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Abstract. In this study, we consider a reaction-advection-diffusion partial differential equations (PDEs) in a plane domain
with missed boundary data. We applied both the KMF algorithm and the conjugate gradient method to reconstruct the
missed data by using the spectral element method. Several numerical examples were given illustrating the convergence

of the used algorithms.

1. INTRODUCTION

Reaction-advection-diffusion partial differential equations (PDEs) are are widely used to predict
several engineering phenomena such as population dynamics, nuclear reactors, and chemical
reaction processes. Introduced firstly in the twentieth century when modeling the dynamics of
population , they have been applied in several other phenomena such as climate change and
combustion by combining spreading, stirring, growth and decay. This work is a contribution
to the study of an inverse problem of reconstruction of boundary data from overdetermined
data on another part of the boundary of a domain, the underlying physical phenomenon being
governed by the reaction-advection-diffusion partial differential equation. The intuitive definition
of the inverse problem would consist of going back to the causes of a phenomenon based on its
effects in a given situation. More precisely, the prediction of the future state of a physical system,
knowing its current state, is the typical example of direct problem. There are a multitude of inverse
problems: for example, reconstructing the state past of the system knowing its current state (if
the corresponding physical phenomenon is irreversible), or the determination of parameters of
the system, knowing (part of) his evolution. This last problem is that of the identification of

parameters, frame in which enters our study. We consider a rectangular domain that it is filled
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by a fluid such that measurements are possible on the input boundary are possible, however, it
is not possible on the output one. Therefore, we aim to reproduce the unknown data on the out
boundary using the over data on the input boundary. Such process is called data completion. It is
not possible to resolve such problem trough direct methods since it is ill-posed, however, different
iterative methods were proposed to resolve this problem were proposed in the literature [1-5].

In this paper, we aim to reconstruct the missed data for reaction-advection-diffusion partial
differential equations (PDEs) in a two-dimensional domain. In the first step, we apply the KMF
(Kozlov, Maz’ya, Fomin) algorithm [3] that approximate the solution of our problem. In the second
step, we apply the conjugate gradient method to reconstruct that solution. Both algorithms were

illustrated using spectral element method and several numerical example were given.

2. REACTION-ADVECTION-DIFFUSION PARTIAL DIFFERENTIAL EQUATIONS

Consider an open bounded two-dimensional domain () such that Q) = d); U 9y with I N
d)y = 0, mes(d)) # 0 and mes(d()y) # 0. Assume that () is a rectangular conduct of a fluid such
that (), is a fixed wall (Figure 1).
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Ficure 1. Q) is rectangular conduct of a fluid with a fiwed wall dQ2; containing all vertices.

We aim to identify the solution, y, of the following partial differential equation:

-V-(uiVy)+v-Vy+wy = f in Q

AR I, 2.1)
yla—Z = ¢ on Jd0.

f € L*(Q)) describes the source function, u; describes the diffusion coefficient, i, describes the
reaction coefficient, and v = (v, v2)” represents a vector field in L™ (Q)? describing the advection
coefficient. 1 and u assumed to be positive. Equation (2.1) is called reaction-advection-diffusion
partial differential equation (PDE). For more simplicity, we suppose that: divo =0andv-n = 0.
There are several approaches to regularizing poorly posed problems. Some of them transform this

ill-posed problem into a well-posed problem in adding a penalty term in order to avoid oscillating
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solutions. But generally effective regularization techniques consist of solving the poorly posed
problem by iterative methods and by choosing a suitable stopping criterion which determines an
optimal solution. The resolution of this problem relies on the duality technique; but to explain it
we need to recall the essential properties of the equation (2.1) with a homogeneous Dirichlet data.
This direct problem is well-posed, it has a unique solution and it can be solved by direct method.

The weak formulation of the system (2.1) is: find y in Y satisfying;:
a(y,v) =1(v), YoeV (2.2)
where Y and V are the spaces given as following
Y={yeH(Q): y=g1 on 90y}, V={weH(Q): =0 on d}.

The bilinear form a(+,-) is given by

a(y,w) = L((JlVy-Vw +v-Vyw + yzya)) dx,

and the linear form [(-) is given by

(w) = wadx+£02@wds.

The aim of this section is to present the numerical resolution of system (2.1) by the spectral element
method (SEM) of a coercive variational boundary problem on a plane () regular domain. The
“exact” problem is only solvable between “natural” spaces for the data and the solutions: these
spaces are Sobolev spaces on the domain () and are of infinite dimension. As it is rare that
analytical solutions are accessible, to resolve a such a problem, we go through a discretization
which will bring back the resolution of the continuous problem to the resolution of a linear system.
Finite difference method, finite element method, spectral element method are all discretization
methods admissible for the problem considered. The numerical analysis of a method consists of
describing it, including its implementation, and also to evaluate to what extent the solution of the
discretized problem approaches the true solution. The mathematical goal of such an analysis is to
demonstrate the stability of the method and the convergence of the approximate solutions towards
the solution when the size of the system discretized tends towards infinity. The numerical goal
is to optimize the calculation time and the precision of the result. In the spectral element method
that we used here, the problem is discretized by “collocation” in points obtained from the Gauss-
Labatto points — which are the roots of polynomials derived from Legendre polynomials. This
discretization is equivalent to a Galerkin problem with numerical integration for a function space
of type polynomial in single domain or “piecewise polynomial” in multidomain. The parameter
natural of the discretization is the degree M of these polynomials.

We aim to use the spectral element method for the numerical resolution of the problem (2.1). Let

M to be the interpolation degree, xli and xé, i=1,---,M+1 to be the Gauss-Lobatto Legendre
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points.

We define the weights for Legendre-Gauss-Lobatto numerical integration as:

2 1
w; = —i=1,,M+1
MM A1) L2 (x)

Denote by y;; = y(xi,xé), and f;; = f(xg,xé), fori,j=1,--- ,M+ 1. Then y is expanded in terms
of the Lagrange interpolants based on the Legendre-Gauss-Lobatto points
ym(x1,x2) = L5 yigmni(x)n;(x2)

where 17); are the Lagrange interpolants.

The discrete weak formulation is as follows: Find yy € YM satisfying

ap(ym, wm) := Dmvi(ym, wm) + Amvi(ym, om) + Ru(ym, wom) = Iv(wm)

where the forms DM(yM/ a)M) = (m VyM, Va)M)M, AM(yM/ a)M) = (v . VyM, a)M)M, and
Rm(ym, wm) = (42 ym, wom)m describe the diffusion, the advection and the reaction terms. The
discrete form of the inner product (-, ) is given as
M+1 ) )
(u,v)m = Z wiwju(xg,xé)v(xi,xé).
ij=1

For simplicity, we consider for all the rest that p11 = pyp = 1.

3. INVERSE PROBLEM

Assume that the boundary d0); = JQ} U QS where 90, N 9O = 0, mes(d)" # 0 and
mes(J()}) # 0. Furthermore, assume that () is a channel where JdQ); is a fixed wall, 80; and 0Q))

are the input and output of (), respectively (Figure 2).

o0
Q)

it +0Q% > 3 905 b= it
oM

Ficure 2. The domain Q) isrectangular such that d(); is a fixed wall, &Qé is accessible
for measurements however 803 is not accessible. The outward unit normal vector

is denoted by 1.
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Assume that we can obtain some exact data described by a Dirichlet condition (gé) and Neu-
mann condition (¢’) on a part of the boundary (903) and we aim to reconstruct the unknown data
on the other part of the boundary (9€)).

Assume that for a given data (f, g1,¢,g5) € L*(Q) X H? (d0)) X (H%@QS))’ X H%(c%);), we
have the incomplete problem:
-Ay+oVy+y = f in Q
y = g1 Oon 801 (3‘1)
% =¢,y = g on I
on ’ 2 2
and assume that (¢, glz) are the trace and the normal derivative of a same solution y of the inverse

problem (3.1) (we say that (¢, glz) are compatible) that can be extended to d() obtaining the
reconstructed problem (3.1) defined as:

-Ay+oVy+y = f in Q
y = g on J0

= g, on 9O (3-2)

dy ,
3—,1 = ¢,y
%:(p",y = g on J0Of

3.1. KMF algorithm. Several numerical methods were proposed to resolve ill-posed problems
similar to our problem (3.2). In our case, we reconsider in the first step the KMF (Kozlov, Maz’ya,
Fomin) algorithm [3] as used in several previous works [6-9]). This method consider two problems
and it resolve them by alternating them to approximate the unknown data on one part of the
boundary. Consider an arbitrary Dirichlet boundary condition 99 € H 2 (0Q)}). Therefore, the KMF

algorithm is formulated as given in Figure 3.
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Initialisation of 9

Stop if [y V) -y < ¢

Ficure 3. KMF algorithm design for reaction-advection-diffusion partial differen-
tial equations (PDEs) in a two-dimensional domain. Note that (¢, glz) are compat-
ible if (0,9) = (¢° &}). The controlling test is applied on the norm |ly2-1) — (2)]|
on the hole domain Q).
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3.2. Minimisation approach and conjugate gradient method. With the aim to resolve the system
(3.2), (¢°, g) can be approached by minimising an energy functional as studied for other partial
differential equations in [1,6,8,10]. Assume that we have a given data (6,9), let consider the

following mixed problems given hereafter:

Ay +oVyi+y1 = f  in Q Ay, +oVy+y, = f in Q
y1 = g on J0 Y2 = g on J0
8yy11 = g on 90 (5.3) % = ¢' on 90 G4
5, = 0 on J y = 8 on 90

Note that the solution y; and y» coincide only if the data (60, 9) coincide with the real data (¢°, g5)
on the inaccessible boundary dQ)). A good way to approach the real data is to solve this problem

by minimising an energy functional as the following:

(9%, 85) = argrgisn F(6,9)
F(0,9) :=lyi— vl = | (Vi =Vy)?+ | (y1—12)? (3.5)
HY(Q) a o

where y; and y; are the solutions of problems (3.3) and (3.4), respectively

The functional F(6, 9) is a convex quadratic positive functional admitting an absolute minimum

at y1 = .
For simplicity, we consider the case where v = 0 and we reproduce the calculus given in [1]. As v

and y; are solutions of systems (3.3) and (3.4), we can derive a simple expression of the functional
F as follows:

F0,.9) = - [at-wen-w+ [ ©0-E)wm-9)
[ g+ [ -
"2 F) -

= [ Gmm-ns [ G-

For a given data (6, 9), we obtain the partial derivatives of F as the following:

y1— ¢+f 851 S-y

8F(9 9) 9y2 i N
= f[%—emfa;[@—%]éz

forall (h, V) € H(l)é 2(80‘2’) X Haol/ 2 (0Q))) with &1 and &; are the solution of the following systems
that are depending on the directions 1) and h:

(3.6)
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-A&1+&1 = 0 on Q -Aér+é = 0 in Q)
51 =0 on 801 52 =0 on 801
851 = 0 on 803 (3.7) ? = 0 on 80; 35)
& o n
S = ¥ on a0y g = h on 9

The expressions (3.6) can be simplified by using adjoint states, denoted by w; and w> as in the

following Proposition.

Proposition 3.1.

IF(0,9) IF(0,3), Ja
20 gb——ZL ;a)ﬂ’b and 99 h——2£ g%h,

where w1 and wy are the solutions of the following systems:

-Awi+w1 = 0 mn Q —Awy +wr, = 0 n Q
wp = 0 on Jdy wr = 0 on Jd
aa’ 1= (()9 on I, i—)_a: =0 on  9Q%
w 2
8_111 = % -0 on 90 wr = y1—-9 on IO

Proof. A classical calculus conduct us to the following forms of the gradient components:

JF(0,9
E?@ )Ilf = ZL(V%—Vyz)V&+2L(y1—yz)5

0 0

= —ZL(AW—Ayz)& +2f (%—2)5 +2f(y1—yz)£1
B dyr Iy da, . dwq
-2 Gi-Gas wa(@‘%)él—‘zfau—él
= —2fvw1V51—2wa151_ fvwlvél— fzwlél

; D ot
= ZfAélwl— f a—lwl f51w1 _—Zf —1601

Q o0y on g

and

= —Zf a)ll,l/,
o0
IF(0, 9)

a—Sh = 2](; V]/1—V]/2 V52— f(]/l_]/Z)é

ok
= 2f A& (1 —y2) — f T (y1—y2) — f(y1 - y2)&
Q n Q

_ dér _ 92, gy _ &
- 2 20 g 81’1 (yl yZ) 2 2 an (y1 ‘9) 2 Q; an a)z
d
= 22 f Aéran -2 f VérVan = -2 f Loy +2 f ) f 8%252

dwr dwr dw;

= —2f Erwo + 2f Eowr — s Wéz - Wﬁfz o Wh-
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O

The conjugate gradient method is an iterative method for solving an equation Ax = b, with A a

positive definite symmetric matrix, or, equivalently, to find the minimum of the function ¥ (x):
L t
¥(x) = >X Ax—Db'x.
The minimisation of ¥ is successfully reached if the gradient of ¥ given by V¥ (x) = Ax — b is zero.
The approach is based on subdivision of the state into compartments as follows:

Nn=N+v =B+

with y3, 15, y(l) and yg are solutions of the following partial differential equations

-Ay;+y; = 0 in Q -Ay,+y, = 0 in Q
y; = 0 on J v, = 0 on Jd)y
. i 3.9 : 3.10
o= 0o oy 9 aa—ynz ~ 0 on oy O
A 6 on 00 * — 9 on 90°
on 2 Y2 ° 2
—-Ay) + 3 f in Q -AY+Y) = f in Q
W = g on 90y y§ = ¢ on I
y(;l] _ gzz on 8012 (3.11) % _ (pi on BQE (3.12)
dy on
8_111 = 0 on 00 vy = 0 on 090

Similarly, we divide the adjoint states as followss:
_ .0 * _ 0 *
a)l—a)l—i—a)l, W2 = Wy + Wy

whith @}, @}, a)(l) and w) in H' () are solutions of the following partial differential equations:

—Aw; + a)’i =0 in QO Ay +w, = 0 in O
w; = 0 on JOy wy = 0 on oJ0y
. i (3.13 dw: ) 3.14
Wy = 0 ) on J0 (3.13) ) on 20 (3.14)
8& — % — 0 on aQO an* * 0
on  on 2 w, = y;—9 on I
—Aa)(l) + a)(l) =0 in O —Awg + a)g = 0 in O
a)(l) =0 on Jd0O) a)g 0 on J0
W =0 on aqi (19 Jad INCAE)
P 50 5 = 0 on 802
G _ %% 900 no 0 0
om  on 2 w, = y; on I
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Let the linear operator A given by

I} (6,9) )T
— .. 10Q¢

_1 1
V(6,9) € Hy? (903) x HL,(90S),  A(6,9)T = —(a);(e,snmg, —

Proposition 3.2. (1) The functional, F, is expressed as follows

_1 1
V(6,9) € Hy2 (905) x H2,(9Q),  F(6,9) = (6,9)A(6,9)" —2b(6,9)" +¢
W0
with b = (a)(l)laﬂg, a—nZI,;Qg) , and c be a constant doesn’t depend on (6, 9).

(2) The operator A is symmetric, positive, and definite.

Proof.

F(6,9) = fﬂ (V1 — Vya)? + fﬂ (11 - 12)?
8y1 8y2

= —L(Am—Ayz)(m—yz)+£Qiuaﬂu(%—g)(y1—yz)+fﬂ(yl—yz)z
dyr 9 “op 0
= [ GG [ GG
[ o eh-m+ [ 0- 2249

_ Wt i i Y1 Y2
= fmé(angz—wgﬁ(pyz—anyz)+fao(9—a )(y1-9)

J
By using Green formula for the expression %yz, we deduce that

8]/1 Iy Iy
s o~ f Aylyﬁf VyiVy2 - mﬁ 27 o on

= f(!/l f)]/z—fylA]/2+f e =2y + a;f]/l o, %m
_fa ;GS—LQWg ] ]

= L(yl—f)yz—fyl(yz—f) f a{fy +fmgalnzy1
S

= ffyl—yz f ' fa,%ynyl—%Hfml(%—%)g-

Therefore, the functional, F, becomes

aTal oy dyr
FO.9) = [ Cd-esht o= Tom+ [ (0-32)0m-)
on on 208 J
B dy1 Iy v
= ffyl—yz fﬂl(—an——an)ngfmé(ang ~20'8; +¢'y2)

o[- Gmns [ oe- G
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0

Iy _ 9y In 9
ffyl y2) I<W_W)g+fa (5 ¥1 = 20gh + = 212)

+ [ 0T+ [ 00-Tw

. . ayl 0 ayg
Again, by using Green formula for the terms ——y; and —=y,, we deduce that

on on
In y f IN f I Iy f 0
2ol + . 7 _ 0 ,
o, an f 9012 an gz an( 811 (91’1 )g 803 yl

and

fQ, e = ] s f PVt fmw—wl—fagw

Therefore, the expression of the functional F can reduced as follows:

0_ 0 24
F6,9) = | flz-v)+ | j(ggz—kpgﬁ(ﬁyz)
2

L %_% W2 2 I _on,
‘991 on on on  on  on'S!

+f [(9—%)(%— )+(99_aalnyl)_ 00 - 8%]
- ff LQI(%—f —2@82+(py2)+f (%_%)g
fam[ (- y1)+9(‘;{12 ]

2

M M 95 9y
_ 0_,0 1 1% 2.0 -
hete = fo(yz )+ f ( on SRE N f ( on  dn 8- 2fa‘ o on Yy, and since
n=y+ ycl) and y» = y; + yz, then we deduce the new form of the functional F as follows
M M 9,
(0,9) Ay mg( =8~ 208+ ¢') + ml( " 9n )8

&y* 8y2 8y2
+f [9]/1""98 - (811 + == n )(y1+]/1>]

ay! ay) Iy,
= ff fz(a—gz—Z(szJF(Pyz) fml(ﬁ—%)g
% 0 W0, Iy dyy Iy .
-2 - Wyl—ZfQO(gn nto, y1>+fmg [9y1+98——28—yl]

*

Y 0 Y, . . 9, ;.
= c—Zfag(gyﬁg%HLQZ[GyﬁSW—ZWM
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W 0 0 %W, . %
= C_ZLQO((?nwz Wy1)+£00|(6_%)y1+(‘9_y1)%]
2 2

By; 0 8a)(1) X o"w 83/2
= C_me%(%‘”ﬁ on W‘f [aﬂl* 2811]

8y§ 90?  dw? LY,
Again, by using Green formula for the expressions —— E g, o —— Y 5 5 yl and @}, 25, We obtain

8y2 of vo 0 dw,
- P fAyzwz f(;vyszz—fyzwz f?/zAah f 8n 203 W&,

Jdy 0, 0 0

9 ==y = | Aoy + levyl wﬂ/l wyAy; + —a) = Oy,
QD n o) D o

i = [yt [[veivi= [ f it [ e f ’

a)* *+ a)* * — a)* *_ a)’(‘ *_’_ a) — a)’(',

o0 on yl a 1Y o Y 0 1Y o ¥ 203 on 205 1

and

8y2* fA** fV*V* f f*A*Jr dw, | fsaaﬁ
= W, + Wy = Wy — w 5, Y2 = :
- 8n 0 Yr@s q YoV, Qyz 2 Qy2 b - on Y 203 on

Therefore, the expression of the functional, F, reduces to

Ba)g dw} T T
F(Q,S):c—2f (Ga)‘1)+8—)—f (B +9==2) = c—2b(6,9)T + (6, 9)A(0,9)".
90 81’1 P! g 8n

1
In order to prove that A is symmetric, let (0,9), (i, h) € H, (800) X H3,(0Q))). Therefore,

(40,97 (@) = [ (Vii(6,9) = Va(6,9)) (Vi ) = V()
+ [ (510,8)= 13(6,9) 53 (9 ) = . )
= i) = Vi) (75;(0,8) = V(6. 9)
+ [ R0 = ) (:6,9) = 3(0,9)
_ ((Q,S)T,A(¢,h)T).

It remains to prove that the operator A is a positive and definite. Let (6, 9) # (0,0) thus
dy; (0,9

(ae. o 087) = [P [ i-wrzo
,—)L;Qé) = (0,0) there-

Assume that (A(Q,S)T, (Q,S)T) = 0 then y; = y, thus (yj(@, ‘9)|an e
fore, by applying Holmgren’s uniqueness theorem, we obtain y; = y; = 0 which is impossible

. - ay;(e’ ‘9) T
since (yl(G,S)I(;Q;, Tbg%) # (0,0). Therefore, (A(@,S), (6,9) ) > 0. O

*

The Conjugate Gradient (CG) will be applied as follows:
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(1) Solve dynamics (3.11)-(3.12)-(3.15)-(3.16).

(2) Choose an arbitrary initial data zo = (69, 99). Solve the dynamics (3.9)-(3.10)-(3.13)-(3.14)
and calculate pg = Azg —b.

(3) Setqgo = —po.

(4) Fori=0,1,2,..., calculate

plpi
A=
q; Aqi
Ziv1 = Zi+Aigi
pit1 = pi+AiAg;
piTJrlpiH
Bit1 = =
p; Pi
gi+1 = —Pit1 T Pi+14i

(5) Solve the dynamics (3.9)-(3.10)-(3.13)-(3.14) and calculate Ag; 1.
(6) Stopifp; = 0.

4. NUMERICAL SIMULATIONS

Recall that our goal is to reconstruct the missed data on the boundary for reaction-advection-
diffusion partial differential equations (PDEs). In this section, we aim to give several numerical
examples that perform the numerical method discussed previously using the spectral element
method (SEM) to resolve the direct problem and then the data completion problem. The algorithm
is based on an energy error functional minimization by applying the conjugate gradient method.
We shall resolve four systems (3.11)-(3.12)-(3.15)-(3.16) and then four other systems (3.9)-(3.10)-
(3.13)-(3.14) for every iteration. Note that the KMF’s algorithm resolve only two systems and thus
it is not expensive compared to the energy error functional minimization. The necessary itera-
tion’s number of the KMF algorithm to converge will be smaller that the one used by the conjugate
gradient method. The number of nodes(Polynomial degree) was fixed to M = 18 and the maximal
number of iterations for both algorithms is fixed to Ny = 3000.

In the first example, we consider the exact solution given by y(x1,x2) = (x3 +2x; — 8)(x% — 4)
defined on a rectangular domain Q) = [-2,3] X [-4,5] with gy = 1, yp = 2, v1 = 2 and v, = 2.
Therefore, the source function is given by f(x1,x2) = —2u1(x3 4 2x1 = 8) — 211 (x5 — 4) + pz (23 +
2x1 — 8)(x3 —4) + 201 (x1 + 1) (x% — 4) + 20px2(x3 + 2x1 — 8) with the boundary conditions g’ (x2) =

7(x3—4) and ¢'(x2) = 8(x3 — 4).
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= Yeract
MO |, oo g (2-1) | d

(2F)

e 9

Iteration T2

Ficure 4. loglog plot of the L2-relative errors on the missed boundary of the
reconstructed solutions (left) using KMF algorithm. Solution on the missed
boundary (right) for the first example where the exact solution is given by
y(x1,x2) = (x3 +2x1 — 8)(x3 —4) on the rectangular domain Q) = [-2,3] x [-4, 5]
with g1 =1, g = 2, v1 = 2 and v, = 2. Therefore, the source function is given by
f(x1,x2) = —2;11(3% +2x;-8) - Zyl(x% -4)+ pz(x% +2x1 — 8)(x% —4) +2v1(x1 +
1)(x3 — 4) + 20px2(x3 + 2x1 — 8) with the boundary conditions g (x2) = 7(x3 — 4)
and ¢'(x2) = 8(x3 —4).

Figure 4 (left) presents the L?-error between exact solution and the approximated one using
the KMF algorithm. Figure 4 (right) presents the reconstructed data trough the KMF algorithm
on the missed boundary, J()}. One can seen that the recovered data is close to the exact one.
Figure 5 presents the gap between exact and recovered solution using the KMF algorithm. Figure
5 (left) presents the gap between the exact and the odd iterative solution. Figure 5 (right) presents
the gap between the exact and the even iterative solution. In the second example, the domain
is the square Q) = [0,1]? and we considered v = (v1,v2), where v; = —x1(x; —1)(2x2 — 1) and
vy = X2(x2 —1)(2x1 — 1)) and v verifies the assumptions divo = 0in Q) and v-n = 0 on JQ.
One can easily verify that y(x3,x2) = 4re1+22) jg golution of system (2.1) where f(x1,x2) =
(41 + 01+ 02+ u2)y(x1,x2) with g3 = 1 and pyp = 2. The boundary conditions are given by
gh(x2) = 4me™ and @' (xy) = —4me™.
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y(ZF 1)

Ficure 5. Gap between exact and recovered solution using KMF algorithm for the
first example where the exact solution is given by y(x1,x2) = (x3 +2x; - 8) (x5 — 4)
on the rectangular domain ) = [-2,3] X [-4,5] with 1 =1, yp =2, v1 = 2 and
vy = 2. Therefore, the source function is given by f(x1,x2) = —Zyl(x% +2x1-8) -
201 (x5 — 4) 4 w2 (22 + 2x1 — 8) (x5 — 4) + 201 (x1 + 1)(x3 — 4) + 20222 (xF + 2x1 — 8)
with the boundary conditions g’ (x2) = 7(x% — 4) and ¢'(x2) = 8(x3 - 4).
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Iteration a9

Ficure 8. loglog plot of the L2-relative errors on the missed boundary of the recon-
structed solutions (left). Solution on the missed boundary (right) for the second
example where the exact solution is given by y(x1, x2) = 4me™*%2) on the rectangu-
lar domain Q) = [0,1]2 withv; = —x1(x; —1)(2x —1) and v = x2(x2 —1)(2x; — 1)).
Therefore, the source function is given by f(x1,x2) = (1 + v1 + v2 + p2)y(x1, x2)
with the boundary conditions given by g/ (x2) = 4me™ and ¢'(x) = —4me™.
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FiGure 6. loglog plot of the L?-relative errors on the missed boundary of the re-
constructed solutions (left) using conjugate gradient method. Solution on the
missed boundary (right) for the first example where the exact solution is given
by y(x1,x2) = (x2 +2x1 - 8) (x5
with u; =1, yp = 2, v1 = 2 and v, = 2. Therefore, the source function is given by
f(x1,x2) = —Zyl(x% +2x1-8) - 2w (x% —4)+ pz(x% +2x1 — 8)(x% —4) +2v1(x1 +
1)(x3 — 4) + 2022 (x3 + 2x1 — 8) with the boundary conditions g (x2) = 7(x3 - 4)
and ¢'(x2) = 8(x3 —4).

—4) on the rectangular domain Q) = [-2,3] X [-4, 5]
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Ficure 9. Gap between exact and recovered solution using KMF algorithm for
the second example where the exact solution is given by y(xy,x2) = 4mel1+%2)
on the rectangular domain Q) = [0, 1)2 with 91 = —x1(x1 —1)(2x2 - 1) and v =
x2(x2 —1)(2x1 —1)). Therefore, the source function is given by f(x1,x2) = (u1 +
v1 + 02 + w2)y(x1,x2) with the boundary conditions given by g (x2) = 4me* and
@' (x2) = —4me*.
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Ficure 7. Gap between exact and recovered solution using conjugate gradient
method for the first example where the exact solution is given by y(x1,x2) =
(x3 +2x1 - 8) (x5 -

4) on the rectangular domain Q = [-2,3] x [-4,5] with 3 =1,
p2 = 2, v = 2
floxr,x2) = =2u1 (o3 4 21 = 8) = 2u1 (x5 — 4) + po(x§ + 2x1 — 8) (x5 — 4) + 201 (x1 +
1) (x5 — 4) + 2025 (x7 + 2x1 — 8) with the boundary conditions g (x2) = 7(x3 — 4)
and ¢'(x2) = 8(x2 —4).

2 and vy Therefore, the source function is given by
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Ficure 10. loglog plot of the L*-relative errors on the missed boundary of the
reconstructed solutions (left) using conjugate gradient method. Solution on the
missed boundary (right) for the second example where the exact solution is given
by y(x1,x2) = 4me1+%2) on the rectangular domain Q = [0, 1]? with v; = —x7 (x; —
1)(2x2 —1) and v2 = x2(x2 —1)(2x3 — 1)). Therefore, the source function is given
by f(x1,x2) = (t1 +v1 + v2 + p2)y(x1,x2) with the boundary conditions given by

gh(x2) = 4me™ and ¢'(x2) = —4me™2.
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Ficure 11. Gap between exact and recovered solution using conjugate gradient
method for the second example where the exact solution is given by y(x1,x2) =
4me™1+%2) on the rectangular domain Q) = [0, 1)? with v; = —x1(x; —1)(2x2 — 1) and
vy = x2(x2 —1)(2x1 —1)). Therefore, the source function is given by f(x1,x2) =
(u1 + o1+ v2 + p2)y(x1, x2) with the boundary conditions given by gé(xz) = 4™
and @' (xy) = —4me™.

5. CoNCLUSION

In this article, we considered a reaction-advection-diffusion partial differential equations (PDEs)
in a two-dimensional domain with missed boundary data. We applied both the KMF algorithm
and the conjugate gradient method trough the minimisation of an energy functional to reconstruct
the missed data by using the spectral element method. We presented several numerical examples
describing the convergence of both used algorithms by reconstructing both, traces and normal
traces on the inaccessible boundary.

We aim in future works to resolve inverse problems applied to biological processes as described
in [11-16].
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