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Abstract. In this study, we introduce novel types of m-quasi-ideals and m-bi-ideals in the context of b-semirings,
expanding the scope of algebraic structures in this field. We provide detailed characterizations of these ideals, focusing
on their distinct properties and interactions within b-semirings. Utilizing an algebraic approach, we elucidate the
fundamental properties of m-bi-ideals, examining their behavior and structural role. Additionally, we explore the
generators of m-bi-ideals and offer characterizations based on their relationship with bi-ideals. Our findings contribute
to a deeper understanding of m-ideals and m-bi-ideals, opening new avenues for further research in algebraic theory

and the study of semirings.

1. INTRODUCTION

In recent years, the study of semirings has gained significant attention in algebra due to their
wide-ranging applications in various mathematical and computational fields. Within this area,
b-semirings have emerged as a key focus, offering a rich structure for exploring new types of
ideals. This paper introduces and explores new concepts of m-quasi-ideals and m-bi-ideals in
the context of b-semirings. These ideals extend the traditional notion of ideals in semirings,
providing fresh insights into their algebraic properties and potential applications. By employing
algebraic methods, we characterize these m-ideals and m-bi-ideals, analyzing their generators and
fundamental properties. This investigation not only enhances the understanding of b-semirings
but also contributes to the broader field of algebra by uncovering new structural relationships and

behaviors within these mathematical constructs.
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Vandiver [1] introduced the concept of a semiring in 1934. Regular rings have been exten-
sively studied for their own sake and their connection to operator algebras. In 2009, Ronnason [2]
proposed the idea of b-semirings. In an article submitted for publication, Mohanraj et al. [3] estab-
lished the concepts of weak-1 ideals and weak-2 ideals in b-semirings. This study characterizes
different regular b-semirings using multiple weak ideals. Semigroups, which emerged as a gen-
eralization of group theory in the early 20th century, are basic structures that have been widely
recognized in various areas of science and mathematics, as noted by Munir and Habib [4,5]. Due
to their inherent connection to finite automata, they have numerous applications in theoretical
computer science. Examples include time-invariant processes, abstract evolution equations, and
graph theory. Semigroups are algebraic structures that have an essential ideal, similar to other
algebraic structures. Steinfeld [6,7] was one of the pioneers of the concept of semigroups and rings
as quasi-ideals. Iseki [8] extended this idea to semirings with no zero and explored significant
semiring descriptions based on quasi-ideals. Mathematicians have found it useful and fascinating
to generalize the ideals found in algebraic structures. This generalization of values led to one-sided
ideals and pseudo-ideals [9].

Lajos developed the concept of bi-ideals as a more general version of quasi-ideals in associative
rings. Later, Szasz [10] and other mathematicians applied these ideas to study various semigroups.
Kar et al. [11] introduced generalized bi-ideals for ternary semigroups. In [12], the study of semir-
ings and ordered semirings through the hypothesis of an ordered b-semiring is described. The
paper attempts an in-depth analysis of Type-1 bi-ideals, Type-2 bi-ideals over ordered b-semiring.
Many mathematicians have used various ideals to prove significant results and characterizations
of algebraic structures, see [13]. Salahuddin et al. [14] defines left almost hyperideals, right almost
hyperideals, almost hyperideals, and minimal almost hyperideals. They proved that the intersec-
tion of almost hyperideals need not be an almost hyperideal, but the union of almost hyperideals
is an almost hyperideal. This is distinct from the classical concept of ideal theory.

In this paper, we delve into the significant classical results in bi-ideals, m-bi-ideals, and their
relationship with the elements and subsets of a b-semiring. We examine the conversion of bi-ideal
and quasi-ideal concepts into m-bi-ideal. The paper is divided into five sections. The first section
provides an overview of the topic, while the second section explores b-semirings and their relevant
definitions and results. In the third section, we cover m-bi-ideal and m-quasi-ideal generated by
single element and subset with numerical examples. Finally, we conclude our study in the fourth
section. The primary objective of this paper is to establish the relationship between bi-ideals and
m-bi-ideals in b-semirings and demonstrate the relationship between m-quasi ideals and m-bi-
ideals in b-semirings. Next, to characterize the generator of bi-ideal, weak-1 left ideal, weak-1
right ideal, weak-2 left ideal and weak-2 right ideal.
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2. PRELIMINARIES

In this section, we will introduce the concept of m-bi-ideals in b-semirings. We will provide
an overview of the key theories and concepts explained in [2] and [15] that are relevant to this
topic.Here S denotes b-semiring unless otherwise mentioned.Also, ¢1 and ¢, denotes MinMax-

product and MaxMin-product respectively.
Definition 2.1. A sub b-semiring Q of S is called a m-quasi ideals if Q¢1S8™ N S8™¢1Q C Q.
Definition 2.2. A sub b-semiring Q of S is called a m-Quasi ideals if Q¢2S™ N 8™¢2Q C Q.

Definition 2.3. Let (S, ¢1,¢2) be a b-semiring. The subset B of S is called m-bi-ideal if B is a sub
b-semiring of S there exists Bo,S™ 0B C B, where m is a positive integer.

Definition 2.4. Let (S, ¢2,¢1) be a b-semiring. The subset B of S is called m-bi-ideal if B is a sub
b-semiring of S there exists B6>1S™ 01 B C B, where m is a positive integer.

Notations: Forasubset Aof Sandi=1,2,3,...,n
(1) Y. A = {(a1014201...01ay, ) |a; € A}.
(i) [TA = {(a102a207...02a,)|a; € A}.
(iii) X3 (A02S) = {(a10251)01(320252)01...01(an 028, )|a; € A, s; € S}.
(iv) [T(A¢1S) = {(a10151)02(a20152)¢2...02(an 150 )|a; € A, s; € S}.
(V) Y (A02502A) = {(a1025102a1) 01 (8202520242)...01 (A1 028,02, ) a; € A, s; € S}
(vi) [T(A01501A) = {(a1015101a1)02(a201520142)...02 (2,015,014 ) a; € A, s; € S}.
What is the product of any two m;-bi-ideal and m; -bi-ideal of S? We answer the questions by
introducing m;-bi-ideals.

3. 1M1-BI-IDEALS OF b-SEMIRING

In this section, we introduce m-bi-ideals of b-semirings and their generalizations. Examples are
provided to illustrate the results.

Remark 3.1. The binary operation A and V is defined as follows x Ay = min{x,y}, x Vy = max{x, y}

and
00 0 0 00 0 0 0 0 0O 00 0 0 00O
4 00 0 00 by 0 0 0 00 g 000 00
a a3 0 0 00 bp 3 0 0 00 | | c2c3 0 0 0O
gy as a5 0 00 |91 by b2 by 0 00 |=| cs & cs 0 00 | Where
ay ag dg dajo 00 b7 bg bg bm 00 Cy €8 C9 C10 00
ayy ap a13 a4 a5 0 b11 bip by big b5 0 11 €12 €13 €14 €15 0

c1 = a1 Aby Aby Aby ANby Abiy; co = ax A(agVby) Aby Aby Aby Abyy; c3 = ax Aaz Abs Abs A
bs Abio; ¢4 = ag A (asVby) A (agVby) ANby Aby Abiy; ¢s = ag Aas A (agV b3) A bs A bg A bo;
6 = agANas ANag Abg ANbg Abis; ¢z = ay A(agVby) A (agVby) A (aroVby) ANby Abyy; cg =
az Aag A (agVbs) A (aoVbs) Abg Abp, co = ay Aag Aag A (aoVbg) Abg Abiz; c19p = az A
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ag Aag Aajg Abig Abig, c11 = an A (6112 \Y bl) A (6113 \Y bz) A (014 \Y b4) A (Ll15 \Y b7) Abii; cpp =
aip Nap A (Ll13 Vv b3) A (El14 Vv b5) A (a15 \Y bg) A b12/' c13 = a1 ANapp Naz A (a14 V b6) A (6115 \Y% bg) A b13,'
ci4 = apy Aap Aaz Aayg A (a15 V bio) Abiy; c15 = ayg Adyp Aagz Aaig Aags Abss.

Remark 3.2. The binary operation %, is defined as follows

0a; ap a3 as as 0by by b3 by bs 00cicoc3 ey
00 ag a7 ag ag 0 0 bg by bg by 000 c5c6 c7
00 0 ayqay a 00 0byobiibrz | _|000 0cg co
000 0 asas |92[000 0 bty |=|00000 ey | @here
000 0 0 a5 00000b15 00000 O
000 0 O O 000 O 0 00000 O
c1 = bgANay; ¢ = (b a1) (blo/\[lz),’ 3 = (bg/\al) \Y (bll /\az) \Y (b13/\€l3),‘ Cg = (bg /\611) \Y

(biz Aag) V (bia Aaz) V (bis Aag); ¢s = bigAag; c6 = (biiAaes) V (bizAay); ¢z = (biaAag) V
(bia Aay) V (b1s Aag); cg = biz Aano; co9 = (bia Aaig) V (bis Aarr); cro = bis Aags

Remark 3.3. If m = 1, then B6,8" 028 C B is called 1-bi-ideal or simply a bi-ideal.
Theorem 3.1. Every bi-ideal is a my-bi-ideal.

Proof. Let 8B be the bi-ideal of S, from Definition 2.4, 86,S¢»B C B. Now, it is also true that
B, S0, B C B. Similarly, we can see that B6rS820,B C B6rS10,B C B. In general, 86,8 0,8 C
Bo>S" 16,8 C B. Hence, B is a m-bi-ideal of S.

Remark 3.4. The reverse implication of the Theorem 3.1 does not satisfied, see the Example 3.1.

Example 3.1. Consider the b-semiring(S1, ¢1,¢2), where ¢1 and ¢ are defined in the above Note 3.1.

0 s1 sy s3
0 0 S4 S5 ,
Let S§1 = s €2} (3.1)
0 0 0 sg
0 0 0
0 bp 0 O
0 0 0 O ,
Let Q = bis eZ’ (3.2)
0 0 0 by
0 0 0 O
is a sub b-semiring. Now,
0 00O
) 0 00O ,
By S702B = n’eZ;CB. (3.3)
00 0O
00 0O

Thus, B is a m-bi-ideal but it may not necessarily be a bi-ideal of S1 by
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(B02810,8) = msezZ;, ¢8B (3.4)

o o o O

00
00 O
00
00

Theorem 3.2. The product of any two my-bi-ideal and my -bi-ideal of S with identity element e is a

max(my, m; )-bi-ideal of S.

Proof. Let B; and B, be the two bi-ideals of S.
Now, B10:8™M0,B; C By and Br0r,S8™ 6By C By, my and my are positive integers. From
Note 3.2, (B810282)? = (B10282)02(B10282) C (B10280281)02By C (B102802€...02602B1028,) C
(B1028028...02802B1) 028y C (B1028"02B1)02B2 € B102By, then (B10,8B,)? C B10,B,. Also,
B102B, (S )0, B0, By C 0B, S0, 8MXmm ), B0, By C B10,S™M6,By.  Therefore,

B1028B, is max(my, m; )-bi-ideal S.

Theorem 3.3. If Bisa o1 closure of S, Ris a subset of S and B be my-bi-ideal (m > 1), then B, R(R¢2B)

is my-bi-ideal.

Proof. Now, (B¢2R)2=(BorR)02(BorR)=(BorR02B)02R C (BorR028)02B C (B0 (S™)028) 0o
R C BoyR. Then, (BoyR)? C BoyR of S. Also, BoaRoy(8™)02B0;R0y C BorS0r 80, BR C
Bor S, BorR
C BooR. Therefore, Bo,R is a my-bi-ideal of S. Similarly, we can demonstrate that the m1;-bi-ideal
of Sis the R, B.

Theorem 3.4. If B is a intersection of all bi-ideals with bipotencies my, my..., then B is also bi-ideal with bi

potency is max{my, my...}

Proof. Let {B; : C € A} be a set of m-bi-ideals of S, then 8=N$B;. Thus, B is a sub b-semiring of S.
Since B ¢28™ 2B € Br € B for all C € A. Therefore, Bo, Smaxime:lerls, B B:S"0,B: € Br € B
for all C € A. This implies that Bo,Smaximctenlo, B C B C B. Therefore, B is an m-bi-ideal with

bipotency max{m, m;....}.
Theorem 3.5. Every my-quasi ideal is a m1-bi-ideal.

Proof. Let Q be a mj-quasi ideal of S. Clearly, Q is a sub b-semiring. Now, Q¢>S8"¢»,Q C
Qo28"0,S = Q0,8 C Qo,S™. Similarly, Q286 Q € S"0,Q. We get Q28" 6,Q C (Qosz) N
(8",Q) € Q. Hence, Q is bi-ideal with potency m.

Remark 3.5. The reverse implication of the Theorem 3.5 does not hold, see the following Example 3.2.
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Example 3.2. Let S; be a b-semiring and B be a sub b-semiring as in Example 3.1.

B0y 870, 8 = n‘ezZ;c8s. (3.5)

o o o O

000
0 00
0 00
0 0O

Thus B is a my-bi-ideal of Sy but it may not be a my-quasi ideal by
0 1
0 0 ,

rPeZ ¢ 8B. (3.6)
0

0

0

00

0 0
(B0287) N (S3028) =

0 0

00 0

Theorem 3.6. If Q is a oy product of any (my,my)-quasi ideal and (ny,ny)-quasi ideal, then Q is a

max{my, my, n1, na}-bi-ideal of S with identity element.

Proof. By the Theorem 3.5, Now, (Q;02Q2)02(@Q192Q2) € Q102(Q202802Q2) € Q102@, ie.,
(Q192Q2)? € Q102Qy. Therefore, Q¢>2Q; is a closed under ¢,. Now, (Q1¢2Q, ) 6o 8™ m2mnaley,
(Q102Q) C (Q102Q0) 0 SMx MMMl (S6,Qp) T Q102 (Qp0rSMaxmmammltle, Qy) C Q12Qy.
Therfore, @ ¢,Q, is a max{my, my, n1,ny} bi-ideal of S.

Theorem 3.7. Every m-left ideal is a m-bi-ideal.

Proof. Since G represents the m-left ideal of S. Now, G¢2S8"¢2G C G¢»G C G. This implies that
G is m-bi-ideal of S.

Theorem 3.8. Every m-right ideal of S is a m-bi-ideal.
Proof. The Proof follows from the Theorem 3.7.

Theorem 3.9. For S, let G be a g-left ideal and H be an r-right ideal. Then, G N H is a k-bi-ideal with

k = max(m,n).

Proof. Let G be a g-left ideal and H is r-right ideal of S. Now, G and H are g-
bi and r-bi-ideals of S. By Theorem 3.4, the intersection is max(g,r)-bi-ideals. Also, G N
ﬁoz(smxw})ozg NH C Gor,Smaxlarty, g ¢ Smaxiaritly, @ ¢ S"o,G C G. Similarly, we can prove
thatGN Woz(Sm”X{”/'r})OQQ NH € H. Consequently, G N Hor,Smexlarte, G N H < GNH. Therefore,
G N‘H is a k-bi-ideal with k = max(m, n)

Remark 3.6. Every 1-quasi ideal is equivalent to a quasi ideal (where m = 1).

Theorem 3.10. Let a € S, then my-bi-ideal generated by a is < a >,,= {na} U {(n'a%) U a0, 8™ 0.
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4. m>-BI-IDEALS OF b-SEMIRING

What is the product of any two my-bi-ideal and m, -bi-ideal of S? We answer the questions by
introducing m,-bi-ideals.

We introduce mj;-bi-ideals of b-semirings and their generalizations. Examples are provided to
illustrate our results.

Remark 4.1. If m = 1, then the subset B¢>1S8™ 1B C B is called 1-bi-ideal, or simply a bi-ideal.
Theorem 4.1. Every bi-ideal is a my-bi-ideal.

Proof. Let 8B be the bi-ideal of S, by Definition 2.4, 8615018 C B. Now, B61S101B C B.
Similarly, B182018 C B61S8101B8C B. In general, 8618"01 8 C Bo18" 1018 C B. Therefore, B is
a m-bi-ideal of S.

Remark 4.2. The reverse implication of the Theorem 4.1 does not satisfied the Example 4.1.

Example 4.1. Consider the b-semiring(S1, ¢, ¢1), where ¢, and ¢1 are defined in the above Note 3.1.

S1 S2 S3 S4
S5 S¢ Sy 0 ,
Let S = sfeZ . 4.1)
S8 59 S10 Su
S12 0 0 0
0 0 0 O
0 bp 0 O ,
Let Q = bseZ (4.2)
0 0 by b3
by 0 0 O
be a sub b-semiring. Then,
nm 0 0 0
) np 00 0 ,
B¢18°¢1B = nl.s e /" CB. (43)
nz 00 0
ng 00 0
As a result, B is not a bi-ideal but my-bi-ideal of S by
nmq mp M3z My
ms 0 0 0 ,
(B01S8018) = ms ez ¢ 8. (4.4)
me My mg 1Mo

0O 0 0 O
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Theorem 4.2. The product of any two my-bi-ideal and my -bi-ideal of S with identity element e is a

max (my, my")-bi-ideal of S.

Proof. Let 81 and B, be the two bi-ideals of S. Now, B101S8™¢1B; C B1 and Br018™61B, C B,
where my, and m, are positive integers. By the Note 3.2, (81018,)? = (810182)01(810182) C
(B10180181)018, C (B101801€...01€01810182) C (B101801S...0180181) 0182 C (81018 018B1)¢1
By C B101B,, then(B19018,)2 C B1018B,. Also, By018,(S"(m2m2) )61 8161 B, C B1 6180,
Sm”x(m%mzl)olBlole C B1018™M¢18B,. Therefore, B1¢18B; is max(my, mzl)-bi-ideal S.

Theorem 4.3. If Bis a ¢, closure of S, Ris a subset of S and B be my-bi-ideal (m > 1), then B&r,R(R¢2B)
is my-bi-ideal.

Proof. Now, (B¢1R)?=(B¢1R)¢1(Bo1R)=(Bo1R¢1B)01R C (Bo1R01801B C (Bo1(S™)018)01R
C Bo1R. Then, (B41R)? C Bo1R of S.Also,B01R01(8")01B01Ro1 € Bo1S8018"01 B0 R C
Bo18"01B801R € Bo1R. Therefore, B R is a mp-bi-ideal of S. Similarly, we can demonstrate
that the my-bi-ideal of S is the R¢1 8.

Theorem 4.4. Every my-quasi ideal is a my-bi-ideal.

Proof. Let Q be a my-quasi ideal of S. Clearly, Q is a sub b-semiring. Now, Q¢18"¢1Q C
Q1801 S = Q018" € Qo1 8™. Similarly, Q018" ¢1Q C S"01Q. We get Q018™01Q C (Qo1S8™) N
(8™01Q) € Q. Hence, Q is bi-ideal with potency m.

Remark 4.3. The reverse implication of Theorem 4.4 is not true, as shown in Example 4.2.

Example 4.2. Let S1 be a b-semiring and B be a sub b-semiring as shown in Example 3.1.

51 S2 83 S4
s5 s¢ sy O ,
Let S = s° € VAR (4.5)
5§ S9 S10 S11
S12 0 0 0
0 0 0 O
0 hph 0 O ,
Let Q = bl.s e/ (4.6)
0 0 by by
by 0 0 O
be a sub b-semiring. Then,
0 00O
) 0 00O ,
B¢1S°01B = nl.s e/, CB. 4.7)
0 00O
0 00O
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As a result, B is a not a quasi-ideal but a my-bi-ideal of S by

rn 0 0 O
rn 0 0 O ,
(B018018B) = ris ez Z 8. (4.8)
r3 r4 15 0
0 0 0 O

Theorem 4.5. If Q is a ¢1-product of any (my, my)-quasi ideal and (n1,ny)-quasi ideal, then S has

max{my, my, ny, na}-bi-ideal with identity element.

Proof. By Theorem 4.4,
(Q101Q)01(Q101Q2) € Q101(@Q201801Q2) € Q101@y, ., (Q101@Q2)? € Q101Q,.
Therefore, Q;¢1@Q; is a closed under¢;. Now, (Q;¢01Q,) ¢ Smaxmmmnale, (Q161Qy)
C (Q101Qy) 01 Smaximmmmalo) (861Qy) € Q101(Qp01 SmImammmitle Qy) € Q101Qy.
Hence, Q1¢1@, is a max{my, my,n1, ny}-bi-ideal of S.

Theorem 4.6. Every m-left ideal is a my-bi-ideal.

Proof. Since G represents the m-left ideal of S. Now, G¢18™¢1G € G¢1G € G. This implies that
G is m-bi-ideal of S.

Theorem 4.7. Every m-right ideal of S is a my-bi-ideal.
Proof. The proof follows from the Theorem 4.6.

Theorem 4.8. For a g-left ideal G and r-right ideal H of S, the intersection of G and H is a k-bi-ideal with

k = max(m, n).
Theorem 4.9. Let a € S, then my-bi-ideal generated by a is < a >,,= {na} U {(n'a%} Uao18moqa.

5. m-BI-IDEALS OF b-SEMIRING

This section presents m-bi-ideals of b-semirings and their generalizations. We provide examples

to illustrate our results.
Theorem 5.1. Every bi-ideal for m > 1 is a m-bi-ideal of S.
Proof. The proof follows from Theorem 3.1 and Theorem 4.1.

Theorem 5.2. The product of any two mi-bi-ideal and my-bi-ideal of S with identity element e is a
max(my, my)-bi-ideal of S.

Proof. The proof follows from Theorem 3.2 and Theorem 4.2.

Theorem 5.3. Let S be a b-semiring and R be a subset of S. If B is an m-bi-ideal (where m is not necessarily
one), then BorR is also an m-bi-ideal.
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Proof. The proof follows from Theorem 3.3 and Theorem 4.3.
Theorem 5.4. Every m-quasi ideal is also an m-bi-ideal.
Proof. The proof follows from Theorem 3.5 and Theorem 4.4.

Theorem 5.5. The ¢, product of any m-quasi ideal and n-quasi ideal of S, with identity e, is the max{m, n}-
bi-ideal of S.

Proof. The proof follows from the Theorem 3.6 and Theorem 4.5.

Theorem 5.6. For a g-left G and r-right H of S, their intersection G N H is a k-bi-ideal, where k =

max(m, n).
Proof. The proof follows from the Theorem 3.9 and Theorem 4.8.
Theorem 5.7. Fora € S, then m-bi-ideal generated by a is < a >,,,= {na} U {(n'a%) Uao,8msa.

Proof. The Proof follows from the Theorem 3.10 and Theorem 4.9.

6. CONCLUSION

In our study, we introduced the concepts of m-quasi-ideals and m-bi-ideals in b-semirings as
generalizations of traditional bi-ideals, examining their fundamental properties and the structures
formed by m-ideals when subsets of b-semirings are considered. We explored the relationships be-
tween m-quasi-ideals and m-bi-ideals, setting the stage for further research on hyper b-semirings.
Looking forward, we plan to use m-bi-ideals to characterize various types of semirings, includ-
ing regular, irregular, and weakly regular semirings, and to investigate additional classes of
m-bi-ideals, such as prime, maximal, minimal, and main m-bi-ideals. These advancements have
potential applications in developing algebraic theory, cryptography, automata theory, mathemati-
cal modeling, and hyperstructure theory, providing new tools and frameworks for understanding

complex algebraic systems and their applications in computational and theoretical contexts.
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