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Abstract. Fractional partial Differential Equations (FPDEs) play an essential role in interpreting a broad variety of
events in various scientific disciplines, including physics, engineering, biology, and economics. One remarkable feature
of PDEs is the presence and investigation of traveling wave solutions, which are solutions that propagate with a
constant speed and preserve their shape. The main purpose of this work is to obtain the traveling wave solutions
of the space-time fractional Boussinesq equation using a relatively new mechanism which is the improved modified
extended tanh-function approach. Fractional derivatives based on Jumarie’s modified Riemann-Liouville are utilized
to deal with the fractional derivatives which appear in the fractional Boussinesq problem. Some periodic and solitary
wave solutions are presented in the form of trigonometric, hyperbolic, complex, and rational functions. In addition,
the effectiveness of the employed methodology is compared with the performances of other techniques such as the

fractional sub-equation approach, (% )-expansion process, and the modified Kudryashov method.

1. INTRODUCTION

The exploration of traveling wave solutions in fractional partial differential equations is a capti-
vating area of research with profound and broad repercussions in multiple disciplines in science.
In numerous disciplines of science and engineering, FPDEs have become extremely useful mathe-
matical tools for simulating and developing findings from real-world occurrences. FPDEs utilize
fractional-order derivatives to measure non-local and memory-dependent impacts, in contrast
to normal partial differential equations, which represent the dynamics of systems with integer-
order derivatives. Due to this special characteristic of FPDEs, FPDEs are especially appropriate

for explaining complicated and sophisticated processes characterized by long-range interactions,
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anomalous diffusion, and fractal behavior. FPDEs have been found beneficial for a variety of
practical applications, involving physics, engineering, chemistry, biology, finance, etc. FPDEs, for
illustration, have been utilized throughout physics to successfully simulate the dynamics of fluids
flow, the behavior of viscoelastic materials, and the propagation of electromagnetic waves and
water waves. Furthermore, FPDEs have been nicely employed in biology to investigate disease
transmission, population growth, and the movement of nutrients in cellular tissues.

Due to their fundamental characteristics and adaptability, traveling wave solutions have been suc-
cessfully used in modeling extensive applications in a variety of real-life scenarios. For instance,
traveling waves are utilized in telecommunications to send signals over far distances with a least
amount of distortion and loss. Current telecommunications networks depend on optical fibers
because they enable data to be transmitted rapidly through the use of traveling waves. Further,
traveling wave characteristics have been effectively utilized in a variety of medical imaging tech-
nologies, including magnetic resonance imaging (MRI) and ultrasonic waves. In oceans and seas,
traveling waves play a significant role in the movement of ships, migration of fishes, etc. The
numerous ways that traveling wave solutions are being used in electrical power systems, medical
imaging, and telecommunications indicate how important they are to the development of technical
advancements and the enhancement of many different aspects of humanity.

This paragraph especially provides some essential principles for fractional calculus, involving
fractional derivatives, their history and definitions. The idea of fractional calculus came from the
concept of 1/2-derivative of a given function. In particular, fractional derivatives were emerged
in 1695 when L'Hopital wrote to Leibniz to ask about the 1/2-derivative [1]. Subsequently, scien-
tists started investigating certain forms of derivatives, such as fractional, complex, and irrational
derivatives. Indeed, some valuable concepts for fractional derivatives were nicely established
over the previous decades. However, when a certain function’s derivative is calculated using
these definitions, they may produce different results. Lapalce, for illustration, employed integrals
to develop an advantageous definition of a fractional derivative of functions in 1812 [1]. Liouville
discovered the first Liouville definition in 1832 [2]. It relies on an algorithm for differentiating
an exponential function [2]. In his significant contribution, which is available in [3], Riemann
proposed his practical definition for fractional derivatives. Furthermore, a useful definition of a
fractional derivative for a given function was effectively developed in the late 19th century by
Riemann-Liouville. Finally, Khalil et al. [4] introduced a new definition for fractional derivatives
called conformable fractional derivative.

In hydrodynamics, the Boussinesq equations are employed to characterize how waves move in
nonlinear surfaces [5,6]. The Boussinesq equation describes how long waves with relatively small
amplitudes move on the surface of nonlinear strings and non-dimensional nonlinear lattices [7].
In the process of investigating long waves in shallow water, this equation was successfully devel-

oped. A variety of models addressing unconfined flow of groundwater and subsurface drainage
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difficulties depend on the Boussinesq equations. Due to their ability to accurately represent parti-
cle transport in complicated processes and diverse mediums, fractional differential equations have
garnered an extensive amount of attention recently. Water transmission in diverse porous surfaces
can be investigated by applying the fractional Boussinesq equation [8]. El-Wakil and Abulwafa [8]
developed the space-time fractional Boussinesq equation using the fractional variational concepts
and the semi-inverse approach. Then, the authors utilized the fractional sub-equation technique
to present the solution of this problem in the form of hyper-geometric, triangle and rational
functions. Yaslan and Girgin [7] used the simplified tan(@)-expansion approach to find some
traveling wave solutions for the proposed model. These solutions were presented in terms of ratio-
nal, trigonometric and exponential functions. Chen et al. [9] utilized the (%)—expansion approach
to extract three types of traveling wave solutions for the conformable space-time fractional Boussi-
nesq equation. Some exact traveling wave solutions of the Boussinesq equation were constructed
via the repeated homogeneous balance strategy in [10]. Furthermore, Hosseini and Ansari [11]
presented some solutions for the nonlinear Boussinesq equations using the well-established mod-
ified Kudryashov method. Akbar et al. [12] utilized sine-Gordon expansion strategy to analyse
some traveling wave solutions for the considered model. More information about other models
can be found in refs. [13-20].

The motivation of this paper comes from the lack of studies about the traveling wave solutions of
the space-time fractional Boussinesq equation. This equation has not been studied adequately in
terms of its significance and solutions. A special motivation for investigating this kind of problems
is that the abundance of traveling wave solutions provided by the used technique. The princi-
pal objective of the present research is to employ the improved modified extended tanh-function
methodology to derive traveling wave solutions for the space-time fractional Boussinesq equation

which is given by the following form:
DY (x,t) + bD¥¥ (x,t) + nD2*Y?(x,t) + nDP¥(x,t) =0, 0<a<1, t>0,  (L1)

where ¥ (x, t) denotes the vertical deflection, DY represents the fractional derivative, and b, r; and
o are constants. The Jumarie’s modified Riemann-Liouville definition [16] is used to deal with the
fractional derivatives which appear in Eq. (1.1). We attempt to extract various types of traveling
wave solutions in terms of rational, trigonometric and exponential functions. In addition, we
plot some selected solutions under some specific values of parameters. Yang and Hon [21] shew
that under certain restrictions, the improved modified extended tanh-function approach generates
twenty-two distinct possible solutions including kink-shaped and bell-like solitary wave solutions,
rational solutions, triangular type solutions, periodic solutions, hyperbolic type solutions, and
exponential type solutions. The performance of the used technique is successfully compared with
other techniques’ performances. The improved modified extended tanh-function methodology
demonstrates that it is effective and productive in the extraction of novel soliton solutions.

The structure of this article is as follows. Section 2 summarizes the used approach. In Section

3, we present the obtained traveling wave solutions for the proposed problem. We also present
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some 2D and 3D figures for some selected solutions in this part. Moreover, Section 4 discusses the
results and compares them with other results obtained in other articles. Finally, we conclude the

main results of this article in Section 5.

2. IMPROVED MODIFIED EXTENDED TANH-FUNCTION TECHNIQUE

This section is devoted to describe the used method as shown in [21]. Firstly, we begin with a

nonlinear fractional order partial differential equation given as follows:

E(Y,DYY, DYY, DYDY, DX*Y, DXY,...) =0, (2.1)
where E is a polynomial in ¥(x, t) and « is a fractional order. We then use the fractional complex
transformation

Ix® kt®
Y =Y(xt) = , = , 22
(B =2 1= e @2)
to convert Eq. (2.1) into the following equation:

E(v, v, 0", 0",...) =0, (2.3)
where v/ = g—z. The used method offers the travelling wave solution of Eq. (2.3) in the following
form

(2.4)
where
(2.5)

where the constant ¢; V j are given under some conditions. The value of | is obtained using the
balance technique between the nonlinear term and the highest derivative. Substituting Eq. (2.5)
along with Eq. (2.4) into Eq. (2.3) gives a polynomial. Taking the power-like terms and equating
them to zero gives a system of equations. Solving these equations using Maple or Mathematica
software gives the solutions of 4; and b; which can be used in Eq. (2.4) to find the traveling wave

solutions. The forms of the solutions of the function H are given in Appendix 5.

3. TRAVELING WAVE SOLUTIONS

In this part, we apply the considered technique to find some traveling wave solutions for
Eq. (1.1). We first insert Eq. (2.2) into Eq. (1.1) with the use of the Jumarie’s modified Rie-

mann-Liouville definition [16] to have the following equation
k20" (1) + 0" (n) + 11 2(2)" (1) = 0, (3.1)
which can be integrated twice and simplify to yield

(K + b1*)o(n) + 1P (n) +rl*o” () =0, (3.2)
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where the integration constants are taken by zero. Balancing the nonlinear term with the highest

derivative gives | = 2. Hence, Eq. (2.4) becomes

b1 by

v(n) = ag +aH(n) +aH? (1) + O

(3.3)
Inserting Eq. (3.3) into Eq. (3.2) and equating the power-like terms give a system of equations
whose solutions are given in some cases given as follows.

First case: when ¢y = ¢; = ¢3 = 0. Then, we have

—b + /b2 + 16c2k21, 3C4(—b + /b% + 16C2k21’2)
ap = , a1 =by=by=0, ap = p
2rq dcor
_ \/b — b2 + 16C2k27’2
=7 .
8(C21’2)

Hence, the corresponding traveling wave solutions can be written in the following forms:

—b+ Vb2 +16cok?r,  3(=b+ Vb2 + 1602k%17)

012(1n) = 2 I sech®(\Jcan), ¢ >0,c4 <0,
—b + /b? + 16ck2 b+ \/bZ + 16c2k2
v34(1) = i 2:1_ ks 30 cokra) sec?(V=cz2n), c2<0,cq >0,
where
b— Vb2+16C2k21’2
_ cara x& kt*
n=+

2va  T(ta) Tl+ta)

Second case: when c; = c3 = 0, we have several families of solutions given as follows.
The first family :

1 b2 -16 /c% + 12coc4k?ry
) = ——————|b(c2 — /5 + 12c0c4) - (c3 + 12cocs — ¢ €3+ 12c0c4)72 ,
|2 (2 + 12c0cq )12
4 \Jc5 + 12cocqrq 2 0¢4)%5

bZ 161[(3 +12€0C4k272
’C +12COC4 +12COC4

ap=b; =0, ap =

41’1 ’
3 ) 0216 3 +12¢0c4k2r2 b, [PV
C 5 2 2 2
0 \/C§+12C0C4 (C +1ZCOC4)Y _ ez +12c0¢4 (e5+12¢pcy)r5
T
b, = =¥ 2

4rq ’ 242
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Hence, the corresponding traveling wave solutions can be written in the following forms:

: , b2 - 16, /cg + 12c0c4k?ro
Us6 = ——=—|b(cp — /c2 4+ 12¢cpcy) — (5 + 12cpcq — 2 1/C2 + 12cqc4) 1>
(n) 4,/c§+12COC4r1 ( 2 ) ( 2 2 ) (C% + 1260C4)1’%

3 b N 4216 /2 +12cqcyk2ry 3 b N 1216 /3 +1200c4k%r,
C2C4 ) C4C0 2
C%+12C0C4 (C%+12COC4)T% 2 —Cp \/C%+12£054 (C%+12EOC4)V%
tanh —n||-
4cyr 2 > [~
deorytanh® \| =1

2

2
) <0,c4>0,c9 = E,
4

) ) b2 =16 /3 4 12cocak®r,
v = —L1  |b(cy — +[c2 +12¢cocs) — (¢ + 12¢ocs — 3 A/ + 12¢0c4 )7
7,8(1) 4\/c§+1Tocm (c2 = /e ocs) = (c5 0C4 = C24/C5 0C4)12 @ + 120000)

b b2-16 4 Ic§+126064k2r2
b2-16 A[c2 +12cc k2 —_
3cocy b 4+ 5 9" COC; 2 3caco [2112¢0c T (c3+12c0c4)73
\/C%+12COC4 (52+12CUC4)72 (t 2 ( 2 )) 2 0%4
an nl|-

4641’1 —c
4coritan? ( 7211)

+

7

2

2
cp>0,c4>0,c9 = i
4

1 > ) > b2—16,/c§+12c0c4k2r2
v910(1) = —— b(ca = Jc5 +12¢cocq) — (c5 + 12cocy — ca y/c5 + 12c0cq )12 @11z
4,/02+1ZCOC4;'1 2 0¢4)h

e b b2-16 /3 +12c)c4k2rp 36,271 b N 12-16 /3 +12c)c4k2rp
2P~ C4 2 C4{sp=—1)co ]
C%+12€0C4 (%‘*’125054)’% an C2 n C%+12C0C4 (%‘*’125054)’%
4cy (2p2-1)r 2 _
4(2p*-1)ny 2p~ -1 dcop2ricn? ﬁ”

p*(1-p?)
ca(2p? -1)2’

1 2 ) > b2—16 ,’C§+12C0C4k21‘2
v1112(n) = — = b(ca = fe5 +12cocq) — (5 + 12cocy — 2 4fc5 + 12c0c4 )72 iz
4 \Jc5+12ccary 2 0¢4)75

2_16+/2 2 2_16+/2 2
3p264 b 1o b 162 CZ+12'306247< n 3C4(2—p2)c0 b 1y b 162 c2+1250c§k o)
B Ve +12¢0c4 (B +12¢gc4)r3 5 o A 1%“26064 (3 +12c0c4)r5

2 -
4 @p)n 2-p? aprdn? |2y

¢ >0,c4<0,¢0 =

3(1-p?)
cs(2-p2)?’

() = = | bea = \J& + 120060) = (6 + 12e0c4 = ca J3 + 12c0eg 1z || e ot
013,14 n) = C) — 5+ CoCq4) — (C + CoCq4 — C2 4/C + CoC4 )72 5 5
4 \J2+12coc4my 2 2 2 (e +12¢ocq)r;

cp>0,c4 <0,c9 =




Int. J. Anal. Appl. (2024), 22:135

b2-16 A[c2 +12ccgk? b2-16 4/c2 +12ccy k2
362p2C4 5 b Ty A ) CUC;l ] 364(p2+l)C0 > b 11y A ) Coc; ]
c5+12c0¢4 (::2+12c01:4)r2 ) —Cp B c5+12c0cy (’:2+1250’34>72
deg (P21 - pr+1 4epp?risn? [ 2=
2P 2 L
CZPZ
cp<0,c4>0,c = %
ca(p>+1)
Here, p denotes a modulus.
b I b2-16 c§+12c064k2r2
Va Gl B
1 82 Tl+a) Tta)

The second family is given by

1 5 b2 -16 R /C% + 12C0C4k21’2
anWg= — b(CZ - ﬂC% + 12COC4)(C2 + 12¢oc4 — ¢ ‘/C% + 12COC4)7‘2 > > ,
4, [C% + 12¢oc411 (CZ + 12C()C4)1’2

) 1216 | +12c0c4k2r , »2-16 Jc%HT(mkzrz
3| —-n (Z+12¢0c4)72 Boo| —=—-1n2 EEEpTvRE:
& +12e004 Gy Lecoca)r; \/M ¢y +12c0c4)75

by =

= b = 0/ 7
1 1 “ 41’1 41’1

b 1 b2 -16 /c% + 12¢qc4k?ry

=¥ |-——MM 4+ =
2 2
8/ + 12cocsr? 8 (63 +12cca)ry

The traveling wave solutions, hence, are given by

b2 =16 [ + 12cock?r,

1 2 2 2
v = ————|b(cy — +fc5 + 12¢cpcq) (c5 4+ 12¢c0cq — o /5 + 12¢0c4 )72
15,16(1) P ETSTI. ( V& ocs) (e 0C4 V& 0c4) (c3 4+ 12cc4)73

3cacs b s b2-16 \Ic§+125054k2r2 3esc b o b2-16 4 /E%+125054k2,2
VE+1200 (G +1260c4)3 2 —cp 0 VG 12904 (G +12004)3
Tan tanh - nll- = ,
4cprq tanhz( -5 7])
3
cp <0, Cq > O,CO = EI

b2 -16 c% + 12coc4k?ry

1 2 2 2
v = ———=——1|b(cy — +fc5 + 12¢cpcs)(c5 + 12¢cocs — €2 /5 + 12¢0c4 )7
17,18(1) NED (2= /5 0ca)(c 004 = €2 4/C5 0ca)72 @ + 1200en) 2

b ¥2-16 /3 +12c0¢42r b 42-16 /3 +12¢9c4k?rp
3eacy 2 2 (62+1ZC c. )72 Sesco 2 2 (cz+126 cy)r?
ch+126064 2 0¢4)7 2 (5] \/cz+126064 2 0¢4)7
+ 4cyry tan 577 + = ’
4czr1tan2( Tzn)
S
Co >0, Cy4 >0,C0 = 4—,
C4
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1 b2 -16, /cg + 12cpc4k?ry
v1920(n) = 2— b(cp - C% + 12¢pcy) (C% +12cpcy — ¢ ‘[Cg + 12cocq)72 (c2 T )7’2
4, ICZ + 12¢gcyr 2 0¢4)%5
b?-16 /3 +12cocsk?ra

2 b _
3eapres \/ 2 (2 4+12c0c4)13

c§+1ZCOC4 ) 23
- > cn 1]
4y (2p? - 1)y 2p? -1

5 b n?-16 4 'C§+12C0C4k272
3ca(2p” = 1)co

) 7 7
\/C§+126064 (e+12¢0ca)ry C§P2(1 -p?)
_ ,c2>0,C4<0,c0:C(2p2—1)2,
4 _

C
402;72 1 cn? 2}’722—1 Ui

b2 =16 [ + 12cock?r,

1 2 2 2
v = —————1b(cy — +fc5 + 12¢cpcq ) (c5 + 12¢c0cq — 2 /5 + 12¢0c4 )72
21,2(1) PN ERTI. (c2 = 4[5 0ca)(c; 0C4 = C24/C5 0C4) @+ 120000)72

, J b?-16 \[c3+12cocsk?r, , b?-16 \[/c3+12cocsk?ra
3p’c - 3es(2-p?)c -r
pres VC§+12C054 2 (C%+12C0C4)r% C 4( v ) 0 \/C§+IZCOC4 2 (C%+1ZCOC4)r%
2
- dn? n-
2
faa(2pH)n 2-p? dprndn? 3250
2 2
Cz(l -p )
02>0,c4<0,00= >,
c4(2-p?)

b2 =16 [ + 12cock?r,

1 [2 2 [2
v = ———=——|b(cy — +fc5 + 12¢cpcq)(c5 + 12¢cocs — 2 /5 + 12¢0c4 )7
23,24(77) 4 120an (c2 5 0c4) ( 2 0C4 —C24/C5 0C4)72 (c% n 126064)%

Bepies b . bZ—lé\/c%+12c0c4k2r2 3 (P 1)co Y . bz_lﬁ,/cg+lzc(}c4kz,2
\/E%HZEO% (r§+]25054)r§ 5 —C \/%HQCO% (C%HZC(]%)%
sn n-
2 =
talrn p?+1 deapPrisn® \[rin
2,2
Czp

c2<0,c4>0,00 = ———,
? ! 0 cy(p? +1)2

where p denotes a modulus.

b

n=7% |-
8 4 /C% + 12cqcyrn

The third family:

b2 -16 \/mk21’2 X kt®

+ .
(2 +12c0c4)r2  T(1+a) T(1+a)

+

o=

1 b2 +16, /cg +12¢ock2ry
g = ——————|-blc2 — /3 + 12c0c4) + (c5 + 12cocs + 2 /3 + 12c0c4) 12 5 5 ,
4, [c% + 12¢pc4rq (e +12cocq)r;

3 b b02+16 , lc§+1ZCOC4er2
4| ————=+7r - +r
4 /C§+12C0C4 2 (2+12cocq)12 0 \/C§+12C0C4 2 (3 +12coc4)13

:b :0’ = y b = ’
a1 1 %2 41’1 2 41’1

b2+16,lc§+12c()C4k272 b
—_— 3c
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b 1 |P?+16, /cg + 12coc4k2ry

l=F -
2 2
8 A }C% + 12COC47’2 8 (CZ + 12C0C4)7’2

As a result, the traveling wave solutions of this family are shown as follows:

) , b2 + 16 4 /c% + 12cc4k?ry
% = —— | —b(cx — /2 +12¢oca) + (c3 + 12¢ccs + C 1/C2+12C0C47‘2
25,06(1) 4%’1 (2 V&2 0cs) + (¢ 0H T R2y5 ) (cg + 12COC4)1’%

12416 \[2 +12c)c4k2ry 2416 \[3+1200c4k2ry
3cpcy| — b +72 ~2 > 3cyco| — b +r2 ~2 >
'\/C%+12c054 (52+125054)’2 2 —C2 E%+1250£‘4 (52+1ZCUC4)VZ
tanh —1||-

7
deary 2 4cory tunhz( N % n)

C2

2
Co <0, Cq > O,CO = ZF,
4

) b2 416 4 /c% + 12cc4k?rn

2 2 [2
02728 = —————|—b(cy — +[c5 +12cpcy) + (5 + 12¢pcq + cp +[c5 + 12¢0c4) 12
(n) 4 \[c3+12coc4m1 ( 2 4) ( 2 2 ) (C% + 12C0C4)r§

12416 /3 +12cpc4k2ry b 12416 \/%ﬂzfoqk%z]

3epca| - —=2 3esco| - r
c2c 2 +12¢(c tn (C§+1ZCUC4)'% C 40 2 +12¢(c e (C%+1ZCOC4)V%
2 0¢4 2 2 2 0c4
+ tan 317 + ,

4 —C
cn 4czr1tanz( N TZU)

2

)
(o) >0, Cyq >0,CO = E’
4

1 b2 + 16, /c% + 12coc4k?ry
029,30(1) = ———————|—b(c2 — +Jc2 + 12coc4) + (c5 + 12c0c4 + €3 A[c2 + 12coc4 )12 5 5
4|3 +12cocqm (3 +12coca)r3

b

b2+16 Jc3+12cocak?r,

2. —
3capTes +n (2 +12coc4 )72

\/C%+12C()C4 -
- on? 2_,
4ey(2p%2 - 1)1y 2p2 -1

3 (2 9 1) b n hz+16,lc§+12c004k2r2
Ca(2p™ — L)Co | — r 7 7

\/C§+12COC4 (3 +12¢0c4)r C%pz (1 - pZ)
— , ¢0>0,c4 <0,c9 =

2_1)2’
4cop?rien? 2p§27177 cg(2p”-1)

) , b2 416, /cg + 12cqcsk?ry
v = ——1 | —b(cy — /2 + 12¢qc4) + (c3 + 12coc +02‘/c2+12cc 1)
31,32(1) 4\/%’1 (c2 Ve 0ca) + (¢ 0%4 2 0cs) (c% + 1260C4)r§

3p2cs| - b tr 12416 /G +12ccyk2r 3e1 =)o b o ¥2-16 /2 +12¢gcgk?ry
VG +120c4 (G +1260c4)r3 i s " VG +12004 (G +126004)3
- — -
4cs(2-p*)n 2—p2 aprndn [

A(1-p?)

C2>0, C4<0,C() = m,
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) , b2+ 16, /cg + 12c0cak?ry
v —_— —bCz—\,C2+1ZCC ~+ (5 4+ 12¢oc +02w/cz+120c 1)
33 34(77) 4\/%71 ( 2 0cs) + ( 2 0¢4 2 0c4) (c% + 12C0C4)1’%

ereal - iy 12416 \/c3 +12¢gcgk?ry se(P+1)e , 12-16 /3 +12c0c4k?ry
2p 4 \/2+120 B 2 (62+1260£4)r2 — 4 p 0 \/2 12 2 (52+125054)r2
04 2 2 2 C2 +12¢pcq 2
sn -
2
4oy (p*+1)n p2 +1 n 4cop?risn? 2+1 n
2.2
2 <0,¢c4>0,¢ P
2 s L4 0= T 5 o/
ca(p? +1)2

where p represents a modulus.

1]:4_- R

+ .
8 \J5 + 12cocar? 8 (c3 + 12c0c4)13 I(l+a) T(l+a)

83.333333

83.333333

83.333332 83.333332 1 ‘ ‘

83.333331 83.333331 ‘ ‘

83.33333

83.33333 ‘ ‘
83.333329

-

83333328 83.333329 | ‘ ‘

83.333327 83.333328 | ‘ ‘

83.333326

5 83333327 | ‘ ‘

JN
83.333326 .
-8 6 4 2 0 2 4 6 8
(a) A traveling wave solution for vys. (8) A 2D figure for vp5 when t = 1.
Ficure 1. 3D and 2D solutions for vp5 under r; = 0.3, 7, = 30,¢c; = —0.7,¢4 =

1, b =150, k =0.001 and 27t < t,x < 27.

The fourth family :

1 b2 +16 /cg + 12c0c4k2ry

N SR I [ 2 (2 [2

ag = b(ca + 4Jc5 +12c0cq) = (5 + 12cpcq + €2 yfc5 + 12¢oc4)72 5 5 ,
4 A IC% + 12¢gcyr (CZ + 12COC‘l)TZ

B2+16 (Jc2+12c0c4k2ry B2+16 \[2+12c0c4k2rs

b

\C +1ZCOC4 (3 +12c004)r3 0 \/C§+12CQC4 T (3 +12cocs)r3
=b =0, L by =-— )
" ! 2 4r 2 4rq
b 1 b? + 16 A [C% + 12C0C4k21’2
I=F + = .

2 2
8 A }C% + 12cpcyty 8 (CZ + 12C0C4)7’2
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83.33338

83.33336 - | A

i Il

83.3334
8333334

83.33335 83.33332 - ‘ ‘ | |

833333 | | |

- [ [

8333328 - I |

. 833333
8333325

83.33326 - Il ||

83.3332
83.33324 H H

83.33322 ¢ v

83.3332
-8

(a) A periodic traveling wave solution for v,;. (8) A 2D figure for v;; when t = 1.

Ficure 2. 3D and 2D periodic traveling wave solutions for voy under r; = 0.3, 1, =
30, ¢, =0.7,c4 =1,b =50, k =0.0001 and 27t < t,x < 27.

Hence, the traveling wave solutions can be written in the following forms:

b2 416, /cg + 12c0cak?ry

1 2 2 2
v = ————|-b(ca + +Jc5 +12cpcy) — (c5 + 12¢cocy + ¢p +[c5 + 12¢0c4 )72
35,36 (1) = - ErT—. ( 3 +12¢0c4) = (e +12¢0¢q + c2 4[5 +12c0¢4) (2 + 12c0c4)12

2 2
82416 \/Z +12c0c4k2r, b 02416 /3 +12¢0c4k%ry ]

3c L + 3cyc +r.
2[ VS +12c0c : (S +120cy)13 ] 5 —Cy * 0[ VG+12e0e4 : (G +1200¢4)ry
+ T tanh —n||+ =

2 ey tunhz( % q)

7

2

2
2 <0,c4>0,c9 = 47,
4

b2 + 16, /cg + 12cqcak?ry
1 —b(ca + /2 + 12cc4) — (c5 + 12c0c4 + 2 A(c2 + 12c0c4 )12

037,38 = T
(7]) 4 \Jc3+12c0cam (C% + 12C0C4)1’%

12416 /2 +1200c4k2 02416 A2 +12¢9c4k2r,
3c2 b +72 5 2 CO:Z4 2 3caco L +12 &2 ‘COC; 2
VE+12e0¢ (e +12¢qcq)ry 5 c VG 12904 (e +12¢0cq)ry
- T tan N+ = ’
2 dcyry tanz( N q)
o
cp>0,c4 >0,c9 = —,
4C4

) , b2 416, /cg + 12cqcsk?ry
v = ——1 | -b(cp+ Jc2+12cpcs) — (c3 + 12c0cs + ¢ +[c2 + 12c0c4)r
39,40(17) 4\/mﬁ (c2 V6 oca) = (3 0C4 +C24/C5 0c4)72 (C% +12€0C4)r§

12416 AJc2 +12c(c4k2
3C2p2 b 1/2 ) C2 60:24 )
VC§+12C0E4 (C2+12COC4) 2 2 Co
2P —T)r; cn 2771 n+

Zp*(1-p?)
ca(2p? 1)

2416 \[c2+12¢gcyk?
3C4(2p2—1)60[ b + GH1xoq VZ]

12 5
\/c%+12(0(4 (52+125054)”%

deapPrien? | —2—
apPrient [

+

cp>0,c4 <0,c9 =
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) , b2+ 16, /cg + 12c0cak?ry
% —_— —bcz+,/c2+12(:c —(¢5 + 12¢pc. +02w/cz+120c 1)
41 42(77) 4\/@71 ( 2 oc) = ( 2 0¢4 2 0c4) (c% + 12C0C4)1’%

32 b . 82416 /G +12c0¢42r 302 Y o hzﬂé,/cgﬂzfoqkz,z
VE+1200¢ (3+1200¢4)r3 2 ) VG +120c4 (e +12¢¢4)r
+ 4(2-pnry dn 2 —p2 mt dp2rdn? [ 251
P P 221
2 2
Cz (1 -p )

C2>O, C4<O,C0 = m,

) , b2 + 16 , /C% + 12coc4k?ry
() = ——L 1 —b(cy + /2 +12cpcy) — (¢ + 12¢pcs + ¢ [c? + 12c0cy)7
43,44 (1) Y ExEo (24 4/ 0c) = (& 0% TRz N"2 0ca)r (c3 + 12cqc4)r2

5 b 12416 /3 +12cpc4k2r N b 12416 \[ 2 +12c0¢4K2ry
3cap = +r2 @202 3ey(p*+1)co > +1r2 2 o2
L 3 +1260c4 ey +1260c4)rs 2 —c n V+12004 (3 +12¢0c4)r5
sn n
2 )r 2
Ap*+1)n p-+1 4cop?rysn? ;72+1 n
CZPZ

¢ <0,c4 >0,c9 = %

a(p®+1)

Here, p is a modulus.

n== +3 + .
8 ‘/C% + 12cocarr 8 (C% + 12C0C4)r§ Il+a) T(+a)

The fifth family is

b2-16k2 Af(c2—3cocy )72
_ 5 ~ B > o _ 2 0¢4 )7y
bey — b, [Cz 3cocy + 17 ( c; + 3cocs + V6 3C0C4) \/ (2=3cocs)r2
4ry | /C% —3cocy
[ b2— 16k2 (c —3COC4)§
3bC4 + 3cyrn C —3c C4\/ c2—3coc4 )72
7
4ry \Jc3 - 3cocy

b2— 16k2 (c —3CUC4) 2
- 4/( c —3coc D
0 4 \/ c2—3c0(:4 2

8 /(3 —3cocq)rs

a=b=b=0 a=

Consequently, the traveling wave solutions are shown as follows:
ber—b b2-16k2 c 360C4)r’%
( ) cy—b /2 —3C0C4+i’2( C +3C0C4+ \/c —3cocy) W
v
4546\1] 4r \/c2—3COC4
b2-16k2 [ (c2-3 2
3bcy+3cary A/ 5—3¢c0Cs —CM ))
4

2 —3cgey )12 Co —C2
2 =tanh®| [ —==7

4rq \/ C2—3C0C4 Cyq
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C2

2
C2<0,C4>O,COZ4C ’
4

b2-16k2 (c% —36054)%

bea—b \Je=3coca+ra(—c2+3coca+ Ve —3cocs ) CE
047,48 (TI) = 4ry \/c3-3cocs

p2— kz _ 72
3bc4 n 3C4r2 c B 3C0C4\/ 16 36 36064) 2
\/ 0C4) (CZ 2 ( C2 ))
—tan 517 ’
4ry \Jc3 —3cocy “

2

2
c2>0,c4>0,c0 = Ics
4

2 2

bey—b A /c§—36004+r2(—63 +3cocs+ \/c§—3coc4) (Z=3cgcq)72
U49,50<77> - 4rq \102—36004

b2-16k2 N/ (c3—3cocy )72
3bC4 + 31 \/Toc‘l\/ (c3-3coca) 12 CZPZ cn? €2 n
2 _ 21"
4ry \/CZ—TM 42 =) v

p*(1-p?)
0, 0,co = 2—,
2 >0,c4 <U,00 C4(2]92 — 1)2

_ 12-16k2 \/(Z-3cgeq)r2
bey—bAJe —3C0C4+7’2( 2+3coc4+ \/c2—3cocy) —z
> —3c054)r2

USLSZ(U) = 4rq \/c —3cocs

p2— 16k2 (c2-3cocq)r %
3bC4 + 3¢yt m\/ (c —3CoC4)f2 p2 €2
> dle >
471\/%—7()@ cs(2-p?) 2-p

5(1-p?)
0 >0,0<0,00 = >,
2 4 0 C4(2—]92)2

12-16k2 \[(3-3cgcq)73

bea—b \/E=3cgca+ra(~c3+3coea+ /3 -3cocs) (© —3c0c4)r
053,54 (77) 4r \/C2—3COC4

b2-16k2 \/(3-3cocs)r2
3bC4 + 3car7 4 [C —3coca \/ @ 3coC4) s CZPZ s —C2 1
2 2 !
471,/c2—3COC4 calp? +1) prrl

c2p2
c<0,c >O,c:—2 ,
2 4 0 C4(p2+1)2
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where p denotes a modulus.

3 b2— 16k2 (c3 3COC4)
c — C0C4 36064 @ p

+ .
84/(c5 - 3COC4)r§ IA+a) T+a)

Next, the sixth family is given by

b2-16k2 Af(c2—3cocy )12
_ 5 ~ B > o _ 2 04 )7y
bey — b, /Cz 3cocy + 17 ( c; + 3cocs + V6 3C0C4) \/ (2=3cocs)r2
7
4ry | /Cz —3cocy
b2-16k2 \/(2=3cocs)r2
3bcy + 3cora \/C —3coCy \/ 7 L (CRTNG
c2—3c0(:4
7
4ry \Jc3 —3cocy

b2— 16k2 (c2 3CUC4) 2
- 4/( c —3cogc b
0 4 \/ c2—3c0(:4

8 /(3 —3cocq )73

apg =

a1:b1:a2:0, bz

=%

As a result, the traveling wave solutions of this family are obtained as follows:

b2-16k2 \/(c2-3 2
bey —b (e —3cocy + 12 (—c% + 3cocs + 4¢3 - 3coc4) \/ (c§—3(c22c4)é064)r2
4ry \Jc5 = 3cocy
[5 b2-16k2 \/(2-3cocs)r2 —3c0c4) V(&E-3cocs)72
3bcy + 3cora c -3¢ c4\/ CE:
4cortanh? ( 717) A /cz — 3¢y

2

)
C2 <0, C4 >0,C0 = E,
4

2 2 2 b2-16k? (C2—3C0C4)7’2
bcy — b /c2 —3cocy + 12 (—02 + 3cocq + 4 /cz - 3c0c4) \/ (65_360264)% 2
4ry \Jc3 = 3cocy

b2-16k2 3 2
Cq [3bC0 + 3cora 4 /C —3cpcy \/ & 3CZC4 CoC4)15 )
4corqtan? ( T’]) A /cz —3cocy

C2
2
cr >0, Cy4 >O,C0 = E,
4

Us5,56(1) =

C4

Us7,58(1) =
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b2-16k2 \/(2=3cocs )12
b2 _2 |- y )
bey — b yJc5 —3cocy + 12 ( 5 +3c0cs + 4/C5 3COC4) \/ (2-3coca)2

Us9,60(1) =

4ry \Jc3 = 3cocy
b2— 16k2 (c2 3COC4)
)| 3bco + 3cora 4 /c —3cpcy \/ @ 3C0C4
2p2 1n,/c —3cocy

ap*(1-p?)
ca(2p? -1)%’

ca(2p® -

4cyp?ricn?

cp>0,c4<0,c0 =

b2—-16k2 [ (c2—3cocy )12
_ 2 _ _2 2 _ 2 4)72
bco = b /cz 3cocs + 12 ( 5+ 3c0cs + 4 /cz 3c004) \/ @)

ve1,62(1) =

4ry \Jc3 —3cocy
b2 kZ _ 2
)| 3bco + 3cora 4 /c —3cocy \/ 16C 36064 SCM) 2)
4p?ridn? /2_p217 A /c2 —3cocs

3(1-p?)
cs(2-p?)%

ca(2-p?)

C2>0, C4<O,C0:

b2-16k2 A/ (c2=3cocy )72
— 2 _ _2 2 _ 27 0t0¢4)7
bcy — b /cz 3cocs + 12 ( 5+ 3cocs + 4 /cz 3C0C4) \/ @30rer)?2

063,64 (TI) =

4ry \Jc3 — 3cocy
b2— 16k2 (c2 3C0C4) %
3bcy + 3cora 4 /c —3cpcy \/ @ 3C0C4
[2 — 2
4czp 1465 3cocasn 7 +177

c%p2
ca(p? +1)%

ca(p? +1)

cr <0, Cq > O,CO =
where p denotes a modulus.

b2— 16k2 c 3C0C4)
c —3cocy)r T3 @ s

Tit+a) Tata)

n==+%
8/(c3— 3C0C4)1’%

The seventh family is given by

b2—-16k2 [ (c2—3cocq )12
_ 2 _ 2 _ 2 _ 2 2
bey — b /cz 3cocs + 12 (c2 ~+ 3cocs — €3 4 /cz 3C0C4) \/ @)
4
4ry Jc3 —3cocy

ap =
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b2— 16k2 (c —3c0c 72
—3bcs + 3cary | /c —3cgcy \/ @ V(G 3e0c)r3
3COC4
7
4rq | /cz —3cocy

b2— 16k2 (c —3c0c
—b+ [(2 = 3coc)r \/ V(G-3ac)r
—3COC4

8 \/(c3 = 3cocq)rs

a1:b1:b2:0, ay) = —

==

Hence, from the seventh family the traveling wave solutions can be found in the following forms:

b2-16k2 \/(c2-3 2
bc; —b /cé —3cocy + 12 (c% ~+ 3cocs — € 4 /c% - 3coc4) \/ (65_3(62264”20&%2
4r1 o /cz —3cpcy
b2-16k2 \[(-3cocs) 72
Co [—3b04 + 3cata o /c —3cocy \/ @ 3ch4 Coca )13 )
[tomhz( —_0217)) ,
4eyry \Jc5 = 3cocy

2

&
Co <0, C4 >0,C() = E,
4

065,66 (77) =

+

b2—-16k2 A/ (c2—3cocq )12
_ 2 _ 2 _ 2 _ 200447
bc; - b /cz 3cocy + 12 (c2 ~+ 3cocs — € 4 /c2 300c4) \/ @300e0)7
4ry \Jc3 - 3cocy
b2-16k? c 3c c
cp (—3bC4 ~+ 3caro 4 /c —3cocy \/ 0 4y ]
—360C4 C2
(tan2 ( -
4cary 4 /cz —3cpcy

2

&

Co >0, Cq >0,C() = E,
4

b2—-16k2 Af(c2—3cocq )12
_ 2 2 _ 2 2 Ot0%4 )T
bc; —b /cz 3cocy + 12 (c2 ~+ 3cocq — €2 4 /cz 3c0c4) \/ E300e0)
4ry \Jc3 = 3cocy

bz k2 2
czp ( 3bC4—|—3C4rZ,/c —3C0C4\/ 10 @ 3COC4SCOC4) ]
Nt
deg(2p* = 1)r1 Jc5 = Bcocs pe=

ap*(1-p%)
ca(2p?—1)?

ve7,68(1) =

Ve9,70(1) =

c»>0,c4<0,c0 =

7
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b2—16k2 Af(c2—3cocy )12
_ 2 _ 2 _ 2 _ 2 9C0C4)T,
bc; - b /cz 3cocy + 12 (C2 + 3cocs — €2 4 /cz 3C0C4) \/ E300en)

Z)71,72(77) =
4ry \Jc3 = 3cocy
P [ —3bcy + 3c4r2 4Jc3 — Bcocy \/b2 16 V(G Baes)r3 8 _3C°C4) ]
- C()C4 C2
+ dn? n
[ 2-p?
4y (2 -p?)ry c% —3cpcy
c3(1-p?)

cp>0,0c4<0,c0 = ———,
2 4 0 -2

b2—16k2 A/ (c2—3cocy )12
— 2 _ 2 _ 2 _ 2004 )T
bcy —b /cz 3cocy + 17 (02 ~+ 3cocy — €7 4 /cz 3C0C4) \/ CETL

073,74 (77) =

4ry \Jc3 —3cocy

2 _ 2 2 2
Czp ( 3bC4—|—3C47’2 ,C — 3coc \/b 16k2 3COC43COC4) 2]
S ey
dey(p>+ 1) 1/c2—3<:0c4 per
2p?
ca(p? +1)%

2 <0,c4>0,c0 =
where p denotes a modulus.

( b2— 16kz (c3 3c0c4)#
_b+ C —3COC4 \/ 2 36064 e i

+ .
R T1+a) I(l+a)

n:

The eighth family is shown as follows:

b2-16k2 [ (c2=3cocy )72
_ 2 2 _ _ 2 _ 200k )T,

bc; - b /cz 3cocy + 12 (c2 3cpcy — €2 1/cz 3c0c4) \/ e

7
4ry yJc2 = 3cocy
b2— 16k2 —3c c
=3bcg + 3coro 4 /c —3cocy \/ 0 V(G 3coes)r3
—3COC4
4
4ry Jc3 —3cocy

/ b2— 16k2 c —3coc
-b+ C - 3COC4 \/ 0 4)
3COC4

8 (C2 - 3COC4) %

apg =

(11:b1:(12:0, bzz

|=7F
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Therefore, the traveling wave solutions of this family can be introduced as follows:

b2—16k2 A/ (c2—3cocq )12
_ 2 _ 2 _ _ 2 _ 2 9C0C4)T;
bey b,/c2 3cocy + 17 (02 3cocs —Co ,/cz 3C0C4) \/ CETAE:
4ry \Jc5 = 3cocy
b2- 16k2 c2-3cocy )1
Cy (—3bco + 3cor 4[5 — 3cocy \/ - s 2)
c SCOC4

+ /

4cory 4Jc5 — 3cocy (ttth ( _Tczn))

2

)
Co <O, C4 >0,C0 = E,
4

b2—-16k2 Af(c2—3cocq )12
_ 2 _ 2 _ _ 2 200t )T
bco b,/c2 3cocq + 12 (c2 3cpcy — €2 1/cz 3c0c4) \/ G0
4ry \Jc3 = 3cocy
b2— 16k2 c —3coc
Cy (—3bco + 3cor2 4 /c —3cpcy \/ 0 3y )
—3COC4
7
—C;
4cory \Jc5 = 3cocy (tan2 ( 7217))

2
2

c»>0,c4>0,c0 = i
4

b2-16k2 A/ (c2—3cocy )73
beo — b ([c2 —3cocy + 12 (€2 — Bcoey — o 4fc2 — 3coc 2 2
2 5 0C4 T 12|05 0C4 — €2 4/C5 0C4 (@=300c1)72
4ry Jc3 —3cocy
2 b2— 16k2 2 3COC4)§
ca(2p* — 1) [ =3bco + 3cor2 c —3cocs @ 3c0c4
2 2 _ 2 (%)
deopr 1/cz 3cocacn 2p2_117

ap*(1-p?)
cs(2p? -1)2

3 2 2 2-16k2 \/(@—3coca) 2
bcp —b \/CZ—TM 4+ (Cz —3cocs — € \/cz—Tm) \/ (C§—3C02C4)r% p
4r1 \/cg—Toq

2 _ 2 2
cs(2-p?) [ 3bco + 3cor m \/ b 16kc 3COC4SCOC4) 2)
4p'n mdﬂz )

075,76 (T]) =

077,78 (17) =

_|_

079,80 (17) =

+

cp>0,c4<0,¢c0 =

4

vg1,82(1) =
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3(1-p?)

cp>0,0c4<0,¢0 = ————,

b2—16k2 A/ (c2—3cocq )12
_ 2 _ 2 _ - 2 _ 2
bes — b (|2 —3cocy + 12 (c2 3cocs = C24/65 300“4)\/ (3-3coca)7?

vg3ga(n) =

4m¢§TE£;
b2— 16k2 (2 3 2
462}7 n m”ﬂ 2+177

c2p?
ca(p? + 1)

Co <0, Cq >0,C0 =
where p represents a modulus.

b2— 16k2 (3 3C0C4)%
—b+ /(c5 = 3cocs)r \/ @ 3c0c4 @ P

Tl+a) Tata)

r] —_=
8 /(3 = 3cocq)rs

The ninth family is given by

b2+16k2 \/(c2=3cocy )72
—bco — b (2 — 3cocy + 12 (€2 — Bcoey + ¢2 42 — 3coc 2 2
2 5 0C4 T 12|05 0C4 1 €2 4/C5 0C4 (@307
7
4ry \Jc3 —3cocy
b2+16k2 (c2-3cocy )1
—3bC4 ~+ 3caty 4 /c —3cocy \/ > V(G -3a0a)r3
c 3COC4
7
471 /c2 —3cocy

b2+16k2 2 3COC4) 2
V C _3COC4 \/ c 3c054 2

8 /(3 —3cocq )13

ap =

Thus, the traveling wave solutions are given by

[ [ b2+16k2 \/(c2=3cgcy )12
bCz b C2 3CoC4 + (C2 3COC4 + 0 C2 3COC4) \/ (c%—’a’coc;;)r%

85,86 (1) =
4ry \Jc5 = 3cocy
\/ P+16/c 2+12C0C4k27’2
\/m (c3+12c0c4)r Ny
+ tanh —n1l,
41’1 2

2

2
2 <0,¢c4>0,c0 = E,
4



20

Int. . Anal. Appl. (2024), 22:135

2

b2+16k2 A/ (c2=3coca)r
~bes = b \Jc3 ~ 3eoc + 12 (c§ ~3eocs + 2 3~ Beoes ) \/ + (Cg_;o;)r%o 07
vg788(1) =
4r \/cz—Toq
2 2 2

C2 [—3bC4 —+ 3C41’2 \/T“ \/b -i-16k2 3COC4 3C0C4) ]
(tan2 ( e 17)) ,
dcar \/CZ—TM

2
9
4C4 !

b2++16k2 (52—36064)1’2
b — 2 ) - 2 2
bcp —b \/CZTOCAL ) (CZ 3cocs + C2 \/CZTOC‘*) \/ Emenr:
089,90(17) =

2 2 2

Cop [ —3bcy + 3cyro m \/b +l6k2 3C0C43c0c4) ]
o’ \/En

4C4(2p - )Vlm p> —

cs(2p* —1)2

b2+16k2 (52—36064)1’2

_ _ 2 2 o : 2
bt \/CZTM T (CZ 3coca + €2 \/‘:270(34) \/ (c2-3cocy )2
o1,92(17) =
b2+16k2 \/(Z-3cocs) 2
p ( 3bC4+3C4r2\/C_TOC4\/ ol 3 wei) )
COC4 C2
2

¢ >0,¢c4>0,c0 =

¢ >0,c4<0,c0 =

7

d?l 2 21?
4ey(2-p? )71\/CZ—TOC4 -p
3(1-p?)
>0, 0,co= >—— "~
2 c1 <0,co )

b2+16k2 4/(c2-3 2

e \/CE_TOCA} e (‘% ~3tcs e \/‘:%_70(:4) \/ (63—3£22c4)r2064)r2
v93,94(1) =
4ry m
2 2 2
Cop [ —3bcy + 3cyro m \/ b +l6k2 3c0c4 3c004) ]
2 —C2
RN
des(p? + 1)1 \/CZ—TM p

_ar
ca(p? +1)%

¢ <0,¢c4>0,c0 =
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Here, p is a modulus.

3 b2+16k2 V 3COC4)
C - COC4 3C0C4 X e

+ .
84/(c5 - 3COC4)r§ [A+a) T+a)

=
I
H

Next, the tenth family is

2_ 2 2_ 2

bey —b (Jc3 —3cocs + 12 (c% —3cocy — 4[C5 = 3C0C4) \/b 16(2_3(;14;2064)6
p
4ry \Jc3 —3cocy
—3bco + 3corz 4 /c —3cpcy \/b2+16k2 V(G -30a)3 SCM) 2
C2—3C0C4
4
411 o /c% —3cpcy

b2+16k2 (c3 3COC4) 2
— 4 c —3cocq )7 \/ C_3C n
2 0C4

8 /(3 —3coca)rs

ap =

Ellzﬂz:bl:(), bz

==

Therefore, the traveling wave solutions are written in the following forms:

b2—16k2 Af(c2=3cocy )72
—p [e2_ 2 _ — L[ - 22
bea — b \fc5 —3cocs + 12 (c2 3cocy G 3C0C4) \/ (2-3coca)r2

v95,96(1) =

4ry \Jc5 = 3cocy
B2+16K2 \/(B=3cocs) 2
C4 (—Bbco ~+ 3¢ty 4 /c —3cpcy \/ +16C 3c0c4 BCM) 2]
4cyry A3 5= 3COC4tunh2( T’?)

2

)
(5] <O, C4 >O,C0 = E,
4

2
2

B2-16k2 A/ (c2—3cocy )7
—p [e2_ 2 _ _ |2 2~30¢C4
bea — b \[c5 —3cocs + 12 (c2 3cpcy c5 3c0c4) \/ @3e0en)?

v9708(N) =

4ry \Jc3 = 3cocy
2 2 _ 2
Ca (—3bco + 3cora fc3 — Bcocy \/ ’ Hékz 3COC4 3C0C4) ]
4cary yJc5 — Bcocatan? ( \F 17)

2
cp>0,c4 >0,¢c0 = 4—2
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b2-16k2 A[(c2—3cocy )12
bey — b (Jc3 —3cocs + 12 (cg —3ccy — 4[5 — 3C0C4) \/ (C%_3C02C4)r§° Wy
4ry yJc3 —3cocy

b2+16k2 (c2-3
cs(2p?-1) [ —3bcy + 3¢tz 4 /c —3cpcy \/ & 3c0c4 coc4) J
4cop?ry A /cz — 3cgeyen? 2p2_11]

ap*(1-p?)
ca(2p? -1)%’

b2-16k2 \/(c2-3 2
bcy —b \/Cg—ToCAL + 1 (C% —3cocy — JC%_TM) \/ (C§_3E22C4)é0C4)r2
4r \/m

2 2 _ 2
(2 p ) ( 3bcg + 3cor m\/b +16]; 3COC4 350C4) 2]
4p 1 \/CZ_TOCA}lez ﬁn

c3(1-p?)
cs(2-p?)?

b2-16k2 4/(c2-3 2
bcy — b [C% —3cocq + 12 (C% —3cocs — \/C% - 3COCAJL) \/ (C§_3(CZZC4)720C4)r2
4ry \Jc3 —3cocy

h2+16k2 (2 3coc4) g
(p —l—l)( 3bC0+3C07‘21[C -3¢ 4\/ @ 3C0C4
4cop®ry 4 lcz — 3ccysn? p +117

c%p2
ca(p?2 +1)%

099,100 (TI) =

cp>0,c4<0,c0 =

0101,102(17) =

C2>0,C4<0,C0:

v103,104(1) =

cy <0, Cq > O,CO =
where p denotes a modulus.

b2+16k2 (c2 3C0C4)
c —3cocy)r Z3ccr)r @ P

Tlta) T(l+a)

n="=
8/(c3— 3C0C4)1’%

Now, the eleventh family is shown as follows:

b2+16k2 \/(c2=3cgcy )12
— 2 _ _ 2 _ 2 _ 270t0¢4 )T,
bey + b yJcs = 3cocs — 12 (c2 3cocy +c24/(c5 3COC4)) \/ @30
7
4rq | lcg —3coca

apg =
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b2+16k2 \[(2=3coca) 2
3bC4 + 3C47’2 C — 3COC4\/ 2 - 2C 0 4)
0Ca)T
4ry yJc3 —3cocy

b2+16k2 /(B -3coca) 2
C _3C0C4 J 2 3C02C4

8 (C% - 3COC4)7’%

I==

Next, the traveling wave solutions of this family are given by

B2416k2 \[(c2=3cocy )2
_ 2 _ B 2 . o
A S (CZ 3cocs +c24/(6; 3C0C4)) \/ (2=3coc)r?

v105,106(1) = 2
4ry m

b? 16k2 (2-3 2
C2 3bC4 + 3C4}"2 mJ + 3 C0C4) 2
“ C0C4 2 -2
tanh —nll,
2
4cymy \/CZ—TM
&

2<0,¢4>0,c0=—,
4C4

2
2

b24+16k2 \[(c2—3cocy)r
B 5 - 2 2 _ 5—3C0C4
bey + b yJc; —3cocs — 12 (Cz Bcoc +c24/(C5 300(:4)) \/ .

v107,108(17) =
4ry m
> 16k @0 P
C2 (3bC4 —+ 3C41’2 \/C_T()Czl\/b +16k _3CCC 35054) ]
0 4 ( 2( C2 ))
tan = ,
4cum \/CZ—T()Q

2

)

¢ >0,c4 >0,c0 = oG
4

2
2
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v109,110(1) =
47’1\/m
2 2
czp (3bc4+3c4r2 \/C_Tm \/b +16k2 3CZC4 3COC4),2)
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7

¢ >0,c4<0,c0 =



24 Int. ]. Anal. Appl. (2024), 22:135

0

-500 ‘\ | | ‘

-1000 [ | ‘ | “

1500 - \‘ | || [

- 2000 - \ ‘
\

2500 \‘ (|

-3000 - H “
|

\
2 -3500 - J V

-4000
-4

(a) A periodic traveling wave solution for vy¢;. (8) A 2D figure for v1p; when t = 1.
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(c) A contour of the solution v1;.

Ficure 3. 3D and 2D periodic traveling wave solutions for vjg; underr; =1, rp =
0.6, c; =200,c4 = 0.1, b = 60, k = 0.000001 and 77 < t,x < 1.

p24+16k2 A/(c2-3 2
—bc, + b, /C% —3cocy — 1 (c% —3cpcy + 2 (c% - 3COC4)) \/ (C%_3£Zi4)r2054)1’2
0111,112(77) =
4ry Jc3 —3cocy
b2 k2 _ 2
p [3bc4 4 3eurs /c Beocy \/ +16C _35054 3coc4) 2]
d

2 c2

n g 1
dey(2—p?)r 11/c2—3coc4 P
c3(1-p?)
cy >0, C4<0,Co = 2—,
ca(2-p?)?

b2+16k2 \/(c2=3cgcy )12
— 2 _ _ 2 _ 2 _ 2 0C0¢4)
bey + b ([c5 —3cocs — 12 (c2 3cocs +c24/(c5 3COC4)) \/ s
Z)113,114(77) =

411 4 /c% —3cocy
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bZJr16k2 (c? 3C0C4) 72
czp 3bcy + 3cary o /c —3cocy \/ @ 360264
2 —02

sn > 11’]
deg(p? + 1)1 465 = Beoca Pt
C2p2
Co <O, Cq >O,C() = C4(pz2——|—1>2,

where p is a modulus.

3 b2+16k2 —36064) %
C €0 C4 c —3cocy)r x% kt&

T+ T+a)

n=+=+
8 /(3 —3coca)rs

The twelfth family is written as

b2+16k2 \/(c2=3cgcy )12

_ 2 _ _ 2 _ 2 _ 2 2
bey + b /cz 3cocy — 17 (c2 3cocy + 2 (c2 3C0C4)) \/ (c3-3cocs)r3
7
4ry yJc3 —3cocy
bz—&-lék2 c —3coc.
3bcg + 3coro 4 /c —3cocy \/ O V(G-3ecs)rs
—36064
7
4ry \Jc3 —3cocy

l72-|—16k2 (c3 3CQC4) 2
c —3coca)r @3ccr)r

8 (CZ - 3COC4) %

ap =

a1:a2:b1:0, bzI

|=7F

Hence, the traveling wave solutions of this family are shown as follows.

b2+16k2 \/(c2=3cgcy )12
— 2 _ _ 2 _ 2 _ 2 0C0¢4)
bcy + b \[c5 = 3Bcocs — 12 (c2 3cocs + €2 4/(65 3COC4)) \/ (2=3coca) 72

Z)115,116(77) =

4ry Jc3 —3cocy
b2+16k2 —3c cy)1?
3bcy + 3corp 4 /c —3cocy \/ > 1) 2]
c 3C0C4

+ ,

4cor o /c% — 3cocatanh? ( _Tczn)

2

)
Co <0, Ca >O,C0 = E,
4

C4

b2+16k2 \/(c2=3cgcy )12
— 2 _ _ 2 _ 2 _ 2 0C0¢4)
bcy + b \[c5 = 3cocs — 12 (c2 3cocs + €2 4/(65 3COC4)) \/ (2=3coca) 72

Z)117,118(77) =

4ry Jc3 —3cocy
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2 2 _ 2
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4eary \Jc3 — Bcocatan? ( \F2 r])
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where p denotes a modulus.
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b2+16k2 —3COC4)
c —3cocy )7 @ 3acr)r @ K

+ .
5 (@ —3eaca) T(l+a) T(1+a)

=
I
H

Third case: ¢g = ¢; = c4 = 0. Then, we have two families given as follows. The first family of

this case is given by

b+ \/bz + 4C2k27’2 3C3 b+ vV b? + 4C2k27’2

= , = b = b = 0,
40 2r1 2 ! 2 = 4corq
I % b — \b? + 4cok?ry
-7 2C27’2 ’

Thus, the traveling wave solutions can be written in the following forms:

-b b2 + 4cyk? 3(=b b2 + 4cyk? c
v125,126 (1) = i Aok _ (zb+ +deakr) sech? @ ,c0>0
27’1 47’1
—b + \b% + 4crk?ry 3(—b + b+ 4C2k21’2) 5[ V—can
v127,128(1) = 2 - 1 sec > ,00 <0,
where
_ |b- b2 + 4cyk2ry x“ kt
n=+ + .
2cp17 FrM+a) T(1+a)
The second family is
—b + D% + 4cok?ry 3C3(b + b2+ 4C2k2}’2)
ap = 2 7 a2:b1:b2:O/ a = - 4C}" 7
1 211

j— = b+ b2+ 4C2k21’2
- 2C21’2

The traveling wave solutions, therefore, can be expressed in the following forms:

0129,130 (TI) =

b+ NP4 dokPry | 3(b+ VPP + 4eikPr) (sechZ( VCZ’T)) >0
— KA J]/2 ’
2

2r1 4r

0131,132 (17) =

b+ NP deklr | 3(b+ B+ derkny) (SECZ(V_CZT])) o <0
- A~ (2 4
2

21’1 47’1

where

_ b+ b2 + 4cok3ry x® kt®
n==% + .
2012 I'l+a) T(1l+a)
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|
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A

(p) A three-dimensional analogue of the plot of

(c) A two-dimensional plot for the solution v131.the solution v13;.

Ficure 4. Periodic traveling wave solutions and the contour of v13; under r; =
-1 =1,c0=-2,c4=1,b=200,k =1and 2w < t,x < 2m.

4. Resurts AND COMPARISON

In this part, the primary findings of the present study are summarized, namely the traveling

wave solutions of the space-time fractional Boussinesq equation. The improved modified extended

tanh-function strategy, which is a relatively novel technique, is successfully employed for obtaining

these solutions. Several solutions in the form of trigonometric, hyperbolic, complex, and rational

functions are presented in this research.

The proposed method is very powerful. We can find more than one-hundred traveling wave

solutions in various forms (including kink-shaped and bell-like solitary wave solutions, rational

solutions, triangular type solutions, periodic solutions, hyperbolic type solutions, and exponential

type solutions) under specific conditions. Some solutions are real and few of them are complex.

Complex solutions are not considered in this work. In Fig. 2a, we plot a three dimensions

soliton traveling wave solution (v25) under the parameter values ry = 0.3, r = 30, c; = —0.7,c4 =
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1,b = 50,k = 0.001 and 21t < t,x < 27, while Fig. 2b shows this wave in two dimensional
plot with the same parameters where t = 1. Periodic solutions are obtained by the proposed
technique. For instance, Fig. 2a illustrates the periodic solution which is presented by v,7 under
the parametersr; = 0.3, 1, =30, c = 0.7,¢c4 = 1, b = 50, k = 0.0001 and 27t < ¢, x < 2. Moreover,
Fig. 2b gives this periodic solution in two dimensional plot when ¢ = 1. Furthermore, we plot
one more periodic traveling wave solution for solution (v1gy) in Fig. 3 under the parameters
11 =11 =06, = 200,c4 = 0.1, b = 60, k = 0.000001 and 7= < t,x < 7. In particular, we
present a three dimensional graph for solution (v107) in Fig. 3a and a two dimensional figure
for the same solution when t = 1 in Fig. 3b. Fig. 3c shows the contour of the solution v1g;.
Furthermore, we illustrate periodic graphs for the traveling wave solution v3; in Fig. 4 under
the valuesry = -1 = 1,cp = =2,¢c4 = 1, b = 200, k = 1 and —2n < t,x < 27. Specifically, Fig.
4a shows the propagation of a three dimensional periodic wave for the solution vy3;, Fig. 4b
illustrates its contour, Fig. 4c demonstrates the propagation of this wave in two dimensional plot
when 21 <t < 2r and Fig. 4d presents a three-dimensional analogue of the plot of the solution
0131-

This study implements the suggested methodology for a number of purposes. To begin with,
different types of solutions can be successfully extracted by this technique in numerous forms,
including solitary wave solutions in the bell and kink types, triangle type solutions, rational
solutions, periodic solutions, exponential type solutions, and hyperbolic type solutions. According
to the number of the solutions obtained from Eq. (2.4), there are actually an increasing number of
traveling wave solutions for the proposed model using the considered technique. Moreover, using
this technique we obtain more than one hundred solutions in various forms such as hyperbolic
functions, trigonometric functions, rational functional and complex solutions. In comparison
to alternative strategies, the suggested technique is simpler to implement and more practical.
For instance, El-Wakil and Abulwafa [8] used the fractional sub-equation approach to find two
solutions in the form of hyper-geometric functions, two solutions in the form of fractional triangle
functions, and one rational solution. Chen et al. [9] obtained only three types of traveling wave
solutions ( Jacobian periodic elliptic solutions, periodic solutions, and rational solutions) using
the (%)—expansion approach. The (%)—expansion technique is relatively complex [9] while the
improved modified extended tanh-function approach is more convenient and powerful from
the perspective of the computation procedure. Moreover, Hosseini and Ansari [11] obtained a
few number of solutions for the proposed problem using the well-known modified Kudryashov
method. As a result, the used method is more practical and productive to obtain more traveling

wave solutions for nonlinear fractional partial differential equations.

5. CoNCLUSION

The improved modified extended tanh-function strategy, an approach that is relatively recent,

has been implemented in this article to analyze the traveling wave solutions of the space-time
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fractional Boussinesq equation. More than a hundred traveling wave solutions (such as rational
solutions, triangle type solutions, periodic solutions, exponential type solutions, and kink-shaped
and bell-like solitary wave solutions) under particular conditions have been analyzed and given.
For instance, we have shown two and three dimensional diagrams for the solitary wave solution
(v25) under the values vp5 under ri = 03,7, = 30,¢, = —0.7,¢4 = 1,b = 50, k = 0.001 and
2n < t,x < 2minFig. 2. Wehave evaluated the effectiveness of the employed method in comparison
to other strategies and we found that the used technique is more powerful and effective because
it gives various types of traveling wave solutions in different forms. Moreover, it is simple in

applications.

APPENDIX

In this section, we illustrate various solution types for Eq. (2.4) as depicted in reference [21].

e The initial scenario: When c; = ¢; = c3 = 0, we exhibit a bell-shaped solitary wave

solution, a triangular-type solution, and a rational solution for Eq. (2.5) as outlined below:

H(n) = \/—z—isech(\/ﬁn),q > 0,c4 <0.
H(n) = \/—i—isec(v—azn),w <0,c4 > 0.

H(n) =—-—,c0=0,c4 > 0.

¢ Inthesecond scenario: When cy = c3 = 0, we provide a kink-shaped solitary wave solution,
a triangular-type solution, and three solutions of the Jacobi elliptic doubly periodic type
for Eq. (2.5) as detailed below:

2
‘/ ta h(,/ )C2<0,C4>O,C0:—2
4C4
/ G
( )cz>0c4<0c0
4C4
s (1-p%)

_Czp ,c0>0,c <Oc—L
/ (1-p?)
2
C2>0C4<0C0 (2—p2)2
2.,2
—cop? -2 &P
H = 2R 4 ’ 0/ 0/ = T 5 . 5
) =e c4<p2+1>5”(\/p2+1”) 2<0a>00= iy

where p denotes a modulus.
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e Third scenario: When ¢y = ¢; = ¢4 = 0, a bell-shaped solitary wave solution, a triangular-

type solution, and a rational solution for Eq. (2.5) are provided by

H(n) = —Zsech? (?n),cz > 0.

C3
H(n) = —C—zsec2 (;Czn),cz <0.
C3 2
4
H =——,00=0.
() e C2
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