and only if

mN(lX, lY) = 0.

Thus distribution DC
l is integrable in TM if and only if

mCNC(lCXC, lCYC) = 0.

Thus the theorem can be proved from equation (3.8).

Theorem 3.6. Complete lift FC of a almost product-structure F in M is partially integrable in TM if and
only if F is partially integrable in M.

Proof: The almost product-structure F in M is partially integrable if and only if

N(lX, lY) = 0,∀X, Y ∈ =1
0(M). (3.13)

From equations (1.3) and (3.1), we get

NC(lCXC, lCYC) = (N(lX, lY))C

which implies

NC(lCXC, lCYC) = 0⇔ N(lX, lY) = 0.

Also from Theorem (3.2), NC(lCXC, lCYC) = 0 is equivalent to

NC((F2)CXC, (F2)CYC) = 0.

Theorem 3.7. Complete lift FC of a almost product-structure F in M is partially integrable in TM if and
only if F is partially integrable in M.

Proof: A necessary and sufficient condition for a almost product-structure in M to be integrable

is

(N(X, Y)) = 0 (3.14)

for all X, Y ∈ =1
0(M). From equation (3.1), we get

NC(XC, YC) = (N(X, Y))C.

Therefore, from equation (3.14) we obtain the result.
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4. The horizontal lift of an almost product-structure in the tangent bundle

Theorems on horizontal lift of the almost product-structure are as given below:

Suppose we have tensor fields S and ∇γS in M and TM respectively with affine connection ∇ in

the terms of partial differential equations given by [1, 2, 21]

S = Si...h
k... j

∂

∂xi ⊗ . . .⊗
∂

∂xh
⊗ dxk

⊗ . . .⊗ dx j,

∇γS = yl
∇γSi...h

k... j
∂

∂xi ⊗ . . .⊗
∂

∂yh
⊗ dxk

⊗ . . .⊗ dx j

corresponding to the induced coordinates (xh, yh) in π−1(U) by [21].

We define the horizontal lift SH of a tensor field S in M to TM by

SH = SC
−∇γS.

Theorem 4.1. Let F ∈ =1
1(M) be an almost product-structure in M, then its horizontal lift FHis also almost

product-structure in TM.

Proof: If P(t) is a polynomial in one variable t, then by [21] we have

(P(F))H = P(FH), (4.1)

for all F ∈ =1
1(M). Operating the horizontal lifts of both sides of the equation (1.1), we get

(F2)H = IH, (F2)H = I. (4.2)

which shows that FH is an almost product-structure in TM. From (1.1) and (4.2), we can easily

say that the rank of FH is 2n if and only if the rank of F is n. Therefore, we have the following

theorem:

Theorem 4.2. The almost product-structure F is of rank n in M if and only if its complete lift FH is of rank
2n in TM.

Let m be a projection tensor field of type (1,1) in M defined by (1.3), then there exists in M a

distribution D determined by m. Also,

m2 = m.

In view of (4.1), we get

(mH)2 = mH.

Thus, mH is also a projection in TM. Hence there exists in TM a distribution DH corresponding to

mH, which is called the horizontal lift of the distribution D.
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5. Prolongation of an almost product-structure on third tangent bundle T3M

Let T3M be the third order tangent bundle over M and let FIII be the third lift on F in T3M. Then

for any F, G ∈ =1
1(M), we have

(GIIIFIII)XIII = GIII(FIIIXIII)

= (GIII(FX)III)

= (G(FX))III

= (GF)IIIXIII, (5.1)

for all X ∈ =1
0(M). Thus we have

GIIIFIII = (GF)III

If P(t) is a polynomial in one variable t, then we have by [21]

(P(F))III = P(FIII). (5.2)

for all F ∈ =1
1(M).

Theorem 5.1. Let F ∈ =1
1(M) be a almost product-structure in M, then the third lift FIII is also almost

product-structure in T3M.

Proof: If P(t) is a polynomial in one variable t, then we have by [21]

(P(F))III = P(FIII), (5.3)

for all F ∈ =1
1(M). Operating the third lifts of both sides of the equation (1.1), we get

(F2)III = IIII,

(F2)III = I.

which shows that FIII is a almost product-structure in T3M.

Theorem 5.2. The third lift FIII is integrable in T3M if and only if F is integrable in M.

Proof: Let NIII and N be Nijenhuis tensors of FIII and F respectively. Then we have

NIII(X, Y) = (N(X, Y))III. (5.4)

since almost product-structure is integrable in M if and only if N(X, Y) = 0. Then from (5.4), we

get

NIII(X, Y) = 0. (5.5)

Thus FIII is integrable if and only if F is integrable in M.
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[12] M.N.I. Khan, U.C. De, L.S. Velimirović, Lifts of a Quarter-Symmetric Metric Connection from a Sasakian Manifold

to Its Tangent Bundle, Mathematics 11 (2022), 53. https://doi.org/10.3390/math11010053.

[13] M. N. I. Khan, Lifts of F(α, β)(3, 2, 1) structures from manifolds to tangent bundles, Facta Univ. Ser. Math. Inf. 38

(2023), 209–218.

[14] M.N.I. Khan, Submanifolds of a Riemannian Manifold Endowed With a New Type of Semi-Symmetric Non-Metric

Connection in the Tangent Bundle, Int. J. Math. Comp. Sci. 17 (2022), 265–275.

[15] M.N.I. Khan, Proposed Theorems for Lifts of the Extended Almost Complex Structures on the Complex Manifold,

Asian-Eur. J. Math. 15 (2022), 2250200. https://doi.org/10.1142/s179355712250200x.

[16] M.N.I. Khan, Integrability of the Metallic Structures on the Frame Bundle, Kyungpook Math. J. 61 (2021), 791–803.

https://doi.org/10.5666/KMJ.2021.61.4.791.

[17] M.N.I. Khan, U.C. De, Lifts of Metallic Structure on a Cross-Section, Filomat 36 (2022), 6369–6373. https://doi.org/

10.2298/fil2218369k.

[18] T. Omran, A. Sharffuddin, S.I. Husain, Lift of Structures on Manifold, Publ. Inst. Math. (N.S.), 36 (1984), 93–97.

[19] E. Peyghan, F. Firuzi, U.c. De, Golden Riemannian Structures on the Tangent Bundle With g-Natural Metrics,

Filomat 33 (2019), 2543–2554. https://doi.org/10.2298/fil1908543p.

[20] M. Tekkoyun, On Lifts of Para Complex Structures, Turk. J. Math. 30 (2006), 197–210.

[21] K. Yano, S. Ishihara, Tangent and Cotangent Bundles, Marcel Dekker Inc., New York, 1973.

[22] K. Yano, S. Ishihara, Almost Complex Structures Induced in Tangent Bundles, Kodai Math. Sem. Rep. 19 (1967),

1–27. https://doi.org/10.2996/kmj/1138845336.

https://doi.org/10.1142/s0219887819500403
https://doi.org/10.1007/s40995-018-0488-x
https://doi.org/10.3390/math11143097
https://doi.org/10.31926/but.mif.2021.1.63.2.4
https://eudml.org/doc/247005
https://doi.org/10.2996/kmj/1138846118
https://doi.org/10.2996/kmj/1138846118
https://doi.org/10.2996/kmj/1138846727
https://doi.org/10.28924/2291-8639-20-2022-56
https://doi.org/10.3390/sym15081553
https://doi.org/10.3390/sym15081553
https://doi.org/10.3934/math.2022441
https://doi.org/10.3390/math11010053
https://doi.org/10.1142/s179355712250200x
https://doi.org/10.5666/KMJ.2021.61.4.791
https://doi.org/10.2298/fil2218369k
https://doi.org/10.2298/fil2218369k
https://doi.org/10.2298/fil1908543p
https://doi.org/10.2996/kmj/1138845336

	1. Introduction
	2. The complete lift of an almost product-structure in the tangent bundle
	3. Integrability conditions of an almost product-structure in the tangent bundle
	4. The horizontal lift of an almost product-structure in the tangent bundle
	5. Prolongation of an almost product-structure on third tangent bundle T3M
	Funding:
	 Conflicts of Interest:

	References

