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Abstract. The focus of this paper is the introduction of the notion of a nigh-locally compact topological space. To do
this, concepts of "nigh-topological space”" and "nigh-compact space" would be defined, and various conclusions and
theorems would be derived. This would lead to a well-defined notion of a nigh-locally compact topological space, from

which we would obtain a number of theorems and instances concerning this innovative idea.

1. INTRODUCTION

Assume (k, 1) is a topological space. Typically, « is referred to as nigh-locally compact whenever
every node x within x has a nigh-compact neighborhood. In other words, if there are a nigh-
compact set K and an open set U for which x € U C K. There are alternative widely accepted
definitions, all of which hold if k is a pre-regular space (or Hausdorffspace). Yet generally speaking,

they are not comparable. In what follows, we list some of these definitions for completeness:

e Each point in x has a neighborhood that is almost compact.

There is a closed compact neighborhood for each point in «.

Each point in x has a neighborhood that is comparatively close together.

There is a nigh-local basis of pretty compact neighborhoods at each location in .

There is a nigh-local base of compact neighborhoods at each location in «.

There is a nigh-local base of closed compact neighborhoods at each location in «.

Given that « is Hausdorff, it satisfies all or any of the preceding Conditions.

It is important to remember that a Hausdorff space is a near Tychonoff space if it is nigh-
locally compact. It is for this reason that the article on near Tychonoff spaces has instances of

nigh-Hausdorff spaces that are not nigh-locally compact, but there are also examples of Tychonoff
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spaces that are not nigh-locally compact. However, for further description of more concepts and
notions, the reader may refer to the references [1-6].

In this study, the notion of a nigh-locally compact topological space is introduced. This would
involve defining the terms "nigh-topological space" and "nigh-compact space," as well as deriving
a number of conclusions and theorems. Eventually, we would have a well-defined concept of
a nigh-locally compact topological space, from which we might derive several theorems and
examples pertaining to this novel concept. The remaining portions of this article are structured
as follows: Section 2 recalls important notions and definitions needed later. Section 3 is divided
into three subsections; the first one is about the nigh-topological space, the second one is about the
nigh-compact space, and the third one is about the nigh-locally compact space. Finally, Section 4

contains the conclusion of this work.

2. PRELIMINARIES

We list the most crucial concepts and foundational theorems required for our investigation in

this section. We also extract some additional useful results to finish our investigation.

Definition 2.1. [7] Let & = (&, ) be a topological space and V = (v, : wy, C &} be a family of subset of
&. Then & is called a cover of & if & = \J p € Evy,. Also, we have:

e Ifv, is an open set in & for all u € & and & = \J pvg, then v is called open cover of &.
o If u €visacoverof & then y is called subcover of &.

Definition 2.2. A topological space & = (&, u) is said to be compact if and only if each open cover of &
contains a finite cover. Also, & is compact if v = {v, : u € T,w,, C &} is an open cover of &.

Theorem 2.1. [8] A compact subset of R is any closed bounded subset.

Definition 2.3. [8] We say that a family of subsets A of k has a finite intersection property (f.i.p.) given
a topological space & = (&, ) if and only if the intersection of the set A with a finite number of members is
not empty.

Theorem 2.2. [8] Suppose we have a topological space & = (&, p). Then, & is considered compact if and
only if each family of closed subsets of & that has (f.i.p) has an intersection that is not empty.

Remark 2.1. Consider a subspace of & = (&, u) to be (W, ). If each open cover of w has a finite sub
cover of w with respect to Ty, then we say that (W, Ly, is compact. Observe that every open cover of W has

a finite subcover in u if and only if (W, Ty,) is compact.

Theorem 2.3. [9] Consider W is a compact subset of To-space &. For all x ¢ W, we can separate x and W

in two disjoint open sets.

Theorem 2.4. [9] Assume that & is a To-space and that A and B are two disjoint compact subsets. Then,
A and B can be divided into two disjoint open sets in &.
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Theorem 2.5. [10] Every compact To-space is Ty-space.

Theorem 2.6. [10] All of T»-space’s compact subsets are closed.

Theorem 2.7. [9] In compact T>-space, a subset is considered compact if and only if it is closed.
Theorem 2.8. [9] The compactness property is preserved under onto continuous function.
Corollary 2.1. [9] Compactness is topological property.

Theorem 2.9. [11] The function f is a homeomorphism function if & is a compact space, y a T»-space, and
f : &— vy is abijective continuous function.

Definition 2.4. [11] If f is a closed continuous function and f=(y) is compact in & for all y € , then the
function f : & — y is referred to as a perfect function.

Theorem 2.10. [11]Ify is compact and f : & — y is a perfect function, then & is compact. In other words,

the compactness property is an inverse invert under perfect functions.

Definition 2.5. The set {f~1(y) : y € y} is said to be fibers of f for all y € y. Therefore, a function

f : T — 0 is considered perfect if and only if f has compact fibers for which it is closed and continuous.
Theorem 2.11. The projection p : £ Xy — vy is closed provided that £ is compact space.

Theorem 2.12. [12] Consider two arbitrary spaces, & and y, and a function f : & — vy, for which f is a
closed subset of & x . Then, f~1(B) is closed in & if B C y is compact.

Theorem 2.13. [7] Let y be a compact space and & an arbitrary space. A function f : & — 7y is continuous
if and only if it is a closed subset of £ X y.

Theorem 2.14. [7] The space & Xy is compact if & and y are compact spaces.

Definition 2.6. [13] For any y € &, there is an open set u, in I' containing y for which i is compact; this
defines the locally compact space &.

Theorem 2.15. Tychonoff space is a locally compact T-space.

Theorem 2.16. Assume that A is a compact subset of a locally compact space &. There exists an open set u
in & for which A Cu C it C V for which ii is compact in & if A C V for which V open in &.

Theorem 2.17. [14] Every subspace of the form f NV of a locally compact space & is locally compact,

where f is closed and V open in &.

Theorem 2.18. Every locally compact subspace M of a To-space & is open in M.

3. NIGH-LOCALLY COMPACTNESS IN TOPOLOGICAL SPACES

The notion of a nigh-locally compact topological space is presented in this section. This would
entail defining the terms "nigh-compact space" and "nigh-topological space", as well as drawing

certain inferences and theorems.



4 Int. . Anal. Appl. (2024), 22:146

3.1. Nigh-topological space. In this subsection, we describe a recent type of topological space
known as a nigh-topological space, investigate its prosperities, and provide some new operations

and results on a nigh-topological space [11].

Definition 3.1. If a pair (x,1), that comprises a set k and a family 1 of subsets of « is satisfied with the
following states:

(1) penand x € 1,
(2) A union of any number of members in 1 is a member of 1,

(8) Any two members of 1 that intersect also belong to 1,

then it is referred to as a topological space.

Definition 3.2. Assume that (x,n) is a topological space for which B C «, then B is called:
(1) a regular open set in x if B = B
(2) a regular closed set in « if B = BP.
(3) a semi open set in « if A an open set W for which W € B C W.

Definition 3.3. [5] Let 6 be a subset of x and («,n) be a topological space. A set 6 is said to be nigh-open
if there are two open sets, v and &, for which & € 6 C Ext(v) and vN o = ¢. A nigh-closed set is the
complement of a nigh-open set.

Remark 3.1. Based on the previous definition, we have:

(1) vné&=a.
(2) The first open set is denoted by &, and the second by v.

Theorem 3.1. In any topological space, every open set is also a nigh-open set.

Proof. Consider 0 is an open set in topological space (x,n). Then, we have 6 € 6 C Ext(¢) and
0N ¢ = ¢. Thus, 0 is a nigh-open set. m]

Herein, it is important to note that the opposite of the aforementioned theorem need not hold.
For instance, if we consider the usual topology IR, and take the set (-1, 2], which is a nigh-open as
there are two open sets, ((0,1) and (4,5) for which (0,1) € (-1,2] € Ext(4,5), however, given the
standard topology on R, the set (-1, 2] is not an open set.

Theorem 3.2. Given a topological space (k, 1) where 6 is a nigh-open set. Then, Int(v) C Ext(6) € Ext(&),

where & and v are the first and second open sets, respectively.

Proof. Suppose there is a nigh-open set 6 in x. Then, there are open sets, & and v, for which

&£ C O CExt(v) and vN o = ¢. As a consequence, we get

6 C Ext(v) = ﬂ F.
F closed
Ext(v)CF
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As a result, we have
) F=vcd =Ext().

F€ open set
Fec(Ext(v))©

Now, putting w = F° yields that w is an open set. As a result, we obtain

But, we have

Now, since & C 6, then Ext(6) € Ext(5), which implies Int(v) C Ext(0) € Ext(&). mi

Definition 3.4. Let 1 C p(«) for which k be a non-empty set. If the following are satisfied:
(1) ¢, x €n.

(2) Any two nigh-open sets that intersect are also nigh-open sets.

(3) A nigh-open set is the union of any family of nigh-open sets.
then n is called a nigh-topology on x.

Theorem 3.3. A nigh-topological space is a topological space.

Proof. Let us consider a topological space (x,7). In order to demonstrate the nigh-topological
space of (x,n), we examine the following cases:

(1) By the definition of the topological space, it is clear that «, ¢ € 1.

(2) Let 0 and p be two nigh-open sets. Then, 3 open sets &1, &2, v1 and v, for which

&1 €O CExt(vy) and & C p C Ext(va).
This consequently implies
E1N& CONp C Ext(vy) NExt(vy) C Ext(vy Na).

Now, it is a time to observe that £; N &, = &, which is an open set. Besides, vi Nvy = v,
which is an open set as well (i.e., & C 0N p C Ext(v) and 6 N p is a nigh-open set).

(3) Let 6 = {04 : @ € I'} be a family of nigh-open sets. We observe that 0, is a nigh-open set for
every a € I'. So, 3 two open sets &, and v, for which &, C 0, C Ext(v,), for every a € T.
Consequently, we have

U &a C U 0a C U Ext(v,) C Ext(¢).
ael ael a€el

Therefore, | e O is a nigh-open set.

Definition 3.5. Assume that ¢ is a subset of x and that («,1y) is a non-topological space. Then:
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(1) A nigh-limit point of a set 6 is F € I if, for any nigh-open set v that contains v, we have:

vNO, # P, ifF &0
VN O, \fFy £, ifFED
(2) The definition of the nigh-derived set of 5, represented by 0, is
o, = {v € T : F is nigh-limite point of 6}.
(3) The definition of the nigh-closure set of 0, represented by CL(y(0), is CL()(0) = 6 U 6’(0).
(4) The definition of the nigh-interior set of 6 is Int () (0) = (CL(Z,) (5C))C.

(5) The definition of the nigh-exterior set of 0 is Ext(,)(0) and Ext(,)(6) = (CL(U) (5))0.
(6) The definition of the nigh-boundary set of 6 is Bd(y)(6) and Bd ) = CL4)(0) N CL,)(5°).

Theorem 3.4. Given a nigh-topological space (x,1y)), we have:
1) ¢f,) = ¢

() CLU( ) = ¢ and CL,)(x) = «.

(3) Int)(¢p) = ¢ and Int(,) (k) = x.

4) Ex (v) ((P) =K, EXt(v)( ) = ¢.

Proof. (1) Suppose not! So, there is F € k for which F € qbzv). This confirms that « is a limit
point of qb(v). Then, for all nigh-open sets containing x, we have vN ¢ # ¢, which is a
contradiction. Thus, the result is hold.

(2) Observe that we can have CL(,)(¢) = ¢ U ¢ty = ¢U¢ = ¢. This immediately gives
CLy) (1) = xU K(v)

(3) Here, we have Int ) (¢) = (CL(, (qbc))C = (CL(U)(K))C = x° = ¢, which implies Int,)(x) =
(CLwy () = (CLw () = ¢° =

(4) We can obtain Ext () (¢) (CL(U)(qb)) = ¢° = x. Accordingly, we get Exty)(x) =
(CL(@(K)) = K¢ = (p

= K.

Theorem 3.5. Given a non-topological space (x,1), let 6 and p be two subsets of k. Then:
(1) If 6 € p, then 6’( ) € p(

)’
(2) If 6 C p, then CL () (6) S CL(»(p).
() If6 C p, then Int(,(6) S I (p)
(4) If6 C p, then Ext(y)(p) € Ext(,)(5).

Proof. (1) LetF € 620). So, I' is a nigh-limit point of 6. Consequently, for all nigh-open set u

containing v, we obtain:

VNS, # ¢, ifF &5
Vﬂév)\{F} +Q, lfFG(S.
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Now, since 6 C p, then we have:

vNpe ¢, ifF¢p
VO po\ir # ¢, ifFF €p.
Thus, « is a nigh-limit point of p, which implies F € pzv), and hence the result hold.
(2) Due to 6 C p, then we have 620) - p’(v) and 6 U 6’(0) CpuU pzv), (i.e., CL1)(6) S CL()(p))-
(3) Because of 6 C p, then p© C 6°. So, by using Theorem 2, we can have

CL5) (p) € CLr) (5%),

and
C

(o c C
(CL@&) (59) < (CLwy(p9)) -
As a result, we have Int,)(6) C Int(,)(p).

(4) Since 0 C p, then we have
CL(U)((S) - CL(U) (p),

and
c

(CLw (p)) < (CLw) (5))
This means that Ext ) (p) C Ext(,)(0).

Theorem 3.6. If 6 C «k in which (k,n) is a nigh-topological space, then:
(1) CLy)(0) is a nigh-closed set.
(2) Int,)(6) is a nigh-open set.
(3) Ext(y)(0) is a nigh-open set.
(4) Bd,)(0) is a nigh-closed set.

Proof. (1) IncaseF € (CL(U) (6))6, then F ¢ U 620). Thus, we get F ¢ 6 and F ¢ 620). Thus, there

is a nigh-open set v for which v N 6,y = ¢ (say ). Then, we obtain
rN CL(U)(O) =vN (5 N (SI(U))

= (vﬂé)u(vﬂézv)

=¢oU((vn 6’(0)).
This means that v N CL(y)5) = v N 520). Now, if F € (vN 6’(0)), then F e vand vN o, # ¢,
which is a contradiction with (*). So, we get (vN 6,(71)) = ¢, and hence v N CL)(6) = ¢.
Thus, we obtain

Fevr € (CLiy (8))

, which consequently implies

(CLoy®) = )

Feve
vris nigh-open set
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Thus, it follows that (CL(U) (6))C is a nigh-open set, and so CL,)(9) is a nigh-closed set.

(2) With the use if Theorem 1, we can notice that CL ) (¢°) is nigh-closed set. Hence, (CL(U) (6))
is a nigh-open set (i.e., Int,)(6) is a nigh-open set).

(3) Due to Ext(,)(6) = (CL(U) (5))6. Then, we can assert that Ext ) (0) is a nigh-open set.

(4) Due to Bd(,)(6) = CL()(0) N CL(;)(6°). Then, we can assert that Bd(,)(0) is a nigh-closed
set.

c

O
Theorem 3.7. We have CL(,(0) = 6 if and only if 6 is a nigh-closed set.

Proof. =) Trivial.

&) Consider 6 is a nigh-closed set. It is clear that 6 € CL(, (say *). Now, we want to prove that
CL,) € 0. To do so, we let F € &’. Now, to show F € §, we assume not, i.e. F ¢ 6. Then, we have
F € 6¢, which is a nigh-open set. In this regard, since F € &', then 6° N 6 # ¢, which is contradiction.
So, we obtain F € ¢, i.e. 9" C 6 and 6 C 6. Therefore, we get 0’ U6 C 0, i.e. CL(,)(6) C 6, and hence
the result hold. O

Theorem 3.8. Consider (x,1n) is a nigh-topological space for which 6 C x, then:
(1) CL(n)((S) = (¢; ¢ is nigh-closed set and 6 C ¢}, i.e. CL(n)((S) is the smallest nigh-closed set
containing 6.
(2) Int(,(0) = U{T : T is nigh-open set and T C 6},
(3) Ext(,)(6) = UIW : W is nigh-open set and W C 6°}.

Proof. (1) Observe that 6 C ¢. By previous theorem, we can have CL ) (6) CL () (¢) = ¢ for
which CL(,) () is closed set. Therefore, CL(,)(0) is one member of ¢’*, which implies
{c} S CL()(0).

¢ is nigh-closed set
0Cc

On the other hand, as 6 C ¢, we can obtain

which gives

Ly e ()| (CLy@i= ()] f

¢ is nigh-closed set ¢ is nigh-closed set
0S¢ 6Cc

(2) Herein, we have Int, () = (CL(H) (66))C = Nfc : ¢isnigh-closed set and 6° C ¢}, which
implies (CL(n) (6’:))C = U{c : ¢ is nigh-closed set and ¢¢ C 6}. Now, by letting x¢ = T, we get
Int(,)(0) = U{T : T is nigh-open set and T C 6}.

(3) By the previous part, one might have Ext ,)(6) = Int,)(6°) = U{W : W is nigh-open set and
W C 5.

O
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3.2. Nigh-compact space. The so-called nigh-compact space is described in this subsection, and

its properties are examined through the presentation of certain novel findings and theorems.

Definition 3.6. [15] Consider (x,1) is a topological space and V = {v; : C € w} is a family of subsets of
k. Then V is said to be a cover of k if k = |J C € wv¢. Furthermore, we have the following states:

(1) If vc is a nigh-open set in « for all C € w and x = |J C € wv, then V is called a nigh-open cover of
K.
(2) If B C Visa cover of x, then B is called a subcover of V for «.

Definition 3.7. If there is a finite subcover for each nigh-open cover of «, then (x,1) is a nigh-compact

topological space.
Example 3.1. [11] It can be noticed that (R, 1) is not a nigh-compact space.

Proof. It should be noted that there is a nigh-open cover ¢, = {(-n,n) : n € N} of R that has no
finite subcover because if this is not true, i.e. @, has a finite subcover of IR, say T, then T can be
expressed in the from T = {(-ny,n1), (—n2,n2), ..., (=ng, n)}. Thus, we have R = I ,, (—n;, n;).
Now, if we let M = max{ny,no,n3,...,n;}, then n; < M and —n > —Mm for alli = 1,2,...,k.
Therefore, we obtain R = (J"~!(-n,n) € U}, (-M, M) = (-M, M), and so we have R C (-M, M),
which is a contradiction. Thus, 3 a nigh-open cover of R that has no finite subcover of IR. Hence,

(R, ny) is not a nigh-compact space. o
Example 3.2. Every [c,d] is a nigh-compact space in (R, ny).

Proof. Suppose not! That is [c, d] is not nigh-compact. Then, there is a nigh-open cover of [c, d], say

U, for which it has no finite subcover of [c,d]. Due to [c,d] = [c, #] U [#,d], then either [c, &4]

172
or [%’l,d] can not be covered by finite members of U. Now, as [c1,d1] = [c1, #] U [%’l,dl], then

either [¢q, #] or [#,dl] can not be covered by finite members of U. Suppose that [c1,d1] is one

of these so that it can not be covered by finitely numbers of U. Then, we have b, —a; = 21—2 (c,d).
If we continue by the argument, we get {[c,, dy]}n=1~, which is a sequence of intervals for which
[cn, dn] can not be covered by finitely number members of U, for all n = 1,2,.... Consequently,
we haved,, — ¢, = Cz_nd — 0 as n — oo. Therefore, by the cantor nested intervals theorem, we have
Ip € NZ4lcn,dy), and so p € [cp,dy], forall n = 1,2,.... Since p € [a,b], then O is a nigh-open

interval for which p € O C [c,d], where O € Uand O = (p —t,p +t) for which t > 0. Hence, we

obtainp € (p—t,p + t), and by taking n as large as enough for which 5. < t, we get p € [, du] by
one of member of U, which is a contradiction! Frorm this discussion, the desired result hold. O

Corollary 3.1. Every finite space is nigh-compact.

Proof. Let (x,n) be a finite topological space and let W = {w¢}ses be a nigh-open cover of k. Then,
forall x in x, ATE € 6 for which x € wg. Define O = {wg, : t =1,2,...,n,& € 8}. Then, O is finite
and « = |J;_; W¢,. Hence, O is a finite subcover of k, and so « is nigh-compact. m|

Example 3.3. («, 7)) is a nigh-compact space.
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Proof. Let U = {us}:zes be a nigh-open cover of k. Then, us is a nigh-open in « for every & € 0.
Consequently, u¢ is a nigh-open set in k. Thus, x — u¢ is a finite set, and hence, by the previous
corollary, it is nigh-compact. So, every nigh-open cover of x — u¢ has a finite subcover of x — u¢.
But U is a nigh-open cover of «, and so U is a nigh-open cover of k — u, say {u;}!" . Hence, k — u¢
as k —ug C k. Therefore, U has a finite subcover that covers « — u¢, say {ui};.”zl. Therefore, we have
k—ug = UL, uj, whichimplies x = (U, u;) Uug. Therefore, x has a subcover B = {uy, ..., Uy, s},

and so « is nigh-compact. m]
Corollary 3.2. Every subspace of (x,1cf) is nigh-compact.

Proof. Since every subspace of («,7..f) is a co-finite topological space, then by previous theorem,
we can infer that every subspace of a co-finite topological space is compact. m|

Example 3.4. (IR, 14;5) is not nigh-compact.

Proof. Let V = {{x} : x € R}. Due to R is defined by 1, then {x} is nigh-open in IR. Therefore, V is
a nigh-open cover of R. Now, let VcV,ie Vis properin V, thenI'y € Rand y ¢ V. Therefore,
Visnota nigh-cover of R, and so V is not a subcover of V. Thus, V has no finite subcover which

contradicts 1! Therefore, (IR, 14;5) is not nigh-compact. o
Theorem 3.9. The set E of real numbers is nigh-closed and bounded if and only if the set E is nigh-compact.

Proof. Consider E C R is nigh-compact, then, for alle € E, we gete € (e—1,e+1) = u, : u, is
nigh-open in R. Then, {u, : e € E) is a nigh-open cover of E, and because of E is nigh-compact,
then E C U?:l ue;. As aresult, I'eq,er,...,e, € E for which e; € u,, foralli = 1,2,...,n. Now, let
M = maxfey, ey, ..., e} and m = minfey, ey, ..., e,}. Then, we have E C Ui u,, € [m—1,m+1],
and so E is bounded. In this regard, since E is nigh-compact in T>-space, then E is nigh-closed.
Conversely, suppose E is nigh-closed and bounded in R for which E is bounded, then E C [a, D] for

some a < b in R. Due to E is closed in nigh-compact subset [g, b], then E is nigh-compact. m]

Definition 3.8. [8] Let A be a family of subsets of x and (x, 1) be a topological space. If the intersection of
the finite number of members set A is not empty, we say that A has a finite intersection property (f.i.p.).

Theorem 3.10. [1]If (x, 1) is a topological space, then « is a nigh-compact space if and only if (f.i.p) has

a non-empty intersection for every family of a nigh-closed subset of «x.

Proof. =) Consider « is a nigh-compact space. If we assume that 3 a family of closed subsets of «,
say F = {F, : a € B}, with f.i.p for which ﬂaeﬂ Fy = ¢, then we have

| Joe=Fa) =x=[\(Fa) = x.

agf agf
Due to F, is a nigh-closed set in « for all « € 8, then x — F, is a nigh-open set in x for all @ € .
Thus, U = {x — F, : a € B} is a nigh-open cover of k, and hence by compactness of k, U has a finite

subcover of k. As a result, we have x = Ji_;(x — F;) = x —(i_; F;, and so ¢ = (., F;, which is
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a contradiction with F has f.i.p. Therefore, we can assert that every family of closed subsets of «
with f.i.p has non empty intersection.
&) Suppose that every family of closed subsets of x with f.i.p has non empty intersection. Now,
if we assume « is not a nigh-compact space, then 3 a nigh-open cover of «, say U = {u, : @ € },
that can not be reduced to a finite subcover of k. Therefore, we obtain

P = K—Uua = ﬂ(K—ua).

agf agf

Consequently, due to u, is open for all a € §, then {x — u, : a € f} is a family of nigh-closed subsets
of k. Consequently, we have the following claim.
Claim: f has f.i.p.
To demonstrate the above statement, we assume it is not true. Then, 3 uq,uy,...,u, for which
ﬂ?zl(K —u;) = ¢. Thus, we have x = |J!_; u;, and so U has a finite subcover of x, which is a

contradiction. Hence, F = {x —u,} has f.i.p, and thus by the assumption (), € pu, # ¢, we can

it = |(c-ua) = Jo= (k= ua) = Juta.

agp agp agp

obtain

This means that we have x # Uaeﬁ u,, which is contradiction. Therefore, x is a nigh-compact

space. m]

Remark 3.2. Consider a subspace of (x,n) to be (W, ny). If there is a finite subcover of W with respect
to Ty, for every nigh-open cover of W, then (W, 1) is a nigh-compact space. Furthermore, (W, Ty,) is a

nigh-compact space if and only if each nigh-open cover of W in 1 has a finite subcover.
Theorem 3.11. Every nigh-closed subset of a nigh-compact space is nigh-compact.

Proof. Suppose that W is a nigh-closed subset in a nigh-compact space x. Let U = {u, : a € p}
ba a nigh-open cover of W. Then x = WU (x = W) = Uep tha U (x — W) is a nigh-open cover of
k. Due to « is a nigh-compact space, then WU (x — W) can be reduced to a finite subcover, say
k = (UL ) U (x —W). Therefore, we have W = |Ji_; u,,. Consequently, {u,, : 1 = 1,...,1}
forms a finite subcover of W. Therefore, W is nigh-compact. m]

Theorem 3.12. Let W be a nigh-compact subset in T-space k. Then for all x ¢ W, we can separate x and

W into two disjoint open sets.

Proof. For all w € W, we have w # x with x ¢ W. Since « is a T>-space, then 3 two open subset
uy(x) and v(w) in x for which x € uy(x) and w € v(w) for which uy,(x) Nv(w) = ¢. Hence,
v = {v(w) : w € W} forms a nigh-open cover of W. But W is nigh-compact. So, V can be reduced
to a finite subcover of W, say {v(w1),v(w2),...,v(w,)}. Hence, we obtain W C |J;_; V(wr) (say
(1)). Therefore, for all V(wy), T =1,...,n, there is corresponding open sets iy, (I') condoling I for
which u, (T') Nv(wy) = ¢ (since « is a T — space). Now, let u = (;_; iy, then T’ € u for which

uisanopensetink and uNV(wr) = ¢, forallk =1,...,n. Also, forallT = 1,...,n, we obtain
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U C Uy (T). Thus, we have uNU, C uy, (I') Nv(wr) = ¢, which implies u N V(wy) = ¢, for all
k=1,...,n. Hence, we get (uNUy,(w1)) U (1N Uy(wy)) U...U (uNnUy(wy)) = ¢, which gives
ulUl, V(a) = ¢. Now, welet V = | _, 0(wy). Then, V is a nigh-open set as it is a union of finite
nigh-open sets in I'. Now, with the use of (1), we get A C V, and so I' has two nigh-open sets u and
vin «k for whichI' € uand W Cowithu Nv = ¢. m]

Theorem 3.13. Given a T-space «x, let A and B be two disjoint nigh-compact subsets. After that, A and B

can be divided into two disjoint near-open sets in «x.

Proof. For all x € A, we have x ¢ B. Due to AN B = ¢, then by the previous theorem, 3 two nigh-
open sets ur and our in « for which x € ur and B C vr with ur Nor = ¢. Hence, U = {ur : I' € A}
forms a nigh-open cover of A. But A is compact, then U can be reduced to a finite subcover, say
{ur,,ur,, ..., ur,}. Thus, we obtain A € J?_; ur,. Now, let u = J!_ ur,. Then, u is a nigh-open
set in k¥ with A C u (say (1). In this regard, there is a corresponding set Vr, for which B C Vr,, for
all ur, withi = 1,2,...,n. Thus, we have B C ()'_; Vr,, which implies that V is a nigh-open set
and B C V (say (2)). Now, due to ur, Nor, = ¢, foralli = 1,2,...,n, then | J_; ur, N Vr, = ¢, for
alli=1,2,...,n. Thus, wegetunor, = ¢, foralli =1,2,...,n. ButV = ﬂ?zl Vr, € Vr,, for all
i =1,2,...,n. This consequently implies that uNv € Vr,Nu = ¢. Hence, vNu = ¢ (say (3)).
Therefore, by (1), (2) and (3), we can infer that I' is a nigh-open set for which # and v are in I for
which A Cuand B Cowithuno = ¢. m]

Theorem 3.14. Every nigh-compact To-space is a Ty-space.

Proof. Consider « is a nigh-compact T>-space. Then, « is a Ty-space (say (1)). Assume that A and
B are two nigh-closed disjoint subsets of x. Due to « is a nigh-compact space, then A and B are
nigh-compact. This implies that A and B are two nigh-compact subsets of T>-space. Hence, by
the previous theorem, we can separate A and B into two disjoint nigh-open sets. So, k is normal.

Consequently, by (1) and (2), we can confirm that « is a T4-space. m|
Theorem 3.15. Every nigh-compact subset of a T>-space is nigh-closed.

Proof. Suppose that A is a nigh-compactsubset of a T>-space k. Letx ¢ A, then by previous theorem,
3 two nigh-open sets U and V in « for whichx € Uand A € V with UNV = ¢. So, we have
UCxk-V,and since A C V,wecanobtaink—V C x—A. Thus, wehavexe UCkx—-V Ckx—A,
which means that x € U C k—A. Consequently, due to U is a nigh-open set, then x — A is a

nigh-open set, and so A is nigh-closed. m]
Theorem 3.16. [9] Every subset of a nigh-compact T>-space is nigh-compact if and only if it is nigh-closed.

Proof. =) Suppose that A is a nigh-compact set in a nigh-compact T»-space k. Then, A is a nigh-
compact in a T>-space k. So by previous theorem, A is nigh-closed.
&) Suppose that A is nigh-closed in a nigh-compact T>-space. Then, A is nigh-closed in a nigh-

compact space k. Thus by previous theorem, A is nigh-compact. m]
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Theorem 3.17. Let (x,n) be a Ts-space k. If A is a nigh-compact subset of k for which A C u, for some
nigh-open set u, then 3 a nigh-open set V € « for which ACV CV Cu.

Proof. For all x € A, we have x € u. Since « is a regular space, then by the previous theorem, there
is a nigh-open set Vy for which A € V € V C u (say (1)). Hence, V = {Vx : X € A} is a nigh-open
cover of A, Consequently, due to A is nigh-compact, then we can reduce V to a finite subcover of
A, say {ur,,ur,,...,ur,. Therefore, we obtain A C J;_;u = u. Now, let V = J_, V,, then we
have ACV CV Cu. Also,if welet V = J;_; Vr, thenwe get A C V C V C u as required. m

Theorem 3.18. [9] The nigh-compactness property is preserved under onto continuous function.

Proof. Consider « is a nigh-compact space and f : k — y is onto continuous function. To prove
that y is nigh-compact, we first assume U = {u, : a € B} is a nigh-open cover of y. Then, u, is
a nigh-open set in y, for all @ € B. Due to f is continuous, then f1(U) = {f 1 (u,) : « € B} is a
nigh-open cover of k. Since x is nigh-compact, then f~!(U) can be reduced to a finite subcover of

x. Therefore, we have
n

n
y=f) = f({JF W) = | ttar
i=1 i=1
Hence, {114y, ..., Uq,} is a finite subcover of U, which consequently implies that y is nigh-compact.

o
Corollary 3.3. The nigh-compactness is a topological property.

Proof. Consider f : k — y is a homomorphism function and « is a nigh-compact space. Then, f is
continuous and onto function. Thus by the above theorem, we can assert that y is nigh-compact,

and this proves that the compactness is a topological property. O
Example 3.5. The set (0,1) is not nigh-compact in (R, 1,).

Proof. Since (0,1) = (-1,1) by a function f : (0,1) — (-1,1) for which f(I') = 2I' — 1, (f is bijection
homeomorphism f : (~1,1) — R for which f(I') = tan(5I)), then by the transitive of the relation
=, we conclude that (0,1) = R. Now, due to (IR, 13,) is not nigh-compact, then (0, 1) with the usual

topology is not a nigh-compact set. m]

Theorem 3.19. [2] Let f : k — 7y be a bijective continuous function and « is a nigh-compact y T»-space,
then f is a homeomorphism function.

Proof. Consider F is a nigh-closed subset of k. Because of « is a nigh-compact space, then by the
previous theorem, F is nigh-compact in k. Due to f is continuous and onto, then f preserves the
compactness property. Hence, f(F) is nigh-compact in y, and since y is a T>-space, then f(F) is
nigh-closed in y. As a result, f is nigh-closed. Consequently, due to f is continuous, then f is a

homeomorphism function. ]

Definition 3.9. [3] A function f : k — y is called a perfect function if f is a nigh-closed continuous
function and f=1(y) is nigh-compact in x, for all y € y.
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Theorem 3.20. [11]If f : k — y is a perfect function and y is nigh-compact, then x is nigh-compact (i.e.,

the compactness property is an inverse invert under a perfect function).

Proof. Consider U = {u, : a € B}is a nigh-open set of k. Since we have f~1(y) C x, then U is a nigh-
open cover of f~1(y), forally € y. But f~!(y) is nigh-compact. Thus, U can be reduced to a finite
subcover of f7!(y), say {ia}a, for which B, C g and B, is finite. Hence, we obtain f™'(y) € U sep tha,
andso f1(Y)n(K-U aep Uha) = ¢ is nigh-open in Y. Due to J,ep tq is @ union of finite members
of U, then U a nigh-open cover of k. Thus, F(T — Uaeﬁ U,) is nigh-closed. Now, we have for all
yey, yeO, for which Oy can be reduced to a finite subcover of y, say {Oyv Oyy,---, Oy, }. Hence,
we obtain y € U;_; O,,, which implies that

n n

ke o) = on = Jrto- = Juw = Jua
i=1 i=1

i=1 i=1
for which 1 <i < n. Thus, {ur,} is a subcover of a nigh-open cover I that covers I, and hence I' is

nigh-compact. m]

Definition 3.10. Forall y € y, the set {f ' (y) : y € v} is called filter of f. Hence, the function f : T — 6
is called perfect if and only if f is nigh-closed and continuous with nigh-compact filter.

Theorem 3.21. Let « be a nigh-compact space. Then, the projection p : k X y — y is nigh-closed.

Proof. Let y € y and O be a nigh-open set in x X y for which p~(y) = x X {y} € O. By the previous
theorem, there is a nigh-open set v in y that contains y for which f7(V) € O. Due to O is a
nigh-open set of x X y, then for all (x,y) € k X {y}, there are two nigh-open basic sets u,r and vy,
in x and y respectively for which (x, y) € u, X V,,, C O. Hence, U = {u, : x € k} forms a nigh-open
cover of k. But « is nigh-compact, so U can be reduced to a finite subcover, say {uy,, tty,, ..., Uy,}.
Hence, for all uy, i = 1,2,...,n, there is a corresponding V,_ for which y € V. Therefore, we
have p™1(V) = kx x{y} CuxV C O. As a result, we have p~}(V) C O, which implies that p is
nigh-closed. m]

Theorem 3.22. Let k and y be two arbitrary spaces and f : x — 7y be a function for which f is a nigh-closed
subset of x X y. If B C y is nigh-compact, then f~'(B) is nigh-closed in x.

Proof. To show that f~!(B) is nigh-closed in ¥, it is enough to show that x — f~!(B) is open in x. To
this end, we let x € (x — f"1(B)). Then, we have f(x) € (y — B), and so we obtain f(x) ¢ B. This
implies x ¢ f~(B) (say (1)). Now, for all b € B, we have (x,b) ¢ f. Due to f is a nigh-closed subset
of k X y, then (x,b) € (x X y) — f is a nigh-open set of k¥ X y. Also, since f is a nigh-closed subset
of xk X y, then there are two nigh-open basic sets u;(x) and v(b) in k and y respectively for which
(x,b) € up(x) xv(b) C (x X y) — f. Consequently, for all z € k, we have (z, f(z)) ¢ up(x), because if
thisisnothold, then (z, f(z)) € (k Xy) — f. Therefore, we get (z, f(z)) ¢ f, whichis a contradiction.
Now, V = {v(b) : b € B} is a nigh-open cover of B, and since B is nigh-compact, then it can be
reduced to a finite subcover, say {v(b1),v(b2),...,v(by)}. Also, for all v(b;),i =1,2,...,n, there is



Int. ]. Anal. Appl. (2024), 22:146 15

a corresponding uy, (x) for which x € Uy, (x). In this regard, we let U(x) = (Jj_; up,, and so U(x)
is a nigh-open set in x with x € U(x). Therefore, we have U(x) N f~1(B) = ¢, and consequently
x € u(x) € x — f~1(B). Hence, due to u(x) is nigh-open in «, then x — f~1(B) is nigh-open. Thus,
f~1(B) is nigh-closed in . m]

Theorem 3.23. [7] Let « be an arbitrary space and y be a nigh-compact space. If f : k¥ — vy is a nigh-closed
subset of kK Xy, then f is continuous.

Proof. Let B be a nigh-closed subset in y. Due to y is nigh-compact, then by the previous theorem,
B is nigh-compact in y (ad any nigh-closed subset of a nigh-compact space is nigh-compact).

Therefore, by the previous theorem, f~!(B) is nigh-closed, and hence f is continuous. m]
Theorem 3.24. [7] Let x and y be two nigh-compact spaces. Then, k Xy is a nigh-compact space.

Proof. Define a projection function p, : k Xy — y as py(x,y) = y. Then, it is clear that p, is
continuous and surjective function. Since « is nigh-compact, then p, is a nigh-closed function.
Consequently, due to forall y € y, we have p™ () = « x {y} = x and « is compact, then p, is a nigh-
closed continuous function with nigh-compact fibers. Therefore, f is perfect function, and since
y is nigh-compact, then by the previous theorem, x Xy is nigh-compact too (as the compactness

property is an inverse inerrant under perfect function). m]

3.3. Nigh-locally compact space. This subsection describes the so-called nigh-locally compact

space and examines its features by presenting some new results and theorems.

Definition 3.11. A topological space (x,n) is said to be a nigh-locally compact space if for all y € x, A a

nigh-open set u,, in x containing y for which i, is nigh-compact.
Example 3.6. The topological space (R, n,,) is a nigh-locally compact space, but it is not nigh-compact.

Proof. To prove this example, we should consider the following states:

e Observe that R is a nigh-locally compact space as for all I' € R, we have open intervals
u=(I'-1,T+1) for whichi = [I' - 1,T + 1] is nigh-compact.

e On the other hand, one may notice that R is not nigh-compact, as there is a nigh-open cover
¢n = {(-n,n) : n € N} of R that has no finite subcover, because if this is not true (i.e., ¢,
has a finite subcover of R, say ), then g forms o = {(—n1,n1), (—n2,n2), ..., (—ng, ng)}, and
thus R = (Ji_, (-n,n).

Theorem 3.25. Every nigh-locally compact Ta-space is Tychonoff space.

Theorem 3.26. Let « be a nigh-locally compact Tr-space and A be a nigh-compact subset of k. If A €V
for which V is a nigh-open set in «, then 3 a nigh-open set u in x for which A Cu C 4 C V and i is

nigh-compact in x.
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Proof. Assume that « is a nigh-locally compact Tr-space. Then, « is a Tychonoff space, and so it is
a Tz-space. Consequently, « is a regular space. Thus, for all x € A, we have x € v. Consequently,
since V is an open set, then 3 a nigh-open set Vx in x for which x € v, C 7, € V. Now, due to x
is a nigh-locally compact space, then there is a nigh-open set w, for which x € w, for which w;, is
nigh-compact. Thus, we have x € vy Nw, = u,, which is a nigh-open set in x. Hence, {u, : x € A}
forms a nigh-open cover of A. As a result, since A is nigh-compact, then A C |J!; (uy,) = u for
which u is a nigh-open set in k. Therefore, we obtain u,, = vy, Nwy, foralli =1,2,...,n. Thus, we
have 1y, C wy,. Now, due to every nigh-closed set in a nigh-compact space is nigh-compact, then
uy, is nigh-compact as wy,. Because of any finite union of a nigh-compact space is nigh-compact,
then UL, (1, = UL, (1) = 7 is compact. Hence, we have A C u C ii. But u,, = vy, Ny, and so

Uiy, C Uy,. Therefore, uy, C vy, foralli =1,2,...,n. Thus, we get

n n n
= Jougy = iy | @) 2,
i=1 i=1 i=1
asuy, C V. O

Theorem 3.27. Let « be a nigh-locally compact space. Then, any subspace of the form f NV of k is
nigh-locally compact in k, where f is nigh-closed and V is a nigh-open set in x.

Proof. To prove this result, we should consider the following states:

e To show that the nigh-locally compactness is hereditary with respect to a nigh-open set,
we let V be a nigh-open set in a nigh-locally compact space k. Now, to show that V is
nigh-locally compact, we let x € v. Then, we have x € k, and since « is a Ts3-space, then
it is regular. Also, since V is a nigh-open set, then 3 a nigh-open set u in x for which
x € u C it € v. Consequently, since x is a nigh-locally compact space, then 3 a nigh-open
set W in « for which x € W for which W is nigh-compact. Thus, we have x e uN W = M,
where M is a nigh-open setin V. Dueto M Cuandu C V,then M C Vand M C W. Thus,
we have M C W. Consequently, due to W is nigh-compact for which M is nigh-closed in
W, then M is nigh-compact. Thus, for all x € V, 3 an open set M containing x for which M
is nigh-compact. Therefore, V is nigh-locally compact.

e To show that the locally compactness is hereditary with respect to the closed set, we let
F be a nigh-closed set in a nigh-locally compact space x. Also, we let x € F, then x € «.
Due to « is nigh-locally compact, then FNW and FAW' = FAWNF = FANW € W. So,
3 a nigh-open set F N W for which FN WF is nigh-compact. Therefore, F is nigh-locally
compact.

e To show that every subspace F N V of a nigh-locally compact space is nigh-locally compact,
where F is a nigh-closed set and V' is a nigh-open set in k, we should note that due to F
is nigh-locally compact. Then, and by the previous part, we observe that the nigh-locally
compactness is hereditary with respect to nigh open sets. Therefore, F NV is nigh-locally

compact in F, and so it is in «.
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O

Theorem 3.28. Every nigh-locally compact dense subspace M of aT»-space « is nigh-open in M, (i.e., every
nigh-locally compact subspace M of a T»-space k can be represented as M = F NV, where F is nigh-closed
and V is nigh-open in x).

Proof. To prove this result, it is enough to show that every nigh-locally compact dense subspace
M of « is nigh-open in M = k. To this end, we let x € M. Now, due to M is nigh-locally compact,
then 3 a nigh-open set u in M for which x € u for which u € M is nigh-compact in M, and so it
is nigh-compact in k. Now, since « is a T>-space, then by the fact that asserts every nigh-compact
subset of T>-space is nigh-closed, we have i € M is nigh-closed in x for which u C @ for which
u € M. Thus, we have u C 1N M (say (1)). In the same regard, due to u is a nigh-open set in M,
then 3 a nigh open W in « for which u = WNM. But x € u, and so x € W. This implies that
xe WCW=Wnx=WNM=WAM (since W is a nigh-open set in «). Thus, by the previous
theorem that says if T nigh-open in «, then TN A=TnNA, forall A C x), we havex € W C M.
Also, since W is nigh-open in «, then M is nigh-open in k = M, which completes the proof of this
result. m]

Corollary 3.4. Every subspace M of a nigh-locally compact space « is nigh-locally compact if and only if
M can be written as M = V N F, where V is nigh-open and F is nigh-closed in x.

Corollary 3.5. A space « is nigh-locally compact if and only if it is homomorphic to a nigh-open subspace
of a nigh-compact space.

Proof. =) Suppose « is a nigh-locally compact space. Then, « is Tychonoff. As every Tychonoff
space is emendable in a nigh-compact space (i.e., every Tychonoff space is homomorphic to a
nigh-open subspace in a nigh compact space), then x is homeomorphic to a nigh-open subspace
in a nigh compact space.

&) Suppose that x is homeomorphic to a nigh-open subspace in a nigh compact space. Then, it is

clear that « is a nigh-locally compact space. m]

Theorem 3.29. Let f : k — y be a continuous nigh-open function and y be Tr-space. If k is a nigh-locally

compact space, then y is nigh-locally compact.

Proof. Lety € y and T € f~1(y). Then, we have I' € x. Now, due to « is a nigh-locally compact
space, then 7 a nigh-open set u in « for which I' € u for which # is nigh-compact. Consequently,
as f : k — y is nigh-open, then f(U) is also nigh-open in y for which y € f(U) is continuous

in y. In the same regard, due to the compactness is preserved under continuity, then f(i) in y.

Consequently, due to y is a To-space, then f(u) is nigh-closed in y. Thus, we obtain f(i1) = f(7).
But u C i1, and so f(u) C (@1). Hence, f(u) C barf (@i = f(# is nigh-compact in y for which f(u) is

nigh-compact. Therefore, for all y € y, we have I is a nigh-open set for which f(U) in y and f(u)

is nigh-compact. Hence, y is nigh-locally compact. m]
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Definition 3.12. A space « is called x-space if for all nigh-closed (open) subset in «, we have ANZ is a

subset in every nigh compact subspace Z of x.
Theorem 3.30. Every nigh-locally compact space is a k-space.

Proof. Suppose that « is a nigh-locally compact space and A N Z is an open set in every nigh-
compact subset Z of k. To show that « is k-space, it is enough to show that A is a nigh-open set in
k. For this purpose, we leta € A, then we have a € k. Now, since « is a nigh-locally compact space,
then 3 a nigh-open set V in « for which a € V for which V is nigh-compact. Hence, we obtain
A €V, and hence it is nigh-open in k. Bt ANV =AN(VNV) = (ANV)NV is nigh-open in .
Therefore, we havea € A,a € V,and soa € (ANV) C A. This implies that A is a nigh-open set,

and hence « is x-space. m]

Definition 3.13. e A space x is called Frechet space if and only if for all A C x and foralla € A, 3
a, € A for which a, — a.
o A space « is called sequential space if and only if a subset A of « is nigh-closed if and only if for all
(an) € A for which A contains its limit.

Theorem 3.31. Every first countable space is a k-space.

Proof. Suppose that « is a first countable space. Let A C Z be nigh-closed in every nigh-compact
subset Z of k. To show that « is a k-space, it is enough to show that A is nigh-closed in x. For this
goal, we let a € A. Now, due to every first countable space is a Frechet space, then 3 (a,) € A for
which a,, — a. Hence, a,, U a is a nigh-compact subset of k. Thus, AN ((a,) Ua) is closed in (a,) Ua,
and so a € A. This implies ACA. ButACA, and so A = A. Therefore, A is a nigh-closed set,

which means that « is x-space. O
Theorem 3.32. Every Frechet space is a sequential space.

Proof. Suppose that « is a Frechet space. To show that « is a sequential space, it is enough to show
that A is a nigh-closed set in « if and only if for all (a,) € A, we have (a,) — a, which implies
a € A. So we have the following states: —) Suppose that A is a nigh-closed set in x and (a,,) € A
for which a,, — a. Then, for all nigh-open set u in x containing a, we have I'm € IN for which a, € u,
for all n > m. Thus, we have a, € u for which a, € A, for all n > m. This implies that ANu # ¢,
and since a € u for which u is a nigh-open set in «, thena € A = A as A is nigh-closed.

) Suppose that the condition here is hold. To show that A is a nigh-closed, we let a € A. Now,
since « is a Frechet space, then 44, € A for which a,, € A for which a, — a. Hence, by the condition
assumed, we conclude thata € A, and so A € A. But A C A, and so A = A. Hence, A is a

nigh-closed set. m]
Theorem 3.33. Every T»-sequential space is a k — space.

Proof. Suppose that « is a T-sequential space. To show that « is a y-space, we suppose that AN Z

is a nigh-closed set in every nigh-compact subset Z. Also, to show that « is a y-space, it is enough
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to show that A is a nigh-closed set. For this purpose, we assume not! (i.e., we assume that A is not
a nigh-closed set). Now, since « is a sequential space, then 3 (a,) € A for whicha, » aanda ¢ A.
Thus, if we assume that z = {a,a1,ay,...,a,} = (a,) U {a}, then Z is nigh-compact. Consequently,
we have AN ((a,) U {a}), which implies that z is nigh-closed (say (1)). In the same regard, due to
K is a Tp-space, then Z = A(wp). Therefore, a is a unique cluster point of (a,). As a result, since
a¢ A weobtain ANZ = AN (a,) U {a}, which is not a nigh-closed set, and this is a contradiction

with (1). Hence, A is a nigh-closed set, which implies that x is a y-space. m]

Corollary 3.6. Let x be a sequential space. Then, f : x — Y is continuous function if and only if
f(limx;) € lim f(x;).

Proof. Suppose that f : k — Y is a continuous function and x € lim f(x;). To show that f(limx;) C
lim f(x;), it is enough to show that f(x) € lim f(x;). For this goal, we let V be a nigh-open set y for
which f(x) € V. Then, x € f~}(V) is a nigh-open set in k. Due to f is continuous and x € lim f(x;),
then 3m € N for which x; € f71(V), foralli # m. Also, since f(x) € V for which V is a nigh-open set
in y, then f(x;) — f(x). Hence, we have f(x) € lim f(x;), and so f(limx;) C lim f(x;). Conversely,
we suppose that f(limx;) C limf(x;). Here, we want to show that f : ¥ — Y is continuous. To
this end, we let A be a nigh-closed set in y. So, it is enough to show that f~1(A) is nigh-closed in
k. Now, by using the definition of the sequential space that says "A space « is sequential if T is
nigh-closed in « if and only if for all (t,) € T,t, — t, we have T € t', we let x; C f~1(A)andx; — x
(i.e., x € limx;). Thus, we have the following claim:

claim: x € f~1(A).

To prove this claim, we should note that x € limx;. Then, by the assumption f(x;) — f(x), we
have f(x) € f(limx;) C lim f(x;). So, if we assume that u is nigh-open in ), we obtain f(x) € u.
Consequently, 3 m € IN for which f(x;) € u, for all i > m. Butx; € f~1(A), and so f(x;) € A,
Vi=1,2,.... This implies uN A # ¢, and since f(x) € u for which u is a nigh-open set in y, then
f(x) € A = A. Now, due to A is nigh-closed, then we have x € f~}(A). As a result, since x is a

sequential space, then f~!(A) is nigh-closed in k. Therefore, f is continuous. m]

Corollary 3.7. If every sequence in « has at most one limit, then x is a Ty-space. Moreover, if K is a first

countable space, then « is a To-space.

Proof. Assume that x is not a T1-space. Then, if we assume that x # y implies that any open set u
can contain x, y € u, we infer that y, = y, forn = 1,2,.... Therefore, we have (y,) — y, and so for
all nigh-open set 1 containing y, we have x € u. Therefore, we have y,, — x. Consequently, due to
every sequence in x has at most one limit, then we have x = y, which is a contradiction with x # y.

Hence, « is T1-space.
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4. CONCLUSION

This study has introduced the concept of a topological space that is nigh-locally compact. The
definitions of "nigh-compact space” and "nigh-topological space," as well as a number of other

deductions and theorems, have been presented in order to accomplish that goal.
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