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Abstract. In this paper, we study accelerated Halpern-type iterative method for finding zero solution of sum of two
monotone operators which solves variational inequality problem of inverse strongly monotone mapping in 2-uniformly
convex and uniformly smooth real Banach spaces. The strong convergence of our proposed method is establish under

some standard conditions imposed on parameters. Our theorems generalize many recently announced results in the

literature.

1. INTRODUCTION
Let E be a real Banach space with norm || - ||. Let E* denotes the dual of E, and (x, f), the value of
feE atxeE.

Definition 1.1. A mapping A : D(A) CE - R(A) CE ( where D(A) and R(A) are the domain of A and
the range of A, respectively ) is called

(a) y-strongly monotone if there exists a constant y > 0 such that
(Ax — Ay, x—y) 2 yllx -y, Vx,y € D(A).
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(b) a-inverse strongly monotone (see [2—4]) if there exists a positive real number o such that
(x—y,Ax — Ay) > a||Ax — Ayl

forall x,y € C.
(c) the variational inequality problem on C that is defined as follows:

find x* € C such that (x —x", Ax") > 0 for all x € C. (1.1)

The set of solutions of the variational inequality problem is denoted by VI(C, A).
(d) Lipschitz continuous if there exists a constant L > 0 such that Vx,y € D(A),

|Ax — Ayl| < Lllx = yl|.

A multi-valued operator A : E — 2F" with graph G(A) = {(x,x") : x* € Ax}is said to be monotone
if for any x, y € D(A), (where D(A) denote domain of A), x* € Ax and y* € Ay

(x—-y,x'—y)=0.

A monotone operator B is said to be maximal if for any monotone operator S : E — 2&" such that
G(B) € G(S), we have that B = S. Let E be a reflexive, strictly convex and smooth real Banach
space and B : E — 2F" be a maximal monotone operator, then for each r > 0 and x € E, there

corresponds a unique element x, € E such that
Jx € Jx, + rBx,.

This unique element x, is define as the resolvent of B, denoted by ]fx. In other words, ]f =
(J +rB)7] for all > 0. It is easy to show that B~'0 = F(J?) for all r > 0, where F(J?) denotes the
set of all fixed points of J5. Also, the Yosida approximation of B can be defined for each r > 0 by

A =1 _l] ? (see [11]) for more details. Consider an inclusion problem of finding;:

z € E such that 0 € (A + B)z. (1.2)

where B : E — 2F" be a maximal monotone operator and A : E — E* be a Lipschitz continuous
monotone operator. This problem is called monotone inclusion problem(1.2) became a problem
of contemporary interest due to its vast applicability in solving many important problems such as
convex minimization problem, variational inequality inequality, Nash equilibrium problem in non-
cooperative games, image restoration, and signal processing, (See, for example, [1,16-18,23-26,34]
and the references therein). Many iterative algorithms for solving problem (1.2) have been intro-
duced in the setting of real Hilbert spaces H, among which are the well-known forward-backward

splitting algorithm of Passty [24], Lions and Mercier [25] and Peaceman-Rachford algorithm [33]

[e¢]

plus many others. The forward-backward algorithm generates a sequence {x,} ,

given by:
x1 €H, x,41 = I+ A,B) ' I-A,A)x,, n €N (1.3)

where Yn € IN, A, > 0 and D(B) ¢ D(A). The algorithm (1.3) has been extensively studied by

many authors due to nonexpansive nature of the resolvent operator (I + A,B)~! in the backward
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step (1.3). To obtain strong convergence, Takahashi et al. [30] studied a modified Halpern-type
algorithm in real Hilbert spaces. They proved that the sequence generated by their algorithm
converges strongly to solution of (1.2). Also, Kitkuan et al. [32] proved a strong convergence
theorem by introducing and studying a viscosity type algorithm approximating of solutions of

problem (1.2) in the setting of real Hilbert spaces.

Due to the known slow convergence properties of iterative methods involving monotone operators,
the inertial technique has been successfully employed to accelerate the convergence process of the
algorithm (1.3) and its modifications. For example, Lorenz and Pock [27] proved weak convergence
of sequence of iterate generated by an inertial version of the algorithm (1.3) for a solution of (1.2)
in the setting of real Hilbert spaces. Also, Cholamjiak et al. [28] proved strong convergence of an
inertial Halpern-type version of algorithm (1.3) in a real Hilbert space. In 2021, Adamu et al. [29]
introduced and studied a three-step modified inertial viscosity-type of algorithm in the setting of
real Hilbert spaces and established strong convergence result.

It is worth of mentioning that all the results obtained by the authors mentioned above were
established in the setting of real Hilbert spaces. Most real-life problems, however, do not reside
only in Hilbert spaces. In 2019, Shehu [13] proved the following theorem which extends the

inclusion problem (1.2) involving monotone operators to real Banach spaces:

Theorem 1.1. Let E be uniformly smooth and 2-uniformly convex real Banach space. Let A : E — E*
be a monotone and L-Lipschitz continuous mapping and B : E — 2F be a maximal monotone mapping.
Suppose (A + B)~1(0) is nonempty and that the normalized duality mapping | on E is weakly sequentially

continuous. Let {x,} be a sequence defined by:

X1 € E;
Yn = (]"_AnB)_l(]xn — AnAxy), (1.4)
Xn+1 = ]_1(]}/11 - /\n(Ayn _Axn)), n>1,

where A, satisfies the following condition: 0 < a < A, < —=—, where u is the 2-uniform convexity constant

V2ukL
of E; k is the 2-uniform smoothness constant of E* and L is the Lipschitz constant of A. Then, the sequence

{xn} converges weakly to a solution of problem (1.2).

He [19] further proved that the sequence {x,} generated by

X1 €E;

Yn = (J + AuB) 7' (Jxn = AnAxn),

Wn = ] [JYn = Au(Ayn = Axn)],

X1 = J  aJxr + (1= ap)Jw,)], Yn>1,

(1.5)

converges strongly to the solution of problem (1.2), where {a,} is a real sequence in (0, 1) such that

lima, =0, ) a, = .

n—-oo

n=1
Kimura and Nakajo [22] proved the following strong convergence theorem:
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Theorem 1.2. Let C be a nonempty closed and convex subset of a uniformly smooth and 2-uniformly convex
real Banach space E. Let A : C — E* be an a-inverse strongly monotone mapping and B : E — 2F be a
maximal monotone mapping. Suppose the solution set (A + B)~1(0) is nonempty. Let u, {x,} in C be a

sequence defined by:

x1 €C; (1 6)
Xn4+1 = HC(]+ /\nB)_l(Vn]u + (1 _yn)(]xn - /\nAxn))/ Yn>1, .

where I is the generalized projection, A, € (0, 00) and y, € [0,1] such that limy, = 0and Y., | yn = .
n—o0
Then, the sequence {x,} converges strongly to a solution of problem (1.2).

Recently, Adamu et al. [20] introduced the following modified inertial Halpern-type Forward-
Backward algorithm involving monotone operators in the setting of 2-uniformly convex and

uniformly smooth real Banach spaces.

w1,0 € E;
-1
Yn = ]~ [Jwn + pn(Jwn = Jw,-1)], 17)
Zn = (]+ AHB)_l (]yn - /\nA]/n);
Wyi1 = [ anJo + buJyn + cnJza)], Yn>1,
and
sn s
mm{“' Mo farl ST n} if Wn# Wi,
Un < [y = (1.8)

u, otherwise

where € (0,1), 9, € (0,1) such that ZS’Z < 00, {an}, {bu}, {cn} € (0,1) witha, + b, +¢, = 1

and lima, = 0. They proved that the sequence {w,} generated by the algorithm (1.7) converges

n—oo
strongly to the solution of the inclusion problem (1.2).
Motivated by the aforementioned results, we introduce and study inertial bilevel variational mono-
tone inclusion problem in the setting of 2-uniformly convex and uniformly smooth real Banach
spaces and establish strong convergence of the iterative sequence generated by our algorithm. It

S y on inertial term in [20] is relaxed in

is of interest to mention that the following condition ——*—
¢(wn/w»1—1

our result.

2. PRELIMINARIES

Let E be a real Banach space and U = {x € E : ||x|| = 1} a unit sphere in E. E is said to be smooth
if the limit
t —
i I A= I 2.1)
t—0 t
exists for all x, y € U. It is said to be uniformly smooth if the limit (2.1) is attained uniformly for

x,y el
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We denote by | the normalized duality mapping from E to 25 (E* is the dual space of E) defined
by
J={f€E :{x,f) =P = IfI*), x € E,

where (., .) denotes the duality pairing between element of E and that of E*. If E is a Hilbert space,
then | = I, where [ is the identity mapping. The space E is said to be uniformly convex if for all
€ € (0,2], 6r(e) > 0 where O is the modulus of convexity of E defined for all € € [0, 2] by

. X+
oe(€) = inf {1~ |2 x,y € Be, = yil > €.

The space E is said to be 2-uniformly convex if there exists ¢ > 0 such that for all € € [0,2],
oe(€) > ce?. 1t is obvious that every 2-uniformly convex Banach space is uniformly convex. It
is known that all Hilbert spaces are uniformly smooth and 2-uniformly convex. It is also known
that all the Lebesgue spaces L, are uniformly smooth and 2-uniformly convex whenever 1 <p < 2
(see [9]).
The normalized duality mapping | has the following properties (see, Takahashi [10]):
(a) If E is reflexive and strictly convex with the strictly convex dual space E*, then ] is single-
valued, one-to-one and onto mapping. In this case, ™! : E* — E and we have J™! = T,
where [* is the normalized duality mapping on E*;

(b) if E is uniformly smooth, then ] is norm-to-norm uniformly continuous on bounded subsets
of E.

Lemma 2.1. Let p,q > 1 be such that 11—1 + % = 1, then the space E is g-uniformly smooth if and only if its

dual E* is p-uniformly convex.

Lemma 2.2. [21] If E is a 2-uniformly convex and uniform smooth real Banach space. Then ]! is
Lipschtzian from E* into E, i.e. there exists constant L* > 0 such that for all x*, y* € E* the following holds

I =Tyl < Ll =yl

Let E be a real smooth Banach space. The following functional is studied in Alber [6], Kamimura
and Takahashi [7] and Reich [8]

d(x,y) = IIxP = 2¢x, Jy) + Iyl (2.2)

for all x,y € E. It is obvious from the definition of ¢ that for all x,y € E, (||x]| - [lyl})* < ¢(x,y) <
(Il + ||y||)2. The following Lemma was proved in Kamimura and Takahashi [7].

Lemma 2.3. Let E be a uniformly convex, smooth real Banach space, and let {x,}, {y.} be sequences in E.
If {xn} or {y} is bounded and lim ¢(x,,, y,) = 0, then lim ||x, — y,|| = 0.
n—oo n—oo

Let E be a reflexive, strictly convex, smooth real Banach space and C a nonempty, closed convex

subset of E. From Alber [6], we see that for x € E, there exists a unique element xy € C ( denoted
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by Hc(x)) which is called the generalized projection from E onto C such that for all y € C,

#(30,%) = ming(y, )
yE

If E is a Hilbert space, then I'lc coincides with the metric projection from E onto C. The following

lemmas are well known, see [6] and [7].
Lemma 2.4. Let E be a smooth real Banach space, C a nonempty, closed convex subset of E and xo € E, then
¢ (x0,x) = ming(y, x)
yeC
if and only if
(y—xo0,Jxo—Jx) >0, VyeC.

Lemma 2.5. Let E be a real Banach space. The following are equivalent
(1) Eis 2-uniformly smooth;
(2) There exists a constant k > 0 such that for all x,y € E,

e+ yI? < Il + 2y, J () + 262 Iy,
The constant k is called the 2-uniform smoothness constant of the space. In Hilbert spaces H,

- L
k_\/i'

The following Lemma that gives some identities of functional ¢ can be found in [6].

Lemma 2.6. Let E be a uniformly convex, smooth real Banach space, then the following hold:

(1) (P(xr]/) - (P(X,Z) +¢(Z/]/) +2<x_Z/]Z_]]/>/ vx/]/;Z €E.
i) ¢o(x,y)+o(y,x) =2(x—-y,Jx—-Jy), VYxyzeE.

Let C be a nonempty, closed and convex subset of a uniformly convex real Banach space E. Let
the functional V : E X E* — R be defined for all x € E, x* € E* by

V(x,x") = |Ixl2 = 2¢x, x*) + ||| 2. (2.3)
which satisfies the following conditions (see [6]), for all x € E,x* € E*,
Vi) = p(x ] x),
and forallx € E,x* € E*
Vi, x)+ 2% —x, ) < V(x,x +y'), VxeEx,y e€E. (2.4)
The following Lemmas are essential in the study of our result.

Lemma 2.7. [12] Suppose that E is 2-uniformly convex real Banach space, then there exists p > 1 such
that Vx,y € E

ullx = yI* < d(x, y). (2.5)
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Lemma 2.8 ( [11]). Let the multivalued operator B : E — 2F be maximal monotone and A : E — E*
be a Lipschitz continuous and singled-valued monotone mapping, then the mapping A + B is a maximal

monotone.

Lemma 2.9 ( [13]). Let the multivalued operator B : E — 2F" be maximal monotone and A : E — E* bea

single-valued mapping. Define a mapping
Tyx =] o] Y (J-AA)(x), x€EA>0. (2.6)
Then F(T)) = (A + B)~1(0), where F(T,) denotes the set of all fixed points of Ty.

Lemma 2.10 ( [15]). Let {a,} be a sequence of real numbers such that there exists a subsequence {n;} of
{n} such that a,, < an, 1 for all i € IN. Then there exists a non-decreasing sequence {mi} C IN such that

my — oo and the following properties are satisfied by all (sufficiently large) numbers k € IN:

Ay < Apgyt1

ag < Any+1

In fact, my = max{j < k:a; <aj;1}.
Lemma 2.11 ( [14]). Let {a,} be a sequence of non-negative real numbers satisfying the following relation:

Ap41 < (1 - O‘n)an + anbp + Yn, 2 0,

[s¢]

where (i) {a,} < [0,1], )ty = oo, (ii) limsup &, < 0 and (iii) y > 0(n > 0). Then lima, = 0.

n—oo
n—oo
n=1

3. MaiIn ResuLts

We begin this section with the following assumptions under which the strong convergence

results are established:

Assumption 3.1. Let C be a nonempty closed and convex subset of 2-uniformly convex and uniformly
smooth real Banach space E with dual E*. Suppose the following conditions are satisfied:

(C1) A : E — E* is a monotone and L-Lipschitz continuous operator with L > 0, and B : E — 2F
maximal monotone operators such that (A + B)~10 # 0.

(C2) F : E — E*is 6—inverse strongly monotone such that VI(C,F) # 0; ||Full < ||Fu — Fvl| for all
ueC,ve VI(C,F)and 6 > 2L*, where L* is a Lipschitz constant for [\, ] is the duality mapping
from E into E”.

(C3) {yu}is a sequence in (O, g), where 1 is as defined in (2.5), v, = o(6,), where { Qn};‘;l is a sequence

in (0,1) such that lim 6, = 0and ), 6, = co.

n—oo =1

(C4) T:={ze (A+B)1(0): (F(x),x—2) >0, Vxe(A+B)(0)}0.
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Algorithm 3.1. Initialization: Let @ > 0 and choose xo, x1 € E to be arbitrary.

Iterative Steps: Calculate x,,+1 as follows:

Step 1. Given the iterates x,_1 and x, for each n > 1, choose a, such that

. Vi .
min {a, m}, Zf Xy #F Xp-1,
ay < dn - (3.1)

o, otherwise

Step 2. Compute

g = ] (Jxn + @ (Jxn = Jxn-1))

op = J§ o J 7N (Jun = AnAuty)

wy, = ] (Juy — An(Av, — Auy)) (3.2)
yn = L] (Jwn — BuFwy)

Xur1 = J N (On]x0 + (1= 04)Jyn).

where {A,} and {B,} satisfies the condition: A, € (0, (u/(2L*L?))%?) and 0 <a < B, < b < 6/2L",
where [a,b]  (0,1), w, 6, L* and L are positive constants defined in (C2) and (C3).

Theorem 3.1. Let C be a nonempty closed and convex subset of 2-uniformly convex and uniformly smooth
real Banach space E with dual E*. Suppose conditions (C1) to (C4) are satisfied. Let {xn}_, be sequence
generated by Algorithm 3.1, then {x,} > | converges strongly to some point in T

Proof. Letp €I, then we know from Lemma 2.6(i) that

(P, xn) = G(p, un) + G(un, Xn) + 2(p = tn, Jubn = JXn)-

This implies that
O(p,un) = ¢(p, xn) = G(un, X)) + 2(p =, JX0 = Juin). (3.3)
But from the Algorithm 3.1, Lemma 2.7 and the fact that ab < “ngz, a,b € R, we have that
<P — Uy, JXp = Juy) = ”P = un|lllJxy = Junl|

1
< Sl - Junlllllp = tall® + 1]

Qp
= 25, = Poucalllp = el + 1]

< S = Jraall(lp = all + I = al)? + 1]
= %”]xn_]x”_1||[2(||p_Xn||2+”xn—unllz) +1]

= aullPn = Jualllp = 2l -t = 20l 4+ 5 = Tl

< %GD(P, Xn) + %q)(un,xn) + % 6



Int. J. Anal. Appl. (2024), 22:210 9

Thus, from (3.3) and (3.4), we obtain

Using Lemma 2.6(i), we get

$(p) < (14 L0 (p,%) = (1= 200, ) + 74 (5)
O(p,vn) = G(p, un) — P(Vn, tty) + 2(p — U, Jun — JUn). (3.6)

And using (2.4), Lemma 2.2, (3.5) and (3.6), we obtain

P (p, wn)

IA

IA

IA

o(p, ]_1 (Jon = An(Avy, — Auy)))

V(p, Jon — An(Avy — Auy,))

V(p, Jon) = 2A5{J 7 (Jon = Au(Avy — Auy)) = p, Avy — Auy)
o(p,vn) — 20,7 (Juy — An(Avy, — Auy,)) — J (Jun), Avy, — Auy)
+2M0,(vn — p, Avy — Auy)

(1 + %)qb(n Xn) = (1 - %)(f)(“m Xn) + Vn— P (0n, tin)
+2Aull]7 (Jou) = T (Jon = Au(Avy — Auy) )lAvy — Auy|

+2(p — vy, Juy — Jon + Au(Av, — Auy))

(1 + %)‘1’(77/ Xp) = (1 - Z‘Llﬁ)(?(”m Xn) +Yn— ¢(Unr”n>

H202L" L2 [0y = tnl* + 2(p = On, Jutn — Jou + An(Avy — Auy))
2 2 20212
(1 =2 ot ) = (1= T ot ) = (1= 2 (o)

+2(p — vp, Jun — Jou + Au(Avy — Auy)) (3.7)

By definition of v, := ]fn o 7Y (Juy — AyAuy), where ]i = (J+ AxB)71J, then (Ju, — A,Au,) €

(Jun + AuBuy). Since B is maximal monotone, then there exists say z, € Bv, such that

which implies

Juy — AnAuy = Jo + Auzp

Zy = /%(]un = Joy — AMAuy), (3.8)

and since 0 € (A + B)(p), Av, + z4 € (A + B)v, and A + B is monotone, then

(p = vn, Avy + z4) < 0. (3.9)

Combining (3.8) and (3.9), we get

(p—on, Juy — Jou + Ay (Avn _Aun)> <0. (3.10)
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Thus, from (3.7) and (3.10), we get

oo = (15 Lo, ) = (1= ot x0) +
2L
o2

)qb(vn, Un). (3.11)

Next, we obtain from (3.2) using properties of the functional ¢» and V that

o (p, yn)

o(p, HCI_l (Jwn = BnFwy))

< op,] _1(]wn = BnFwy))

V(p, Jwy — BnFwy)
V(p, (Jwy — BuFwy) + BuFwy) — 2] (Jwy, — BuFwn) — p, BunFw,)
V(p, Jwn) = 2" (Jwn — BuFwy) — p, BuFton)

O (p, wn) = 2Bnwy — p, Fon) + 2B5(J ! (Jwn — BuFton) — wn, Frw,)
QD(PI wn) = 2Bn(wy — p, Fw, — Fp) — 2Bu(wy — p, Fp)
+2Bu(J " (Jwy = BuFwy) = 7' (Jwn), Fw,)

Combining (3.11) and (3.12), we obtain

(P, yn)

< ¢p,wn) = 20BullFwn — FplP + 2Bull] ™ (Jwn — BuFeon) = I~ (Jwu)l|Few,l

< ¢(p,wn) = 20BullFw, — Fpll* + 2B,L°1 7 (Jwn — BuFwn) = ]~ (Jwy ) IFwy||

= ¢(p,wn) = 20BullFwy = Fpl® -+ 4L Bull (Jwy = BuFwy ) = JwallllFw,||

= ¢(p,wn) = 20BullFw, — Fpll* + 4L B3| | Fuw,|

< ¢(p,wn) — 20BullFw, — Fpll* + 4L*B3||Fw, — Fpl?

= ¢(p,wn) = 2Bu(0 = 2L"By)IFw, — FplP*. (3.12)
< (1 + ZZ” )¢>(p,xn) - (1 - %}P(un,xn) +Yn— (1 - ZA%Z:*LZ )f;b(vn,un)

— 2B4(6 = 2L*B,)|IFw,, — Fp|.

Thus, taking € € (0, 2) then from (C3) there exists a natural N € IN such that for all # > N,
= < O,€, therefore, for all n > N,

,u

(P, Xnt1)

IA

IA

IA

o(p, T (OnJx0 + (1= 64)]yn))
On(p, x0) + (1= 0n) (P, yn)
2Yn 2Yn
0u5(p,0) + (1= )1+ = Jolp o) = (1= 00)(1 = =T o (an 0) + 70

202712

(1- en)(1 —~ )qb(vn, Un) = 2Bn(1=6,)(6 = 2L By |IFw, — Fpl*  (3.13)

{1-0.1-6)lp(p, ) + 6,01 —€>[¢§pl?) + 2(16 : e>]'
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Thus, by induction we obtain that Vn > N,

¢(p,xn) < max {qz)(p, xN), W}

Therefore, {(p(p, xn)}is bounded. So, by Lemma 2.7 it follows that {x,} is bounded and hence

{yn}Awn}, {uy} and {v,} are all bounded. But from (3.13) we get that
2y 2A2L*L?
u

(1=6)[(1= =)l )+ (1= o0, 1) + 2806 = 2L Bi)lIFw, — FplF]

< (@) = 3l x0)) + Ou{0(p, ) = o(p ) + 5 ) G149

Now, we divide the remaining part of the proof into two cases.

[o¢]

Case 1. Assume that {¢(p, x,)}_; is non-increasing real sequence of numbers. Since {¢(p, xn)};_,

n=1

is bounded, then the limit exists. So, nlim (o(p,xn) — ¢(p,xus1)) = 0. therefore, from (3.14), we

obtain

lim ¢ (uy, x,) = r}i_r&(p(vn,un) = nli_r}ggllen —Fpll =0. (3.15)

n—oo

Applying Lemma 2.3, we obtain from (3.15) that
r}ggo”un —xull = nlglgollvn —uy|| = 0. (3.16)
Also, from (2.4), we get
O(Wn, yn) = (P(wnr]_l(]wn_ﬁann))
= V(wn/ Jw, — ﬁann)
< V(wy, (Jwy — BuFwy) + BuFwy) — 271 (Jwy — BuFwy) — wy, BuFwy)
= (P(wn/wn) _2<]_1 (]wn _ﬁann) _wn/ﬁnpwn)
= 2ﬁn<]_l(]wn_,3n["wn) _]_l(]wn)/Fwn>

< 287 Jwy = BuFwy) — T~ (Jwy, ) lllFewy|
< 2LB3lIFwy|P
< 2L*B3||Fw, — Fp|*. (3.17)

Using (3.15) into (3.17), we get

nli_r)r(}oqo(wn,yn) =0. (3.18)
Consequently, we get from (3.18) that
Tim|fe,, = | = 0. (3.19)

Since | is uniformly norm-to-norm continuous on set, we get from (3.16) and (3.19) that

nlg{}o”]un — Jxull = ,}ggoll]vn — Junll = r}g&”]wn — Jyull = 0. (3.20)
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By (3.2), we get
Jw, = Joall = AullAv, — Auyl|
< AnLllvy = uyll.
It follows from (3.20) that
nlg{)lo”]wn — Joall = 0. (3.21)
Since
], — ]yn” < Wxn = Junll + [Juy = Joull + |Jon — ]ynllz
then by (3.20) and (3.21)

Tim 1] = Jyall = 0. (3.22)

Moreover, from the iteration, we get that
Jxn41 = Jynll = anllJxo = Jyull < anK — 0 as n — oo, (3.23)
for some K > 0. Also, by (3.21) and (3.22) we obtain

WXns1 = Joull < WJXns1 = Jynll + [1Tyn = Jxull = 0 as n — co. (3.24)

Since J~! is norm-to-norm uniformly continuous on bounded subset of E*, we get from (3.22) and
(3.24) that

Tim [l 1 = xall = 0 = lim|lx, = yall (3.25)
Furthermore, since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that {x,,} converges
weakly to a point x* in E as i — oco. By (3.25), we get y,, — x" as i — co. We now show that
x* € (A+ B)71(0). Let (y,z) € Graph(A + B), that is z € (A + B)y which means z — Ay € By. Also,
we know from v, = (J + Ay, B) " o J7(Juy, — Ay, Auy,) that

(]_A”iA)u”i € (]+ /\”iB>v”i

and

1
A (]uﬂi - ]vn,' - /\”iAu”i> € B'Un’..
1;

Since B is maximal monotone, we get

(Y= vy, z— Ay — /\L (Jun, = Jon, = A, Auy,)) 2 0. (3.26)

n;
Thus,
1

1 (]u”i - ]U”i - A”iAuni)>
n;

(Y—vy,2) = (y—opn,Ay+

1
= <y - vni’Ay _Auﬂi> + <y ~ Oni» T(]un,- - ]Un,->

1
= (Y= 0n, AY = AVp) + Y = Uny, AV, — Aty + Y = Uy 5—

/\ni (]ul’li - ]0111)

1
> (Y — vy, Avy, — Ally,) + Y — Un,, T(]uni — Jou,). (3.27)
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We know that lim ||[v, — u,|| = 0. since A is Lipschitz continuous then lim ||Av, — Au,|| = 0. Also,
n—00 n—00

since v,, — x* as i — oo, then it follows from (3.27) that
(y—x",2) 2 0. (3.28)

Furthermore, since A + B is maximal monotone, we get that0 € (A + B)x*. Thus, x* € (A + B)~1(0).

Since p is the unique solution of the problem F in I', then

limsup(F(p), p — xu,) = (F(p),x" —p) 2 0.

1—00

We now show that p = Ilrxg. but by Lemma 2.4, we obtain
(Jp—Jxo,p—x") <0, Vx" €T. (3.29)
Hence, p = Ilrxo. Next, we show that

lim sup(Jxo — Jp, xn+1 —p) < 0.

n—oo

Using (3.25) and the fact that x,, — x*,we get

lim sup(Ju = Jp,xp41—p) = limsup(Jxo = Jp, Xu;+1 = Xn;) + limsup(Jxo — Jp, Xu; = p)

n—oo 1— 00 1—00

= (Jxo—Jp,x" = p).

Therefore, we obtain that

lim sup(Ju — Jp, xu41 —p) = {Jp — Jxo,p —x") < 0.

n—-oo

Hence,

O, xus1) = O(p, ] (Ou]xo + (1= 0n)Jyn))
= V(p,0nJx0+ (1= 04)]Yn)
= V(p,0nJxo + (1= 0)]yn = Ou(Jx0 = Jp)) + 20u{Jx0 = Jp, Xn11 = P)
= V(p,0nJp + (1= 0n)Jyn) + 20u{Jx0 = Jp, Xus1 = p)
< 0.V(p,Jp) + (1= 6u)V(p, Jyn) +26u(Jx0 = Jp, Xns1 = p)
< (1=60)V(p, yn) +26uJx0 = Jp, Xns1 = p)
= (1-0n)¢(p, xn) +204(]Jx0 = Jp, Xn+1—P) (3.30)
By Lemma 2.11, we obtain qb(p, xy) = 0asn — co. Also, by Lemma 2.7, we get x,, — p.

Case 2. Let {¢(p,xn)})"_; be a sequence of non-decreasing real numbers. Then, by Lemma 2.10,
we set Yy, := ¢(p, xn) and let 7 : N — IN be a mapping for all n > ng (for some ng large enough),
defined by

r(n) ;= maxtk e N : k <n, T <Tyq}.

Then, r is a non-decreasing sequence such that r(n) — co as n — co. Thus

0< Yr(n) < Yr(n)+1/ Yn=>ng
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which means that ¢(p, X,,)) < ¢(p, X(n)41), for all n > ng. Since {¢(p, x,(n))} is bounded, there-
fore 7}1_1)1010 o (p, xr(n)) exists. Thus following the same line of action as in Case 1, we obtain that
nh_r)r.}o ¢(xr(n)+1, x,(n)) = 0 and for any {x,(,)} which is bounded, there exists a subsequence of {x,,)},
still denoted by {x,(,)} such that x,(,) converges weakly to z as n — oo, we then obtain z € T'.

Furthermore, for any p = Ilrxp, we have

lim sup{Jxo = Jp, X;(ny4+1 — P> < 0. (3.31)
Also, like in (3.30), we get
(P(p/ xr(n)Jrl) < (1 - Qr(n))qb(pr xr(n)) + 267(n)<]x0 —Jp, Xr(n)+1 — p)- (3.32)

Using Y, () < Y;(n)+1 and since 60,(,) > 0 we obtain

¢(p/ xr(n)) < 2(Jxo — ]p/ Xr(n)+1 _p>

which implies by (3.31)
limsup ¢ (p, X,(4)) < 0.
n—>00
Thus
Hm é(p, x,(n)) = 0.
Now by (3.32), we have

lim ¢(p/ xr(n)+1) =0.

n—oo

Therefore, by Lemma 2.10, we get

P(p,xn) < PP, Xy(ny11) = 0asn — co

which gives that lim ¢ (p, x,) = 0, which implies that lim ||p — x,|| = 0. Thus x, — p := Ilrx,. This
n—-00 n—-o0
completes the proof.
O

Remark 3.2 Our result is more general than some related results in the literature and, hence,
might be applied for a wider class of mappings. For example, we next present the advantage of
our method compared with the recent results

4. APPLICATION

In this section, we study the problem of solving convex minimization problem.
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4.1. Application to convex minimization problem. Consider the structured nonsmooth convex

minimization problem:

f() +g(x") = min{f(x) + g(x)} (4.1)

where f : E — R is a convex smooth function and ¢ : E — R U {400} is a proper convex and

lower-semicontinuous function. Solving (4.1) is equivalent to finding x* € E such that
0 VF(x') +Ig(x')

where Vf is the gradient of f and Vg is the subdifferential of g. Since Vf is (1/L)-Lipschitz
continuous, then it is L-inverse strongly monotone and dg is maximal monotone. Setting A = Vf,
B = dgand F = I — xg, where [ is an identity mapping and xy is an arbitrary fixed vector in E, then
F is 1-Lipschitz continuous, so it is 1-inverse monotone. Hence, from Algorithm 3.1, we obtain the
following Algorithm:

Algorithm 4.1. Initialization: Let @ > 0 and choose xo, x1 € E to be arbitrary.

Iterative Steps: Calculate x,,+1 as follows:

Step 1. Given the iterates x,_1 and x, for each n > 1, choose a, such that
. Vn .
min {a, m}, if Xp# Xn-1,

o, otherwise

Step 2. Compute

p = ]V (Jatw + an (Jxn = Jxn-1)

o, = I35 0 7N (Jtw = AuVf (un))

Wy = ] (Jon = An(Vf(0n) = V(1))
Yn = HC]_l((l — Bn)wn + BuXo)

Xnt1 = J 1 (On)x0 + (1= 6,)Jyn)-

where {A,} and {B,} satisfies the condition: Ay € (0, (u/(2L*L?))%?) and 0 < a < B, < b < 6/2L",
where [a,b] € (0,1), u, 6, L* and L are positive constants defined in (C2) and (C3).

Theorem 4.1. Let C be a nonempty closed and convex subset of 2-uniformly convex and uniformly
smooth real Banach space E with dual E*. Suppose that f : E — R is a convex smooth function and
¢ : E = R U {400} is a proper convex and lower-semicontinuous function such that Vf is (1/L)-Lipschitz
continuous, dg is maximal monotone and S := rrx1€ibp{ f(x) +g(x)} # 0. Let {x,}_, be sequence generated

by Algorithm 4.1, then {x,}" | converges strongly to some point in S.
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4.2. Numerical examples. Next, we present some numerical examples to illustrate the efficiency
and performance of the proposed algorithm. We compare the performance of our method Algo-
rithm 3.1 with (1.4), (1.5) and (1.7).

Example 4.1. Let E = (I(R), |lll;,), where L(R) = {x = (x1,x2,%3,...), x; € R : Y |uf <
i=1

1
oo 2
oo} and ||xll;, = (Z Ixilz) , Vx € I(R). Now, define the operator B : I,(R) — I(R) by Bx =
i=1
(3x1,3x2,3x3,...), Yx € [b(R). Then, B is a maximal linear operator on I(R) with resolvent ]fﬂ =
ﬁ Vx € h(R). Let C = {x € L(R) : |x;] < %, i=1,2,3,...}. Thus, we have explicit formula for Pc.
Nouw, define the operator A : I,(R) — I(R) by

Ax = (||x|| + )x,
[[x]| 4+ e

for some o > 0. Then, A is monotone on Ip(IR) (see [31]). Furthermore, define the mapping S : I(R) —
L(R) by Sx = (0,x1,x2,...), and F : [(R) — I(R) by Fx = x —xo. Then, F is inverse strongly
monotone and Lipschitz continuous.

For this example, we take ¢ = 1078 as the stopping criterion and choose the starting points as follows:
Case 1: Take x; = (1,3,%,---Yandxo = (%, %, L,---).

1237° 275710
Case2: Tukex; = (1,3,3,--)andxo = (3,3, &, ).
Case3: Tukex; = (1,1, %, )andxo = (3,1, 5,--).
Case4: Tukex; = (3,3, 4, )andxo = (1,1, 3,---).

The numerical results reported in Table 1 and Figure 1.

Table 2. Numerical results for Example 4.1 with ¢ = 107,

Cases Algorithm  Algorithm  Algorithm  Algorithm
3.1 (1.7) (1.5) (1.4)

1 CPU Iter. 0.7635 5.3401 2.3226 5.5915
10545 47956 32202 54678

2 CPU Iter. 0.4805 3.5037 1.4088 3.5795
10545 47956 32202 54373

3 CPU Iter. 0.4764 3.3908 1.3816 3.4018
10545 47956 32202 53967

4 CPU Iter. 0.4843 3.2722 1.4390 3.268

10545 47956 32202 53694
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Ficure 1. The behavior of TOL, with ¢ = 1078 for Example 4.1: Top Left
Top Right: Case 2; Bottom Left: Case 3; Bottom Right: Case 4.
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5. CoNCLUSION
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Algorithm (1.4)

4 5 6
Number of iterations x10%

: Case 1;

The approach for solving bilevel variational inclusion problem that uses monotone mappings in

the lower-level problem and an inverse strongly monotone mapping in the upper-level case in

two uniformly smooth convex real Banach spaces was proposed in the study. Our algorithm is an

accelerated Halpern-type iterative method. We prove a strong convergence theorem with some

assumptions on parameters.The effectiveness and performance of the suggested iterative strategy

are demonstrated using a numerical example. The outcome advances some recent findings in the

literature.
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