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Abstract. What distinguishes entire topological indices from other topological indices is that their formulas include
information about both the edges and vertices, not just the connections between vertices. This provides more compre-
hensive and detailed picture of the graph’s structure. In our article, we study and analyze some entire Zagreb indices
by investigating their behavior for four families of graphs; subdivision graphs, central graphs, corona products and m
bridge graphs over path, cycle and complete graphs. We explore the properties of these graph structures by deriving
explicit formulae for the first, second and modified first entire Zagreb indices for each family. Our results provide
detailed information on the structural properties stored by the first, second and modified entire Zagreb indices. These
different graph families show the way for future research and potential applications in fields such as chemical modeling

and network investigation.

1. INTRODUCTION

A graph comprises both edges and a set of vertices that is not empty. In this study, we specifically
examine finite graphs that are undirected, without any loops or multiple edges between the same
pair of vertices. The number of vertices n and edges m in the graph G are referred to as the
order and size, respectively. The degree of any vertex and edge in G is denoted by d,. The line
graph L(G) is defined as the graph where each vertex represents an edge of G. Two vertices are
adjacent in L(G) if and only if the corresponding edges in G share a common vertex. The path,
cycle and complete graphs with n vertices are known as P,, C, and K, respectively. For a more

comprehensive understanding of the symbols and explanations, please refer to [1].
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A topological index is a numerical value linked to the chemical structure, aiming to correlate
the structure with various physicochemical properties, chemical reactivity, or biological activity.
In molecular modeling, these indices play a crucial role in understanding the structural features
and predicting the properties or activities of molecules.

The concept of topological indices was first introduced by Harold Wiener when he discovered the
initial topological index, which is called the Wiener index [2] in 1947 for searching boiling points.
One of the initial topological indices introduced is the Zagreb index, which was first introduced
by Gutman and Trinajsti¢ [3], where they investigated how the total energy of m-electron depends
on the structure of molecules. The first and the second Zagreb indices for a molecular graph are

defined as follows:

M(G) = Y &,

xeV(G)

xy€E(G)
For the latest research on Zagreb indices, we direct the reader to recent studies [4-15].
In 2018, Alwardi, A., et al. [16] introduced the definitions of the first and second entire Zagreb

topological indices as shown below:

& — z
xadjacent toy
or x incident toy

The entire Zagreb indices have been receiving significant attention from numerous authors, as
shown by [17-25].
In this study, we have established implicit expressions for the subdivision and central graphs
pertaining to the first, second and modified first entire Zagreb indices. Recently, in [30], the same

authors of this paper have introduced the modified first entire Zagreb index as

MME(G) = ) (detdy).
xadjacent toy
or x incident to y

2. ENTIRE ZAGREB INDICES OF SOME DERIVED GRAPHS

The derived graphs are those graphs which can be obtained by some particular operations from
a given graph. By researching the relationships between a graph and its derived graph, one can
acquire information about one based on the information on the other. In this section, we will study

three types of derived graphs namely the subdivision graph, central graph and the corona product.
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2.1. Entire topological indices of the subdivision graph. The subdivision of a graph G, denoted
by S(G), is obtained by inserting an additional vertex into each edge of G, [26]. Subdivision graphs
are used to obtain several mathematical and chemical properties of more complex graphs from

more basic graphs. The subdivision graph of the cycle graph is illustrated in Figurel.

U3 ug

Un, Up—1 Up—1

Ficure 1. Subdivision of the cycle S(C(G)).

In Figure 1, the new vertices that are added to the cycle graph are green.

Proposition 2.1. For the path P, and the cycle C,, we have
i. M2(S(Py)) = 16n —24.
ii. M§(S(Py)) = 32n - 54.

iii. MM&(S(Py)) = 32n — 46.

iv. MM%(S(Cy)) = MS(S(Cy)) = 2M8(S(Cy)) = 32n.

Proposition 2.2. Let S(K,,) be the subdivision of the complete graph K,,. Then,

i. ME(S(Ky)) = n* - 20 + 3n* - 2n.
> —2n* +8n® —14n? + 7
ii. ME(S(K,)) = L2 T8~ A+ 7n

iii. MMY(S(Ky)) = n* +n> —n* —n.

nn-1)

Proof. i. There are n vertices of degree (n—1), ( ) vertices of degree two and n(n—1)

edges of degree (n—1). We have
MY(S(ky)) = n* —2n° 4 3n* - 2n
ii. For the second entire Zagreb index, we have

Z dudy + Z ddf+ Y, dd,

uveE(G efeE(L v incident to e
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to calculate the first part we use the partition in Table 1 and, we get

Z dydy, = (2n—2)(n* —n).

uveE(G)

TasLE 1. The partition of the edges in the subdivision of complete graph.
H Edge type ‘ The number of edges H

| Bz | nn-y) |

Also, by using the adjacent edge partition as in Table 2, we have

Z ddf—n 1)( 2; +”).

efeE(L

TabLE 2. The partition of the adjacent edges in the subdivision of complete graph.

H (de,dy), where ef € E(L(G)) Number of pairs
(n—-1,n-1) n(nz—l) _1_”(”_2;(”—1)

And by using Table 3, we get

Y, dede= (n=1)*(n*=n) + (2n-2)(n* - n).

v incident to e

TasLE 3. The partition of the vertices incident with the edges in the subdivision of

complete graph.
‘ &4, 4, where v incident to e ‘ Number of pairs H
En-1,n-1 n(n-1)
82,71_1 1’1(1’1 - 1)
5_ 04 3 _ 1412
Thus,M‘Zg(S(kn)) _n 2n* + 8n” — 14n +7n‘

2

iii. Similarly, as mentioned in ii, we get

MMZ(S(ky)) = n* +n> —n* —n.

Proposition 2.3. Let S(K,) be the subdivision of complete bipartite graph K, ;. Then
i. MO(S(Kys)) =sr(s+r+4+s>+17).
P rs* +rs® + rts 4 r¥s + 8rs? + 8r%s + 2r%s?
ii. M3(S5(Kps)) = > .
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iii. MMf(S(Kr,S)) = 15° 4 51° + 4s7r% 4 8rs 4 4rs°.

Proof. i. We have r vertices of degree s, s vertices of degree r and rs vertices of degree two.

Similarly, for the edges we have rs edges of degree s and rs edges of degree r. We get
MY(S(Kys)) = sr(s +r+4+s* +72).

ii. For the second entire Zagreb index, we have

ME(G) = ) dudot+ ) ddpt Y dud,,

uveE(G) efeE(L(G)) v incident to e
to calculate the first part we use the partition in Table 4 and, we get

Z d,dy = 2rs® + 2¢%s.
uveE(G)

TaBLE 4. The partition of the edges in the subdivision of complete bipartite graph .
H Edge type | The number of edges H

Es» rs

E s

Also, by using the adjacent edge partition as in Table 5, we have

Y, dds = szr(s(sz_l))ﬂtrzs(@)wzs?

ef€E(L(G))

TasLE 5. The partition of the adjacent edges in the subdivision of complete bipartite graph.
H (de,dy), where ef € E(L(G)) ‘ Number of pairs H

(s,5) 7(5(52—1)
(r,7) 5(7(72— 1))
(s, ) rs

And by using Table 6, we get

Z dod, = 1% + 2rs® + 2r%s + 1°s.

v incident to e
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TaBLE 6. The partition of the vertices incident with the edges in complete bipartite graph.
H &4, 4, where v incident to e | Number of pairs H

Es s rs
Eos rs
82,r rs
Err s

Thus,

M‘S(S(K )) _ rs* +1s3 + r*s + r3s + 8rs? + 8r%s + 2r2s?
2 r,S - .

2

iii. Similarly, as ii, we get
MM‘lo’(S(Kr,s)) = 15% 4 517 4 451> + 8rs + 4rs.

Theorem 2.4. Let G be any graph with n vertices, m edges, and S(G) its subdivision. Then
i MY(S(G)) = M1(G) + F(G) + 4m.

ii M5(S(G)) = 4M;(G) + M (G) + @ - % Z d.
veV(G)

iii MM%(S(G)) = 4M:(G) + F(G) + 8m.
Proof. i. M®(S(G)) = Y 42
x€V(S(G))UE(S(G))
= ), &+ ) &
0eV(S(G)) ecE(5(G))
= dm + 2+ Y (@+d)
veV(G) uveE(G)
= M (G) + F(G) + 4m.
i. ME(S(G) = ) dd,

xadjacent to y
or x incident toy

=2 ) @4 ) ddot )] dﬁ(—dv(d;_l))Jr Y &

veV(G) uveE(G) veV(G)

uveE

+2 (du +do)
©)
=2My(G) +2My (G) + Ma(G) +5 Y di—35 Y. d3+ Y &

- F(G) 1 4
_4M1(G)+M2(G)+T+E Z d,.
veV(G)
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ii. MME(S(G) = Y| (de+dy)
xadjacent toy
or x incident to y

Z do(dy +2) + Z (du+do)+ Y| 24@)

veV (G uveE(G veV(G)
+2 Z &2+ Z [(dy +2) + (do +2)]
veV(G uveE(G
=M1(G)+2M1 )+ Z d24+2 Z dy + Z (d® - d2) + Z 4
veV(G veV (G veV (G uveE(G
+ ), (du+dy)
uveE(G)

= M1(G) + 2M;(G) + M1 (G) + 4m + F(G) — M1 (G) + 4m + M;(G)
= 4M;(G) + F(G) + 8m.
O
2.2. Entire topological indices of the central graph. The central graph of a graph G is obtained
by subdividing each edge of G exactly once and joining all the nonadjacent vertices of G, also the

central graph of G is denoted by C(G) [27]. For example the central of the path P, is illustrated in
Figure 2.

The central graph C(G) can be used to analyze the connectivity and closeness centrality of
vertices (nodes) in a network. Beyond network analysis, C(G) holds promise for unlocking new
solutions in graph algorithms and even combinatorial optimization a powerful technique for

tackling complex problems.

....___—’

_______

Ficure 2. Central graph of the path C(P,).
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In Figure 2 the green vertices represent the new vertices in the central of path graph.
Theorem 2.5. Let C(P,,) be a central of path graph. Then
i. ME(C(Py)) = 2n* — 11n® + 28n* — 291 + 10.
4n° - 31 115n% — 22112 + 2291 — 104
ing(()) n® —31n* + 11513 n- +229n 0'

2
iii. MM&(C(Py)) = 2n* — 8n® +20n* — 16n + 2.

Proof. i. We have n vertices of degree (n—1) and (n — 1) vertices of degree two.
Similarly, for the edges we have 2(n — 1) edges of degree (n—1) and (n—1)(n —2)/2 edges of
degree (2n —4),
Thus,

ME(C(P,)) = 2n* — 111> 4 281 — 291 + 10.

ii. For the second entire Zagreb index, we have

Z duddy + Z ddf+ Y, dd,

uveE(G efeE(L v incident to e

to calculate the first part, we use the partition in Table 7 and, we get

Z dudy = (2n—2)% + (n 1)1%).

uveE(G

TaBLE 7. The partition of the edges in the central of path graph.
’ Edge type ‘ The number of edges H
En—l,Z 2n—2

n2—3n+2
En1na 5

Also, by using the adjacent edge partition as in Table 8, we have
Y dedp =2n° —18n" 4 70n° - 143n* + 1521 - 67.
efeE(L(G))

TaBLE 8. The partition of the adjacent edges in the central of path graph.

H (de,dy), where ef € E(L(G)) ‘ Number of pairs
(n—1,n-1) 2n-3
(n—1,2n-4) (2n—4) + (n—2)(2n—-6)
(2n—4,2n-4) (n-3)(n-2)+ (n—z)((”“l)zﬂ)
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According to the partition in Table 9, we get

Z dod, = 2n* — 1013 + 2412 — 261 + 10.

v incident to e

TasLE 9. The partition of the vertices incident with the edges in the central of path graph.

H &4, 4, where v incident to e ‘ Number of pairs H
871—1,271—4 (21’[ - 4) + (Tl - 3) (Tl - 2)
82,11—1 2n—2
8n—l,rz—l 2n -2
Thus,
4n® - 31n* + 11513 — 221n% 4+ 2291 — 104
Mg(C(Pn)) = .

2

iii. Similaly, as ii, we get

MM¥(C(P,)) = 2n* - 8n° + 20n* — 161 + 2.

Theorem 2.6. Let C(Cy,) be a central of cycle graph, we have

i. M2(C(Cy)) = 2n* — 111> 4 26n* — 17n.

i, ME(C(Cy)) — 4n® — 31n* + 10713 — 165n> + 10971.

2
iii. MM%(C(Cy)) = 2n* — 81 + 180 — 4n.

Proof. i. We have n vertices of degree (1 — 1), n vertices of degree two, 2n edges of degree (1 —1)

n(n=3) of degree (2n —4).

and

we get,

MY(C(Cy)) = 2n* = 11n® + 26n* - 17n.
ii. For the second entire Zagreb index, we have

ME(G) = Y dudo+ Y. dedpt Y. dud,
)

uveE(G) efeE(L(G v incident to e

to compute the initial segment, we utilize the division shown in the Table 10 and, we get



10 Int. ]. Anal. Appl. (2024), 22:144

4513 + 15102 - 11
Z dudz]:n 5n° + 15n n_

2
uveE(G)

TasLE 10. The partition of the edges in the central of cycle graph.
H Edge type ‘ The number of edges H

En12 2n

nn—3
En—l,n—l ( > )

Also, by using the adjacent edge partition as in Table 11, we have
ded = 2n° = 18n* + 66n° — 112n° + 74n.
efeE(L(G))

TaBLE 11. The partition of the adjacent edges in the central of cycle graph.
H (de,df), where ef € E(L(G)) ‘ Number of pairs H

(n-1,n-1) 2n
(2n—4,2n—4) n(%)
(n—-1,2n-4) n(2n—6)

And by using Table 12, we get

Y, dde=2n(n—=1)*+ (n-1)(2n - 4)(n* - 3n) + 2n(2n - 2).

v incident to e

TasLE 12. The partition of the vertices incident with the edges in the central of cycle graph.
H &4, 4, where v incident to e ‘ Number of pairs H

871—1,11—1 2n
En—1,2n-4 n(n-3)
Eo 1 2n
Thus,
4n® - 31n* + 10713 — 16512 + 1091
ME(C(Cp)) = :

2

iii. Straightforwardly, as ii, we get

MME(C(Cy)) = 2n* — 8n + 180 — 4n.
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Theorem 2.7. Let be G any graph with n vertices, m edges and C(G) is the central graph of G. Then
i. ME(C(G)) = 2n* = 9n® — 2n*m + 14n* + 12nm — 7n — 10m.
) 50m + 4n° — 23n* — 8mn> 4 531 + 50mn? — 57n* — 84mn + 23n + n*M; (G
ii. MS(C(G)) = > 1(6)

9M1 (G) — 6TZM1 (G)

2
iii. MMY(C(G)) = 12mn — 2m — 6n° + 6n* — 2n — 2mn® + 2n*,

Proof. From the definition of the central graph, we observe that there are two types of vertices;
m vertices of degree two and n vertices of degree n — 1, where n is the number of vertices
in G. In the same way for edges there are two types of edges according to their degrees;

-1)-2
—n(n 2) n edges of degree 2n — 4 and 2m of degree n — 1. Then

MGy =Y &

xeV(C (G))UE(C(G))

- L E )

v(c(G ecE(C(G))

—-1)-2m
=dm+n(n-1)2+2m(n-1)*+ (2n- 4)2(%)
= 2n* —91% — 21%m + 14n? + 12nm — 7n — 10m.

. s .

ii. MS(G) = Z dydy
xadjacent toy
or x incident to y

dy—1
:2m(2n—2)+(n—l)z(w)%—m(n—l)z%—(n—1)2( Y Zdv—i)
veV(G) i=1
n—dy,—2
+(n—1)(zn—4)( Y ((n—l)dy—d%))+(2n—4)2( Y, ), (n—l—dv—i))
veV(G) veV(G) i=1
+2m(2n—2)+(n—1)(2n—4)( Z (n-1-4d, ) )2 dy
veV(G) veV(G)
zzm(zn—2)+(n—1)2(w)+m(n 1)2 2( Y 4 (d ))
veV(G)
—l—(n—l)(2n—4)(2m(n—1)—Ml(G))+(2n—4)2( Y (n _d”_2)2< _d”_l))
veV(G)
+2m(2n—2) + (n—1)(2n — 4)(n* —n—2m) 4+ 2m(n — 1)
=2m(2n—2) + (n— 1)1%) +m(n—1)*+ (n- 1)2(%1\41((;) —m)
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+(n—1)(2n—4)(2m(n—1)—Ml(G))+1(2n—4)2(n3+M1(G)+6m—4mn—3n2+2n)
+2m(2n—2) + (n—1)(2n —4)(n®> —n —2m) + 2m(n —1)>?

_ 50m + 4n°> — 23n* — 8mn> + 53n> + 50mn? — 57n* — 84mn + 23n + n*M; (G)
N 2

9M1 (G) - 6TZM1 (G)
5 .

& o
ii. MME(G) = ) (detdy)
xadjacent toy
orxincidenttoy

= m(n+1)+(2n—2)(W)+m(2n 2) + (2n - 2( Y idv—z)

veV (G

+(3n—5)( Y (n—l)dv—d§)+(4n—8)( Y n_drzn—l—dv—i)

veV(G) veV(G) i=1

+2m(n+1)+(3n—5)( Y, n—l—dv)—i—(Zn—Z) Y, d

veV(G) veV(G)

_ m(n+1)+(2n_2>(w)+m(2n_2)+(2n_2)( y dv(d;—l))

2
veV(G)

+ (3n—5)(2mn—2m—M1(G))+(4n_8)( Z (n—dv—Z)(n—dv—l))

2
veV(G)
+ (2mn +2m) + (3n = 5)(n* —n - 2m) +2m(2n - 2)
nn-1)-

:Zm(n—|—1)+(2n—2)( 5

2’") Fm(2n-2) + (2n —2)(%M1(G) —m)

1
E(4n —8)(n® + My (G) + 6m — 4mn — 3n* 4 2n)

+ (2mn +2m) + (3n = 5)(n* —n - 2m) +2m(2n - 2)

+ (Bn—=>5)(2mn—-2m - M;(G)) +

= 12mn — 2m — 61> + 6n* — 2n — 2mn* + 2n*.
O
2.3. Entire topological indices of the corona product of two graphs. The corona product of two
graphs G; and Gy, is a graph denoted by G; o G, which is constructed by taking 11| copies of G
and joining each vertex of the ith copy with vertex u € V(G;). The corona product of two graphs
can represent networks with hierarchical structures, like molecules with atoms and surrounding

bonds, or transportation systems with stations and connecting routes.
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Theorem 2.8. The corona product P, o Py, of two graphs P,, and P, with |V(Pn)| =n,
Then
i. M8(Py o Pyy) = 5nm? + 4m? + 37mn — 32n — 20m + 2m> — 28.

_ 3_ 2 4 3 2 _
i M‘;(Pnopm) _ 12m° — 96m~ —202m + m n—|—15;n n+ 87m-n + 191mn 28471—1—12.

iii. MM (Py 0 P,y) = —8m?* — 48m + 73mn — 60n + 14m*n + m*n — 28.

V(Py)| = m.

Proof.  i. There are (n —2) vertices of degree (m + 2), two vertices of degree (m + 1), 2n vertices
of degree two and n(m — 2) vertices of degree three.
For the edges, there are two edges of degree (2m + 1), (n —3) edges of degree (2m + 2), four
edges of degree (m + 1), 2(m —2) edges of degree (m +2), 2n edges of degree three and
n(m —3) edges of degree four.

ii. Regarding the second entire Zagreb index, we have

ME(G) = ) dudy+ dedp+ Y dudy,
uveE(G) efeE(L(G)) v incident to e
by utilizing the partition specified in the Table 13, we calculate the first part,

d,dy = —m* = 12m + 4m*n + 17mn — 15n — 4.
uveE(G)

TasLE 13. The partition of the edges in the corona product.
H Edge type | The number of edges H

Em+1,m+2 2
Emt2,m+2 n—-3
Em+1,2 4
Emi13 2m—4
Ers 2n
Es3 nm—3n
Ent22 2n—4
Eni23 (m—-2)(n-2)
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Also, by using the adjacent edge partition as in Table 14, we have
Z i, — —12m° = 70m? + m'n + 13m°n 4 55m>n + 63mn — 90m — 158n + 48
el f = .

2
efeE(L(G))

TaBLE 14. The partition of the adjacent edges in the corona product.

H (de,df), where ef € E(L(G)) ‘ Number of pairs H

2m+1,m+1) 4
(2m+1,m+2) 2m—4
(m+1,m+1) 2
(m+2,m+2) (m—-2)(m-3)+ (n-2)
(2m+1,2m+2) 2
(2m+2,2m + 2) n—4
(2m+1,m+2) 4
(2m+1,m+3) 2m—4
m—2)(m-3
(m+3,m+3) (n—Z)(( )2( ))
(2m+2,m+2) 4n—12
(2m+2,m+3) (2m—4)(n-23)
(m+2,3) 2n
(m+1,3) 4
(3,4) 2n
(4,4) nm —4n
(m+2,4) 4m—12
(m+3,3) 2n—4
(m+3,4) (n—2)(2m-6)
(m+2,m+3) (2m—4)(n-2)
(m+1,m+2) 4m -8
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Additionally, by utilizing Table 15, we have
dode = 47mn — 48n — 12m* — 44m + 12nm* + nm® — 14.

v incident to e

TasLe 15. The partition of the vertices incident with the edges in the corona product.
H &Ea, 4,, where v incident to e | Number of pairs H

Erm2 2n—4
Em+1 4
& 2n
Es3 2n
Ez4 2mn — 6n
E3m+2 2m—4
E3m+3 (n=2)(m-2)
Emimi 4
Emr1mr2 2m—4
Emt12mi1 2
Em+22m+2 2n—6
Emt2,m12 2n—4
8m+2,m+3 (” - 2) (m B 2)

Thus,

ME(P, o P,y) — 121 = 96m” = 202m + min + 15;;1311 + 870 + 191mn — 2841 + 12

iii. In the same manner , as ii, we get

MM (P, 0 Pyy) = —8m?* — 48m + 73mn — 60n + 14m*n + m*n — 28.

Theorem 2.9. [30] For any graph G with m edges, we have:
MME(G) = F(G) + 2M>(G).

Proposition 2.10. [16] Forany two graphs Gy and Gy with |V (G1)| = n1,|V(G2)| = npand |[E(G1)| = my,
|E(G2)| = my, the first and second Zagreb indices of G o Gy are given by

Mz(Gl o Gz) = Mz(Gl) + 1’11M2(G2) + nle(Gl) + niM; (Gz) + nomy (712 + 2) + mz(nl —+ 4m1)
+ninp (712 + 2m2).

Theorem 2.11. [28] Let G be a graph with n vertices and m edges. Then
F(G10Gy) = F(Gy) + mF(Gy) + Tllng + 3n,M;1(G1) + 6Tl§m1 + mny 4+ 3niM1(Gp) + 6nymy.
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Theorem 2.12. For any two graphs Gi and Gy with |V(G1)| = 14, V(G2)| = np and |E(G1)| = m,
|E(G2)| = my, the modified entire Zagreb index of Gy o Gy is given by

MM‘;(Gl o Gz) = F(Gl) + 1’11F(G2) + Tlli’l; + 51’12M1(G1) + 61’1%7111 + nmny + 51’11M1(G2)

+ 7n1my + 2Ma(G1) + 2m Mo (G) + namyng + 2npmy.
Proof. By Theorem 2.9, we can write
MME(G10Gy) = F(G10Gy) +2M(Gy 0 Gy).
Using the results of Proposition 2.10 and Theorem 2.11, we get
MME(G1 0 Gy) = F(G1) +miF(Gy) + mn3 + 5moMi (Gy) + 6mamy + niny + 511M1(Go) + 7nymy O

+ ZMz(Gl) + 27’11M2(G2) + n%mlnz + 2npom;y.

2.4. Entire topological indices of the m bridge over graphs. A bridge graph is a graph obtained
from the number of graphs Gi, G2, G3....G,; by associating the vertices v; and v; + 1 by an edge
for every i = 1,2..m -1, [29]. The m bridge play a crucial role in network analysis and wireless
communications. They aid in comprehending network connectivity, facilitating the identification
of pathways in wireless communications. Moreover, they are employed to model particular
network setups or evaluate the effectiveness of wireless networks. Analyzing communication and
structural patterns within networks is of paramount importance. The bridge graph over path and
cycle are illustrated in Figure 3, 4.

Theorem 2.13. Let Gy, be a bridge graph over path P,. Then,
i. M%(Gy) = 8mn + 16m — 50.
ii. M§(Gy) = 16mn + 55m — 161.

iii. MM (Gw) = 16mn + 22m — 76.

Proof. i. We have mn —2m + 2 vertices of degree two, m vertices of degree one and m-2 vertices
of degree three.
Similarly, for the edges we have mn — 3m + 2 edges of degree two, m of degree one, m of degree

three and m — 3 of degree four, Thus,
M?(Gyy) = 8mn + 16m — 50.
ii. For the second entire Zagreb index, we get

ME(G) = ) dudot+ ) ddpt Y dud,,

uveE(G) efeE(L(G)) v incident to e
to calculate the first part we use the partition in Table 16 and, we get

Z dydy, = 4(mn —3m+2) + 2m + 6m + 9(m - 3).
uveE(G)
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TasLE 16. The partition of the edges in the bridge graph over path.
H Edge type | The number of edges H

Esp mn—3m—+ 2
Erq m

Es» m

Ess m-—23

Also, by using the adjacent edge partition as in Table 17, we have

ded = 6m + 4(mn —4m +2) +2m + 18 + 12(2m — 4) + 16(m — 4).
efeE(L(G))

TabLE 17. The partition of the adjacent edges in the bridge graph over path.
H (de,dy), where ef € E(L(G)) ‘ Number of pairs H

(2,3) m
(2,2) mn —4m + 2
(2,1) m
(3,3) 2

(3,4) 2m—4
(4,4) m—4

And by using Table 18, we get

Z dode = 4(2mn — 6m +4) 4+ 2m + m + 6m + 9m + 12(2m - 6).

v incident to e

TasLE 18. The partition of the vertices incident with the edges in the bridge graph

over path.
H &Ea, 4,, where v incident to e | Number of pairs H

Enp 2mn —6m + 4
& m

E11 m

E23 m

E33 m

Es4 2m —6

Thus,

M8 (Gy) = 16mn + 55m — 161.
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iii. Similarly, as ii, we get

MME(Gy) = 16mn + 22m — 76.

1T
ARRARN

P, Py P, P,
Ficure 3. Bridge graph over path P,.

U u Uy
o o o
. .
. .
B .

. .
. .

Theorem 2.14. Let Gy, be a bridge graph over cycle C,,. Then,
i. MY (Gy) = 8mn + 72m — 100.
ii. M§(Gy) = 16mn + 256m — 396.

iii. MM&(Gn) = 16mn + 104m — 138.

Proof. i. There are mn — m vertices of degree two, two vertices of degree three and m — 2 vertices

ii.

of degree four.
In the same way, for the edges we have mn — 2m edges of degree two, four edges of degree
three, 2m — 4 edges of degree four, two edges of degree five and m — 3 edges of degree six, we

get
M%(Gyy) = 8mn + 72m — 100.

For the second entire Zagreb index, we get
M?(G) == Z dudy + Z dedf + Z dz;dg,

uveE(G) efeE(L(G)) v incident to e
to compute the first part, we use the partition in Table 19 and, we get

Z d,d, = dmn + 24m — 32.
uveE(G)
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TaBLE 19. The partition of the edges in the bridge graph over cycle.

Edge type | The number of edges
Epo m(n—2)
Es» 4
Esq4 4
E4s m-—23
Ep4 2(m —2)

Also, by using the adjacent edge partition as in Table 20, we have

Y deds = d4mn+152m - 254
ef<E(L(G))

TaBLE 20. The partition of the adjacent edges in the bridge graph over cycle.

(de,dy), where ef € E(L(G)) | Number of pairs
(2,2) m(n—3)
(2,3) 4
(3,3) 2
(2,4) 2(m-2)
(3,5) 4
(4,5) 4
(6,5) 2
(4,4) m-2
(6,4) 4(m—3)
(6,6) m—4
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iii.

By utilizing Table 21, we get

Z dyd, = 8mn + 80m — 110.

v incident to e

TaBLE 21. The partition of the vertices incident with the edges in the bridge graph

over cycle.

Thus,

H &4, 4, where v incident to e | Number of pairs H

Enp 2mn — 4m
Er3 4
Es3 4
Ess 2
Ena 2(m—2)
Eua 2(m—2)
Eus 2
S 2m—6

M8 (Gy) = 16mn + 256m — 396.

Likewise, as shown in ii, we obtain

MME(Gy) = 16mn + 104m — 138.

Uy

Ficure 4. Bridge graph over cycle C,,.
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Theorem 2.15. Let Gy, be a bridge graph over complete K,,. Then,

i. M8(Gw) = 2n*m — 9n®m + 26n*m — 120> — 23nm + 6n + 12m — 10.

.. 3612 — 23n*m + 85n3m — 32n3 — 127nm + 127nm — 86n — 34m + 4n°m + 6
ii. M?(Gm) = > .

iii. MMY(G,) = 2n*m — 6n’m + 18n°m — 12n* — 6nm — 6n + 8m — 12.

Proof. i. We have two vertices of degree n, m — 2 vertices of degree n 4 1, mn — m vertices of

degree n — 1.

Similarly, for the edges we have two edges of degree 2n — 1, m — 3 edges of degree 2n, 2n —2
2-3n+2

edges of degree 2n —3, (n—1)(m —2) edges of degree 2n —2 and M edges of

degree 2n — 4. Thus,
M%(Gy) = 2n*m — 9>m + 26n*m — 12n* — 23nm + 6n + 12m — 10.
ii. For the second entire Zagreb index, we get

MG = Y dudo+ Y. ddpt Y. ded,
)

uveE(G) efeE(L(G v incident to e
to calculate the first part we use the partition in Table 22 and, we get

—6n% + n*m — 3n3m + 9n’m — 5nm + 6m — 10
Z dydy = .

2
uveE(G)

TasLE 22. The partition of the edges in the bridge graph over complete.
H Edge type ‘ The number of edges H

En,n+1 2
En+1,n+1 m-—3
Enn- 2(n-1)
m(n?—3n+2)
En—l,n—l f
En+1,n—1 (1’1 - 1) (m - 2)
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Also, by using the adjacent edge partition as in Table 23, we have
ded = 2n°m — 14n*m + 52n°m — 16n° 4 33n* — 90n>m + 82nm — 45n + 16 — 28m.

efeE(L(G))

TasLE 23. The partition of the adjacent edges in the bridge graph over complete.

| (de,df), where ef € E(L(G))

Number of pairs

H

(2n —3,2n - 3) n? —3n+2
(2n-3,2n-1) 2(n—-1)
n>—3n+2

(2n—-2,2n-2) (T)(m—Z)
(2n-2,2n-1) 2(n-1)

(2n—2,2n) (2n—-2)(m-3)

(2n—1,2n) 2

(2n,2n) m—4

(2n—4,2n-4) (mn — m)(@)
(2n—4,2n-3) 2(n-2)(n—-1)
(2n—-2,2n-4) (n=2)(n—-1)(m-2)

And by using Table 24, we get

Z dod, = —

v incident to e

12n% + 2n + 22n%°m — 16nm — 8n°m + 2n*m + 8m — 8.

TaBLE 24. The partition of the vertices incident with the edges in the bridge graph

over complete.

H &4, 4, Where v incident to e ‘ Number of pairs H

Enan-1 2

Enon-3 2(n—1)
En+1,2n-1 2

Ent1,2n 2m—6
En+1,2n-2 (n—-1)(m-2)
En-1,2n-3 2(n-1)
En-12n-4 mn-2)(n-1)
En-12n-2 (n=1)(m-2)
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Thus,

_ 36n2 — 23n*m + 85n3m — 32n° — 127nm + 127nm — 86n — 34m + 4n°m + 6

iii. Likewise, as mentioned in ii, we get

MM‘lg(Gm) = 2n*m — 6n3m + 18n*m — 12n* — 6nm — 61 4 8m — 12.
mi
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