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Abstract. In this paper, we introduce a geometric version of the F iteration process. We establish some strong and
weak convergence results for our proposed iteration process in the setting of generalized contractive mappings. We
also prove stability of our proposed iteration process. Additionally, we support our analysis with polynomiographs
generated by our proposed iteration process, compared with those from established iteration processes in the literature,

showecasing the superiority and innovation of our approach.

1. INTRODUCTION

Fixed point theory continues to hold significant importance in the present era across various dis-
ciplines of science. It provides a framework for studying the existence, uniqueness and properties
of solutions to equations or systems of equations. Existential and computation of fixed point of a
mapping are two different dimensions. In numerical analysis, fixed point iteration is premier and
convenient root finding algorithm. Modern research approach is primary focusing on cost effective
as well as speedy computation. In this regards, fixed point theory is proved to be a simple and
pre-eminent area of research. Fixed point theory reformulate problem as &(x) = 0 and allowing
productive approach towards its solution. Fixed point theory plays a vital role in formulation
of problems occurring in system of linear equations, differential equation, optimization theory or
integral equations.

A mapping & on a nonempty subset B of a Banach space E is called a contraction if for all p, 3 € B,
the following relation holds

I1Fp - Fsll < cllp—sll, c €[0,1). (1.1)
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k € B is called fixed point of ¥ if Fk = k. Contraction mapping has been generalized in different
directions, one of which is that of Zamfirescu [1]. An operator  : B — B defined on ¢ # B C E is
called Zamfirescu operator if for each p,3 € B, at least one of the following conditions satisfied:

(D) 115p = &all < clip —all,
(i1) [13p — B3l < Elllp — Fsll + 1ls = Spll}, (1.2)
(iif) 15p = B3Il < Ylllp — Spll + 1l — Sslll,

where ¢ € [0,1) and &, ¢ € [0, 3). Berinde [2] gave the idea of a novel class of operators which is

given as;
1Fp — Tl < 20llp - Spll +ollp —3ll, Yp,3€B, (1.3)

where 6 = max{c, %, %}, c€[0,1)and & ¢ € [0,1.5) and B C E is an arbitrary Banach space.
Berinde has demonstrated that the class (1.3) is bigger than the class of Zamfirescu operator (1.2).

A more general contractive condition than (1.3) is given by Oslike [3]:

18P — Syl < Lllp - Fpll + ollp -3l ,Vp,s€B,L 20,6€[0,1). (1.4)

Imoru and Olantiwo [4] extends the results of [3] by using the following contractive condition

15y — Syl < pllip — 3pll} + ollp —3ll, Yp,3€B, (1.5)

where the function p : [0,00) — [0, ) is continuous and monotone with p(0) = 0and 6 € [0,1).

Banach Contraction Principle [5] plays an important role in establishing the fixed point of the
mappings described in (1.5). In fixed point theory, number of two steps, three steps and four steps
iteration processes have been introduced in the literature to approximate fixed point of a mapping
(see [6-9]). Let a;, be the sequence in (0, 1) for all n € IN. Picard iteration process [10] is known as
very basic iterative algorithm for computation of fixed point, which is defined as;

Xp+1 = Xy (1.6)
Mann [11] introduced Mann iteration which is defined as;
Up=u € B,
(1.7)
Up1 = (1= an)uy + @, Suy.

Kanwar et al. coined the idea of simple fixed point iteration method [12] based on approximation
through a straight line. Using that idea, Sharma et al. introduced SH iteration given in [13] that
surpassed the existing of three step iterative schemes, defined as:

Xo =X € B,
zn:w,mel{andm>0,

w41 (1.8)
yn:t‘fznr

Xp+1 = SVYn-
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Ali et al. in 2020 introduced F iterative scheme [14] given in for generalized contraction as follows:

V9 =0V EB,
Wy = 8’((1 - an)vn + angvn)/
(1.9)
Yn = %wn/
Un+1 = gyn

In this research work, we extend the idea of Kanwar et al. [12] to propose a new variant of
the F iteration process (1.9). We prove some convergence results of fixed point theory for this
new variant. We compare our prove results with the existing modified iteration process (1.8). We
elaborate our findings using polynomiography and generate some polynomiographs for this new

variant to showcase its superiority.

2. PRELIMINARIES

In this section we will discuss some important results necessary for our analysis.

Lemma 2.1. [1] Let B be a nonempty subset of a Banach space E and & : B — B be a mapping satisfying
(1.2), then & has a unique fixed point in E.

Definition 2.1. [15] Let {; be a sequence generated by some iteration process fi11 = f(, Ti) converging to
a fixed point q of mapping §. Let {gi};’io be arbitrary sequence and define €; = |lgiy1 — f (&, 6i)|l . Then we

say that iteration process is §-stable if

i—oo

lime; =0 limg; =g,
1—00
wherei € N,

Lemma 2.2. [16] If 0 € [0,1) is a real number and {f;}:, is a positive number sequence such that
lim §; = 0, then for any sequence of positive numbers {9i}, satisfying gi11 < 0og; +f;, i =0,1,2,3...,
1—00

we have lim g; = 0.

1—00

Lemma 2.3. [17] Let {6il2, and {fil be two non-negative real sequences such that gi11 < (1 — u;)g; +
fi, i € (0,1), Yie N, L2,y = coand im L — 0 as i — oo, then lim g; = 0.

i—o0 i i—00

Definition 2.2. [18] Let {gi}l?’io be a real convergent sequence with limit g and {Ti};’io be another real

convergent sequence with limit §. If lim |%| = 0, then {g;}° , is said to converge faster than {f;}* .
i—oo ' - =
Definition 2.3. [2] A sequence {g;};° , in Banach space converges strongly to g iff ||g; — gl = 0 asi — co.

Definition 2.4. [18] Let { si}l?’io and {ti}l?’io be two non-negative number sequences converging to zero. If
two iteration processes {gi};’io and {fi}fio converge to same point p, then the errors estimates can be calculated
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as

llgi —pll < s,
Ifi = pll < t;.

If {si}fio converges faster than {ti}fio, then {gi}l‘io converges faster than {Ti}l‘io.

3. CONVERGENCE REsuLTs

First, we give the definition of our newly proposed iteration process, namely, the BK iteration

process. It generates the sequence {v,,} for some initial point vy given as:

o € B,

SUn+ &0y
s5+1

Iy = Jwy, (31)
In = %ln/

w, = ,s€Rands>0

Opt+1 = Cgﬂh

Now, prove strong convergence theorem for our new proposed iteration process.

Theorem 3.1. Let & : B — B be a mapping defined on a convex and closed subset B of a Banach space E,

satisfying (1.5) with a fixed point k. Let {vn}>_ be a sequence generated by the iteration process (3.1). Then
lim v, = k.

n—-oo

Proof. We note that

R e el B == DH
< ——llow =Kl + =I5, — K
= oKl o~ Kk = Bk o)
= —llow =K+ I3k - Foul
< —llow =Kl + 1 (pllk = I} + Tk~ o)
= o = Kl + — = (Cloa —KI)
s+C

= llou =K.
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Now,
1w = Kll = IFw, — kIl
= [[§wn — Fki| = ||k — Fwall
(3.3)
< pllik — Fkif} + Cllk — wyl|
= Cllw, — k|-
Also,
gn = kIl = 1L, — Kl
= 1§l — Tkl = 115k — &l
(34)
< pllik — Tk} + Cllk — wyl
= Clily — KI.
And,
w1 — kIl = 15g, — K]
= 18qn — kIl = 115k — Fqull
(3.5
< pllik = Fkil} + Clik — gul|
= Cllgn = KI.
By using equation (3.4)
101 =kl < Cllly =K. (3.6)
From equation (3.3)
1011 =kl < Cllwy = kIl (3.7)
Then by again using equation (3.2)
o1 =Kl < & (2 o - kL 68)
By repeating the above process again and again, we get
low =Kl < & (222 o1~k
fows =Kl < & () o2 - kI
s+1 (3.9)
o =Kl < & (525 oo — i

Finally we obtained

\ |

s+ C\

o1 = kil < llog — IV ] (1_+s)
i=0
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By applying limit
n i
lim [0, 11 — k|| < [lvg — Kl lim 31 (ﬂ) ,
1n—00 n—o0 ply 1 + s
AsCe[0,1)
=s+(C<1+s
0<1= ﬂ <1.
s+1
Therefore
( ) — 0asn— oo,
1+s

From equation (3.10), it implies that

Tim o1 — kil < 0

= lim [[o.41 — k| = 0.
Hence {v,,} converges strongly to k.
Uniqueness: Let k # k* be two fixed point of §, i.e., §k = k and Fk* = k*, then
Ik =K'l = [I§k — Tk

< plllk — &kll} + Clik — &I

= k=K.
Therefore

k=Kl < k=Kl - C<1,

which is not possible, therefore k = k*.

Theorem 3.2. Let B, E, §, and {v,}};_, be defined as in Theorem (3.1). Then {onky o
&-stable.

(3.10)

(3.11)

(3.12)

(3.13)

O

defined by (3.1), is

Proof. Consider an arbitrary sequence {g.};’ , in B. Let the sequence generated by (3.1) be v,,1 =

f(&,v4), which converges to some fixed point k. Define €, = |lk,+1 — f(&, gn)|l. For the F-stability

proof, we will show that lim €, = 0 & lim g, = k.

n—oo n—oo

Now suppose that lim €, = 0, then
n—-00

lgn+1 =Kl = llgn+1 = f(F, an) + £(F, an) — Kl
< ligni1 + f(& gl = If(F, gn) =Kl
= €n +|If (T, on) = Kl

et 3(3(3(%)))"‘“

=€+ |k— %(3(8(%)))”

= en+ ||Fk— %(%(%(%)))H
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Using contractive condition (1.5), we have

SQn +
mwl—wgew+QF_g( 50n + Fan H

S 1+s
SGn + B0 ))”

:en+CH‘E\;k—‘8 ‘8( "

Again by using (1.5), we get

e+

IA

San + &9
i1 — K —)

1+s
59n+%9n)
1+s ’

k—g(

= €n+C2

3k 5

From (1.5), we obtain

SGn + Fan
1+s

k(l + S) - (Sgn + %Qn)
1+s

a0 = Kl + T I5n —k||)

”gn-i-l _k” <é€p+ C3 k-

= n+C3

S€w+@( I
= e+ 8 ——llon — kil + —||?sgn 3k||) k= 3k

(7
=en+C3(

on = Kll+ — Ik~ Foull)

S

@+
|,_\

<e +C

1
S llon — kil + T{ pllik = Fkil} + Clik - gnll})

~ K+ — = (Cll ki)

1

w +

=:en%—C3(1

+

Hence

. ) s+
lim g1~ K < lim (e, + (—Cngn )
n—oo n—0o0 1+

. . (st
lim |lgs1 — K|l < lim e, + lim & (—ngn ||).
Nn—o00 n—oo n—oo 1

S Kl < 1and lim e, = 0. (3.14)

1—|—S n—00

Therefore,
1im lgn41 — Kl <0
= lim [lgs41 — k| = 0

lim On = k.

n—oo
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Conversely, suppose that lim g, = k, then
n—oo

€n = ”gn-i-l _f(?)'/ gn)”
= l|gn41 —k + k—f(g’/ gn)”

(3.15)
< l@ns1 =kl + Ik = £(&, an)ll
= llgns1 = kil + 1Tk = (S, gu)ll-
Applying limit on both sides, we get
: . . s+C
nll_I)I(}o €y < nll_I)Elo llgn+1 — kIl + 7}1_1& C31—+S||9n — k|
. lim On = k
n—oo
lime, =0,
n—oo
which proves that the iterative process defined by (3.1) is -stable. m|

Theorem 3.3. Let ) # B C E be convex and closed and & : B — B be a self-mapping satisfying (1.5) with
a fixed point k. Let ay, € (0,1) with agp < ay <1, ¥n € Nand 0 < s € R such that ap(1+s) < 1. Let
{on}_, be a sequence generated by the iteration process (3.1), and {x,},._, be a sequence generated by the

iteration process (1.9), then {vy};_, converges faster than {x,}>_; to k.

Proof. For {v,}_, using theorem (3.1), we get

n+1
_ k< 30 (ﬂ) - _
lon1 =kl < C 11 llvo — kIl (3.16)
After performing similar calculation by using Theorem (3.1) as we did for {U”}ZO:O' we obtain the
following relation for the sequence {x,};° , generated by the iteration process (1.9):

n

IResr = kil < llxo = KICD T (1= (1= Q). (3.17)
i=0

As ag < a; < 1, s0 we can have
1—(1—C)a021—(1—C)ai

(1= (1=C)ag)" > ﬁ(l a0 (3.18)

i=0

Using (3.18) in equation (3.17), we have
hner = kil < 0D (1= (1= Qao)™ o Kl

Let suppose

n+1
::3MH>ii£) _
2, = OO (=) oo =K

by = U1 = (1= Q)" Ylxo — KlI.
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Also

an
YT
s n+1
o CO(E) T e~k
Gt (1= (1= C)ao) ™ lxo — k|
. vo - xO
(%)n—&-l

(1= (1=Cag)"t

ﬂ n-+1
= |
[1 - (1 —C)O(()]

As ap(1-C) <1, sowe have

Therefore lim Y = 0.

n—00

From (2.2) and (2.4), we can conclude that {v,};’_, converges faster than {x;,}>

Theorem 3.4. Let () # B C E be convex and closed, and let § : B — B be a self-mapping satisfying (1.5)
with a fixed point k. Let {v,}"_ | be a new proposed iterative sequence (3.1) and {uy,};,_, be a Mann iterative
sequence (1.7), where a, € [0,1] and Y,y ay = co. Then the following statements are equivalent

s+C
1- 1-C) >
ao(1-C) 1+s
s+C
-,
1—-ap(1l+s)

(i) The new iterative sequence converges to the fixed point k.

(ii) The Mann iteration sequence converges to the fixed point k.

Proof. First, suppose that our newly proposed iteration process (3.1) converges to the fixed point k

ie., lim |jv, — k|| = 0.
n—oo

Now,

”UnJrl - un+1” = ||3Qn - (1 - an)”n = SUyll
= ||(1 —ap+ an)%ﬂn - (1 - an)un — Syl
= ||(1 - an)%‘/]n + an%‘]n - (1 - an)un -y Elyl|

IANIA

IA

(1 - an)“%’]n - un” + (Ofn)”?fﬂhz - g'un”

(1= an)IFgn — un + gn = qall + @nlpliFgn = qull + Cllgn — uall}

(1= an)lI3gn = qall + (1 = )llgn — tnll + anlpllEGn = qall + Clign — uall}
g = vall + anCllgn — unllnpllFgn = qall + (1 = @) 1Fqn — gall
all + (1 = an)lIFqn — gull.

(1
(1

R

)
an (1= 0))llgn — unll + anpllFgn —
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Also,
”[h — upll = Il — uyll
(3.19)
SN = Lall + 1 — unll-
Similarly,
Wp—unll = IFwn — unll
< |Fwy — wall + |lwy, — uyll. (3.20)
wn = iyl = w —u
n n - 1 +S n
_ {|8Yn + §on — (1 + S)Mn
a s+1
— |2 (v —u)+L(8v — )
s T s (3.21)
S 1
< — - —
S5 1||Un Uyl + s+ 1”3071 Upl|
< = o = sl ——=11F0n — 0all + —— o — 0]
— S + 1 n n S + 1 n n S + 1 n n
1
< - — —oll.
S5 1||Un Ul + s+ 1”3071 |
Using equation (3.21) in equation (3.20), we have
1 1
11 = unll < 1wy, — Lall + 1—_H||Un — Uyl + 1—_’_5“3%1 — 0l
Substituting equation (3) in equation (3.19), we can get
1 1
||Qn = |l <Ly = Lull + | Fws — L]l + 1—_|_S||Un — Uyl + 1—_|_S||§Un = 0ll. (3.22)
Using (3.22) in (3.19), we have
0n1 = tniall < anpll&gn — gull + (1 = an) 1390 — gall
+ (1 - an(l - C))”g’ln =Ll + (1 - an(l - C))”C&wn —Lall+
3.23
(1= an(1-0)) = llow = i+ 6.23)

(1= (1= O)IFon = oull

Let
p=1-a,(1-0))€(0,1),

ap = ”Un _un”/

by = npllEgn — gull + (1 = an)IFGn — gnll + (1 = @ (1 = O)IIFL, = Ll

1
+ (1 - an(l - C))”gwn — Il + 1—_'_5(1 - an(l - C))Hgvn — vyl
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Now
150, — vnll = [I§0n — v — k + K|
< |Fvn — kil + llk — ol
= Ik = Foall + llk — vl
< pl{llk — Fki[}} + Clik — vall} + [Ik — o4l
= (14 Qllv, — k|| > 0as n — oo.
Also,

1810 = Lnll < 11§10 = kil + 1k = Ll
< &L = Kl + 1l = 1]
SISk = &lall + [k = L]
< {pllik — Fkil} + Clik = Lull} + llk — Ll
= (1+ Ol — kIl
= (1+ O)lIFw, — Tkl
< (1 + O)pfllk — Fkll} + Cllewn — Kl
= (1 + C)Cllwy = Kll.

18Gn = gull = 15Gn — kIl + lIk = gull
< 1Eqill + llk = L]
< |IEk = &qull + llk = gull
< A{pllik — Fkil} + Clik = gull} + 11k — gnll
= (14 O)llgn —
= (1+ Ol — Sk
< (1 + Ofplllk — Sk} + Clik = Lall}
= (1+ Q)i — K|
= (1+ O)lIFw, — Tkl
< (1 + O)pfllk = Fkll} + Cllewn — Kl
= (1 + C)Cllwy — Kll.

We also have

s+1

<

S 1
rllon =kl =130, K
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S 1
[llow = Kl + —— 1500 = K

S 1
= [0, — kIl + ﬁll‘&k—i%nll

SS“ o (3.24)
< ?II n— kil + T{ pfllk = FklI} + Clik — vnll}
= Sj__illvn —kl| = 0as n — co.

Using (3.24), we can observe that ||Fg, — gxll = 0 and |1, — [4]| = 0 as n — oco. Similarly
lim e, p{lI§g, = gulll = an p{ lim 159, —gull} = 0
Hence, we obtain b, — 0. Now, by using Lemma (2.3), we get

[loy, — uyl| = 0 as n — oo. (3.25)

Therefore, we get

lln = Kl < Mt = vnll + [lvn = kIl = Oasn — oo,

which shows convergence of Mann iteration (1.7) to a fixed point k of .
Now we will prove that convergence of the Mann iteration (1.7) to a fixed point k of & implies
the convergence of the newly proposed iteration process (3.1) to the fixed point k of .

Let the Mann iteration (1.7) converges to a fixed point ki.e., lim u, = kasn — oo.
n—oo

ltn1 = Onpall = (1 = an ) + @ un — Fqull
= I(1 = an)un — anuy — (1 = an + an) Iqull
< (1= an)llun = FGall + ullFren — Fall
(3.26)
< (1= an)llun = Funll + (1 = @) [Eun — Sqall + anllFun — Fall
= (1 - an)llun = Fuuull + 1F1n — Fqnll
< (1= )l — Funll + Cllun = gull + plllun — Suall}.
And,
ln = nll = Nl — Sl
= llun = Fuull + 1Ftin = Flall (3.27)
< ln = Funll + plluy — Fuullt + Cllsn = Lall-
Also,
llt4n = Lull = Il — Tyl
= [lun — Fuall + [Frin — Fwall (3.28)

< Mup = Sunll + plllun — Funll} + Clluy — wyll.
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sU, + oy
s+1

14y, — will = |{un —

s
s+1

S
< s_|_1||un oull + ——

<

_|_
C+
s+1

|1y, — opll +

(U —vn) + S

1
”un Z)n”‘f’s_’_

1
s+1

(ty — Fvn)

”un Sunll + |1Fuy, —

_|_

1, — Funll +

Using equation (3.29) in equation (3.28), we have

17, = Lol < |1ty —

)Ilun

(1 + i)P{“un -

Sitnll + pillun —

1
”un ol + ——llun —

Sutnll}+

s+1

C
uall + (1 + s+_1)||u" -

Suull}-

Replacing equation (3.30) in equation (3.27), we get

”un_[h” < lup —
2 S+C

¢ (s—i—l

C

e

Funll + P{”un
)”un

)plllu, —

Sunll}.

By using equation (3.31) in equation(3.26), we have

lttn1 = Opall < (1 = an)lluy —
5,8+ C
¢ (s+1
C
C (1+?) plllu, —
s+C
s+1

= O
¢

Supll + Clluy —

Sunll} + plllun -

it = ol + C(1 + —= )t —

s+1

(I+C+C01+ —)}p{llun Sutnll}

s+C
s+1

< (
C

u+c+éu+~——nmwn

Mty = vall +{(1 = @) + T+ (1 +

Sunll}-

7l = Sunll + ol

C
ol + C(1+ s+l

Sunll 4 Co{lluy

1
s—i—l‘o

— unll}+

Sitnll}

Mty = vall +{(1 = @) + T+ (1 +

)”un

c

s+1

Fonll

{2,

Sunll + —P{”un

Fuyll+

Supll+

c

+1

My -

— Sutn|l} 4 Clluty — 04|

— Sunll}-

Sutnll}}

Sunll+

— Suull}+

Mot —

Sun||+

(3.29)

(3.30)

(3.31)

(3.32)
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Let
s+C
[“l: S+1 € (O/l)/
ay = |luy —vall,
b = (1= t0) -+ 1 =)l ~ T
214 & _
+{I+C+C(1+ p— TPl = Fuall).
Now,
llutn = Fuull < Ny — K| + {1k — Fey]|
= [y, = kIl + | Tk — Fuall
= |l — kil + plllk — Tk} + Cllk — wy]]
= (14 Q)|luy —kl| = 0asn — oo.
Similarly,

lim anpillun — Fualll = anp{ im lluy = Fuaull} = 0. (3.33)
which implies b, — 0. By using Lemma (2.3), we get
[ty — vull > Oasn — co.
Therefore, we get
llon =Kkl < llon = vall + llon =kl = O0asn — co.

Which shows that the newly proposed iteration process (3.1) converges to a fixed pointkof §. O

4. NuMERICAL EXAMPLE
Example 4.1. Define a self mapping & on B = [2,4] as follows

Jo = W foeld) (4.1)
1, ifv=4.
Clearly, & satisfies contractive condition (1.5) with the fixed point 2. We now create a table and graph in
comparing the BK, F and SH iteration processes to our newly proposed BK iteration process (3.1), which
converges more rapidly to the fixed point 2 of & presented in the preceding example. We have selected
ay = 0.70, along with the stopping criteria |[v, — V41|l < 10714, The results obtained are shown in Fig. 1
and Tab. 1.
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TaBLE 1. Some iterates for Example 4.1 generated by BK (3.1) (s = 0.01), F (1.9),
SH (1.8) (s = 0.01) iteration processes for initial point vg = 3.

n BK Iteration F Iteration SH Iteration

0 3.0 3.0 3.0

1 2.00402227722772 2.00742187500000 2.01608910891089
2 2.00001617871410 2.00005508422852 2.00025885942555
3 2.00000006507527 2.00000040882826 2.00000416481749
4 2.00000000026175 2.00000000303427 2.00000006700820
5 2.00000000000105 2.00000000002252 2.00000000107810
6 2 2.00000000000017 2.00000000001735
7 2 2 2.00000000000028
8 2 2 2

The acquired findings show that, in comparison to the first iteration of the other iteration
processes, the value calculated using the BK (2.00402227722772) is closer to the fixed point, or 2,
following the first iteration than the F (2.00742187500000) and the SH (2.01608910891089). We see

that in the following iterations, each iteration method approaches the fixed point at a different rate.

The newly proposed, BK iteration, which discovered the fixed point in 6 iterations, is the quickest

approach. It took 7 iterations for the F and 8 iterations for the SH iteration process to locate the

tixed point. This comparison can also be seen in the graphical representation of all three iterations

converging to the fixed point 2 of mapping & in Fig. (1).

Values of sequences

Ficure 1. Graphical comparison of BK (3.1), F (1.9) and SH (1.8) iteration processes.
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5. COMPARISON VIA POLYNOMIOGRAPHY

Mathematician and computer scientist Bahman Kalantari elaborated polynomiography, which
is a digital art form and a visual analytic method for root-finding [19,20]. This technique visualizes
complex polynomials utilizing mathematical principles and iterative approximation procedures.
The methods of polynomiography are widely used for comparing and analyzing various types
of iteration processes [21,22]. Polynomiography generates graphical images by analyzing the
convergence of the iteration process used to approximate polynomial roots. The Newton's iteration
method is a well known root-finding method and it is also known as the Newton-Raphson method.
For some polynomial g(xy,), it is define as

q(xn)
Xpi1 = Xy — for (n=0,1,2,3...).
+1 q,(xn) ( )

Here, q'(x,) stands for the first derivative of g(x,). Now, Newton’s iterative process can be

expressed in the form of a fixed point iterative process as follows:

Xn+1 = CLTf(xn)'

If the above iterative converges to any fixed point, namely, x of &, then one has

(5.1)

If % = 0 then g(x) = 0. Equation (5.1) implies that x = §(x) which means x is a root is of

C(x). The set of all xo that converges to the same root forms a basin of attraction. Now, instead
of the Picard iteration, we can use other iteration processes, e.g., the introduced BK iteration or
other iteration processes defined in Section 1 for different values of a,. We choose grid lengths
B = [-5.0,5.0]? and K = 30, where K indicates the number of iterations. Using Newton’s operator
into BK, SH and F-iteration processes, we obtain a complex sequence, namely, {x,} that starts at
every grid point xo. Suppose that xq is a starting guess, then if the sequence of iterations {x,}
essentially converges to any root with accuracy of 0.001, then we assign a color to xo, and if {x,}
does not converge to any root, then we assign a red color to {x,}. The set of all xy that converges

to the same root, forms a basin of attraction. We use the color map presented in Fig. 2.

12 18 24 30

Ficure 2. Color map used in the examples.

Now, we apply the algorithm given as a pseudocode in Algorithm 1 to produce a polynomio-
graph. We color the points in the algorithm using a technique known as “iteration coloring” [23].

In this kind of coloring, the color assigned to each starting point is determined by the number
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of iterations completed. As a result, this kind of polynomiograph displays the iteration process’s
speed of convergence, which is determined by the number of iterations completed. Additionally,

we can compute an average number of iterations (ANI) [24] using the polynomiograph produced
by Algorithm 1.

Algorithm 1: Generation of a polynomiograpgh.

Input: g € C[Z], degq > 2 — polynomial; ] — iteration process; B C C — area; K — the
maximum number of iterations; ¢ — accuracy; colors — color map.

Output: Polynomiograph for the complex-valued polynomial 4 within the area B.
1 forxp € Bdo
2 n=~0
3 | while |g(x,)| > ¢andn < Kdo
4 X1 = 3(xn,q)

5 n=n-+1

6 | Map n to a color from the color map colors and color xg

5.00

1.70

-1.70]

5% 00 -1.70 1.70 00 2800 -1.70 1.70 ] oo 1.70

(a) BK iteration (b) SH iteration (c) Fiteration

Ficure 3. Polynomiographs generated by various iteration processes with the pa-
rameters a = 0.05.

For our numerical experiment, we consider a polynomial g(x) = x* — 1 and proposed three
settings of a parameter a; ie., a; = 0.05, @, = 0.5 and a, = 0.8. The obtained graphs for the
BK, SH and F-iteration processes using these parameter settings are shown in the Figs. 3-5. The
measured values of average number of iterations (ANI) are shown in the Tab. 2. We can notice
from the Tab. 2 that obtained ANI values are very close to each other, so all graphics look like
similar. We can only make a difference on the basis of color tone.

We can notice that a blue color for a, = 0.05 (Fig. 3). Visual examination reveals that the
proposed BK iteration achieves the fastest speed of convergence (2.93469), followed by the F
iteration (3.60703) and the SH (3.70724).
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5.00

1.70

-1.70

5% 00 -1.70 1.70 I ] -1.70 170 ] 1.70

(a) BK iteration (b) SH iteration (c) Fiteration

Ficure 4. Polynomiographs generated by various iteration processes with the pa-

rameters @ = 0.5.
We can notice from the polynomiographs for a, = 0.5 shown in Fig. 4 a slight dark color as

compared to the graphs for a;, = 0.05. For this setting of the parameter, the BK iteration is again
the quickest of the iterations, with a value (2.77184) followed by the F iteration and SH iteration.

5.00 5.00 . > 5.00

1.70 1.70 1.70]

-1.70 -1.70 -1.70

50800 —1.70 1.70 500 %00 ~1.70 1.70 ~ 500 %00 -1.70 1.70 5.00

(a) BK iteration (b) SH iteration (c) Fiteration

Ficure 5. Polynomiographs generated by various iteration processes with the pa-

rameters o = 0.8.

We use a high value of a,, for our third parameter setting. This high parameter value produces
a dark blue color. This demonstrates that all iterations require fewer iterations to reach the roots
of the polynomial. These facts are indicated by the recorded values provided in the Tab. 2. We
notice that for the third parameter setting, we obtained the lowest ANI value for our proposed BK
iteration (2.68107) and the highest value for the SH iteration (3.28732). It is evident that for high
parameter values, the BK iteration yields the lowest ANI value, which is 2.68107. High parameter

values likewise yield the lowest values for the subsequent iterations.
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TaBLE 2. ANI values calculated from polynomiographs presented in Figures 3, 4
and 5.

Iteration a, = 0.05 a, = 0.5 a, = 0.8
BK 2.93469 2.77184 2.68107
SH 3.70724 3.34814 3.28732
F 3.60703 2.98872 2.73034

6. CONCLUSIONS

We have successfully analyzed our newly proposed variant of the F iteration process, namely
the BK iteration process. We proved weak and strong convergence results for the newly proposed
iteration process. The effectiveness of the proposed iteration processes is demonstrated through
a numerical example. We also provided some polynomiographs generated by this new iteration
process to support our results. From our proved results, it is obvious that our newly proposed
iteration process shows better convergence than the other two iteration process under the discus-
sion. Furthermore, the BK iteration process exhibits robustness and efficiency in reaching the fixed
point with fewer iterations, highlighting its potential for practical applications where computa-
tional efficiency is critical. The comparative analysis with other well-known iterative methods

underscores its superior performance in terms of convergence speed and stability
Data Availability: All data supporting the findings of this study are available within the paper.
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