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Abstract. We discuss the partial bi-ideal of partial ternary semirings S. The partial bi-ideal is a new generalization of
the ideal. To determine the relationships between the three types of partial prime bi-ideals and their examples. We
constructed the partial right ideal, partial lateral ideal, partial left ideal, partial ideal, and partial bi-ideal generated by
a single element. We interact with the relationships between HQ, L9 and R, where Q is bi-ideal. Consequently, we
defined three distinct partial m-systems. The partial bi-ideal P of S is a partial 2-prime if and only if Z1Z,Z3 C P, where
Z, is a partial right ideal, Z, is a partial lateral ideal and Z3 is a partial left ideal of S implies either one of Zy C P, Z; C P
and Z3 C P. Also, we discuss H? is a unique biggest two-sided partial prime ideal of S contained Q. Suppose that .#
is a partial m3-system and partial bi-ideal Q of S with Q N .# is empty, there exists a partial 3-prime P of S containing
Q which includes PN .# = 0. Finally, examples were provided to illustrate the results.

1. INTRODUCTION

Partially additive semantics is used in computer programming languages. In these cases, linear
algebra cannot be used because partial functions under disjoint-domain sums and functional
compositions do not fall under the field definition. As algebraic structures, they can be interpreted
as partial ternary semirings that can process both natural and partial ternary semirings, along with
infinite partial additions and ternary multiplications. Mathematical structures such as semirings

have been discussed as several types of ideals [8], ternary semirings, and rings. Introducing ideals
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for algebraic numbers and then extending them to associative rings is a concept developed by
Dedekind. Bi-ideals for semigroups were first introduced by Good and Hughes. Furthermore, this
is a special case of the (1, n)-ideal proposed by Lajos. With the help of bi-ideals, Lajos provides both
regular and intra-regular semigroups. In addition, Lajos could analyze semigroups both regularly
and intra-regularly, using quasi-ideals and generalized bi-ideals. Bi-ideals have often been used
in different types of semigroups. Lajos discussed the bi-ideals of the associative rings. Quasi-
ideals are generalizations of the left ideals and right ideals, which are special cases of bi-ideals.
The concept of semirings is a generalization of rings. Lehmer introduced a triplex as a ternary
algebraic system. He studied a class of ternary algebraic structures known as triplexes, which are
commutative ternary groups. Vandiver proposed the concept of a semiring. Hestenes examined
ternary algebra, using matrices and linear transformations as examples. Lister introduced the
ternary ring as an algebraic structure whose triple ring product two additive subgroups of rings.
Van der Walt discussed the prime bi-ideal and semiprime bi-ideal of rings. Van der Walt stated that
x18x2 C P implies either one of x; € P or xp € P, for prime bi-ideal P. Roux discussed the prime
bi-ideal and semiprime bi-ideal of rings. The prime bi-ideal and semiprime bi-ideal of I'-so-rings
were examined by Srinivasa et al. [19].

Recently, Badmaev et al. [1-5] discussed various applications for Boolean functions generated by
maximal partial ultraclones. Prime ideals for rings and semirings can be found in [6]. Partial addi-
tion and ternary product-based so-semiring is discussed by Bhagyalakshmi et al. [9]. Palanikumar
et al. [15] discussed the concept of a novel method for generating the M-tri-basis of an ordered
I'-semigroup. The theory of partial semirings of continuous valued functions is explained by Sha-
laginova et al. [18]. Various ideals of partial semirings and gamma partial semirings are discussed
by Rao et al. [?,17]. Dutta et al. examined the prime ideals and radicals of ternary semirings [7].
Palanikumar et al. [11] covered the rings” various prime and semiprime bi-ideals. Palanikumar
et al. [10,12-14,16] discussed the various ideals of semigroups, semirings and ternary semirings.
Research on partially additive semantics was conducted. Flowchart untying axiom is the reason
for the emphasis on “)." in computer science. The semantics of programming languages and
integration theory are two examples of partially defined infinite operations. Using computer sci-
ence, we can improve our understanding of computer programs without changing their functions.
A positive partial monoid satisfies “positivity" property: if ) (cili € Z°) is zero, then each ¢; is
zero. Considering an abelian monoid that meets the positivity condition of ¢; + ¢, = 0 implies
¢1 = 0 = ¢ is a partial monoid, where the partition associativity of summable families makes
abelian necessary, where the families have finite support and usual sum.

Let M be a fixed set. If 2" is a set, then the function z : 2" — M is a 2 -indexed family. Here,
¢i instead of ¢(i). The co-domain is suppressed in the family notation instead of being explicitly
indicated in ¢ : & — M. Semantics describes "meaning" and computer language semantics,

among other technical terms. As a function, semantics uses a syntactically correct program as
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input and produces a description of the function that the program has calculated. Certain 2"-
indexed families in M will receive an element “Y ;(¢;li € 27)" from the partial addition that will be
axiomatizing. We shall only deal with countable families because the semantic concepts we want
to represent do not involve uncountable sums. The failure to subdivide a sum can be appropriately
explained by one axiom. For an example ¢1 + ¢+ c3+ca+¢5+ce+c7+cs =3+ (c1+¢6 +
G2) +(ca+cs)+(c7r+cs) 2 =1,2,..,8 2, =13}, %, =1(1,62}, Z,, =145}, 2, =178}
and % = {y1,y2,y3,y4}). Hence, Y.(cili € 27) = L(X(cili € Z;)lj € #). Here (Zjlj € #) is a
partition of 2". If j # k, then 2;N 2, = 0 and 2" = U(Z]|j € #'). We make it clear that any
number of j (including an infinite number of j) is acceptable in our definition of a partition 2} = 0
as long as the previously mentioned partition qualities hold. Based on the results of this study, we

hope to:
(1) We discuss that partial 1-prime implies that partial 2-prime implies partial 3-prime, and its

reverse implications do not hold.
(2) Constructing a partial m;-system implies that a partial m;-system implies a partial m3-
system and its reverse implications do not hold.

(3) We discuss the notion of R, L9 and H? and its relation with examples.

This study expands the concept of prime bi-ideals of ternary semiring into prime partial bi-ideals
of partial ternary semiring. Section 1 provides an introduction to this study. In Section 2, we briefly
describe ternary and partial ternary semirings. In Section 3, the concept of partial prime bi-ideals
is examined using numerical examples. The semiprime partial bi-ideals are discussed in Section 4
along with an illustration. The conclusions are provided in Section 5.

List of abbreviations

The following abbreviations are used in this manuscript:
Right ideal RI

) Partial BI ZBI
Lateral ideal LATI ] .
i Partial prime BI ZPBI
Left ideal LI ] )
Partial 1-prime Z1P
Ideal 1D ) ]
. Partial 2-prime P2P
Bi-ideal BI ] ]
) Partial 3-prime P3P
Partial RI PRI ]
. . Partial m;-system P-mi-system
Partial lateral ideal PLATI .
) Partial my-system P-my-system
Partial LATI PLI i
) Partial m3-system P-mz-system
Partial ID ZID

2. Basic cONCEPTS

This study provides a short overview of the fundamental terms used in ternary semirings and

partial ternary semirings which will be useful for future research.

Definition 2.1. A partial monoid (M, Y), Y. is a partial addition defined on some families (cili € Z7) in
M, but not necessarily all of them.
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(i) 2 = \j}, and (cili € Z") are one-element families in M, Y. (cili € 2°) = ¢;.
(ii) If a family in M is (¢;li € Z7) and a partition of 2" is (Zjlj € %), then (¢;li € ) is summable if and
only if (¢ili € Z;) is summable, (Y. (cili € 2;)|j€ ¥ )and Y (cillie ') = X(L(clie Z;)lje #).

Definition 2.2. Suppose that (S,Y.) is a partial monoid. The function S XS — S is called a partial
semiring if

(i) I(mn) = (Im)n,

(ii) The summability of (cili € 27) in S denotes (I¢jlie 27) in Sand 1Y, (cilie )] = X.(lcilie Z).
(iii) If a family (cili € 2) is summable, then (¢;lli € Z") is also summable and [}, (cili € ']l = Y. (cilli €

Definition 2.3. [19] Let &/ C S. If o is said to be a LI(ZRI) of S. Then
(i) (gili € Z°) is a summable in S and ¢; € o for every i € X, hence conclude that ) ; ¢; € <.
(ii) For each x € Sand y € o imply xy € o (yx € ).

Definition 2.4. [19] Complete rings can be summable if all the families in a partial ring can be summable.

Remark 2.1. [19] S is a complete partial ring. Then &RI (PLI, ZID, &BI) generated by “c” are
defined as
(i)<¢c>={zeSlz= ng+Zgri, ri € S,n € N}

1
(ii)<c>={ze8]z= ng—l—Zrig, r, € S,ne N}
i
(iii) <¢c>=1{z€ S|z = ng—i—Zgri—i—erg—i—Zgrkg, ri, 1, 1, € S,n € N},
i F k

(iv) < ¢ >p={z € Slz = nc + mc* + Z cric, 1, €S,n,me N}
i

Definition 2.5. [7] S is a ternary semiring if

(i) (S, +) is a commutative semigroup.

(iia) (c162¢3)cacs = ¢1(6263¢4)¢5 = G162(C3¢4Cs5).

(iib) (c1 + C2)c3c4 = C163C4 + C2C3C4.

(iic) ¢1(c2 + ¢3)Ga = c16264 + C163C4-

(iid) c1c2(c3 + ca) = 16263 +¢1626a ¥ ¢1,62,¢3,¢4,65 € S.

Definition 2.6. [7] Let 2" C S is represent a
(1) ternary subsemiring when 2" is a additive subsemigroup and ¢1¢2c3 € 2"V ¢1,62,63 € 2.
(ii) RILATLLID) if criry € 2 (ricra € Z,rince )V r,neSandce 2.

3. DirrerenT HZPBls

In the following, S refers to a partial ternary semiring unless otherwise specified. If we change
the ID P by BI P by Theorem 3.1 [7], all three conditions are different. In this section, we introduce
three different &PBIs for S.
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Theorem 3.1. [7] Let P be an ID of S. In this case, the statements are equivalent.

(i) P is a PID.

(ii) c18¢28¢3 € P, 618762087 ¢3 € P, 6187 ¢28¢3S € P, 8c18¢28 .7 ¢3 C P implies any one of ¢1 € P,
¢cr € Pand c3 € P.

(iii) < ¢1 >< G2 >< ¢3 >C P implies any one of c1 € P, ¢ € Pand ¢c3 € P.

Definition 3.1. [7] .# C S is called a m-system if ¢1,¢2,¢c3 € S, there exist 1,12 € A, that is associated
with ¢1r16212¢3 € A .

Definition 3.2. Consider the partial ternary semiring with ”Z " is defined as

Z Ci if ci € X is finite
i

Y (clie z) =

undefined elsewhere

and “-" is defined by the ternary multiplication.

Definition 3.3. Let (S,}.) be a partial monoid. A mapping SXS xS — 8 is called partial ternary
semiring if

i)(I-m-n)-o-p=1-(m-n-0)-p=1-m-(n-o0-p),

(ii) a family (cjlj € 2°) is summable implies (cjxylj € Z°) is summable and [}.(cjlj € Z')|xy =
Ycjxylj€ 27).

(iii) a family (c;lj € Z°) is summable implies (xcjylj € Z°) is summable and x[Y.(cjlj € Xy =
Y.(xciylj€ 27).

(iv) a family (¢jlj € 27) is summable implies (xycjlj € 2) is summable and xy[}.(¢cjlj € 2] =
Y.(xycjlj € Z).

Definition 3.4. Let o C S, o is represent a ZRI(PLATI, ZLI) of S if
(i) (cili € Z) is summable in S and ¢; € &/ ¥ i € Z implies Z C,EA.

1
(i) Vy,c € Sand x € o implies xyc € o (yxc € o, ycx € ).

Here, we introduce various ideals generated by a single element. Let a € S. The principle
(i) ZRI generated by “¢c”is < ¢ >={x e Slx = Z c+cSSnezt),

(ii) ZLATI generated by “¢c” is < ¢ >/y= {x € Slx = Z c+ScS+S8ScSSin e Zt},
n
(iii) ZLI generated by “¢” is < ¢ >j= {x € Slx = Z c+S8S8clnezZ™y,
(iv) two sided ZID generated by “c” is < ¢ >;= {x € S|x = Z c+8Sc+cSS+S8ScSS|ne 7},

n
(v) ZID generated by “¢c”is < ¢ >= {x € Slx = Z c+cSS+S8cS+S88cSS+SScnezty,
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(vi) ZBI generated by “c” is < ¢ >p= {x € Slx = Z ¢+ Z 3+ cScScln,m € Z*), where Z c
n m n

means that sum of “n" copies of “¢" and Z ¢® means that sum of “m" copies of “cdn,
m

Remark 3.1. Partial ternary semiring (S, Y., ) is defined in Definition 3.2 and ternary semirings (S, +,)
are defined in Definition 2.5.

Example 3.1. Consider S = {01, D2, 93,04, D5, s, D7, 08, D9} with “).” and the ternary product is

defined as Definition 3.2.
4+ | D1 |02 | D3 |04 | D5 | D¢ | O7 | Og | 9 - | D1 | D2 | D3| D4 | D5 | D¢ | O7 | D8 | Do
D1 |01 | D2 | 03|04 |05 | Dg | D7 | Dg | Dg o1 a | a | al| a al|lal|al|a
Dy | D2 | D2 | D5 | D4 | D5 | D9 | D7 | Og | 9 Dol a | b |a|d a|d|d|b
D3 |03 | D5 |03 | D8 | D5 | Dg | D7 | Dg | Do O3l alclal flclalfl|f]lc
Dy | D4 |0y |Dg | Dy | Dg |07 | 07| D8 | O7 Dg|la | b |b|d|b|d|d|d]|d
Os5 | Os5 | D5 | D5 | Og | D5 | D9 | D7 | Dg | Dg Os | a e a | g | e a | g gl e
D(, Dﬁ Dg D6 D7 39 D6 D7 D7 Dg D6 a c c f c f f f f
D7 |07 |07 |07 |07 | Oy | Oy | D7 | Oy | Oy o7 | a e 2 I 2 O O O
Og | Dg | Dg |Dg | Dg | Dg | Oy | D7 | Dg | Oy Og | a e | bl glel|d|g|g|h
D9 | D9 | Dg | D9 | Dy | Dg | Dy | D7 | D7 | Dg D9 | a e cl glel| fl gl gl i

D110, |03 04| 05 | D6 | D7 ] D5 | Do
D101 |01 |91 |01 |01 |01 |01 |01
O D1 | Dy |OD2 D1 | Dy | D4 | D2
D1 | D3 | D1 | De | D3 | D1 | Dg | D6 | D3

S
)
~

IS o
N\
QO
N
Q
N
Q
Ny
QO
N
Q
'y
Q
Ny
QO
e~
)
'y

|0Q ||
N
O
w
Q
w
U
(o))
O
w
Q
(o))
U
(o))
U
(o))
U
(o))

i |01 |05 |03 |07 |05 || 07|07 ]| D9
Clearly, (S,Y.,-) and (S, +, -) are partial ternary semiring and ternary semiring, respectively.

Every RI (LATI, LI, ID, Bl) is a #RI (ZLATI, LI, Z1D, #BI). However, the reverse does not
hold for this example.

Example 3.2. By Example 3.1, Let Q = {O1, D2, D3} and index set 2" = {1,2,3,....}.

Since, Y.(cilie ') = X(X(cili€ Z})lj € ) and (Z]lj € ¥) is a partition of 2.

Ifj#kthen ;0 2 =0and 2 = U(Z]lj € ).

Suppose that ¢; = (01,0,0,0,0,0, ....), we have Y (¢ilie Z°) =01 € Q.

Suppose that ¢; = (0,0,0,07,0,0, ....), we have Y (¢ili € Z°) = 02 € Q.

Suppose that ¢; = (0,0,0,0,0,0,0,0,03,0,0,0,....), we have Y. (¢ili € ) = O3 € Q. Hence, Q is
a partial addition of S. Also ternary multiplication “-” using in the Example 3.1, Q- Q- Q C Q and
QSQSQ < Qimplies Qisa ZBlof S, but Q+ Q = {O1,02,03, 05} £ Q. Thus, Qis nota Bl of (S, +, ).
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Similarly, {91, 03,05, D¢, D7} is a PRI, but not a RI of S.
Similarly, {91, D2, O3, D4, D5, D¢, O7} is a ZID, but not an ID of S.

Definition 3.5. A &?BI P of S is called a 1P if

(i) Q1 QxQ3 C P implies any one of @y € P, @ C P and Q3 C P, for any #Bls Qy, Ry and Q3 of S.

(ii) 22P ifd Sa"Sa” C P implies any oneofa € Pora’ € Pora’ € P.

(iii) 3P if 91993 C P implies any one of %1 C P, #> C P and 3 C P, for any PIDs S, .9, and 93
of S.

Theorem 3.2. The &’BI P of S is a 2P if and only if Z1Z,Z3 C P, where Zy isa &RI, Z, is a PLATI
and Z3 is a LI of S implying any one of Zy C P, Z, C P and Z3 C P.

Proof. Suppose that Z1Z,Z3 € P. To prove that Z; C P or Z, C P or Z3 C P. Suppose that Z; € P
and Z, ¢ P implies that ¢ eZibutc ¢ Pand ¢’ € Zy butc’ ¢ P. To prove that Z3 € P. For
" €3, S"Sc” € 712,73 CP. Since Pisa #2Pof Sand ¢ ¢ Pand ¢’ ¢ P implies that " eP.
Thus, Z3 C P.

Conversely, suppose that ¢'S¢”S¢
implies (ST CPorS'SCcPorS7c”

<C > <C Sy <c > = [{Zdn € Z*} +g'89] : [{Zg”lm € Z*} +
n m

[Sg”S + ng”Sﬂ]] . [{ Z im’ e Z*} + S?g”,]

" "

C P. Now (¢'ST)(Sc'S)(87¢") € ¢'8S"S” ¢ P
CP.If('ST C P, then

N

[ CCC]+CSCSQ
nmm’

C 8S7CP.

Thus, ¢ € Por¢ € Porc” €P.

Similarly, S¢S C P. Let us demonstrate that, < ¢’ >, - < ¢ >y -<¢ >C [Sg"S US7c<'8S7 K=
P.

Suppose S7c" CcPthen<¢ > -<¢ >y -<c” > 87" c P. This implies that ¢ ePor
¢’ ePorc” eP. O

The following implications hold for #1P implies #2P implies #?3P. However, these examples

do not support the reverse implications.

Example 3.3. In Example 3.1, Clearly P = {01, 02,04} is a #2P. Now, {O1,03,05} - {01,903, D¢} -
[D1,04, 06} = {01} € P, but {O1,03,05} € P and {O1, 3,06} € P and {01,004, D6} € P. This implies
that P is not a Z1P.

Example 3.4. Consider S = {O1,0,, O3, 04, Os, O} with the following compositions:
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+ | 51|02 |03 |04 | G5 |G + |01 02| Os5 |04 | Gs | Gg
0110110, |03 |04 | G5 | Gg O1 a a a a a a
Uz Uz UQ 03 04 05 U6 UZ a b c b C c
03 Ug, 03 03 Ué 05 06 03 a b c b C c
04|04 |04 |Gy | Oy | Uy | Gg Oyl a | d|e| d]|e| e
O5 | 05|05 |05 | G5 | O5 | U5 Os| a | d|e | d]|e e
G | G | G | Bg | Gg | Os | Ug O¢| a | d| e | d| e | e

f G104 |05 |04 |05 | G5

Clearly P = {O1,03} is a #3P. Now, U280580¢ = {O1,03} € P but Oy ¢ P,Os ¢ P and Og ¢ P,
implies P is not a 2P of S.

Definition 3.6. (i) A subset .4 of S is represent a P-my-system if forany ¢ ,¢ , ¢ € #, 3 g'l e<c >
, c;'l' e<c’ >, and gl e< " >y such that g’l c;l gl €.

(i) A subset 4 of S is represent a P-my-system if forany ¢’ ,¢",¢" € M, €< >, ¢] €< >y
and g’l” e< ¢’ > such that ‘3/1 -g;' -g'l" €.

(iii) A subset 4 of S is represent a -m3-system if for any ¢, e, 5/1 e<¢c >, g’ll e<c’ >
and g’l" e< " > such that g’l -g,{ -g’l" €.

Lemma 3.1. Let P bea &Bl of S. Then, P isa Z1P (2P, &3P) if and only if S\ P is a &7-my-system
(P-my-system, P-mz-system) of S.

Proof. Let P be the Z1P of S and let ¢, ", " €e8\P.Hence, < ¢ >p-<c >, -<c >, P. Then

there exist g’l e<c >, g’l' e< ¢’ >pand g’l" e< ¢” >, such that g’l . gll' ~g'1” = {an ¢+ an(g')?’ +

Ul} . {Zn; ¢+ Zn;(gn)3 + Uz} . {an "+ Zn;/ (") + Ug}, where U1 = }; ) g’rig'rjg/ and

O, = Z(i,]-) g”r;g"r;g" and O3 = Z(i,]-) ¢ ricorc forny, ny, n. ,n’z, ”,1,'”’2/ € Nandr;, ris r;,r;., r;',r;f €
S. Now, 0;-0,- Uz e< ¢ >, -<c¢ >p-<c >,¢ P. Thus, g’l . g'l' ~g’l” ¢ P. Hence, S\Pisa
P-my-system.

Conversely, Let S\ P be a &7-m;-system. Suppose that Q; - @, - Q3 C P for the #Bls @Q;, Q; and
@3 of S. Let us arrive at a contradiction. Let g’l' €@ \P, C; € @\ P and g; € @3\ P. Hence,
g’ll, g’zl, gg € 8\ P implies < g’l' >p - < g; >p - < gg >,Z P, which is a contradiction. Thus, @ C P or

Q> C Por @ C P. Therefore, P is a Z1P of S. Similarly, we can prove the other cases. m]
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The following implications hold for &7-m;-system implying that the &-my-system implies &-
ms-system. It is clear that this example does not support the reverse implications.

Example 3.5. By Example 3.1, # = {O4, 5, ¢, O7, 08, Do} is a F-my-system, but not a &-my-system.
For 95, 06,07 € A, but thereis no x| €< Os >y, Y1 €< Vg >pand ¢1 €< Oy >ysuchthatxy-y1-¢1 € .
Since < Os > - < g >y + < D7 >p= {01, 03,05} {D1,03, 6} - {D1, 06, D7} = {O1} ¢ A.

Example 3.6. By Example 3.4, # = {O2,04,05,0¢} is a &?-mz-system, but not a FP-my-system by
0,804,806 = {01,053} ¢ .

Lemma 3.2. Every &7-mjy-system is a &?-m-system and vice versa.

Proof. Leta,b,c e 4,3 X e<a>, y/ e<b >, and z° €< ¢ > such that x’ -y' -z € .#. Now,

x - y' 7 = [Z a-+ arlrz] . [Z b+ r3bry + r5r6br7rg] . [Z c+ 1’91’106]
1y

n ns
= [ Z ab + (Z a)rsbry + (Z a)rsrebryrg + arlrza(z b) +
niny ny n nz
ariror3bry + ar1r2r5r6br7r8] . [Z c+ 1’97’106]
n3
= [ Z abc + (Z a)r3br4(z c)+ (Z a)r5r6br7r8(z c)+ arlrza(z bc)
ninans ny ns nq ns npyns

+ar1r2r3br4(z c) + ur11’2r5r6b1’71’8(2 c)+ (Z ab)rgripc+

ns ns niny

(Z a)r3braroripc + (Z a)rsrebryrgrorige + arlrza(z b)rorioc +

ni n np

ar rarsbryrorige + arq r2r5r6br7r8r9rloc]

= Z abc +ar'br ce M.
nnyng
Againa,b, Y, o, abc+ar'br'c e #,Ax" e<a >,y e<b>yandz’ €< Y, . abe+ar'br’c >
such that x” - y” -z € M. Since, x" - y” -z = ar;1briac € aSbSc. Therefore, arj1bripc = x° - y" .z e
A . Hence, ./ is a &-m-system.
Conversely, let a,b,c € .#, A 11,1, € S such that aribroc € #. Letary = a1 and roc = c1, 3
a1 €<a>,, be<b>and g €<c>;suchthatay-b-c; € #. Hence, # is a &7-my-system. m]

Definition 3.7. (i) Let Q be a &?BI of S and let 12 = {x € QSTx C Q) and which is related to
HY = {y e [YyST c LY.
(ii) R = (x € QIxS.7 C Q} and which is related to H2 = {y € RYS Ty C RY}.

Lemma 3.3. Let Q be a ZBI of S. Prove that LR is a LI of S such that L? C Q.
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Proof. Let ¢; € L2 Then ¢; € Qand S7¢; € Q Vi. Since Q is a ZBI of S, then Yici €Q
and (¢1 ¢+ .. ) € Q Now, S7(Y,;c;) € Q. Thus, Y,c; € L2 Now, ST(c1-Cow v Cn) =
(8Tc¢1) - (c2wvcn) € (8T¢1) - (8T¢2) (c3-"cn) € (8T¢1) - (8T¢a) ... . (ST ¢n) € Q. Thus,
(c1:C2+wvCn) € [Q letx € L2 and ry, 7, € S. Since r172x € STx C Q, we have r7x € Q and
STr1rax CSTSTx CSTx C Q. Thus, rirox € L. Hence, [Qisa ZLI of Sand LR C Q. O

Lemma 3.4. Let Q be a #BI of S. Then, H? is a partial subring of S.

Proof. Let ¢; € HQ. Thenc¢; € LQ and ¢;S7 C LY, Vi. Since ¢; € LY, ¢; € Qand ST¢; C Q, Vi.
Since Q is the partial subring of S and ¢; € Q We have ) ;¢c; € Qand (¢c1-¢2-...-¢n) € Q.
Now, 87 (Y,;¢i) € Q implies Y,;¢; € L2 Now, (¥;¢)S7 C L9 implies Y;¢; € HY. Now,
ST(c1-c2 v Cn) =(8T¢1) (62 wovcn) €(S8T¢1) - (8T¢c2) (c3ecvcn) € (S8T¢1) - (ST c2) - ...r
(87¢n) € Qimplies (¢1-¢2- ... Cn) € L9and (¢1-C2+ o cu)ST = (c1+Ca v oo Cnot) - (cnST) C
(c187) - (28T ) - ... (cuST) C L. Thus, (¢1- ¢ ... - ¢y) € HL. m]

Lemma 3.5. Let Qbe a ZLI of S. Then, 1f=qQ

Proof. Clearly, I9CQ LletxeQbutQisa ZLIof S. Now, STx C Q implies x € L9, Thus,
Q C L9 Hence, L2 =Q. ]

Theorem 3.3. Let Q be a Bl of a S. Then, H is the unique largest two-sided ZID of S and which is

contained in Q.

Proof. Let Qbe the #BI of S. First, we that HY is a two sided ZID of S. Since H2 C L2 C Q. Let
cieHVieland y1,y2 €S. Then¢g; e HH CQ = ¢; € Q. Since ¢; € L9, we have SS¢; € Q
and ¢;SS C L9, Vi € I. Because Q is the Bl of S, then Y ,;¢c; € Q. Since ¢; € L2, Y. ¢; € LY,
SS(Yic) cl?2cQand (¥,;¢)SS € L Hence, ¥, ¢; € HL Since x € L9, then y1,x € SSx € Q
and SSy1y2x € SSSSx € SSx C Q = y1y0x € L2 Moreover xy1y, € xSS C L9 Therefore
xy1y> € L2 and y1yox € L. To prove that xy;y, € H? and y1y2x € H2. Now, xy1 2SS € xSSSS C
xSScIf — XY1Y2 € H9. Moreover Y1y2xSS € SSxSS C SSIec 8 — Y1Yox € H9, since
[9isa ZLI of S. Hence, H? is a two-sided ZID of S. To prove H? is the largest two sided Z2ID
of S. Let I be any ZID of Sand I C Q. Leti € I. Consequently, i € Q and SSi C I € Q. Hence,
SSicQ = ielQ Hence, I CIQ Next,i € [QandiSSCICI® = ie HY Hence,
IcHY O

Theorem 3.4. Let Qbea ZBI of S. If Qis a P1P (P2P) of S, then HY is a ZPID of S.

Proof. Let Qbe P1P of S. To prove that H? is a PPID of S. Suppose that %;, %, and %; be the PBIs
of 8 such that %, - B, - B3 C HQ. By Theorem 3.3, H9 is the largest PID of S such that Hec Q.
Thus % € %; C HQ or %, C %, C H or .73 C %5 C H9 for the IDs .%;, % and .%; . O

In the following examples, we show that the converse of the Theorem 3.4 is not true.
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Example 3.7. By Example 3.1, Q = {91,003, 05} is a Bl and HQ = (D4, D5} is a PPID, but Q is not
a P1P of S. For the ZBls Q1 = {01, 02,03} and @ = {O1,03,06} and Q3 = {D1,04,06}. Now,
Q-CQ-Q={011CQbut@ ¢ Qand @ ¢ Qand Qs £ Q.

Example 3.8. By Example 3.1, Q = {O1, 04,07} isa &Bl and H = {D1,07} isa PPID, but Q is not a
P2P OfS For Dz, D6/ Dg € Sand 92896898 = {91,94} c Q but Dz ¢ Q, D6 ¢ Q and Dg ¢ Q

Theorem 3.5. The #BI Qis a 23P of S if and only if H? is a ZPID of S.

Proof. Let Q be a #BI of S and Q be 23P of S. To prove that H is a ZPID of S. Suppose that
A, o and o are the PIDs of S such that <7 - < - o5 C HY. By Theorem 3.3, H9 is the largest
two sided ZID of S such that H? € Q. Thus 4 € HY or @ € H? or <4 € HL.

Conversely, suppose that HY is a ZPID of S. To prove that Q is a #3P of S. For the ZIDs
A, % and .73 of S such that .7 - % - 73 C Q. To show that %] CQor % C Qor .73 C Q. Now,
S - S+ S35 C HE. This implies that %1 C H2 C Qor % C H2 C Qor %3 € H2 C Q. Hence, Qis a
P3P of S. O

Theorem 3.6. Let .4 be a &-m3-system and Q be a Bl of S with Q N .4 = 0. Then there exists a 3P
P of S containing Q with PN .4 = 0.

Proof. Let Z° = { JN Fisa ZBlwithQ € ¢ and N = 0)}. Clearly, 2" is non-empty.
According to Zorn’s lemma, there exists a maximal element P in 2" and PN .# = (. To prove
that P is a #3P of S. Using Theorem 3.5, we prove that H” is a #PID in S. Since H” C P and
PN .# = 0 implies that H' N.# = 0.

Case-(i): Suppose that H is the largest 2ID in S such that H” N.# = 0. Suppose < ¢’ >< ¢ ><
" >c HP. Then< ¢ >C H or< ¢’ >C H or < ¢~ >c HP. By proving at a contradiction
approach, If < ¢’ >¢ H”, < ¢" >¢ HP and < ¢ >¢ H”, then¢;” e< ¢’ > \H", ¢;" e< ¢’ > \H
and ¢;” e< ¢” > \HP. Then < ¢;' >C< ¢ >, < ¢ >C< ¢ >and < ¢ >c< " > If
< ><">< " >cH then< ¢ >< ¢ >< ¢ >c< ¢ >< ¢ >< " >c HP. By the
maximal property of P, (H'+ < ¢;’ >)N#/ #0and (H'+ <¢;” >)N#/ #0and (H'+ < ¢ >
YN # 0. Thus, (H?+ < ¢ >)(HP+ < ¢ >)(H '+ < ¢ >) € H". Since .# is a 2-m3-system,
for ¢i,co € .4, then there exist ¢; € (H'+ < ¢; >)N.# and ¢; € (H'+ < ¢ >)N.# and
c3 € (HP+ <" >) N such that ¢y'co'cs’ € 4, where ¢} €< ¢y >,¢, €< g >and ¢, €< ¢3 >. If
cre(HP+<¢f >), then g’l =1 4+ 0 forsomel € H  and U; €< ¢; >andifc; € (H + < ¢;” >),
then glz =1"40, forsomel” e H  and U, e< ¢;” >. Ifc3 € (HP+ < c1 >), then g:,) =1"4+0;
for some I” € H' and U3 €< ¢1” >. Now, ¢ G-y € (I +Oq) - (I' + Up) - (I +03) =IT'1" +
[0l + O 1" + 010" + 1105+ 10,05 + U103+ 010,03 e Hf + < ¢' > - < > < >
If<c >-<¢ >-<c¢” >CHP, then g’l -g’z . g'3 € HP. Thus, H” N .# + 0, which is a contradiction.
Hence, < ¢ >-<¢ >-<c¢ >¢ HP. Hence, H is a ZPID of S. By Theorem 3.5, Pisa &3P of S.
Case-(ii): If H” is not a largest Z2ID in S, then there is a maximal ID P’ in S such that H” € P’ and

P’ N .# = 0 and apply case-(i). Thus, H” is a ZPID. Hence, P’ isa #3P of S. m|
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4. DirrereNT P SPBIs

In this section, we introduce three different #2SPBIs of S.

Definition 4.1. (i) A #BI P of S is called a partial 1-semiprime (#1SP) if Q® C P, implies Q C P for
any ZBI Q of S.

(ii) partial 2-semiprime (#2SP) if x¥ Sx'Sx" C P implies x' € P.

(iii) partial 3-semiprime (?3SP) if .#3 C P implies . C P, for any ZID . of S.

Theorem 4.1. A ZBI P of S is 272SP if and only if Z1> C P (Z,> C P, Z3° C P), with Zy isa PRI (Z,
isa PLATI and Zz is a ZLI) of S implies Zy C P (Z, CP,Z3 C P).

Proof. Suppose that Z3 CP. To prove that Z; C P. For ¢ €7y, SIS €73 CP. Because Pis a
(222SP) of S implies that ¢’ € P. Thus, Z; C P.

Conversely, suppose that ¢’ S¢'S¢’ € P.

Now (('S7)((ST)(S8T) C ((ST)S('ST)S(¢'ST) € ('Sc'Sc’ € P implies ¢ ST C P. 1f
'S C P, then

< ><d>y<d >y = {Zc'ln€Z+}+C'S<7]-[{Zc/lnez+}+é&7]
L n m
{ZgﬁneZ*}—l—gSﬂ]

g Z C/g/g/:l + g/Sg/Sg/
- nmm’
c (ST cCP.
Thus, ¢’ € P. O

The following implications hold for Z1SP implies &72SP implies &’3SP. Some examples

showing that the reverse implications may not be valid.

Example 4.1. In Example 3.1, Clearly, P = {O1,04,0¢} is a Z2SP, but P is not a #1SP. For &BI
Q=1{01,03and @ C PbutQ ¢ P.

Example 4.2. By Example 3.4 and routine calculation, P = {O1, Os} isa #3SP of S. Now, UsSUcST¢ =
{O1,0s} C P but Og ¢ P implies P is not a #2SP of S.

Definition 4.2. (i) A subset A of S is represent a P-ny-system if forany ¢y € A, A, ¢, " €< c1 >
such thatc -c" - " e,

(ii) A subset AN of S is represent a FP-np-system if for any co € A, 3 ¢, " e<cy>ord, " e<
o >mor ¢,c ¢ e<cy>suchthatc -¢ - e .

(iii) A subset A of S is represent a F-nz-system if for any ¢3 € A, 3 ¢, ", " e< cy > such that
¢ Mew.
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Theorem 4.2. Let P be the #BI of S. Then, P is a Z1SP (272SP, #3SP) if and only if S\ P is a
P-nq — system(P-ny — system, P-nz — system).
Proof. Let P be the partial 1-semiprime of S and let ¢ € S\ P. Hence, < ¢ >, - < ¢ >}, - <

¢ >,¢ P. Then there exist ¢,¢’,¢c €< ¢ >psuch that ¢ -¢" - ¢ = {an ¢+ Xn, S+ Ul} .

{2”1 ¢+ Zn; ¢+ Uz} . {Zn;/ ¢+ Zn;/ ¢+ (53}, where O1 = }; ) cricrjc and Uz = ) j) gr;grjg
;.'g for nq,ny, n’l,n/z,n'l',n'z' € Nand 7,7, r;,r;., r;',r;.' €S. Now, U1 -0,-03 €<

c>p-<c>p-<c>¢P. Thus, ¢ -¢ -¢" ¢P.Hence, S\ Pisa partial-n;-system.

and O3 = Z(i,]') gr;'gr

Conversely, Let S\ P be a partial-nj-system. Suppose that @ C P for the partial bi-ideal Q of S.
Let us arrive at a contradiction. Let ¢ € Q\ P. Hence, ¢ € S\ Pimplies < ¢ > - < ¢ > - < ¢ >Z P,
which is a contradiction. Thus, Q C P. Therefore, P is a partial 1-semiprime of S. Similarly, we

can prove the other cases. o

The following implications hold for &7-n;-system implying that the &7-n-system implies &7-

nz-system. It is impossible to prove the reverse of the implications using the following example.

Example 4.3. By Example 3.1,/ = {02, D3, 05, D7, O, Do} is a F-ny- system, but not a &-ny-system.
For O3 € A, there is no ¢1,¢»,63 €< O3 >p such that ¢1-co-c3 € A . Since < O3 >p - < D3 >p + <
O3 >p= {01} € A

Example 4.4. By Example 3.4, /" = {Oy,03,04,0g, } is a P-nz-system, but not a &-ny-system of S.
For 06 € N and 06306806 = 05 ¢ .N.

Corollary 4.1. IfQis a 1SP (272SP) of S, then HY is a 2SPID of S.

Proof. Let Q be (Z21SP) of S. To prove that H? is a #SPID of S. Suppose that 4 is the #2SPBI
of S such that #° ¢ HY. By Theorem 3.3, H9 is the largest ZPID of S such that HQ C Q. Thus
7 C % C HY for the ID .7. ]

Using this example, we show that the converse of the above corollary is not true.

Example 4.5. By Example 3.1 and routine computation, HQ = {D1,D5,D4,05,07)},

Q = {D1,02,03,04,05,06,07} and Q; = {01,007, 03, Dy, D5, g, D7, 8). Clearly, H9 is a #SPID,
but Qis nota 21SP of Sby Q1° CQbut @ ¢ Q.

By Example 3.1, taking HQ = {Dq,D4, D¢} is a PSPID of S. Let Q = {O1,04,6,07} be a Bl and
08S08SOg = {O1, D4, D¢, D7} € Q but Og ¢ Q. This implies that Q is not a 2SP of S.

Theorem 4.3. The #BI Qis a #3SP of S if and only if H2 is a ZSPID of S.

Proof. Let @ be a #3SP of S. To prove that H? is a ZSPID of S, suppose that <7 is the ZSPID of
S such that 7% € H2. According to Theorem 3.3, HY is the largest ZSPID of S such that H? C Q.
Thus, & ¢ HE.

Conversely, suppose that H2is a ZSPID of S. To prove that Qis a #3SPID of S. For the PID
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7 of 8 such that .#3 C Q. To show that .# € Q. Now, .#3 C HY. This implies that .# C HecQ.
Hence, Q is a #?3SPID of S. O

5. CONCLUSION

In this article, we study #1P, 2P, #3P, #1SP, #?2SP and &?3SP as well as some characteri-
zation of #ZBI. Some of their fundamental characteristics have been discussed and some have been
described using &’PBI and #SPBI. In addition, we demonstrated how to construct generators of
PLI, PLATI, PRI, ZID and £BI like elements and subsets. In the future, we will use #PBI to
characterize partial hyper semirings and partially ternary hyper semirings. There are also several
other types of #?PBI like the maximum and minimal &’BI.
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